Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  tliis  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  in  forming  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http: //books  .google  .com/I 


COURSE 

OF 

MATHEMATICS; 

yon  THE 

USE  OF  ACADRMISB 

tt,  PRIVATE  TUITION. 


IN  TWO  TOLVKES. 


CHARLES  HtnrON,  LL.D.  F.B.a 


THE  FIFTH  AMERICAN,  FROM  THE  NINTH  ' 

LONDON  EDITION, 

WITH  M*NT  CORRECTION!  \(JI)  IMFROVEHEKT* 

BY  OUNTHUS  GREGORY,  LL.D. 


LiltniT  iiii  PhiloMphicd.  tai  Ihr  AnUquuiin  Socielieior  XtwcuU*  Ban  IW, 
if  th*  Cambtiics  rbUoHpbinl  Bssielf.  o/tb*  Un'ibilioa  dC  Ciril  biib6*aaktM.£. 


WITH  THE  AUDITIOM9 

ROBERT  AURAIN,  IL.D.  r.A.P.S.  F.A.A.a,ba. 
:'■'■-.   "THk  WHOLE 

■  Ottit^/IKD  AND  IMFROVED, 


NEW- YORK: 

!.  DKJtjr.  PUI/^TSM. 

□niLDS  1  COLLINS  AMD  CO. ;  oautn  ARD  UK- 

.C1KT[LL1    WHtTC,  UILLIRIR,  ANP  WWTSj 

—f  iin>  m'ei.bats  iRD  unea. 


!?§>^ 


THE  MEW  YORK 

1  PUBLIC  Library 
684v  J  '7 


'AC-imtel  U>Uitai>Ii«;  to,  Ibt  lunof  Atideniet  uirell  ••  prlfiU  KaliaB.  la 
T>aYot»m«v  BrCh>.rle>BiilIaii,LL.D.  F.R.S.  UuPtafu»tori(>lhe«aalB 
Ih*  Rojil  VUiurj  Aculcinj.  The  Fifth  Jt>ii<iiciusfnn>lhc  ITiDlh  LoDdaD  EAUe^ 
■rilh  miD;  cDirrcUomuJ  ImprOTtiariiU.  Bj  OlialliM  Gragocy,  LL.P.  C«mifail 
iDf  AwKliu  of  Ihe  AcaduirdfJS^ii.  HcnimiT  Munbar  Ef  Ihi  Liunijr  ud  nUs- 

MphiuiSMiiiraf  N«fl-roi«|-i>{ib-»'t>'-r'>[ki!iiviriu(%«H|,ri[iii<  litoHr 

iDd  Pbllaiii)ihiu1.  uhI  Ibe  Anviiiwiiii  Btettila  a{-^^wa'^i.-afc-«  Tj'bi,  (f  (!>• 

Cmmbridfi  PhilompMcil  Socielj.df  th:(ilrUliit>i!^.nf  pivilEujiD*--   •■-   ■—  " 

l«y  10  Uw  ailromiiiiloil  B«lny  of  Lof  "-         '-  '~  — ''"  ■' 
fll  MiliUiT  Aoilemf .   Wilb  Ilia  AdJI 


joi7.»riW.ritAdm(,  i,L.n 

F.A.PA  F.A. 

>r.  'in  tnimitf  wtA'la  JUl 

otO«F«-'"- 

FRKD.  J.  8tTM, 

Ctnt  ^  Oki  SemUi  ■  Ditri 

rfffn-r„L 

SpbancBl  TmoiMni^   - 
Raolntiiia  of  Spherical  Triugln    ' 


Pioblanii  in  TrigononKtncal  3v- 

<]»  Algibnieil  Eqntiou     -  ! 

Hahin  u>d  Prapeitin  ct  Cutm     1 
Cooftnicttoo  of  Eipalioai 
Mcchuiici,  DefioitKiBi,  *c. 

Pualkl  FaK»t,SiC 


CollnKB  of  BodiM  - 

La<r>  of  Onrilr,  FdUCE  BodiM. 

Prajeclil««,  ibc. 
Pnctical  Qddm(t 
loclncd  PlUKi,  PeadahnDi,  be. 
Ccolnl  Fotcet     - 
Suun  EockH  ~ 
CcdUo  of  Fi 

Bcllinic  Fendalam 

or  HrdKiMalic* 

Bdotuicj  of  Ponlo 

Of  Hjdradkt,  or  HjdMljimiiic*  35S 

Of  PncDimlio  "" 

or  the  Sifhoa      - 

Of  iIh  Coaunoa  Pamp 

Of  (be  Ait-Pump 

Di'iog  Bell  ud  CoodukMr 

Of  Ibe  BiTonnler 

or  lbs  ThinnsaieMt 


iit  and  Dimsnsiont  of  Billii 
I  Shelli         '  ■        Pl  fl 

t  Fltlne  of  Billi  ud  Shalt)    tl 
Of  Diituces  bf  Mm  Vetocilj  of 


of  Fhidi 


tie.,    Hydnali 

itioa,    Gniiiy.    Prujcctilu, 

)  oUwr  BrucbM  of  NtlunI 

The  DocttiQe  of  Floiiona     - 
The  laiim  Melhod  of  FiucnU 
Of  Msiimi  and  Minima 
Ttw  Malhod  of  TnngMiO 
RecIiScltioi  of  Coirei 
QiiedrsloM  of  Canti 
'    'cm  of  Solid*     - 

iQlalion  oF  Logutlbtu 

■loQ  of  Cnnei   - 


Preiwn  Ql  E.r4  againit  W.lli 
Fleiibilil/  mnil  StnagOi  of  Tii 

Pnclical  Qoefiioot  in  Fhuioiu 
Pnclicil  EnrciKS  on  Force* 
Th»  Mwioil  of  BodiM  in  Fluids 
Coheiiie  Force    of    Subjianeea, 

SlreoElh  of  CDdEeoni,  &c. 
MoiinD  of   MDctimeg    Bod    th«ir 

Muimum  Elfeci 
Freuur*  of   Earll- 

Theotyof  Msgi 

On  lb*  Eiliiustion  of  Vanals  b^ 

^Oripi^  in  Ibeir  BsMI  -  Si 

JldJiiiDiii1oCeodeakOpec*l!aiii   B 
pt^cripiire  GMnnetry  -  5 


:    Floid*, 


•  •  •    • 

•  •  ••  • 

•  •   •  • 


•     •      i 
•  •  •• 


•  ••  • 


•  •  •  • 


,•••        •••••     , 

•  •        •  •     •  ►     « 


•    •    •        '  \    '  • 
•-    ••••   •••    • 


COURSE 


OP 
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PLANE  TRIGONOVETSY  COXfilDSKED  ANALVTICALLT. 

Abt.  1.  There  arc  two  methods  which  are  adopted  by 
mathematiciatis  in  investigating  the  theory  of  Trigonometry  : 
the  one  Geomr/rtcoZ,  the  other  AlgebraicaL  In  the  former, 
the  various  relutions  of  the  sines,  cosines,  tangents,  &c.  of 
single  or  multiple  arcs  or  angles,  and  those  of  the  sides  and 
angles  of  triangles,  arc  deduced  immediately  from  the  figures 
to  which  the  several  inquiries  arc  referred  ;  each  individual 
case  requinog  its  own  particular  method,  and  resting  on  evi- 
dence peculiar  to  itself.  In  tlie  latter,  the  nature  and  pro- 
perties  of  the  linear-angular  quantities  (sines,  tangents,  ^c.) 
beins  first  defined,  some  general  relation  of  these  quun'.iiies, 
or  of  them  in  connexion  with  a  triangle,  is  expressed  by  one 
or  more  algebraical  equations  ;  and  then  everv  other  theorem 
or  precept,  of  use  in  this  branch  of  science,  is  developed  by 
the  simple  reduction  and  transformation  of  the  primitive 
equation.  Thus,  the  rules  for  the  three  fundamental  cases 
in  Plane  Trigonometry,  which  are  deduced  by  three  inde- 
pendent geometrical  investigations,  in  the  6rst  volume  of 
this  Course  of  Mathematics,  are  obtained  alf^ebraically,  by 
forming,  between  the  three  data  and  the  three  unknown 
quantities^  three  equations,  and  obtaining,  in  expressions  of 
known  terms,  the  value  of  each  of  the  unknown  quantities,  the 
others  being  exterminated  by  the  usual  processes.  Each  of 
these  general  methods  has  its  peculiar  advantages.  The 
geometrical  method  carries  conviction  at  everv  step  ;  and  by 

Vox.  II.  2 
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keeping  the  objects  of  inquiry  constantly  before  the  eye  of 
the  studcnf,  serves  admirably  to  guard  him  against  the  ad. 
mission  of  error  :  the  algebrHical  method,  on  the  contraiy, 
requiring  little  aid  from  first  principles,  but  merely  at  the 
commen(*omcnt  of  its  career,  is  more  properly  mechanical 
than  mental,  and  requires  frequent  checks  to  prevent  any 
deviation  from  truth.  The  geometrical  method  is  direct, 
and  rapid,  in  producing  the  requisite  conclusions  at  the  out- 
set of  trigonometrical  science  ;  but  slow  and  ciFCuitous  in 
arriving  at  those  results  which  the  modern  stale  of  the  science 
"requires  :  while  the  algebraical  method,  though  sometimes 
circuitous  in  the  devolopement  of  the  mere  elementary 
.  iheorcmSy  is  very  rapid  and  fertile  in  producing  those  curious 
and  interesting  formulce,  which  are  wanted  in  the  higher 
branches  of  pure  analysis,  and  in  mixed  mathematics,  espe- 
cinlly  in  Physical  Astronomy.  This  mode  of  developing 
(he  theory  of  I'rigonometry  is,  consequently,  well  suited  for 
Hie  use  of  the  more  advanced  student ;  and  is  therefore  in« 
troduced  here  with  as  much  brevity  as  is  consistent  with  its 
nature  and  utility. 

3.  To  save  the  trouble  of  turning  very  frequently  to  the 
1st  volume,  a  few  of  the  principal  definitious,  there  given, 
are  here  repeated,  as  follows  : 

The  SINE  of  an  arc,  is  the  perpendicular  let  (all  from  one 
of  its  extremities  upon  the  diameter  of  the  circle  which 
passes  through  the  other  extremity. 

The  cosiXK  of  an  arc,  is  the  sine  of  the  complement  of 
that  arc,  and  is  equal  to  the  part  of  the  radius  comprised  be- 
tween the  centre  of  the  circle  and  the  foot  of  the  sine. 

The  TANGK.NT  of  an  arc,  is  a  line  which  touches  the  circle 
in  one  extremity  of  that  arc,  and  is  continued  from  thence 
till  it  meets  a  line  drawn  from  or  through  the  centre  and 
through  the  other  extremity  of  the  arc. 

The  SECANT  of  an  arc,  is  the  radius  drawn  through  one 
of  the  extremities  of  that  arc,  and  prolonged  till  it  meets  the 
tangent  drawn  from  the  other  extremity. 

'Fhe  VEKSKD  SINE  of  an  arc,  is  that  part  of  the  diameter 
of  the  circle  which  lies  between  the  beginning  of  the  arc  and 
the  foot  of  the  sine. 

The    COTANGENT,    COSECANT,    BUd    COVRRSED    SINE    of  an 

arc,  are  the  tangent,  secant,  and  versed  sine,  of  the  comple- 
ment of  such  arc. 

3.  Since  arcs  are  proper  and  adequate  measures  of  plane 
angles,  (the  ratio  of  any  two  plane  angles  being  constantly 
equal  to  the  ratio  of  the  two  arcs  of  any  circle  whose  centre 
is  the  angular  point,  and  which  are  intercepted  by  the  lines 
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whose  inclinations  fonn  the  angle),  it  is  usual,  nnd  it  is  per- 
fectly  safe,  to  apply  the  above  names  without  circumlocution 
a«  though  they  rcterred  to  the  angles  themselves  ;  thus,  when 
we  speak  of  the  sine,  tangent,  or  secant,  of  un  angle,  ue  meiin 
the  sine,  tangent,  or  secant,  of  the  arc  which' measures  that 
angle  ;  the  radius  of  the  circle  employed  being  knoiF.  n. 

4.  It  baa  been  shown  in  the  1st  vol.  tpa-  S^)>  that  the  tnn- 
geot  ia  a  fourth  proportional  to  the  cosine,  sine,  and  radius  ^ 
the  secant,  a  third  proportional  to  the  cosine  and  radius ;  tho 
cotangent,  a  fourth  proportional  to  the  sine,  cosine,  and  ra- 
dius ;  and  the  cosecant  a  third  proportional  to  the  sine  and 
radius.  Hence,  making  u^e  of  the  obvious  abbreviations,  and 
converting  the  analogies  into  equations,  we  have 

rad.  X  sine  rad.  X  cos.  rnd^ 

tan  ^ ,  cot.  = r ,  sec.  = ,  coscc. 

COS.  smc  COS. 

^^  -. — '•    Or,  assuming  unity  for  the  rad.  of  the  circle,  these 

...  .  sin.  COS.         1  1 

will  become  tan.  =  —  ...  cot.  =  -: —  =  —  ...  sec.  =  — 

COS.  sm.        tan.  cos. 

1 

•••  COSCC.  =•  -r—  • 

sm. 

These  preliminaries  being  boriic  in  mind,  tho  student  may 
pursue  bis  investigations. 

5.  Let  ARC  be  any  plane  trianfjrle,  of 
which  the  side  bc  opposi^  the  angle  a  is 
denoted  by  the  small  letter  a,  the  side  ac 
opposite  the  angle  b  by  the  small  letter  A,  ^  _ 
and  the  side  ah  opposite  the  nn^le  (;  by       j^  '  ^  c      B 
the  small  letter  c,  and  cii  perpendicular  to  ab  :  then  is  c=a  . 

COS.  B-f  6  •  COS.  A. 

For,  since  ac=  b,  ad  is  the  cosine  of  a  to  that  radius; 
consequently,  supposing  radius  to  bc  unity,  wc  have  ad  =  6. 
COS.  A.  In  like  manner  it  is  bd  -=  a  .  cos.  n.  Therefore, 
ad  +  BD  =  AB  =  c  =  a  .  COS.  B  +  ^  ,  COS.  A.  Bv  pursiiiog 
similar  reasoning  with  respect  to  the  other  two  sides  of  the 
triangle,  exactly  analogous  results  will  be  obtained.  Placed 
together,  they  will  be  as  below  : 

a  =  6  .  COS.  c  -h  c  .  COS.  b  ^ 

6  =  a  .  COS.  c  +  c  .  COS.  a  >      (I.) 

C  =^a  ,  COS.  B  +  ^  .  COS.  A  ) 

,  0.  Now,  if  from  these  equations  it  were  required  to  find 
expressions  for  tho  angles  of  a  plane  triangle,  when  the  sides 
are  given  ;  we  have  only  to  multiply  the  Hrst  of  these  cqua- 
tiona  by  a,  the  second  by  6,  the  third  by  c,*und  to  subtract 


4  ANAirnCAL  PLANB  TRIGONOXXTBY. 

each  of  the  equatinrt  thus  obtained  from  the  Mim  of  the  other 
two.    For  thus  we  shall  have 

l^  +  ^^a^  =  2be  •  cos.  a,  whence  cos.  a  = —  {hF^ 
4f+c'—b^^2ac.coa.B,.    .    .  cos.  b  =  ^!±0^  ^ (H.) 

a*  +  6* — c*  =■•  2ab  .  cos.  c, .    .    .  cos.  c  ~  - — j^ — 

7.  More  convenient  expressions  than  these  will  be  deduced 
hereafter:  but  even  these  will  of\cn  be  found  very  conveni- 
ent, when  the  sides  of  triangles  are  expressed  in  integers,  and     / 
tbbiea  of  sines  and  tangents,  as  well  as  a  table  of  squares, 
(like  that  in  our  first  vol.)  are  at  hand. 

Suppose,  for  example,  the  sides  of  the  triangle  are  a=320, 
b  =  562,  c  =  800,  being  the  numbers  given  in  prop.  4,  pa. 
161,  of  the  Introduction  to  the  Mathematical  Tables :  then 
we  have 

fct  +  c»  —  a'  =  853444 log.  =:  5-0311751 

26c    ..      =  890200 lug.  =  5-9538060 

The  remainder  being  log.  cos.  a,  or  of  IS'^O'^  9^9773671 

Again,  a"  +  ^—  6»  =  426556  .     .     .    log.  =  5*^97^ 

2ac  .     .     .  =  512000  .     .     .    log.  =  5-7092700 
The  remainder  being  log  cos.  b,  or  of  33'35'  =  9-9207060 

Then  180*  -  (18'20'  +  33*^3.5')  =128  5'  =  c ;  where aJlth^ 
three  angles  are  determined  in  7  lines. 

8.  If  it  were  wished  to  get  expressions  for  the  sines,  in-  :  A\ 
stead  of  the  ci>sines,  of  the  angles ;  it  would  merely  be  ne-  Y  I    v 
cessary  to  introduce  into  the  preceding  equations  (marked  lh)i^  -^■' — 
instead  of  cos.  a,  cos.  b,  &c.  their  equivalents  cos.  x^^  ( 1— ^ '    .  ^^ 
sin*,  a),  cos.  b=  y/(l — sin*,  b),  dtc.    For  then,  after  yi  little '  ■ '■ 
reduction,  there  would  result,  "    ' .  / 

4^      sin  A  =  ^y^i^b'-f^^c'+'M'e'~  (a'+b'+c')  1  ^Jf 

sin.  B  =  2-y2a'6»+:foV+-i6V-  (a'+6*+c')  ■ 

sin.  c  =  Av'2rfP+Ai'c»+*26»cM«+«''+<') , 

Or,  resolvinz  the  expression  under  Uic  radical  into  its  four 
constituent  (actors,  substituting  s  for  A+k+e,  and  reducing, 
the  equations  will  become  . 


Ml 


Li-J'^t.-^^ 


sm.  B  n=  _-^^g(|,_^)  ^^g_A)  (js-C)  ■    ,.     ^•5_^j^)V^ 
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Thete  equatiiinii  are  modenitely  well  suited  for  compuUtton 
in  Ihmr  latter  form  ;  (hey  are  alao  perfeeily  synuiietrical :  and 
aa  indeed  the  quaotilies  under  the  radical  are  identical,  and 
ara  conatituted  of  known  tenns,  they  may  be  represented  by 
Cbe  same  character ;  auppoie  k  :  then  shall  we  have 

-    ain«  A  ^  T"  •  •  •  WD-  B= — .  •  •  sin.  c=-r  .  •  •  iuu) 

he  ae  ab  ^       ^ 

Hence  #4  may  immediately  deduce  a  veiy  importiint  theo- 
rem :  for,  the  flnt  of  these  equations,  divided  by  the  second, 

givea  ^j^  ~X»  *""^  *^  fi"'  divided  by  the  third  i^ivea  *^^ 

=^  —  ;  whence  since  two  equal  fractions  denote  an  equation, 

we  have 

sin,  A  :  sin.  b  :  sim.  c  a  a  :  &  : c.  •  •  (IV.) 

Or,  in  words,  the  sides  of  plane  triangles  are  proportional  to 
tHe  sines  tf  their  opposite  angles.    (See  th«  1  Irig.  vol.  i). 

9.  Before  the  remainder  of  the  theorems,  necessary  in  the 
solution  of  plane  triangles,  arc  investigated,  the  fundamental 
proposition  in  the  theory  of  sines,  &c.  must  l>e  deduced,  and 
the  method  explained  by  which  Tables  of  these  quantities, 
confined  within  the  limits  of  ihc  quadrant,  are  made  to  ex« 
tend  to  the  who\e  circle,  or  to  any  number  of  quadrants 
whatever.  In  order  to  thiSf  expreammns  must  be  first  oh* 
tained  for  the  sines,  cosines,  d&c.  of  the  sums  and  differences 
of  any  two  ares  or  angles.  Now,  it  has  been  found  ((.)  that 
a  =  6  •  COS.  c+c  .  cos.  B.     And  the  equations  (IV.)  give 

6  =  a .  -: •  .  •  .  c  =s  a  .  -:— ^  .     Substituting  these  va« 

sm.  A  sm.  A 

lues  of  b  and  c  for  them  in  tlie  preceding  equation,  and  muU 
tiplying  the  whole  by  — ^'— ,  it  will  become 

sin.  A  =  sin.  b  .  cos.  c+si"*  c  •  cos.  b. 

But,  in  every  plane  triangle,  the  sum  of  the  three  angles  is 
equal  to  two  right  angles  ;  therefore,  b  and  c  are  equal  to  the 
supplement  of  a  :  and,  consequently,  since  an  angle  and  its 
supplement  have  the  same  sine  (cor.  1,  p.  379,  vol.  i),  we  haw 
sin.  (b  +  c)  =  sin.  b  .  cos.  c  +  sin*  c  .  cos.  b. 

10.  If,  in  the  last  equation,  c  become  subtractive,  then 
MrcnXd  sin.  c  manifestly  become  subtractive  also,  while  the 
cosine  of  c  would  not  change  its  sign,  since  it  would  still 
continue  to  be  estimated  on  the  same  radius  in  the  same 
direction.    Hence  the  preceding  equation  would  become 

.^  y  sin.  (b— c)  =  sin.  b  •  cos*x  —  sin.  o  .  cos*  b. 
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11.  Let  c  be  the  complement  of  c,  nnd  j  O  *^c  the  quarter 
of  the  circumference :  then  will  c'= j  O  —  ^'i  *'"•  ^  ~  ^^*'  •'» 
and  cos,  d  =  sin.  c.  But  (art.  10),  sin.  (b  —  c')  =  sin.  b. 
COS.  c  —  sin.  c  cos.  b.  Therefore,  substituting  for  sin.  c', 
COS.  c',  their  values,  there  will  result  sin.  (b  —  c')  =  sin.  B. 
sin.  c  —  COS.  B  .  cos  c.  But  bccuuso  c  =  iO  —  c,  wcliave 
■in.  (b— c')  =  sin.  (b  +  c—  JO)  =  ®'"-  [(^  +  ^) — ?0]= — 
sin.  [\0  — (b  +  t)]  =  —  cos.  ;b  +  c).  Substitulmg  this  value 
of  sin.  (b  —  c'}  in  the  equation  above,  it  becomes  cos.  (b  +c) 
=^  cos.  B .  cos.  c  —  siu.  B  .  sin.  c. 

I 

12.  In  this  latter  equa*ion,  if  c  be  made  subtract ive,  sin.  c 
will  become  —  sin.  c,  while  cos.  c  will  not  change  :  conse- 
quently the  equation  will  be  transformed  to  the  following, 
viz.  COS.  (b  —  c)  =  cof<.  n  .  cos  c  +  sin.  ii .  sin.  c. 

If,  instead  of  the  angles  b  and  c,  the  angles  had  been  a  and 
B  ;  or,  if  A  and  b  represented  the  arcs  which  measure  those 
angles,  the  results  would  evidently  be  similar  :  they  may 
therefore  be  expressed  generally  by  the  two  foHowing  equa- 
tions, for  the  sines  and  cosines  of  the  sums  or  differences  of 
moy  two  arcs  or  angles. 

sin.  (a  ±  b)  =  sin.  a  .  cos.  n  :k  ixn,  n  .  cos.  a.  >    ry  v 
cos.  (a  ±  b)  =  cos.  A  .  cos.  B  ^  Sin.  A  .  sin.  h*.  ^    ^ 

13.  We  are  now  in  a  state  to  trace  completely  the  muta- 
tions of  the  sinefl,  cosines,  £:c.  as  ihey  rvliiio  to  arcs  in  the 
various  parts  of  a  circle  ;  and  thence  to  percoive  that  tables 
which  apparently  are  included  within  a  quadrant,  are,  in  fact, 
applicable  to  the  whole  circle. 

Imagine  that  the  radius  mc  of  the  circle,  in  the  marginal 
figure,  coinciding  at  fira^t  with  ac,  turns  about  the  p<iint  c 
(in  the  same  manner  as  a  rod  would  turn  on  a  pivot)  and  thus 
forming  successively  with  ac  all 
possible  angles  :  the  point  m  at 
its  extremity  passing  over  all 
the  points  of  the  cir/umference 
abab'a,  or  describing  the  whole 
•circle.  l*nicting  this  m  »tion  at- 
tentively, it  will  appear,  that  at 
the  point  a,  where  the  arc  is 
nothmg,  the  sine  is  nothing  also, 
while  the  ccwine  does  not  differ 
from  the  radius.  As  the  radius  mc  recedes  from  ac,  the  sine 
PX  keeps  increasing,  and  the  cosine  cr  decreasing,  till  the 


•  S«e,  for  adilTerpnt  mode  of  invcsti^Hting  these  and  uliier  useful  for- 
mula*, vol.  i.  pp.  dU3— ;ftH$. 


to    ^^ 
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describini;  pciinl  »  has  pns$«it  rvit  n.  qundrant,  and  Arrived 
at  8  :  in  th:i(  casr,  fx  btcnmes  eq'inl  \o  ■  a  ilic  raJiu«,  and 
ihc  cnsinc  tp  vaiiishc!<.  Tiui  ]!Diiit  m  coimnuina  its  motion 
beyond  a,  ihn  sine  i'M'  will  djminisli,  wSiile  the  cosine  i>', 
which  now  f.ills  on  the  eonlrarn  »Ac  of  the  contre  i-  will  in- 
crcastr.  In  the  figun',  ph'  nnd  cv  arc  re8(H-ciively  ihe  sine 
and  ctwine  of  ihe  arc  a  m',  or  ihc  -iiie  mid  cosine  rf  abm', 
which  ill  the  supplement  of  a'm'  l>>  |0>  half  the  circum- 
ference :  whence  it  fulliiw!<  that  an  nhnigc  angle  (menaured  hy 
an  nrc  greater  than  a  quadrantj  has  tlw  tame  tine  and  cortM 
tu  ill  tupplriumt ;  the  coiiinc.  however,  lieinp  reckoned  mb- 
iractivtt  or  ncjjaiive.  because  it  u  situated  cnoimriwiK  with 
rcgnrd  In  the  cenire  r. 

When  ibe  dcscrihinff  pnini  x  has  passed  over  ^Q,  or  half 
Ihffl  circumferrncc,  sml  lias  arrivi-d  at  a,  the  sine  fV  vn- 
nishe^,  or  hccnmes  noihins,  a^  m  tiie  point  a,  and  iho  co«in« 
is  ii);ain  equal  to  ihn  riidius  nf  ilic  circle.  Here  the  angle 
Ai:x  has  attained  it.s  mnxiinum  limit :  hui  thi-  rndiun  rx  tnuy 
■till  be  supposed  to  contiiiiie  ii«  niijtinn,  and  paHK  6^/airthe 
diameter  aa'.  The  sine,  which  wilt  then  be  i-  x  ,  will  con- 
aequenily  fall  below  the  diamelrr,  nnd  will  au);ment  a«  h 
moves  along  the  third  c]iiadrant,  while  im  the  ci.nlrary  cp", 
the  cosine,  will  diminish.  In  this  quadrant  loo,  both  sine 
and  craino  must  be  ronKidcrcd  as  ne^^iivc  ;  ihe  former  being 
on  K  camrary  side  nf  the  di^ttnelur,  ihe  Inltfr  ii  ontrnry  side 
of  Ihe  centre,  lu  what  each  uaa  respecltvely  in  the  first  qtia- 
4rBDt.  At  the  point  b',  where  the  arc  is  ibrce-rounhs  of  the 
eirCiimCerencp.  ;o,  (he  sini-  p'm'  becnmps  equal  to  Ibe 
ndiiN  i.B,  and  ihn  cosine  ic'  vanishes.  Finitlly,  In  the  Inunh 
i|iMilninl,  fffa  u,'  la  a,  the  sine  r"'M  ".  atwa>s  Mtnr  aa',  di. 
1.  wliilfi  Ihe  CAienv  lp",  which  is  ihtn 
"f  Die  ■:i-ihtKi  :\H  II  WM  tn  the  first 
f(|4utl  [A  iha  radius  c 


Henc*.  lb 


anonnnl 
niHnti  M 


(his        '—* 


It.  kio  b»  EBMJjtjpl  M  iwga. 
[•^^^^^-    fPIH^^nnion  of 


f. 
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15.  These  conclusions  admit  of  a  ready  coofirmationt  and 
fidien  may  be  deduced,  by  means  of  the  analytical  expres* 
nons  in  arts*  4  and  12.  Thus,  if  ▲  be  supposed  equal  to  JOt 
in  equa.  v,  it  will  become 

^o^  (iO  :t  b)  3s  cos.'>0  •  ^^^^  B  :V  sin.  ^O  •  ■>»•  "f 
sin.  QO  ±  b)  =  sin.  jQ  •  <^<^*  b  ±  sin.  b  •  cos.  J^. 

But  sin.  }0  =  ^^-  ^  1 9  ^^  <^0B*  iO  ^  0 :  ^ 

fo  ^t  the  above  equations  will  become    • 

cos.  (^O  =^  b)  ^  ;F  sio.  B. 
sin.  (JO  db  b)  =  COS.  B. 

From  which  it  is  obvious,  that  if  the  sine  and  cosine  of  an 
arcy  less  than  a  quadrant,  be  regarded  as  positive,  the  cosine 
of  an  arc  greater  than  JQ  and  less  than  ^Q  ^'^^  he  negative, 
but  its  sine  positive.  If  b  also  be  made  =  JO ;  ^hen  shall 
we  have  cos.  J-O  =  —  1 ;  sin.  {Q  ^=^0. 

(Suppose  next|  that  in  the  equa.  v,  a  =  SQ ;  then  shall 
^  obtain  ^ 


COS.  (JO   =t  b)  = — COS.  B  . 

sin.  ()0  ±  b)  =  q:  sin.  b  ; 

which  iadicates,  that  every  arc  comprised  between  ^O  >^Bd 
JQ,  or  that  terminates  in  the  third  quadrant,  will  have  its 
JMne  rand  its  cosine  both  negative.  In  this  case  too,  when 
9  =  JO*  ^^  ^^^  ^^^  terminates  at  the  ead  of  the  third  qua- 
drant, we  shall  have  cos.  f  O  =^  Oi  sin.  )  O  =  —  1* 

l^astly,  the  case  remains  to  be  considered  in  which  a  =  I Q » 
or  in  which  the  arc  terminates  in  the  fourth  quadrant  Here 
]^e  primitive  equations  (V.)  give 

COS.  (JO  ±  b)  =  ±  sin.  B . 
sin.  (}0  ±  b)  =  —  COS.  b; 

BD  that  in  all  arcs  between  jO  ^^^  0>  the  cosines  are  posi- 
tive and  the  sines  negative. 

16.  The  changes  of  the  tangents,  with  regard  to  positive 
and  negative,  may  be  traced  by  the  application  of  the  pre- 
ceding  results  to  the  algebraic  expression  for  the  tangent :  viz. 

• 

4an.  =  — '»    For  it  is  hence  manifest,  that  when  the  dne  and 

cot* 

cosine  are  either  both  positive  or  both  negative,  the  tangent 
will  be  positive ;  which  will  be  the  case  in  the  first  and  third 
miadn^nts.  But  when  the  sine  and  cosine  have  different 
^igns,  the  tangents  will  be  negative,  as  in  the  second  and 
rourth  qtiadjrants.  The  algebraic  expression  for  the  cotan- 
gent, viz.  cot.  =  ^-.i^,  will  produce  exactly  the  same  results. 
Thi^.l^yyceisioBa  fer  the  secants  and  cosecants,  vis.  aec*  » 
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^,  cosec.  =  T-  show,  that  the  agns  of  the  secants  are  the 


same  as  those  of  the  cosines ;  and  those  of  the  cosecants  the 
same  as  those  of  the  sines. 

The  magnitude  of  the  tangent  at  the  end  of  the  first  and 
third  quadnuits  will  be  infinite ;  because  in  those  places  the 
sign  is  equal  to  radius,  the  cosine  equal  to  sKero,  and  therefinre 

^  «  OD  (infinity).    Of  these,  however,  the  former  will  be 

reckoned  positive,  the  latter  negative. 

17.  The  magnitudes  of  the  cotangents,  secants,  and  cose- 
cants,  may  be  traced  in  like  manner ;  and  the  results  of  the 
13th,  14th,  and  15th  articles,  recapitulated  and  tabulated  as 
below. 


()•        90- 

180*        270^ 

380*l 

Sin. 

0                R 

0           -R 

0 

Tan. 

0               QD 

0         QD 

0 

Sec. 

R              QD 

—  a      —    QD 

R 

Cos. 

R               0 

-B                  0 

R 

Cot. 

QD               0 

-00              0 

QD 

Cosec       QD               R 

—    »            —  R 

OD  . 

The  changes  of  signs  are  theae  : 

810.  cot.  taa,  oof.  tec. 

COMC. 

1st.     5th. 

9th.  l^th.^ 

s 

+   +   +   +   + 

+  ) 

2d.     6th. 

)Oth.  14th.  f 

o 

-f. 

+  ( 

dd.     7th. 

nth.  15th.  r 

■« 

1 

+   +  — 

—  f 

4th.    8th. 

12th.  16th.  J 

& 

-  + + 

—  I 

(VL) 


(VII.) 


We  have  been  thus  particular  in  tracing  the  mutations, 
both  with  regard  to  value  and  algebraic  signs,  of  the  prin« 
cipal  trigonometrical  quantities,  because  a  knowledge  of  them 
is  absolutely  necessary  in  the  application  of  trigonometry  to 
the  solution  of  equations,  and  to  various  astronomical  and 
physical  problems. 

18.  We  may  now  proceed  to  the  investigation  of  other  ex* 
pressions  relating  to  the  sums,  differences,  multiples,  d^c.  of 
arcs ;  and  in  order  that  these  expressions  may  have  the  more 
generality,  give  to  the  radius  any  value  r,  instead  of  confining 
It  to  unity.  This  indeed  may  always  be  done  in  an  expres- 
sion, however  complex,  by  merely  rendering  all  the  terms 
homogeneous ;  that  is,  by  muliiplying  each  term  by  twoh  a 
power  ofKos  thail  make  U  of  the  same  dimennon^  as  the  term 
in  the  equation  which  has  the  highest  dimensum.  Thus,  the 
expression  for  a  triple  arc 

Vol.  II.  3 
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811).  Sa  =  dsin.  A  —  48iQ^  a  (radius  = 
becomes  when  radius  is  assumed  =s  », 
s'  sin.  3a  ^  R*  dsin.  a  •«  4sin'.  ▲ 

or  sm.  8a  = = . 


1) 


Hence  then,  if  consistently  with  this  precept,  m  be  plaeiBd 
for  a  denominator  of  the  secpnd  member  of  each  equatijon  v 
(art.  12),  and  if  a  be  supposed  equal  to  b,  we  shall  have 

/       I       \         fin.  A  .  COS.  A  4-  *>n.  a  .  cm.  a 
sm.  (a  +  a)  = --i- 


That  is,  sin.  2a  = 


Siin.  A  .  cot.  A 


Andy  in  like  manner,  by  supposing  b  to  become  suceessiTely 
equal  to  2a,  8a,  4a,  d^c.  there  will  arise 

..       Q .   fin.  A  .  cof.  Sa  +  coi.  A  ,  wi.  Sa  ^ 

sm.  oA  — • 


* 

in  4a  =  22ii-'  ^^'  ^^  "^  ^**'  a  «  wP'  «a 


sin 


«in.  5a  = 


•IB.  A  .  COS.  4a  -4*  cof.  A  .  sin.  4a 


(vra.) 


And,  by  similar  processes,  the  second  of  the  equations 
just  referred  to,  namely,  that  for  cos.  (a  +  b),  will  gtVe  suc- 
cessively, 

A  cos^  A  —  sin*.  A 

cos.  2a  = 


COS.  3a  ^ 


COS.  4a  = 


COS.  5a  = 


COS.  A  .  COS.  Sa  —  sin.  A  .  ma.  Sa 


COS.  A  .  COS.  Sa  —  sin.  a  .  sin.  Sa 


COS.  A  .  COS.  4a  —  sio.  A  .  sin.  4a 


(K.) 


10.  If,  in  the  expressions  for  the  successive  multiples  of 
the  sines,  the  values  of  the  several  cosines  in  terms  of  the 
sines  were  substituted  for  them ;  and  a  like  process  were 
adopted  with  regard  to  the  multiples  of  the  cosines,  other 
expressions  wouM  be  obtained,  in  which  the  multiple  sines 
would  be  expressed  in  terms  of  the  radius  and  sine,  and  the 
multiple  cosmes  in  terms  of  the  radius  and  cosine. 

As  sin.    A  =      8 

sin.  2a  =  2s  V  (k«  —  8») 
sin.  3a  =  Ss  —4s' 


sin.  4a  =  (4s  -  Ss^)  ^  (b«  -  s») 
sin.  5a  «  58  —  208»  +  IBs* 
sin.  6a  =  (68  -  32s»+  88s*)  y'd^-s^ 

dec.  &c. 


}       (X-) 
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(XI.) 


Colt.     AS       C 

coi^  9a  =s    2^  —    1 
ooB.  8a  =    4c*  —   8c 
CM.  4acb    8c*—   8c*+    1 
COS.  5a  =  IGo'  —  200*  +   5c 
COS.  6a  =  SSti*  —  48c*+18c"— 1 

6lc.  dec* 

Other  very  cooveniest  expressions  for  multiple  srcs  may 
be  obCahied  thus : 

Add  together  Ac  expanded  expressions  for  sio.  (b  +  a), 
efau  (b  —  a),  that  is, 

add  -  sin.  Cb  +  a)  »  sin*  b  •  cos.  ▲  -H  cos.  b  •  sin.  a, 
to  -  •  sin.  (B  — *  a)  =  sin.  b  .  cos.  a  — *  cos.  b  •  sin.  a  ; 
there  results  sin.  (b  +  a)  +  fflQ*  (b— a)  ^  2  cos.  a  .  sin.  b: 
whence,  -  sin.  Tb  +  a)  =  2  cos.  a  •  sin.  b  —  sin.  (»— a). 
Thos  again,  by  adding  together  the  expressions  for  cos. 
(b  +  a)  and  cos.  (b  —  a),  we  have 

COS.  (b  +  a)  +  COS.  (b  —  a)  s=  2  COS.  A  .  COS.  B ;   ^ 

whence,  cos.  (b  4*  a)  »  2  cos.  a  .  cos.  b  —  cos.  (b  «-  a). 
Substituting  in  these  expressions  for  thb  sine  and  cosine  of 
B  +  A,  the  successive  values  a,  2a,  8a,  dec,  instead  of  b  ;  the 
following  series  will  be  produced. 

mn.  2a  =  2  cos.  a  .  sin.    a. 

sin.  3a  =  2  COS.  a  .  sin.  2a  —  sin.  a. 

sin.  4a  ^  2  COS.  a  .  sio.  8a  —  sin.  2a. 

sin.  HA  :=  2  cos.  a  .  sin.  (n  —  1)  a— sin.  (n  -  2)  a. 

COS.  2a  ss  2  cos.  A .  COS.    a  —  cos.  0  (  =  1). 

cos.  8a  =  2  COS.  A  .  COS.  2a  —  cos.  a. 

COS.  4a  ^=  2  COS.  A .  COS.  8a  —  cos.  2a. 

c<^.  nA  ==  2  COS.  A  .  COS.  (i|-*l)  a— cos.  (n— 2)  a. 

Several  other  expressions  for  the  sines  and  cosines  of  mul. 
tiple  arcs,  might  readily  be  found ;  but  the  above  are  the 
most  Hsefol  and  commodious. 

20.  From  the  equation  sin.  2a  =    ""■'  ^' -^,  it  will   be 

ea^,  when  the  sine  of  an  arc  is  known,  to  find  that  of  its 
half,    l^or,  substituting  for  cos.  a  its  value  ^  (r'  —  sin',  a), 

there  will  arise  sin.  2a  =    '"'^  """  --•.    This  squared 

gives  B*  sin.'  2a  =  4r'  sin.'  a — 4  sin.*  a. 


(«•) 


(«••) 


*  Here  we  bavs  omitted  the  powers  of  s  that  were  necessary  to  ren. 
der  all  the  teem  homologous,  merely  that  the  exprp.ssion  might  be 
brongfat  in  npon  the  page ;  bat  they  may  easily  be  sapplied,  when  need- 
ed,  I9  the  rale  ia  sit.  18. 
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Here  taking  sin.  a  for  the  unknown  quantity,  we  have  a  qua- 
dratic equation,  which  solved  ailcr  the  usual  manner,  gives 

sin.  A  =s  ±  v^Ib'  ifc  {ny/  r"  —  sin*.  'Za. 
If  we  make  2a  =  a',  then  wiU  a  =  {a'  ;  and  eonsequently 
the  last  equation  becomes 

sin.  ^a'  =  ±  ^{t?  ±  JR  y/  le*  -^  sii^.^^  >  .yjj  . 

or  sin.  Ja'  ^  ±W  2r«±  2r  cos,  a  ;  S  ^      ** 

by  putting  cos.  a'  for  its  value  v^R^^-sin.'  a',  multiplying  the 
quantities  under  tha  radical  by  4,  and  dividing  the  whole 
second  number  by  2.  Both  these  expressions  for  the  sine  of 
half  an  arc  or  angle  will  be  of  use  to  us  as  we  proceed. 

21.  If  the  values  of  sin.  (a  +  b)  and  sin.  {a  -—  b),  given  by 
equa.  v,  be  added  together,  there  will  result 

sin  (a  +  B)  +  sin  (a  — b)  =  i^LlJ^L?;  whence 

sin  A  •  cos  B  =  ^B .  sin  (a+b)  +  }R  sin  (a— b)  •  •  (XIIL) 
Also,  taking  sin  (a  —  b)  from  sin  (a  +  b),  gives 

•     ^      t      K  *     f  \8  tin  B .  cos  A        « 

sm  (a  +  b)  —  sin  (a  —  b)  = ;  whence, 

sin  B .  COB  A  =s  ^R ,  sin  (a+b) — ]r  •  sin  (a— b)  •  •  (XIV.) 
When  A  »  B,  both  equa.  xiu  and  xiv,  become 
COS  A  .  sin  A  =  ^R  sin  2a  •  .  (XV.) 

5Ki.  In  like  manner,  by  adding  together  the  primitive  ex- 
pressions for  cos  (a  +  b),  cos  (a  —  b),  there  will  arise 

cos  (a  +  b)  +  cos  (a  —  b)  =  ?i2Li.if?L? ;  whence, 

cos  A  •cosb  =  |r.cos(a+b)  -{-^r.cos(a-b)(XVI.) 
And  here,  when  a  =  b,  recollecting  that  when  the  arc  is 
nothing  the  cosine  is  equal  to  radius,  we  shall  have 
cos"  A  =  |a  .  C0S.2A  +  ^r'  .  •  .  (XVII.) 

23.  Deducting  cos  (a  +  b)  from  cos  (a  —  b),  there  will 
remain 

.  X  /       I      \        8  sia  A .  sin  B         , 

cos  (a  —  b)  —  cos  (a  +  b)  = J ;  whence, 

sin  A  •  sin  B.a  ^r  .  cos  (a— b)— Jr  .  cos  (a+b)  (XVIII.) 
When  A  »  B,  this  formula  becomes 

sin'  A  =  ^r' — ^R  .  cos  2a  •  •  .  (XIX.) 

24.  Multiplying  together  the  expressions  for  sin  (a  +  b) 
and  sin  (a  —  b),  equation  v,  and  reducing,  there  results 

sm  (a  +  b)  .  sin  (a  —  b)  =  sin'  a  —  sin'  b. 
And,  in  like  manner,  multiplying  together  the  values  of 
oos  (a  +  b)  and  cos  (a  —  b)>  there  is  produced 

cos  (a  +  b)  .  cos  (a  —  b)  =  cos"  A  —  cos'  b. 
Here,  since  si^  a  —  sin'  b,  is  equal  to  (sin  a  +  sin  b)  X 

ft 


UrA£TTIGA£  PIiAin  TBIGOlTOiaTBT.  18 

(•in  A  —  tin  b)^  that  is,  to  the  rectangle  of  the  aum  and  dif. 
ferance  of  the  sines ;  it  follows,  that  the  first  of  these  equa- 
tions converted  into  an  analogy,  becomes 

sin  (a— b)  :  sin  a— sin  b  : :  sin  JH~  'in  b  :  sin  (a+b)  (XX.) 

That  is  to  say,  the  sine  of  the  diference  cf  any  ftpo  are$  or 
Af^Cff,  it  to  the  d^erenee  of  their  dnet^  as  the  sum  of  thoae 
Mines  is  to  the  sme  of  their  sum. 

If  A  and  b  be  to  each  other  as  n  4*  1  to  b,  then  the  pre- 
ceding proportion  will  be  converted  into  sin  a  :  sin  (n  +  1)  A— 
an  ba  : :  sin  (n  +  1)  a  +  sin  AA  :  sin  (^+1)  a.  • .  •  (XXI.) 

These  two  proportions  are  highly  useful  in  computing  a 
table  of  sines ;  as  will  be  shown  in  the  practical  examples  at 
the  end  of  this  chapter. 

25.  Let  ussuppose  a  +  b  =  a',  and  a  —  b  a=  b'  ;  then  the 
half  sum  and  the  half  difference  of  these  equations  will  give 
respectively  a  =  ^  (a+b'),  and  b  =  {  (a  —  b').  Putting  these 
values  of  A  and  b,  in  the  expressions  of  sin  a  •  cos  b,  sin  b  • 
cos  A,  cos  A  •  cos  B,  sin  A  .  sin  B,  obtained  in  arts.  SI,  23, 28, 
there  would  arise  the  following  formuls : 

mn  i(A'  +  b')  .  cosi(A'  —  b')  «=  iB(8in  a'  +  sin  b'), 
sin  J(a'  —  b')  .  cos ^(a'  +  b')  =  >B(sin  a'  —  sin  b'), 

cos  J(a'   +  b')  .  C08i(A' B')  =  ^b(C0S  a'  +  COS  b'), 

sin  ^(a'  +  b')  .  sin  ^(a'  —  b')  =  ^b(co8b'  —  cos  a). 

Dividing  the  second  of  these  formuloe  by  the  first,  there  will 
be  had 

■in|(4^— BO.cot|(A^+B')  __  sin  Ka -bQ  ccs  i(A'+^)  _  gin  V--tin  ^ 
■iii4(A'fB').c«4(A'— iT;  -"  cob4(a'-b';  '  •«  4^a'+b')  ""  uiA'-l-Miiir* 

But  since  :r:=  —-»  and  ^  =  r-»  *^  follows  that  the   two 

CO0  R  '  till         (an 

fiictors  of  the  first  member  of  this  equation,  are 

^^^""    ,and^^..*  ■  ^, ,  respectively ;   so  that  the  equation 

manifestly  becomes  .— .tV!^  =  *.'"  ^.T*"'> (XXII.) 

^  tanl(A-fB)         unA-f-MOB  ^  ' 

This  equation  is  readily  converted  into  a  very  useful  pro- 
portion, viz.  The  sum  of  the  sines  of  two  arcs  or  angles^  is  tsi 
their  differenctj  as  the  tangent  of  hdf  the  sum  of  those  arcs  or 
angles  J  is  to  the  tangent  of  half  their  difference* 

26.  Operating  with  the  third  and  fourth  formuls  of  the 
preceding  article,  as  we  have  already  done  with  the  first  and 
second,  we  shall  obtain 

UnJ(A'  +  lO  .  lanJCA-B')  ^  cob  b'— roe  a' 
k>  '""  CO*  a'  4-  cos  b' 

In  like  manner,  we  have  by  division, 
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tmk  A^^Uk  m .         1/     #  /\  sin  A— <HI  «  *    «/     #     •         »\ 

5rr;psi?=^*(A'-B0 . . .  _^j;-^,= cot  i(A  +  b), 

cot  A^+COt  B^^COt  k{k'+B') 
COf  ^— CM  a'      ttni(A'— ■')* 

Making  b  s  0,  in  one  or  other  of  these  ezpresBions,  there 
lesultty 

•in  a'      .        .    ,  1 

TFSn'  -  ton  4a'  =  5j^.. 


«n  A 

i 


l-hcoa 


a'  cot  4a' .a  ,    / 


.  (xxtt.) 


1— cotA'  UaiA'  s  ^'^i^' 

These  theorems  will  find  their  application  in  some  of  the 
investigations  of  spherical  trigonometry. 

27.  Once  more,  dividing  the  expression  for  sin  (▲  ±  b) 
by  that  for  cos  (a  ±  b),  there  results 

^m  (A^jr  B)        fin  A .  COB  B  -''  f in  B  .  con  A 

COSrA±B)  COiA.OQlB4LuaA.linB* 

dien  dividmg  both  numerator  and  denominator  of  the  second 
fraction,  by  cos  a  •  cos  b,  and  recollecting  that  ^  =  ~>  ^'^ 
shall  thus  obtain 

tBD  (A  :ir  »)         B  (tan  a  J:  ton  B) . 
B  ]i*H»^UnA.tooB 

Also,  since  cot  =  — ,  we  shall  have 


^,       ,       V  B>  B*:;:  tan  A.  tana. 

cot  I A  dr  Bi  ^  '. — • — V — :^    ,,„  ..»•«««    » 
^  ^         ton  (A  4-^  D)        ton  A  z  too  b 

which,  after  a  little  reduction,  becomes 

.,       ,       ^         cotA.cotB':^B>  /vvrtr  \ 

cot  (a  ±  B)  =  -^-^^--t-.  .  .  .  (XXIV.) 

28.  We  might  now,  by  making  a  •=  b,  a  =  2b,  dsc.  ^ro- 
ceed  to  deduce  expressions  for  the  tangents,  cotangents,  se- 
cants, &c.  of  multiple  arcs  ;  but  we  shall  merely  present  a 
ftw  for  the  tangents,  as 

rt  S  ton  A  o   Ston  a— ton  3a 

ton  2a  =i:zsri: *^  ^*=l-8u.«. 

4ton  A— 4ton3A  %      /-.Wm  \ 

ton4A=|_cj,„a^^t.„4A  (    V«*««-/ 

5ton  A— 10ton3A+toB  *a 
tan  5a  =^"lirioian  ^A^-Stan  «a 

We  might  again  from  the  obvious  equation 
sec  'a — tan  ^A=8ec  "b  -  tan  'b, 

,,  ,  aecA+tonAfecB  —  iBnB 

deduce  the  expression  _^-jj_==jjj.j_g^  . 
and  so,  for  many  other  analogies. 

We  might  investigate  also  some  of  the  usual  fiurmube  of 
veiiikalioa  in  the  construction  of  tables,  such  as 
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tim(U»+A)  +fio  (S4»— A)-tin(ir>+A)-ti«(l8'— A)  is&  ^96<1a)  „'<"'  '  ^ - 
MA  +  tmCM*  — A}-^ful(7S«-|.  A)=:8in(d6^  4.  A)4.aia  (78<»  —  a).^  i^  ^j^| 

Bat,  as  these  inquiries  wookl  extend  this  chapter  to  too 
great  a  lengthy  we  shall  pass  them  by ;  and  merely  inresti- 
gate  a  few  properties  where  more  than  two  arcs  or  angles  are 
concerned,  and  which  may  be  of  use  in  some  sulMiequent 
parts  of  this  volume. 

39.  Let  Ay  By  Cy  bc  any  three  arcs  or  angles,  and  suppose 
radius  to  be  unity ;  then 

Sin  (B+c)= 'iu^^ 

Fc»j  by  equa.  v,  sin  (A+B+c)«sin  a  .  cos  (b+c)+cos  a  . 
ain  (b  +  c)y  whldiy  (putting  cos  b  .  cos  c— sin  b  .  sin  c  for 
cos  (b+c)  ),  js=stn  A  .  cos  b  .  cos  c— sin  a  .  sin  b  .  sin  c+ 
cos  A  .  sin  (b+c)  ;  andy  multiplying  by  sin  b,  and  adding 
sin  A  .  sin  c,  there  results  sin  a  •  sin  c-f  sin  b  •  sin  (a+b+c; 
=5  sin  A  .  cos  B .  cos  c .  sin  s+wn  a  .  sin  c  •  cos*  b+cos  a  • 
sin  B .  sin  ^B+c)=ssin  a  .  cos  b  •  (sin  b  •  cos  c+cos  b  sin  c) 
+  cos  A .  sin  B  •  sin  (b+c)  =  sih  a  .  cos  B*r  sin  (b  -|-  c)  + 
cos  A  .  sin  A  •  sin  (b+c)  =  (sin  a  •  cos-b+cos  a  •  sin  b)  X 
>n  (b+c)  =  sin  (a  +  b)  .  sin  (b+  c).  Consequentlyy  by 
dividing  by  sin  (a  +  b),  we  obtain  ihe  expression  above 
given. 

In  a  mnnlar  manner  it  may  he  shown,  that 

•  V      fin  A  .  fin  c— tin  b  .  sin  (a'^^b  +  r) 

sm  (b— c)=- '-r^-r^ ^^-~« 

^  '  fin  (a— b) 

30.  If  Ay  By  c,  D,  represent  four  arcs  or  angles,  then  writ- 
ing c  +  D  for  c  in  the  preceding  investigation,  there  will  re- 
suTty 

.     /       ,         ,       V      «in  A  .  •in(c-i-D)4-8in  B  .  sin  (a+b+c+d) 

sm  (b  +  c  +  d)= ^ —^  ,    .    N • 

\       •         *       '  sin  (A-f-  b) 

A  like  process  for  five  arcs  or  angles  will  give 
And  fop  any  number,  a,  b,  c,  dec.  to  l, 

.                                      tin  A  .  8in(c-f-D+.-i.)4'«»n  b  .  8in(A+B+c+...L) 
sm  (b+C+....L)= s.nUH-B> • 

81.  Taking  again  the  three  a,  b,  c,  we  have 
"  sin  (b— 'c)  =  sin  b  .  cos  c — sin  c  •  cos  b, 
sin  (c—  a)  =  sin  c  .  cos  a — sin  a  .  cos  c, 
sin  (a — b)  =  sin  a  .  cos  b— sin  b  .  cos  a. 
Multiplying  the  first  of  these  equations  by  sin  a,  the  secoM 
by  sin  B,  me  third  by  sin  c  ;  then  adding  together  the  equa* 
tions  thus  transformed,  and  reducing  ;  there  will  result. 
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■in  ▲  •  sin  (b— c)+8iQ  b  •  sin  (c — ▲).+  sin  c  .  8iD(A — b)s09 
cos  A .  sin  (b — c)+coe  b  .  sin  (c — a)+cos  c  •  8io(A — b)=0. 

These  two  equations  obtaining  for  any  three  angles  what* 
ever,  apply  evidently  to  the  throe  angles  of  any  triangle. 

82.  Let  the  series  of  arcs  or  angles  a,  b,  c,  d  •  •  •  •  l,  be 
contemplated,  then  we  have  (art.  24), 

sin  (a+b)  •  sin  (a— b)  =  sin'  a — sin'  b, 
sin  (b+c)  •  sin  (b— c)  =  sin'  b — sin*  c, 
sin  (o+d)  .  sin  (c — d)  =  sin'  c— sin'  d, 

d^C.  dEC.  d^c. 

sin  (l+a)  .  sin  (l— a)  =  sin'  l — sin'  a. 
If  all  these  equations  be  addod  together,  the  second  mem- 
ber of  the  equation  will  vanish,  and  of  consequence  we  shall 
have 

sin  (a+b)  .  sin  (a — B)+sin  (b+c)  .  sin  (b— c)+dtc  .  .  . 

+sin  (L+A)+sin  (i* — ^a)=0. 

Proceeding  in  a  similar  manner  with  sin  (a — b),  cos  (a+b), 
sin  (b— c),  cos  (b  +  c),  6tc.  there  will  at  lengdi  be  obtained 

cos  (a+b)  .  sin  (a— b)+cos(b+c)  .  sin(B— c)+dfc.  .  • 

+COS  (l+a)  •  sin  (l— a)=sO. 

33.  If  the  arcs  »a,  b»  C^  dice.  •  ;  •  l  form  an  arithmetical 
progression,  of  which  the  .'first  term  is  0,  the  common  diffe- 
ence  d',  and  the  last  term  t>  any  number  n  of  curcumferences ; 
then  will  b  —  a==d',  c  —  bs=!d',  dec.  a  +  b=«d',  b+  c=8d', 
6tc»:  ai|d  dividing  the  whole  by  sin  d  ,  the  preceding  equations 
will  become 

sin  D  +  sin  3d'  +  sin  5d'  +  &c.  =  0,  >    /yyv  \ 
cosd'+cos3d +cos5d'+&c.=  0.  $    VAAV.) 

If  b'  were  equal  2d',  these  equations  would  become 

sin  D+sin  (d'+b')  +sin (d'+2k')  +8in  (D'+3B')+da;.  =  0, 

cos  d+co8(d'+e')+co8(d'+2b')+co8.  (d+3b')+&c.  «0. 

34.  The  last  equation,  however,  only  shows  the  sums  of 
sinrs  and  cosines  of  arcs  or  angles  in  arithmetical  progression, 
when  the  common  difference  is  to  the  first  term  in  the  ratio 
of  2  to  !•  To  investigate  a  general  expression  for  an  infinite 
series  of  this  kind,  let 

fsssin  A+sin  (a+b)  +8in  (a+2b)  +8in  (a+3b)  +  &c. 

Then,  nnce  this  series  is  a  recurring  series,  whose  scale  of 
relation  is  2  cos  b — 1,  it  will  arise  from  the  developement  of 
a  fraction  whose  denominator  is  1  —  2z  .  cos  b  +  z*,  making 
«  =  1. 

Now  this  fraction  will  bo  =  '■"^•^-'r^C^+'^^y^*""-!. 


TlMrefere,  when  a  =  1,  we  have 

fin  A4->in  (a  +  b)  — 2  »iri  a  .  cos  b  ,    ,  .      ,  ^     . 

'  = 2-2  coil 5  and  tl^>  hecauie  2  bio  a.  . 

COS  B  =  sin  (a  +  b)  +  sin  (a  —  b)  (art.  21),  is  equal  to 

sin  A  —  fin  (a  —  b)        »,    .  ,  #      o  %  r   »  t     t%, 

-  -  2a  —  coTb)"*    "^^»  ^^^^^  ^^  A— Bin  B  =2  COB  ^  (a+b)  ♦ 

Bin  J(a — b'),  by  art.  25,  it  follows,  that  sin  a— sin  (a-— b)  =a 
2  cos  (a  —  Jb)  sin  ^b  ;  besides  which,  we  have  1  —  cob  b>* 
2  sin^  ^b.  Consequently  the  preceding  expression  beeomes 
«  =  sin  A  +  sin  (a+b)  +  sin  (a  +  2b)  +  sin  (A+8B)+dEC. 

ad  infinilum  =  -^^ (XXVI.) 

35.  To  find  the  sum  ofn  +  1  terms  of  this  series  we  have 
simply  to  consider  that  the  sum  of  the  terms  past  the  ^f?+l)th| 
that  is,  the  sum  of  sin  [a  +  (n+1)  b]  +  sin  [a+(»+2)b]  + 
sin  [a  +  (»  +  3)b]  +  &c.  ad  infimtum,  is,  by  the  preceding 

theorem,  =  i2l[H;i^+M.    Deducting  this, therefore, from 

t  sin  {B 

the  former  expression,  there  will  remain,  sin  a  +  sin  (a  +b) 
+  sin  (a  +  2b)  +  sin  (a  +  3b)  +  .  .  .  .  sin  (a  +  hb)  = 

cos(A~iB)^roii  [A4-(n4.t)B]  __8m(A  +  tnn)  .  sin  jfn-f  1)b      / yyvtT  N 
2  sin  4  b  fe'm^K  •    VAAVll.) 

By  like  means  it  will  be  found,  that  the  sums  of  the 
cosines  of  arcs  or  angles  in  arithmetical  progression,  will  be 
cos  A  +  cos  (a  +  b)  +  cos  (a  +  2b)  +  cos  (a+3b)  +  &C. 

4xd  injinilum,  =  -  "Vsiii^e"^  *  •  •  -  (XXVIII.) 

Also, 
cos  A  +  COB  (a  +  b)  +C09  (a  +  2b)  +  COS  (a+3b+)  .  -  k 

(A  4-  inn) .  sin  JCn-f  1)b  /wtv  v 
(cos  A  +«b)  = -r^- •  .  .  (XXIX.) 

36.  With  regard  to  the  tangents  of  more  than  two  arcs, 
the  following  property  (the  only  one  wo  shall  here  deduce)  is 
a  very  curious  one,  which  has  not  yet  been  inserted  in  works 
of  Trigonometry,  though  it  has  been  long  known  to  mathe- 
maticians. Let  the  three  arcs  a,  b,  c,  together  make  up 
the  whole  circumference,  O  •   then,  since  tan  (a  +  b)  = 

K'-Ln^.Tn^B  (^y  ®*1"*-  ^^^)'  ^^®  ^'^^®  ^'  ^  (*®**  A+tMl  B+ 

tan  c)  =  R"X[tan  a  +  tan  b— tan  (a+b)]  =  r'  X  (tan  a  + 
tan  B  —  «   t»"  ^  ■*•  >»" jO  «.    Yyy  actual  multiplication  and  re- 

i3  —  tan  A .  tail  b  "^  '^ 

duction,  to  tan  a  .  tan  b  .  tan  c,  since  tan  c  =  tan  [O  "^ 

(a+b)]  =:-tan  (a+b)  =  — ^Ltan  A.taaB'    ^V  ^^**   ^" 

preceded  in  this  article.    The  Tesult  therefore  Ib^  that  £fe 
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mm  of  the  tangents  of  any  three  arcn  vlhiek  together  eon* 
etUuie  a  eircle^  multiplied  by  the  square  of  the  radius^  is 
e^t^  to  the  product  of  those  tangents.  .  .  .  (XXX.) 

Since  both  arcs  in  the  second  and  fourth  quadrants  have 
their  tangents  considered  negative,  the  above  property  will 
apply  to  arcs  any  way  trisecting  a  semicircle  ;  and  it  will 
therefore  apply  to  the  angles  of  a  plane  triangle,  which  are, 
together,  measured  by  arcs  constituting  a  semicircle.  So 
that,  if  radius  be  considered  as  unity,  we  shall  find,  that  the 
swn  of  the  tangents  of  the  three  angles  of  any  plane  triangle^ 
is  equal  to  the  continued  product  of  those  tangents.       (XXXI.) 

87.  Having  thus  given  the  chief  properties  of  the  sines, 
taneents,  &c.  of  arcs,  their  sines,  products,  and  powers,  we 
shall  merely  subjoin  investigations  of  theorems  for  the  2d 
and  3d  cases  in  the  solutions  of  plane  triangles.  Thus,  with 
respect  to  the  second  case,  where  two  sides  and  their  in« 
eluded  angles  are  given  : 
By  equ.  iv,  a  :  6  : :  sin  a  :  sin  b. 

Sd'diSn.   I  «  +  *••«-*::  «n  A+sin  b  :  sin  a  —  sin  B  ; 

but,  eq.  xxn,  tan  j{jl  +  b)  :  tan  j  (a  —  b)  :  :  sin  a  +  sin  b  : 
sin  A  — sin  B ;  whence,  ex  equal,  a+b  :  a^b  : :  tan  j(a+b)  : 

tan  i(A-B) (XXXII.) 

Agreeing  with  the  result  of  the  geometrical  investigation 
al  pa.  887,  vol.  i. 

38.  If,  instead  of  having  the  two  sides  a,  b,  given,  we  know 
their  logarithms^  as  frequently  happens  in  geodesic  opera- 
tions, tan  f  (a  —  b)  may  be  readily  determined  without  first 
finding  the  number  corresponding  to  the  logs,  of  a  and  b. 
For  ifa  and  b  were  considered  as  the  sides  of  a  right-angled 
triangle,  in  which  9  denotes  the  angle  opposite  the  side  a^ 

then  would  tan  9  ^^  -^.     Now,  since  a  is  supposed  greater 

tban  6,  this  angle  will  be  greater  than  half  a  right  angle,  or 
it  will  be  measured  by  an  arc  greater  than  }  of  the  circumfer- 

ence,orthan|0-  Then,  because  tan  (9— iO)=ITi£i^T^j;3 
and  bMpnae  tan  |0  =  R  •»  1,  we  have 

t&i?-io)  =  (f  - 1)  H-  (I + x)  =  1^. 

And,  from  the  preceding  article, 

a— 6       fin  4(a— b)       tan  |(a~ii)  ,. 

;H^6=T:;rT^i+r)  =  -^-4^-  consequently, 
tan  }(a— b)  s=  cot  ^  •  tan  (9— tO)*  •  •  •  (XXXIII.) 

Flrom  this  equation  we  have  the  following  practical  rule  : 
Bobtract  the  leas  from  the  greater  of  the  given  logs,  the  re- 
Wiiidtr  will  be  th«  kg  tan  of  an  angle  :  from  this  angi* 


take  45  degrees,  and  to  the  log  tan  of  the  reroaioder  add  the 
log  cotan  of  half  the  given  angle  ;  the  sum  will  be  the  log 
tan  of  half  the  difference  of  the  other  two  angles  of  the  plane 
triangle. 

39.  The  remaining  case  is  that  in  which  the  three  sides 
of  the  triangle  are  known,  and  for  which  indeed  we  have 
already  obtained  expressions  for  the  angle  in  arts.  6  and  8« 
But,  as  neither  of  these  is  best  suited  for  logarithmic  com- 
putation, (however  well  fitted  they  are  for  instruments  of  in- 
vestigation), another  may  be  deduced  thus :  In  the  efdtolio4 

for  cos.  A,  (given  equation  ii),  vtz.  cos  ▲  =  — ^ — -^,  if  we 

substitute,  instead  of  cos  a,  its  value  1—2  sin'  Ja,  change 
the  signs  of  all  the  terms,  transpose  the  1,  and  divide  by  2, 

we  shall  have  sm*  i-  a  = r, =  — it • 

^  Abe  4oc 

Ilere,  the  numerator  of  the  second  member  being  the  pro- 
duct of  the  two  factors  {a+b-c)  and  (a  —  b  +  c),  the  eqaa^ 

tion  will  become  sin'  ^a  = — .     But,  since 

f(a+6-.c)=J(a+5+c)-c,andA(a-ft+c)=A(tf+6+c)- 
b\  if  wc  put  s  ^  a  +  b  +  c,  and  extract  the  square  root, 
tliere  will  result. 

Sin  if  A  =  ^ 1-^ i 

^°  ^^^   I  sin  is  =  ^  <^-'^-^-'  S  (XXXIV.) 


manner 


sin  Jc  =  ,/  a!-fLi»!r*l 


These  expressions,  besides  their  convenience  for  logarith- 
mic computation,  have  the  further  advantage  of  being  per- 
reclly  free  from  ambiguity,  because  the  half  of  any  angle  of 
a  plane  triangle  will  uIwh>s  be  less  than  a  right  angle. 

40.  The  student  will  find  it  advantageous  to  collect  into 
one  place  all  those  formulae  which  relate  to  the  computation 
of  sines,  tangents,  &c.* ;  and,  in  another  place,  those  which 
are  of  use  in  the  solutions  of  plane  triangles:  the  former  of 
these  are  equations  v,  viii,  ix,  x,  xr,  t,  xu  xii,  xni,  xiv, 

XV,     XVf,      XVIi,     XVIIf,     XIX,     XX,     XXII,     XXli,     XXIII,     XXIV, 

xxvii;  the  latter  are  equa.  ii,  iii,  iv,  vu,  xxxii,  xxxiii, 

XXXIV. 

'What  ishere  g\ven  hp'ingnnly  a  brief  skftlch  of  an  inexhniistihie  sub- 
ject ;  ilif  render  who  wishes  to  pursue  it  further  is  ref«*rrpd  to  the  co- 
piiins  Introduction  to  our  Mathemntical  Tables,  and  the  treatises  on 
Trignnometry.  by  Emerson,  Gregory.  Bonny  cattle,  Woodhouse,  Lardr 
n«r.  and  many  other  modern  writor»  on  the  Mine  stttiiiocta  where  he  wlU 
iod  hU  eorWfity  ri«bl/  (latified. 


To  exemplify  the  use  of  some  of  thete  formuUe,  the  foI« 
lowing  exereiaes  are  subjoined. 


EXERCISES. 

Ex.  I.  Fiad  the  sines  and  tangents  of  15%  30%  45%  60* ; 
Iffid  75^ :  and  show  how  from  thence  to  find  the  sines  and 
UuDgenta  of  several  of  their  submultiples. 

I^t^  with  regard  to  the  arc  of  45%  the  sine  and  cosine  ar^ 
tnainiUy  equal ;  or  they  form  the  perpendicular  and  base 
of  a  jqlht-angled  triangle  whose  hypothenuse  is  equal  to  the 
aBsmDB^  radius«  Thus,  if  radius  be  n,  the  sine  and  cosine  of 
45*  wtH  ^ach  be  2=  ^  |r'*sr  -v/J=Rv/2«  If  »  he  equal  to 
Ii  as  is  the  case  with  the  tables  in  use,  then 

sin  45"  ==  eo8  45'  »  i  v^  2  =  -7071068 

tan  45*=  —  =  I;  =  ^  =  cotangent  45°. 

SecoDdly,  for  the  sines  of  GO''  and  of  dO« :  since  each  angle 
ki  an  equilateral  triangle  contains  60%  if  a  perpendicular  be 
demitted  froni  any  one  angle  of  such  a  triangle  op  the  op- 
posite side,  considered  as  a  base,  that  perpendicular  will  be 
the  sine  of  60^,  and  the  half  base  the  sine  of  30"",  the  side  of 
the  triangle  being  the  assumed  radius.  Thus,  if  it  be  b,  we 
shall  have  |r  for  the  sine  of  30<»,  and  ^  (r^ — Jr^)  =^liiy/S, 
for  the  sine  of  60®.     When  R  =  1,  these  become 

sin  30«»  =  •  5  *.....  sin  60«  =  cos  30  =  -8660254. 

Hence,  tan  30*>  =  ^^3=;^  =  i  •  3  =  -5773503. 

tan  60<»  =  i^  =  V'  3  = 1-7320508. 

Consequentty,  tanOO**  =  3  tan  30«». 

Thirdly,  for  the  sines  of  15**  and  75°,  the  former  arc  is  the 
half  of  30o,  and  the  latter  is  the  complement  of  that  half  arc. 
Hence,  substituting  I  for  r  and  ^  ^  3  for  cos  a,  in  the  ex- 

Eression  sin  ^a  «=  ±  |  ^  (2r^+2r  cos  a)  .  .  .  (equa.  xii), 
becomes  sin  15<»  =  i  -v/  (2- ^^3)  =  -2588190. 
ja[enGe,8in76*>=cosl5°=v^[l—i(2-v'3)]=iv'(2+v^3)=. 

:i±^  =  .9659258. 
Consequently,  tan  15-  =  '^,=='^'^,  -  '2679492. 

And,  tan  75o  =  :gg?g  =  3-7320508. 

Now,  Xrom  the  sine  of  30*»,  those  of  6«*,  2^,  and  !<*,  may 
easily  be  found.  For,  if  5a  =  30*',  we  shall  have,  from 
equation  x,  sin  5a  =^  5  sin  a  —  20  sin^  a  +16  sin'  a  :  or,  if 
«B  A  B  ar,  this  will  become  16x^  -*  20x^  +  5r  =:  -5.    This 
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CqualioD  solved  by  any  of  (lie  nppTo'ximatiDg  rules  for  Buch 
aqauioiis,  will  give  x  =  ■104^'i85,  which  is  the  sine  of  6". 

Next,  to  find  the  sine  uf  2",  we  have  agaiu,  from  equa. 
lion  X,  8\a  3a  =  3  ein  ^  —  4  itia^  a  :  that  ia,  if  x  be  put  for 
■in 8",  3i—l^  =  -1015283.      This  cubic    solved,    gives 


Then,  if  a  =  sin  I'-,  we  shall,  from  the  second  ofllie  equa- 
tions marked  x,  have  Ss  ^(1  —  8°)  =  -0349005 ;  whence  s  is 
found  =   0174524  =  sin  1  . 

Had  the  expTcssinn  for  the  fines  of  liJEOClcd  arcs  been  ap- 
plied successively  from  sin  15'',  to  sin  7'  30',  sin  3^45',  sin 
1^52}',  sin  SUj-',  &c.  a  different  scries  of  values  might  have 
been  obtained  :  or,  if  we  had  proceeded  from  the  quinqui- 
section  of  45^,  to  the  irisection  of  9-,  the  biscclion  of  3=^, and 
so  on,  a  difTcrenl  series  still  would  have  been  found.  But 
what  has  been  done  above  is  sulhcicnt  to  illustrate  Ihit 
method.  The  next  cxamplo  will  exhibit  a  very  simple  and 
Gompendiftua  way  of  ascendiDC  from  the  sines  of  smaller  to 
those  of  larger  arcs. 

Ex.  (3iven  the  sine  of  1^  to  find  Iho  sine  of  2',  and  then 
Ihe  sines  of  3',  I'l  5  i*J  1  "  .  S,  9  ,  and  10',  each  by  a 
single  proportion. 

Here,  taking  lirat  the  expression  Tor  Ihc  sine  of  a.  doulils 
arc,  equa.  x,  we  have  sin  2  --2sinl  V(l— sin  1  ;=-ua48095. 


Then  it  follows  from  the  ru/o 

in  cqun. 

XX,  that 

■in  1=  :  sin  2- 

—sin  l"^  ;  :  sin  2 

■+sinl^ 

:sin3' 

'=-05233fi0 

sin  2-:  sin  3 

-sin  1-  ::5in.S 

+  sin  1 : 

:  Bin  4' 

=  0697565 

■in  3:  :  sin  4 

-ainl"  :  :  sin  4 

-fsin  r- 

:  sin  .'j 

= -087 1557 

■in  4-  :  sin  5 

—sin  1    ;  :  sin  .O 

-fsii,  1- 

:  sin  t; 

=  -10-l.''.285 

■IB  .l^  :  sin  Vy 

+sin  1 

:  sin  7' 

=-]21H«n3 

sin  0'  :  sin  7- 

—sin  l'^  :  :  sin  7 

-+sin  1'^ 

:sin8 

=  1391731 

sin  7"  :  sin  H 

—sin  1     :  :  sin  8 

-j-sin  1 

:  sin  !) 

=  l.W];i7.'i 

sin  8    :  sin  9 

-sin  ]  ■  :  i  sin  11 

+sin  1 

:  sin  10- 

=  ■1736482 

To  check  and  verify  opumtio 

ns  like  III 

ese,  the 

proportions 

should  l>c  cha 

ngcd  at  ccrliiiii  sli 

JUr-'S.      Thus, 

sin  1"  :  s 

iin  3  —sin  2    :  :  J 

<in3-+si 

:n  2-  ;  s 

in    5-, 

sin  1     ;  1 

Mn4  -.in  3    :  :  > 

<in  4-i-M 

n  :r  :  s 

in    7-, 

Bin  1    -.! 

.in?  — sinif-  ::> 

■in  7^+»i 

n  3  -  ;  s 

in  10  \ 

The  coincidci 

1C0  of  ihc  results 

of  llicso 

operalii 

r>ns  with  the 

analogous  res 

ulls  in  Ihc  precefling,  Hill 

manifc. 

tly  cslublish 

tho  corrcclnr; 

i>,  of  hoth. 

Cor.  Bv  Ihc  same  mclhort,  knowing  llie  sines  of  B",  10", 
and  15",  ihe  sines  of  20-,  25",  35- ,  55-,  «5=,  Ac.  may  be 
found,  each  hv  a  single  propunioo.  And  the  sines  of  1°,  9^ 
knd  10°,wiirieadtothoseof  19°,S0°,39°.4k:.    Sotbat  V 
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Bines  may  be  computed  to  any  arc ;  and  the  tsngents  and 
other  trigonometrical  lines,  by  means  of  the  expressions  ia 
lart.  4,  &c. 

Ex.  3.  Find  the  suip  of  all  the  natural  sines  to  every  mi- 
nute in  the  quadrant,  radius  =  1. 

In  this  problem  the  actual  addition  of  all  the  terms  would 
be  a  most  tiresome  labour :  but  the  solution  by  means  of 
equation  xxvii,  is  rendered  very  easy.  Applying  that  theo- 
rem to  the  present  case,  we  have  sin  (a  -f  ^na)  =  sin  45*^, 
sin  i(n+l)B=sin45*>0'30",  and  sin  ^B=sin  30^     Therefore 

•ur45^x£«  45«o'^'  ^  3438.2467465  the  sum  required. 

sill  30"  * 

From  another  method,  the  investigation  of  which  is  omit- 
ted here,  it  appears  that  the  same  sum  is  equal  to  |  (cot  30' 

+  1). 

Ex,  4.  Explain  the  method  of  fmding  the  logarifhmic  sines^ 
cosine^^,  tangents,  secants,  d^c.  the  natural  sines,  cosines,  &c. 
being  known. 

The  naiural  sines  and  cosines  being  computed  to  the  ra- 
dius unity,  arc  all  proper  fractions,  or  quantities  less  than 
unity,  so  that  their  logarithms  would  he  negative.  To  avoid 
this,  the  tables  of  logarithmic  sines,  cosines,  <S&c.  are  comput- 
ed to  a  radius  of  10000000000,  or  10'° ;  in  which  case  the  lo- 
garithm of  the  radius  is  1 0  times  tlic  log  of  J  0,  that  is,  it  is  10. 

Hence,  if  5  represent  any  sine  to  radius  1,  then  lO'^X  5  = 
sine  of  the  same  arc  or  angle  to  rad  10'°.  And  this,  in  logs 
is,  log  10'°«=10  log  10+log  5=10+log  s. 

The  log  cosines  are  found  by  the  same  process,  since  the 
cosines  are  the  sines  of  the  complements. 

The  logarithmic  expressions  for  the  tangents,  6lc.  are  de- 
duced thus  : 


Tan  =  rad  —     Theref.  log  tan  =log  rad+log  sin  —  log 
c'os=10  hlog  sin  —  log  cos. 
Cot  =  ^Theref.  log  cot=2]og  rad— logtan=20--log  tan. 

Sec  =  *^  Theref  log  sec =2  lograd— logcc^=20--log  cos. 

Cosec =^A^Theref  1  .cosec =2  log  rad — log  sin=20  -  log  sin. 
Versed  sme  =  - — =' — — i..— L  — .2 — J. — . 

(iiHiii  "i  vwix  rucl 

Therefore,  log  vers  sin  =?  log  2+2  log  sin  \  arc— 10. 
^Ex.  5.     Given  the  sum  of  the  natural  tangents  of  the  an- 
^8  A  aod  B  of  a  plane  umDglesi3*1601968>  the  sum  of  tb« 


4* 
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tangents  of  the  aDglen  b  and  0=3*8765577,  and  the  contiou* 
ed  product,  tan  a  .  tan  b  .  tan  c  ==5*3047057  :  to  fiod  the  ai^. 
gles  A,  B,  and  c. 

It  has  been  demonstrated  in  art.  36,  that  vrhen  radius  is 
unity,  the  sum  of  the  natural  tangents  of  the  three  anc^les  of 
a  plane  triangle  is  equal  to  their  continued  product.  Hence 
the  process  is  this  : 

From  tan  A+tan  n-f  tan  c  =  5-3047057 
Take  tan  A+tan  b  .  .  .  .  =  3-1601988 

Remains  tan  c =  2*  1445069  =  tan  65°. 

From  tan  A+tan  B+tan  c  =  5-3047057 
Take  tan  B+tan  c  .  .  .  .  =  3-8765577 

Remains  tan  a =  FigSHSQ  =  tan  55^. 

Consequently,  the  three  angles  Are  55^,  60^,  and  65^. 

Ex,  6.  There  is  a  plane  triangle,  whose  sides  are  three 
consecutive  terms  in  the  natural  series  of  integer  numbers, 
and  whose  largest  angle  is  just  double  the  smallest.  Requir- 
ed the  sides  and  angles  of  that  triangle  ? 

If  A,  B,  c,  be  three  angles  of  a  plane  triangle,  a,  6,  c,  the 
sides  respectively  opposite  to  a,  b,  c  ;  and  s  =s  a  +  6  +  c. 
Then  from  t:qua.  iii  and  xxxiv,  we  have 

sin  A  =  ^y^f^s(}s-a)  .  (]s  — t)  .  (js  —  c)], 

and  sm  i  c  =  -/ ^ . 

Let  the  three  sides  of  the  required  triangle  be  represented 
by  X,  X  +  1,  and  x  +  2  ;  the  angle  a  being  suppoced  oppo. 
site  to  the  side  x,  and  c  opposite  to  the  side  x  +  2  :  then  the 
preceding  expressions  will  become 


smic-v^-^^-— -^ 


Assuming  these  two  expressions  equal  to  each  other,  as  they 
ought  to  bcj  by  the  question  ;  there  results,  after  a  little  re- 

duction,  v'x=  ^~ff^,  or  3x  (x  —  1)  =  (x  +  2)',  or  2x»  - 

7x  r=  4,  an  equation  whose  root  is  4  or  —  ^.     Hence  4,  5, 

and  6,  are  the  sides  of  the  triangle. 

sin  A=f.yy(y.|.|.a)=5.^^(V^  .  y  .  7)=5.f  *v/7=iy7. 

Bin  B  =  ^yv/7  ;  sin  c  =  i%\/'7  ;  sin  Jc  =  y  ^i^Jy  =  ly/*^' 
The  angles  are,  a  =  40^-409603  =41^24'  34'  34", 

B  ^  55-771191  =55  46  16    18, 
c  s  82^-ail>200  ^  82  40    9     8, 
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A  geometrical  construction  of  this  example  ia  given  at 
p.  59,  Gregory's  Trigonometry. 

Ex.  7.  Demonstrate  that  sin  18^  =  cos  72^  is  =  ^  r 
(— 1  +  ^  5),  and  sin  54^  =  cos  3G^  is  =  1r  (1  +  y/5). 

£x.  8.  Demonstrate  that  the  sum  of  the  sines  of  two  arcs 
which  together  make  GO^,  is  equal  to  the  sine  of  an  arc 
which  is  greater  than  60-  by  either  of  the  two  arcs :  Ex.  gr. 
sin  3'+sin  59-  57'  =  sin  GO  3' ;  and  thus  that  the  tables  may 
be  continued  by  addition  only. 

Ex,  9.  Show  the  truth  of  the  following  proportion  :  As 
the  sine  of  half  the  difference  of  two  arcs,  which  together 
make  60^,  or  90^,  respectively,  is  to  the  difference  of  their 
sines  ;  so  is  1  to  ^S,  or  ^2,  respectively. 

Ex.  10.  Demonstrate  that  the  sum  of  the  squares  of  the 
sine  and  versed  sine  of  an  arc,  is  equal  to  the  square  of  double 
the  sine  of  half  the  arc. 

Ej.  11.  Demonstrate  that  the  sine  of  an  arc  is  a  mean 
proportional  between  half  the  radius  and  the  versed  sine  of 
double  the  arc. 

Ex.  12.  Show  that  the  secant  of  an  arc  is  equal  to  the 
sum  of  its  tangent  and  the  tangent  of  hnlf  its  complement. 

Ex.  13.  Prove  that,  in  any  plane  triangle,  the  base  is  to 
the  difference  of  the  other  two  sides,  as  the  sine  of  half  the 
sum  of  the  angles  at  the  base,  to  the  sine  of  half  their  dif- 
ference :  also,  that  the  base  is  to  the  sum  of  the  other  two 
sides,  as  the  cosine  of  half  the  sum  of  the  angles  at  the  base, 
to  the  cosine  of  half  their  difference. 

Ex.  14.  IIow  must  three  trees  a,  b,  c,  be  planted,  so 
that  the  angle  at  a  may  be  double  the  angle  at  b,  the  angle 
at  B  double  that  at  c  ;  and  so  that  a  line  of  400  yards  may 
just  go  round  them  ? 

Ex.  15.  In  a  certain  triangle,  the  sines  of  the  three  angles 
are  as  the  numbers  17,  15,  and  8,  and  the  perimeter  is  160. 
What  are  the  sides  and  angles  ? 

Ex.  16.  The  logarithms  of  two  sides  of  a  triangle  are 
3-2407293  and  2-5378191,  and  the  included  angle  is  37^20'. 
It  is  required  to  determine  the  other  angles,  without  first  find- 
ing any  of  the  sides  ? 

Ex.  17.  The  sides  of  a  triangle  are  to  each  other  as  tho 
fractions,  Ji  1,  i  :  what  are  the  angles  ? 

Ex.  18.  Show  that  the  secant  of  60^,  is  double  the  tan- 
gent  of  45^,  and  that  the  secant  of  45-'  is  a  mean  proportional 
between  the  tangent  of  45^  and  the  secant  of  60^. 

Ex.  19.    Demonstrate  that  4  times  the  rectangle  of  the 
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•inef  mf  two  ares,  is  equal  to  the  difference  of  the  squares  of 
the  chords  of  the  sum  and  difierence  of  those  arcs. 

Ex.  20.  Convert  the  equations  marked  xxxiv  into  their 
equivalent  logarithmic  expressions ;  and  by  means  of  them 
and  equa.  iv,  find  the  angles  of  a  triangle  whose  sides  are  5, 
6,  and  7. 

Ex,  21.  Find  the  arc  whoso  tangent  and  cotangent  shall 
together  be  equal  to  4  times  the  radius. 

Ex,  22.  Find  the  arc  whose  sine  added  to  its  cosine  shall 
be  equal  to  « ;  and  show  the  limits  of  possibility. 

Ex,  23.  Find  the  arc  whose  secant  and  cotangent  shall 
be  equaL 

£r.  24.  If  one  angle  a  of  a  right-angled  plane  triaqgle 
A,  B,  Ct  be  givee,  (b  beingba  the  right  angle),  and  the  area  or 
surface  be  given  =  s.    Demonstrate  that 

▲B  =  ^  (2s  cot  a)  •  •  *  bc  =  ^(^  tan  a)« 
and  AC  ss  2  <^  (s  sec  2a) 

Ex.  25.    DemoBstrate, 

1.    ThatsinA=;;^^,--/(t^4co.2A) 
8  1 


cov  4k|-uu  \k       CUV  A^-Un  \k 

=  2  sio  »  (45°  +  j'a)  -1=1  — 2sui'(450->  ^a). 
2.    ThattanA  =  ^(i^-l)=v',T^ 

V(l— co«?a)  lin  a 

"■        cos  A        ^^  VC*— »">«A) 
1 — C04  2a  sin  8a 

Mil  8a  1  -fcosSA 

8  cot  Ja  8  Ian  ^a 

""  coiaJA^   "^  1— Uii^iA 

8 


cot  A  —  2  cot  3a 


co4  I A — tao  ^A 

;=  ^[tan  (45°  +  ^a)  -  tan  (4y>  -  Ja)|. 
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SPHERICAL  TRIGONOMETRY. 

SECTION  I. 

■i 

General  Properties  of  Spherical  Triangles. 

Art.  1.  Def.  1.  Any  portion  of  a  spherical  surface 
bounded  by  three  arcs  of  great  circles,  is  called  a  Spherical 
Triangle. 

Defi  2.  Spherical  Trigonometry  is  the  art  of  computing 
the  measures  of  the  sides  and  angles  of  spherical  triangles. 

Def.  3.  A  right-angl^  spherical  triangle  has  one  right 
angle  :  the  sides  about  the  right  angle  are  called  legs  ;  the 
side  opposite  to  the  right  angle  is  called  the  hypoihenuse, 

DeU  4.  A  quadranlal  spherical  triangle  has  one  side 
equal  to  90<*  or  a  quarter  of  a  great  circle. 

Def.  5.  Two  arcs  or  angles,  when  compared  toge^^er,  are 
■aid  to  be  altkey  or  of  the  sa$ne  affediony  when  both  are  less 
than  00^,  or  both  are  greater  than  90^.  But  when  one  is 
ffreater  and  the  other  less  than  90^,  they  are  said  to  be  tiit- 
Uke^  or  o^  different  affections. 

Art.  2.  The  small  circles  of  the  sphere  do  not  fall  under 
consideration  in  Spherical  Trigonometry  ;  but  such  only  as 
have  the  same  centre  with  the  sphere  itself.  And  hence  it 
it  that  spherical  trigonometry  is  of  &o  much  use  in  Practical 
Astronomy,  the  apparent  heavens  assuming  the  shape  of  a 
concave  sphere,  whose  centre  is  the  same  as  the  centre  of  the 
earth. 

3.  Every  spherical  triangle  has  three  sides  and  three 
angles :  and  if  any  three  of  these  six  parts  be  given,  the 
remaining  three  may  be  found,  by  some  of  the  rules  which 
will  be  investigatied  in  this  chapter. 

4.  In  plane  trigonometry,  the  knowledge  of  the  three 
angles  is  not  sufficient  for  ascertaining  the  sides :  for  in  that 
case  the  relations  only  of  the  three  sides  can  be  obtained,  and 
not  their  absolute  values:  whereas,  in  spherical ir'igonomeiryf 
where  the  sides  are  circular  arcs,  whose  values  depend  on 
their  proportion  to  the  whole  circle,  that  is,  on  the  number 
of  degrees  they  contain,  the  sides  may  always  be  determined 
when  the  three  angles  are  known.  Other  remarkable  dif- 
ferences between  plane  and  spherical  triangles  are,  1st.  That 
in  the  former,  two  angles  always  determine  the  third  ;  while 
in  the  Utter  they  never  do.     2dly.  The  surface  of  a  plane 
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Tiangie  cannot  be  dotermined  rrom  a  koowledga  of  the  an^w 
alone ;  while  that  of  a  apherical  triangle  BlwB3ra  can. 

5.  The  tides  of  a  spherical  thabgle  are  all  area  of  gnat 
circles,  which,  by  their  iDtersectiua  no  the  surface  of  lbs 
■phure,  conalitule  that  triangle. 

6.  The  ajtgle  which  is  Sntatned  between  the  area  of  tin 
great  circles,  intersecting  each  other  on  the  surface  of  the 
aphere,  ia  called  a  spherical  angle;  and  its  measure  is  tlw 
same  as  the  measure  of  the  plane  angle  which  is  formed  by 
two  lines  issuing  from  the  same  point  of,  and  perpendicular 
to,  the  common  seclioa  of  the  planes  which  determine  the 
containing  sides  ;  that  is  to  say,  it  is  the  same  as  the  angle 
made  by  those  planes.  Or,  it  is  equal  to  the  piano  angle 
formed  by  the  tangents  to  those  arcs  at  their  point  of  ioter- 
aection. 

7.  Hence  it  rollowa,  that  the  surface  p 
nf  a  spherical  triangle  bag,  and  the 
three  planes  which  determine  it,  form 
a  kind  of  triangular  pyramid,  bgs^, 
of  which  the  vertex  a  is  at  the  centre  , 
of  the  sphere,  the  base  arc  a  portion 
of  the  spherical  surface,  and  the  faces 
Auc,  AUB,  Buc,  sectors  of  iho  great 
circles  whose  inleisccl'iona  determine 
the  side  of  the  Inao^le.                                        ■'" 

Oef.  6.  A  line  perpendicular  to  the  plane  of  a  great  circle, 
passing  through  the  centre  of  the  sphere,  and  terminated  by 
two  points,  diametrically  opposite,  at  its  surface,  is  called  the 
axi*  of  sueh  circle  ;  and  the  extremities  of  the  axis,  or  the 
points  where  it  meets  the  surface,  are  called  thepolea,  of  thai 
circle.  Thus,  pop'  is  the  axis,  and  p,  p',  are  the  poles,  of 
the  great  circle  CTto. 

If  wo  conceive  any  number  of  less  circles,  each  parallel  to 
the  said  great  circle,  this  axis  will  be  perpendicular  to  them 
likewise  ;  and  the  points  p,  v',  will  be  their  poles  also. 

8.  Hence,  each  pole  of  a  great  circle  is  90°  distant  from 
every  point  in  its  circumrerenco  ;  and  all  the  arcs  drawn 
from  either  polo  of  u  little  circle  to  its  circumference,  are 
equal  to  each  other. 

9.  It  likewise  follows,  that  all  the  arcs  of  great  circles 
drawn  through  the  poles  of  another  great  circle,  are  perpen. 
dicular  to  it  :  for,  since  they  are  great  circles  by  the  sup- 
position, they  all  pass  through  the  centre  of  the  sphere,  and 
ConsequeDtly  through  the  axis  of  the  said  circle.  The  saniB 
thing  may  be  affirmed  with  regard  to  small  circles. 

10.  Hence,  in  order  to  find  the  jnlet  of  any  circle,  it  is 
merely  necessary  to  describe,  upon  the  surface  of  the  sphen. 


W  MtaBBtcli.  TstocmcfMxnirT. 

tiro  great  circles  perpendicular  to  the  plane  of  the  forfAef  ;f 
the  points  where  these  circles  intersect  each  other  will  be  the 
|ioles  required. 

11.  It  may  be  inferred  ahro,  froni  the  preceding,  that  if  it 
were  pfoposed  to  draw,  from  any  point  assumed  on  the  sur- 
ftce  of  the  sphere,  an  ate  of  a  circle  which  may  measure  the 
shortest  distance  from  that  point,  to  the  circumference  of 
may  given  circle  ;  this  arc  mast  be  so  described,  that  its  pnn 
longation  may  pass  through  the  poles  of  the  given  circle. 
And  conversely,  if  an  arc  pass  throc^gh  the  poles  of  a  given  ' 
circle,  it  will  measure  the  shortest  distance  from  any  assumed 
point  to  the  circumference  of  that  circle. 

12.  Hence  again,  if  upon  the  sides,  ac  and  bc^  (produced 
if  necessary)  of  a  spherical  triangle  boa,  we  take  the  arcscK, 
CM,  euch  equal  90%  and  through  the  radii  gn,  gm  (figure  to 
art.  7)  draw  the  plane  ngm,  it  is  manifest  that  the  point  c 
will  be  the  pole  of  the  circle  coinciding  with  the  plane  ngx  : 
so  that^  as  the  lines  gm,  gn,  are  both  perpendicular  to  the 
common  section  gc,  of  the  planes  aoc,  bgc,  they  measure, 
by  their  inclination,  the  angle  of  these  planes  ;  or  the  arc  nx 
measures  that  angle,  and  consequently  the  spherical  angle 

BOA. 

13.  It  is  also  evident  that  every  arc  of  a  little  circle,  do^ 
scribed  from  the  pole  c  as  centre,  and  containing  the  same 
number  of  degrees  as  the  arc  mn,  is  equally  proper  for  mea- 
suring the  angle  bca  ;  though  it  is  customary  to  use  only 
arcs  of  great  circles  for  this  purpose. 

14«  Lastly,  we  infer,  that  if  a  spherical  angle  be  a  right 
«ngle,  the  area  of  the  great  circles  which  form  it,  will  pass 
mutually  through  the  poles  of  each  other  :  and  that,  if  the 
planes  of  two  great  circles  contain  each  the  axis  of  the  other, 
or  pass  through  the  poles  of  each  other,  the  angle  which 
they  include  is  a  right  angle. 

These  obvious  truths  being  premised  and  comprehended, 
the  student  may  pass  to  the  consideration  of  the  following 
theorems. 

THEOSBM   I. 

Ady  two  sides  of  a  spherical  triangle  are  together  greater 

than  the  third. 

This  proposition  is  a  necessary  consequence  of  the  truth, 
that  the  shortest  distance  between  any  two-  points,  measured 
on  the  surface  of  the  sphere,  is  the  arc  of  a  great  circle 
passing  through  these  points. 
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THKOBBXU. 

The  sum  of  the  three  ndes  of  any  spherical  triangle  is  less 

than  360  degrees* 

For,  let  the  sides  At:,,  bc,  (fig.  to  art.  7)  contaioing  any 
angle  a,  be  produced  till  they  meet  again  in  d  :  then  will  the 
arcs  DAC,  DBC,  he  each  180",  hecause  all  great  circles  cut  eaph 
other  into  two  equal  parts :  consequently  dac  +  dbg  =  SGO*^* 
But  (theorem  1)  da  and  db  are  together  greater  than  th« 
third  side  ab  of  the  triangle  dab  ;  and  therefore,  sinc^ 
CA  +  CB  +  DA  -f  DB  ss  360°,  the  sum  CA  +  cb  +  AB  is  lest 
than  360°.    a*  s.  d. 

THEOREM  in. 

The  sum  of  the  three  angles  of  any  spherical  triangle  is 
always  greater  than  two  right  angles,  but  less  than  six. 

For,  let  ARC  be  a  spherical  triangle,  o  . 
the  centre  of  the  spherci  and  let  the 
chords  of  the  arcs  ab,  bc,  ac,  be  drawn  : 
these  chords  constitute  a  rectilinear  tri- 
angle,  the  sum  of  whose  three  angles  is 
equal  t(»  two  right  angles.     But  the  angle  ^-''^ 

at  b  made  by  the  chords,  ab,  rc,  is  Jess  than  the  angle  aBe« 
formed  by  the  two  tangents  Ba,  bc,  or  less  than  the  angle  of 
inclination  of  the  two  planes  gbc,  gba,  which  (art.  6}  is  the 
spherical  angle  at  b;  consequently  the  spherical  angle  at  sis 
greater  than  the  angle  at  b  made  by  the  chords  ab,  cb.  In 
like  manner,  the  spherical  angles  at  a  and  c,  are  greater 
than  the  respective  angles  made  hy  the  chords  meeting  at 
those  points.  Consequently,  the  sura  of  the  three  angles  of 
the  spherical  triangle  abc,  is  greater  than  the  sum  of  the 
three  angles  of  the  rectilinear  triangle  made  by  the  chords 
AB,  BC,  AC)  that  is,  greater  than  two  right  angles,     q.  e.  1°  d. 

2.  The  angle  of  inclination  of  no  two  of  the  planes  can  be 
so  great  as  two  right  angles  ;  because,  in  that  case,  the  two 
planes  would  become  but  one  continued  plane,  and  the  arcs, 
instead  of  being  arcs  of  distinct  circles,  would  be  joint  arcs  of 
one  and  the  same  circle.  Therefore,  each  of  the  three  sphe- 
rical angles  must  be  less  than  two  right  angles  ;  and  conse* 
quently  their  sum  less  than  six  right  angles,     a.  e.  2d. 

Cor.  1.  Hence  it  follows,  that  a  spherical  triangle  may 
have  all  its  angles  either  right  or  obtuse  ;  and  therefoie  the 
knowledge  of  any  two  angles  is  not  sufficient  for  the  deter- 
tninaiion  of  the  third. 

Cor.  2.  If  the  three  angles  of  a  spherical  triangle  be  right 
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or  obtuse,  the  three  sides  are  likewise  each  equal  to,  or  greater 
than  00^ :  and,  if  each  of  the  angles  be  acute,  each  of  the 
sides  is  also  less  than  9<^  ;  and  conversely. 

Schdium.  From  the  preceding  theorem  the  student  may 
clearly  perceive  what  is  the  essential  difference  between  plane 
and  spherical  triangles,  and  how  absurd  it  would  be  to  apply 
the  rules  of  plane  trigonometry  to  the  solution  of  cases  ia 
spherical  trigonometry.  Yet,  though  the  difierence  between 
the  two  kinds  of  triangles  be  really  so  great,  still  there  are 
various  properties  which  are  common  to  both,  and  which  may 
be  demonstrated  exactly  in  the  same  manner.  Thus,  for  ex- 
ample, it  might  be  demonstrated  here,  (as  well  as  with  regard 
to  plane  triangles  in  the  elements  of  Geometry,  vol.  1)  that 
two  spherical  triangles  are  equal  to  each  other,  1st.  When 
the  three  sides  of  the  one  are  respectively  equal  to  the  three 
sides  of  the  other.  2dly.  When  each  of  them  has  an  equal 
angle  contained  between  equal  sides  :  and,  3dly.  When  they 
have  each  two  equal  angles  at  the  extremities  of  equal  bases. 
It  might  also  be  shown,  that  a  spherical  triangle  is  equilateral, 
isosceles,  or  scalene,  according  as  it  hath  three  equal,  two 
equal,  or  three  unequal  angles  :  and  again,  that  the  greatest 
side  is  always  opposite  to  the  greatest  angle,  and  the  least  side 
to  the  least  angle.  But  the  brevity  that  our  plan  requires 
compels  us  merely  to  mention  these  particulars.  It  may  be 
added,  however,  that  a  spherical  triangle  may  be  at  once 
right-angled  and  equilaterai  ;  which  can  never  be  the  case 
with  a  plane  triangle. 

THEOREM  lY. 

If  from  the  angles  of  a  spherical  triangle,  as  poles,  there  be 
described,  on  the  surface  of  the  sphere,  three  arcs  of  great 
circles,  which  by  their  intersections  form  another  spherical 
triangle  ;  each  side  of  this  new  triangle  will  be  the  sup. 
plement  to  the  measure  of  the  angle  which  is  at  its  pole, 
and  the  measure  of  each  of  its  angles  the  supplement  te 
that  side  of  the  primitive  triangle  to  which  it  is  opposite. 

From  B,  A,  and  c,  as  poles,  let  the 
arcs  DF,  DE,  F£,  be  described,  and  by 
their  intersections  form  another  sphe- 
rical triangle  def  ;  either  side,  as  de, 
of  this  triangle,  is  the  supplement  of 
the  measure  of  the  angle  a  at  its 
pole ;  and  either  angle,  as  d,  has 
for  its  measure  the  supplement  of  the 
tideAB. 
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'  lutt  the  mdea  ab,  ac»  bc,  of  tho  primitiye  triangle,  be  pro- 
^ced  till  they  meet  thoee  of  the  triangle  dbf,  in  the  pointa 
I,  L|  u,  N,  o,  K  :  then,  since  the  point  a  is  the  pole  of  the 
arc  DiUB,  the  diistance  of  the  points  ▲  and  e  (measured  on  an 
are  of  a  great  circle)  will  be  90' ;  also,  since  c  is  the  pole  of 
the  arc  bf,  the  points  c  and  b  will  be  90^  distant :  conse- 
quently (art.  8)  the  point  e  is  the  pole  of  the  arc  ac.  In 
like  manner  it  may  be  shown,  that  f  is  the  pole  of  bc,  and 
D  that  of  AB. 

This  being  premised,  we  shall  have  dl's^QO*',  and  ib=90*  ; 
whence  dl  +  ie  =  dl  +  el  +  il  =  be  +  il  =  180% 
Therefore  de  =  180**  —  il  :  that  is,  since  il  is  the  measure 
of  the  angle  bac,  the  arc  de  is  =  the  supplement  of  that 
measure.  Thus  also  may  it  be  demonstrated  that  bw  is  equal 
the  supplement  to  mn,  the  measure  of  the  angle  bca,  and 
that  DF  is  equal  the  supplement  to  gk,  the  measure  of  tho 
angle  abc  :  which  constitutes  the  first  part  of  the  proposi- 
tion. 

2dly.  The  respective  measures  of  the  angles  of  the  triangle 
iNiv  are  supplemental  to  the  opposite  sides  of  the  triangle 
ABC  For,  since  the  arcs  al  and  bg  are  each  90°,  therefore 
is  AL  +  bo  =  GL  +  AB  =  180"  ;  whence  gl  =  180'  —  ab  ; 
that  is,  the  measure  of  the  angle  d  is  equal  to  the  supplement 
to  AB.  So  likewise  may  it  be  shown  that  ac,  bc,  are  equal 
to  the  supplements  fo  the  measures  of  the  respectively  op- 
posite angles  e  and  f.  Consequently,  the  measures  of  the 
angles  of  the  triangle  def  are  supplemental  to  the  several 
opposite  sides  of  the  triangle  abc.     a.  e.  d. 

dor.  1.  Hence  these  two  triangles  are  called  supplemental 
or  polar  triangles. 

Cor.  2.  Since  the  three  sides  de,  ef,  df,  are  supplements 
to  the  measures  of  the  three  angles  a,  b,  c  ;  it  results  that 
de  +  EF  +^F  +  A+B+c  -3  X  180°  =  540'.  But  (ih.  2), 
DE  +  ef  +  DF  <  360" :  consequently  a  +  b  +  c  >  180*. 
Thus  the  first  part  of  theorem  3  is  very  compendiously  de- 
monstrated. 

Cor.  3.  This  theorem  suggests  mutations  that  are  some, 
tiroes  of  use  in  computation.  Thus,  if  three  angles  of  a 
spherical  triangle  are  given^  to  find  the  sides  :  the  student 
may  subtract  each  of  the  angles  from  180%  and  the  three  re- 
mainders will  be  the  three  sides  of  a  new  triangle  ;  the  angles 
of  this  new  triangle  being  found,  if  their  measures  be  each 
taken  from  180%  the  three  remainders  will  be  the  respective 
sides  of  the  primitive  triangle,  whose  angles  were  given. 

Scholium.  The  invention  of  the  preceding  theorem  is  due 
to  Philip  Langsberg.  Vide,  Simon  Stevin,  liv.  3,  de  la  Cos- 
mographie,  prop.  31,  and  Alb#  Girard  in  loc.    It  is  often  how- 


s 


■nmiCJIiL  nUtOROMBTBT* 


ever  titstted  very  loosely  by  aattiors  on  trigononietry :  eoaie 

of  them  speaking  of  sides  as  the  supplements  of  angles,  and 

•carcely  any  ofthem  remarking  which  of  the  several  triangles 

formed  foy  the  intersection  of  the  arcs  db,  b?,  df,  is  the  one 

in  question.     Besides  the  triangle  dsf,  three  others  may  be 

formed  by  the  intersection  of  the  semi. 

circles,  and  if  the  whole  circles  l)e  con* 

Hidered,  there  will  be  seven  other  triangles 

formed.    But  the  proposition  only  obtains 

with  regard  to  the  central  triangle  (of 

each  hemisphere),  which  is  distinguished 

firom  the  three  others  in  this,  that  the  two 

lingles  A  and  f  are  situated  on  the  same 

inde  of  Bc,  the  two  b  and  e  on  the  same  aide  of  ac,  and  tbe 

Iwo  u  and  d  on  the  some  aide  of  ab. 
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Iti  every  spherical  triangle  the  following  proportion  obtains, 
viz.  as  four  right  angles  (or  360")  to  the  surface  of  a 
hemisphere  ;  or,  as  two  right  angles  (or  180")  to  a  great 
circle  of  the  sphere  ;  so  is  the  excess  of  the  three  angles 
of  the  triangle  above  two  right  angles,  to  the  area  of  the 
triangle. 

Let  ABC  be  the  spherical  triangle.  Com- 
plete one  of  its  sides  as  bc  into  the  circle 
1k;ef,  which  may  be  supposed  to  bound 
the  upper  hemisphere.  Prolong  also,  at 
t>oth  ends,  the  two  sides  ab,  ac,  until 
they  form  semicircles  estimated  from  each 
angle,  that  is,  until  bae  =2  abd  =  caf= 
ACD=180".  Then  will  cbf=180°=bfk  ; 
and  consequently  the  triangle  abf,  on  the  anterior  hemisphere, 
will  be  equal  to  the  triangle  bcd  on  the  opposite  hemisphere. 
Putting  m,  m,  to  represent  the  surface  of  these  triangles,  p 
for  that  of  the  triangle  baf,  q  for  that  of  cab,  and  a  for  that 
of  the  proposed  triangle  abc.  Then  a  and  tn  together  (or  their 
equal  a  and  m  togerther)  make  up  the  surface  of  a  spheric 
lune  comprehended  between  the  two  semicircles  acd,  ABD,in- 
•clined  in  the  angle  a  :  a  and  p  together  make  up  the  lune  in* 
eluded  between  the  semicircles  caf,  cbf,  making  the  angle  c: 
a  and  q  together  make  up  the  spheric  lune  included  between 
the  semicircles  bce,  bab,  making  the  angle  b.  And  the  sur- 
ftfoe  of  each  of  these  lunes,  is  to  that  of  the  hemisphere,  as 
Ibe  «gle  made  by  the  eompieilMBdmg  semieirciee,  to  two 
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sight  angles.    Therefore,  putting  ^s  for  the  surfkoeofthe 
lieiiiiq>bere9  we  have 

180^  :  A  :  :  |8  ;  a  +  m, 

180<^ :  B  :  :  Is  :  a  +  9> 

180^  :ci:i8:a  +  p. 
Whence,  180^  :  a  +  b  +  c  :  :  ^s  :  3a  +  m+p+y=2tf + Ja ; 
nnd  conaeqnently,  by  division  of  proportion, 
a8l80O:A+B  +  c- 180^  ;:  ^s:  2a  +  ja— Js  =  2fl; 

or  180^  :  a  +  b+o  —  180^  :  :  {s  :  a^i» .  i±JJ*^??!. 

Cor.  1.  Hence  the  excess  of  the  three  angles  of  any  sphe- 
rical triangle  above  two  right  angles,  termed  technically  the 
spherical  ercetSy  furnishes  a  correct  measure  of  the  surface  of 
that  triangle. 

Cor.  2.  If  4r  s  3*141508,  and  d  the    diameter  of  the 

a4'i;  +  c— 180^ 

sphere,  then  is  riP  . y^, =  the  area  of  the  spherical 

triangle. 

Cor.  3.  Since  the  length  of  the  radius,  in  any  circle,  it 
equal  to  the  length  of  57*2957795  degrees,  measured  on  the 
circumference  of  that  circle  ;  if  the  spherical  excess  be  mul- 
pUed  by  57*2957795,  the  product  will  express  the  surface  of 
the  triangle  in  square  degreesf . 

Cor.  4.  When  a  =^  0^  then  a  4-  b  +  c  =  180°  :  and  when 
a=is,  then  A +B +0=540°.  Consequently  the  sum  of  the 
three  angles  of  a  spherical  triangle  is  always  between  2 
and  6  right  angles  ;  which  is  another  contirmation  of  th.  3. 

Cor.  5.  When  tico  of  the  angles  of  a  spherical  triangle 
are  right  angles,  the  surface  of  the  trinngle  varies  with  its 
third  angle.  And  when  a  spherical  triangle  has  three  right 
angles,  its  surface  Is  one-eighth  of  the  surface  of  the  sphere. 


*  This  detprm  mat  ion  nf  llie  firen  of  n  spherical  trinnj^l^  is  dtie  to  ,^1* 
htrt  Cirard  (who  died  about  163  j).  But  \\\fi  demonslrHiion  now  com- 
monly given  nf  ihe  nilc  was  fivhi  piibliAhed  by  Dr.  Wallis.  If  was  con- 
•idrrpdasa  mere  speciilntive  truth,  until  Grnpral  Roy,  in  1787,  employ- 
ed U  very  jiidirimisly  in  the  ^reat  Trig'»nom#'trical  Survey,  to  c(»rrect 
the  errors  of  spherical  angles.  See  Pitil.  Trans,  vol.80,  and  the  next 
chafiter  of  this  volume. 

f  £xceas  in  degrees,  i.  e.  excess  **  —  arra  •-t-S?  2957795. 

Excess "  -  !L^*J'><J^ 
672957796 
area  in  rqn.  feet  X  3600 


~  57-29577^5  v  (.s66lo4  6)»* 
The  log.  of  the  factor  to  these  square  feet  is  93267737,  which  li  the  log. 
employed  in  art.  5,  Sehol.  Prub.  8,  ch.  v.  following. 

Vol.  II.  6 
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Remark*  Some  of  the  uses  of  the  spherical  excess,  in  the- 
more  extensive  geodesic  operations,  will  be  shown  in  the  fol* 
k)wing  chapter.  The  mode  of  finding  it,  and  thence  the  area 
when  the  three  angles  of  a  spherical  triangle  are  given,  is  ob- 
vious  enough ;  but  it  is  often  requisite  to  ascertain  it  by  means 
of  other  data,  as,  when  two  sides  and  the  included  an^e  are 
given,  or  when  all  the  three  sides  are  given.  In  the  former 
case,  let  a  and  b  be  the  two  sides,  c  the  included  angle,  and 

.,  I.     •      1  av  ,1  cot  la .  cot  16  "t"  coi  e 

s  the  spherical  excess :  then  is  cot  je  ==  — =- — ^^ • 

When  the  three  sides  a,  (,  c,  are  given,  the  spherical  excess 
may  be  found  by  the  following  very  degaiit  theorem,  dis- 
covered by  SinK>n  Lhuillier ; 

tan  i  «= v/(tan  ^tf .  vm'i±^ .  tan~tf .  tan::J±il:f). 

The  investigation  of  these  theorems  would  occupy  mors 
space  than  can  be  allotted  to  them  in  the  present  volume. 

THXORBM  VI. 

In  eveiy  spherical  polygon,  or  surface  included  by  any  num* 
ber  of  intersecting  great  circles,  the  subjoined  proportion 
obtains,  viz.  as  four  right  angles,  or  360%  to  the  sunace  of 
a  hemisphere ;  or,  as  two  right  angles,  or  180",  to  a  gre&t 
circle  of  the  sphere  ;  so  is  the  excess  of  the  sum  of  the 
angles  above  the  product  of  180**  and  two  less  than  the 
number  of  angles  of  the  spherical  polygon,  to  its  area. 

For,  if  the  polygon  be  supposed  to  be  divided  into  as  many 
triangles  as  it  has  sides,  by  great  circles  drawn  from  all  the 
angles  through  any  point  within  it,  forming  at  that  point  the 
vertical  angles  of  M  the  triangles.  Then,  by  th.  5,  it  will  be 
as  300" :  js  : :  a+b+c  — 180* :  its  area.  Therefore,  putting 
F  for  the  sum  of  all  the  angles  of  the  polygon,  n  for  their 
number,  and  v  for  the  sum  of  all  the  vertical  angles  of  its 
constituent  triangles,  it  will  be,  by  composition, 
as  360* :  ^s  : :  p  +  v — 180*  .  n  :  surface  of  the  polygon* 
But  V  is  manifestly  equal  to  300^  or  180"  X  2.    Therefore, 

as  3600 :  Js  : :  p— (n— 2)  180* :  ^s .  H^^^i??,  the  area  of 

the  polygon,     q.  s.  d. 

Cor,  1.  If  «*  and  d  represent  the  same  quantities  as  io 
theor.  5,  cor.  2,  then  the  surface  of  the  polygon  will  be  ex- 

pressed  by  rcr  .  — j^gj, — . 
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Car.  2.  If  &<>  —  57-295r795,  then  will  the  aarface  of  the 
ffAygaa  in  square  degrees  be  =  r^  .  (p —  (n— 2)  180<>). 

Car.  3.  When  the  surface  of  the  polygon  is  0,  then  p  s 
(n^^2)  180^ ;  and  when  it  is  a  maximum^  that  is,  when  it  is 
equal  to  the  surface  of  the  hemisphere,  then  p  ^  (a — 2)  18(F 
+MO^=fi  •  180^  :  Consequently  f,  the  sum  of  all  the  angles 
of  any  spheric  polygon,  is  always  less  than  2n  right  angles, 
1»ut  greater  than  (2fi  —  4)  right  angles,  n  denoting  the  num. 
ber  of  angles  of  the  polygon. 


OBHSRAL  SCHOUVX. 

On  the  Nature  and  Measure  of  Solid  Angles. 

A  Solid  angk  is  defined  by  Euclid,  that  which  is  made  by 
the  meeting  of  more  than  two  plme  angles,  which  are  not  in 
the  same  plane,  in  one  point. 

Others  define  it  the  angular  space  comprised  between 
iMFeral  planes  meeting  in  one  point. 

It  may  be  defined  still  more  generally,  the  angular  space 
included  between  several  plane  surfaces,  or  one  or  more 
curved  sur&ces,  meeting  in  the  point  which  forms  the  sum- 
mit of  the  angle. 

According  to  thia  definition,  solid  angles  bear  just  the  same 
relation  to  the  sur&ces  which  comprise  them,  as  plane  angles 
do  to  the  lines  by  which  they  are  included :  so  that,  as  in  the 
latter,  it  is  not  the  magnitude  of  the  lines,  but  their  mutual 
^inclination,  which  determines  the  angle ;  just  so,  in  the  former 
it  is  not  the  magnitude  of  the  planes,  but  their  mutual  in- 
dinations  which  determine  the  angles.  And  hence  all  those 
geometers,  from  the  time  of  Euclid  down  to  the  present  pe- 
riod, who  have  confined  their  attention  principally  to  the  mag- 
nitude of  the  plane  angles,  instead  of  their  relative  positions, 
have  never  been  able  to  develope  the  properties  of  this  class 
of  geometrical  quantities ;  but  have  afiirmed  that  no  solid 
an^e  can  be  said  to  be  the  half  or  the  double  of  another,  and 
have  spoken  of  the  bisection  and  trisection  of  solid  angles, 
even  in  the  simplest  cases,  as  impossible  problems. 

But  all  this  supposed  difficulty  vanishes,  and  the  doctrine 
of  solid  anffles  becomes  simple,  satisfactory,  and  universal  in 
its  application,  by*  assuming  spherical  surfaces  for  their  mea- 


*  Circular  arcs  are  not  merely  assumed  to  be  the  measures  of  plane  an- 
fleiy  they  are  demonstrated  to  be  so.  See  Sim.  Euclid,  Prop.  33,  Book 
VI.  It  ought  also  to  be  dtmonstraied  that  spherical  surfaces  are  the  mea- 
sartiof  solid  aoglsi.  i^ 
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sare ;  just  ti«  circular  arc«  are  nssumed  for  the  measurea  of 
plane  angles  *•  Imagine,  that  from  the  summit  of  a  aolM 
angle  (formed  by  the  meeting  of  three  planes)  as  a  centre, 
any  sphere  be  described,  and  that  those  pianos  are  produced 
till  they  cut  the  surface  of  the  sphere  ;  then  will  the  surface 
of  the  spherical  triangle,  included  between  those  planes,  t>e  a 
proper  measure  of  the  solid  angle  made  by  the  planes  at  their 
common  point  of  meeting  :  for  no  change  can  be  conceived 
in  the  relative  position  of  those  planes,  that  is,  in  the  magm* 
tude  of  the  solid  angle,  without  a  corresponding  and  propor* 
tional  mutation  in  the  surface  of  the  spherical  triangle.  If, 
in  like  manner,  the  three  or  more  surfaces,  which  by  their 
meeting  constitute  another  solid  angle,  he  produced  till  they 
cut  the  surface  of  the  same  or  an  equal  sphere,  whoso  centre 
coincides  with  the  summit  of  the  angle  ;  the  surface  of  the 
spheric  triangle  or  polygon,  included  between  the  planes  which 
determine  the  angle,  will  be  a  correct  measure  of /Aii<  angle. 
And  the  ratio  which  subsists  between  the  areas  of  the  spheric 
triangles,  polygons,  or  other  surfaces  thus  formed,  will  be  ac- 
curately the  ratio  which  subsists  between  the  solid  angles, 
constituted  by  the  meeting  of  the  several  planes  or  surfaces, 
at  the  centre  of  the  sphere. 

Hence,  the  comparison  of  solid  angles  becomes  a  matter  of 
great  ease  and  simplicity  :  for,  since  the  areas  of  spherical 
triangles  are  measured  by  the  excess  of  the  sums  of  their 
angles  each  above  two  right  angles  (tli.  5)  ;  and  the  areas  of 
spherical  polygons  of  n  sides,  by  the  excess  of  the  sum  of 
their  angles  above  2n — 4  right  angles  (th.  6) ;  it  follows^that 
the  magnitude  of  a  trilateral  solid  angle  will  be  measured  by 
the  excess  of  the  sum  of  the  three  angles,  made  respectively 


*  ft  may  be  proper  to  anlicipfite  here  the  only  objection  which  can  bt 
made  to  this  assumption  ;  which  is  founded  on  the  principle,  tkatquanii' 
tU$  should  nfways  be  mttmnd  kif  ffunniities  nf  the  same  land.  But  this, 
often  and  positively  ns  it  is  affirmed,  is  by  no  means  necessary  ;  nnr  ia 
many  cases  is  it  po  sihle.  '  To  measure  is  to  eompnre  matlieroatically  ; 
and  if  by  comparing  two  quantities,  whose  ratio  we  know  or  can  aiicei^ 
tabi,  with  two  other  qnnntitics  whose  ratio  we  wish  to  know,  the  |>oint 
in  question  becomes  determined  ;  it  signifies  not  at  all  whether  the  msf^ 
niludrt  which  const ilute  one  ratio,  are  like  ur  unlike  the  magnitudes 
which  constitute  the  other  ratio.  It  is  thus  that  mathematicians,  with 
perfect  safety  and  correctness,  make  use  of  space  as  a  measure  of  velo- 
city, mass  as  a  measure  of  inertia,  mass  and  velocity  conjointly  as  a 
measure  of  force,  space  as  a  measure  of  time,  weight  as  a  measure  of 
density,  expansion  ns  a  measure  of  heat,  a  certain  function  of  planetary 
velocity  as  a  measure  of  distance  from  the  central  body,  arcs  of  the  same 
circle  as  measures  of  plane  angles  :  and  it  is  in  conformity  with  this  ge* 
neral  procedare  that  we  adopt  surfiicet,  of  the  same  sphere,  as  measarts 
of  solid  angles. 
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by  it9  boottdiog  planes*  above  2  right  angles ;  and  the  mag- 
nitudes of  solid  angles  foimed  by  n  bounding  planes,  by  the 
excess  of  the  eum  of  the  angles  of  inclination  of  the  several 
planes  above  2fi  —  4  ri|;ht  angles. 

As  to  solid  angles  limited  by  curve  surfaces*  such  as  the 
angles  at  the  vertices  of  cones ;  they  will  manifestly  be  mea* 
fured  by  the  spheric  surfaces  cut  off  by  the  prulongation  of 
their  bounding  surfaces,  in  the  same  manner  as  angles  deter* 
mined  by  planes  are  measured  by  the  triangles  or  polygoo^t 
they  mark  out  upon  the  same,  or  an  equal  sphere.  In  all 
cases,  the  maximum  limit  of  solid  angles  will  be  the  piane 
towards  which  the  various  planes  determining  such  angles 
approach,  as  they  diverge  further  from  each  other  about  the 
same  summit :  just  as  a  right  line  is  the  maximum  limit  of 
plane  angles,  being  formed  by  the  two  bounding  lines  when 
they  make  an  angle  of  160^.  The  maximum  limit  of  solid 
angles  is  measured  by  the  surface  of  a  hemisphere,  in  like 
manner  as  the  maximum  limit  of  plane  angles  is  measured  by 
the  arc  of  a  semicircle.  The  solid  right  angle  (either  angle, 
for  example,  of  a  cube)  is  j  (  =  J^^  of  the  maximum  solid 
angle :  while  the  plane  right  angle  is  half  the  maximum 
plane  angle. 

The  analogy  between  plane  and  solid  angles  being  thus 
traced,  we  may  proceed  to  exemplify  this  theory  by  a  few 
instonces;  assuming  1000  as  the  numeral  measure  of  the 
maximum  solid  angle  =  4  times  90*^  solid  ~  360^  solid. 

1.  The  solid  angles  of  right  prisms  are  compored  with  great 
facility.  For,  of  the  three  angles  made  hy  the  three  planes 
which,  by  their  meeting,  constitute  every  such  solid  angle, 
two  are  right  angles  ;  and  the  third  is  the  same  as  the  corre- 
sponding plane  angle  of  the  polygonal  base  ;  on  which,  there- 
fore,  the  measure  of  the  solid  angle  depends.  Thus,  with 
respect  to  the  right  prism  with  an  equilateral  triangular  base, 
each  solid  angle  is  formed  by  planes  which  respectively  make 
anglesof  QO**,  OO**,  and  60**.  Consequently  90*'+90«+60<'— 
180'=60%  is  the  measure  of  sucii  angle,  compared  with  360*^ 
"the  maximum  angle.  It  is,  therefore,  one-sixth  of  the  maxi- 
mum angle.  A  right  prism  with  a  square  base  has,  in  like 
manner,  each  solid  angle  measured  by  90"+90''490" — 180* 
^90%  which  is  ^  of  the  maximum  angle.  And  thus  it  may  be 
found,  that  each  solid  angle  of  a  right  prism,  with  an  equi- 
lateral 

triangular  base  is  ^  max.  angle  =  j-  .1000. 

square  base        is  |  .     •     .     .     c=  ^  .1000. 

pentagonal  base  is     ....     ~y\.1000. 

hexagonal  is^,     •     .     •     zr^Y^^^'^* 

heptagonal         is    ...     .     =r^^.i000. 
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octagonal  base  is  f 
nonagonal  is 

decagonal  is  | 

undecagonal      is 
duodecagonal    is  -f^ 

m  gonal  is 


=  If  .1000. 
=  i|.1000. 

=  !izJ.1000. 

2m 


Hence  it  may  be  deduced,  that  each  solid  angle  of  a  rega« 
lar  prism,  with  triangular  base,  is  half  each  solid  angle  of  a 
prism  with  a  regular  hexagonal  base.     Each  with  regular 
square  base  =  |  of  each,  with  regular  octagonal  base, 

pentagonal  =  | decagonal, 

hexagonal    :=  | duodecagonal, 

|m  gonal      =  ^-Z.^ ^  gonal  base. 

Hence  again  we  may  infer,  that  the  sum  of  all  the  solid 
iiDgles  of  any  prism  of  triangular  base,  whether  that  base  be 
regular  or  irregular,  is  half  the  sum  of  the  solid  angles  of  a 
prism  of  quadrangular  base,  regular  or  irregular.  And  the 
•um  of  the  solid  angles  of  any  prism  of 
tetragonal  base  is  =  |  sum  of  angles  in  prism  of  pentag.  base, 

C Diagonal  .  .  .  =  | hexagonal, 
xagonal   .  .  .  s=i  |. heptagonal, 

Ml   -       • 

•  fli  gonal s=  j^zii    ••••••      (»i+l)  gonal. 

2.  Let  us  compare  the  solid  angles  of  the  five  regular  bo* 
dies.  In  these  bodies,  if  tn  be  the  number  of  sides  of  each 
face ;  n  the  number  of  planes  which  meet  at  each  solid  angle  ; 
|0  ^  half  the  circumference  or  180°;  and  a  the  plane  angle 

cof— O 

made  by  two  adjacent  faces :  then  we  have  sin  ^  a  s=  — ^ —  * 

•io-O 

^  This  theorem  gives,  for  the  plane  angle  formed  by  every  two 
'  contiguous  faces  of  the  tetraedron,  70°3r42^ ;  of  the  hezad- 
dron,  90°;  of  the  octaedron,  109°28'18";  of  the  dodecaedron, 
11G°83'54'' ;  of  the  icosaedron,  138°11  ^28^  But,  in  these 
polyedrse,  the  number  of  faces  meeting  about  each  solid  angle, 
18  8,  8,  4,  8,  5  respectively.  Consequently  the  several  solid 
angles  will  be  determined  by  the  subjoined  proportions  : 

Solid  An^le. 


880° 
860° 
360° 


3-70°3r42^  —180°  : 
3.9Q0  180° : 

4-109°28'18'— 360° : 


360° :  3116°33'54^— 180° : 


1000  :    87-73611  Tetraedron, 
1000  :  250-  Hexaedron. 

1000  :  216-35185    Octaedron. 
1000:471-375  Dodecaddron. 


860° :  5-188°ir23''— 540° : :  1000  :  419-30109  Icosaddron. 
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8.  Hie  lolid  aofiglea  at  the  vertices  of  cones,  nt^ill  be  deter, 
mined  by  means  of  the  spheric  segments  cut  off  at  the  bases 
of  those  cones ;  that  is,  if  right  cones,  instead  of  having  plane 
bases,  had  bases  formed  of  the  segments  of  equal  spheres, 
whose  centres  were  the  vertices  of  the  rones,  the  surfaces  of 
ihose  segments  would  be  measures  of  the  solid  angles  at  the 
respective  vertices.  Now,  the  surfaces  of  spheric  segments, 
are  to  the  surface  of  the  hemisphere,  as  their  altitudes,  to  the 
.radius  of  the  sphere  ;  and  therefore  the  solid  angles  at  the 
vertices  of  right  cones,  will  be  to  the  maximum  solid  angle, 
as  the  excess  of  the  slant  side  above  the  axis  of  the  cone,  to 
the  slant  side  of  the  cone.  Thus,  if  we  wish  to  ascertain  the 
solid  angles  at  the  vertices  of  the  equilateral  and  the  right* 
angled  cones ;  the  axis  of  the  former  is  |\/3,  of  the  latter>  i\ 
i^^9  the  slant  side  of  each  being  unity.    Hence, 

Angle  at  vertex. 

1  :  1  —  ^v^3  : :  1000  :  133*97464,  equilateral  cone,  ^ 

1:1  —  jy/2  : :  1000  :  292-89322,  right-angled  cone.         ^'^ 

4.  From  what  has  been  said,  the  mode  of  determining  the 
solid  angles  at  the  vertices  of  pyramids  will  be  sufficiently  oh- 
vious.  If  the  pyramids  be  regular  ones,  if  n  be  the  number 
of  faces  meeting  about  the  vertical  angle  in  one,  and  a  the 
angle  of  inclination  of  each  two  of  its  plane  faces ;  if  n  be  the 
number  of  planes  meeting  about  the  vertex  of  the  other,  and 
a  the  angle  of  inclination  of  each  two  of  its  faces  :  then  will 
the  vertical  angle  of  the  former,  be  to  the  vertical  angle  of 
the  latter  pyramid,  as  na— (n— 2)  180°,  to  no— (n— 2)  180°. 

If  a  cube  be  cut  by  diagonal  planes,  into  6  equal  pyramids 
with  square  bases,  their  vertices  all  meeting  at  the  centre  of 
the  circumscribing  sphere;  then  each  of  the  solid  angles 
made  by  the  four  planes  meeting  at  each  vertex,  will  be  ^  of 
the  maximum  solid  angle  ;  and  each  of  the  solid  angles  at 
the  base  of  the  pyramids,  will  be  -|^  of  the  maximum  solid 
angle.  Therefore,  each  solid  angle  at  the  base  of  such  pyra- 
mid, is  one-fourth  of  the  solid  angle  at  its  vertex  :  and,  if  the 
angle  at  the  vertex  be  bisected,  as  described  below,  either  of 
the  solid  angles  arising  from  the  bisection  will  be  double  of 
either  solid  angle  at  the  base.  Hence  also,  and  from  the  first 
subdivision  of  this  scholium,  each  sohd  angle  of  a  prism,  with 
equilateral  triangular  base,  will  be  JtaJ/ench  vertical  angle  of 
these  pjrramids,  and  double  each  solid  angle  at  their  bases. 

The  angles  made  by  one  plane  with  another,  must  be  as- 
certained, either  by  measurement  or  by  computation,  accord, 
ing  to  circumstances.  But,  the  general  theory  being  thus 
explained,  and  illustrated,  the  further  application  of  it  is  left 
to  the  skill  and  ingenuity  of  geometers ;  the  following  simple 
example,  merely,  being  added  here. 
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Ex.  Left  the  solid  angte  at  the  vortex  of  a  aqoare  pyramid 
be  bi^^cted. 

Ist.  I^t  a  plane  be  drawn  through  the  vertex  and  any  two 
opposite  angles  of  the  base,  that  plane  will  bisect  the  solid 
angle  at  the  vertex ;  forming  two  trilateral  angles,  each  equal 
to  half  the  original  quadrilateral  angle. 

2dly.  Bisect  either  diagonal  of  the  base,  and  draw  any  plane 
to  pass  through  the  point  of  bisection  and  the  vertex  of  the 
pyramid  ;  such  plane,  if  it  do  not  coincide  with  the  former, 
vill  divide  the  quadrilateral  solid  angle  into  two  equal  qua- 
drilateral solid  angles.  For  this  plane,  produced,  will  bisect 
the  great  circle  diagonal  of  the  spherical  parallelogram  cut  off 
by  the  base  of  the  pyramid;  and  any  great  circle  bisecting 
such  diagonal  is  known  to  bisect  the  spherical  parallelograiSy 
or  square  ;  the  plane,  therefore,  bisects  the  solid  angle. 

Cor,  Hence  an  indefinite  number  of  planes  may  be  drawn* 
each  to  bisect  a  given  quadrilateral  solid  angle. 


SECTION  11. 

Resolution  of  Spherical  Triangles. 

The  different  cases  of  spherical  trigonometry,  like  those  in 
plane  trigonometry,  may  be  solved  either  geometrically  or 
algebraically.  Wc  shall  here  adopt  the  analytical  method,  as 
well  on  account  of  its  being  more  compatible  with  brevity, 
as  because  of  its  correspondence  and  connexion  with  the  sub- 
stance of  the  preceding  chapter*.  The  whole  doctrine  may 
be  comprehended  in  the  subsequent  problems  and  theorems* 

PROBLEM  I. 

To  find  equations,  from  which  may  be  deduced  the  solution 
of  ail  the  cases  of  spherical  triangles. 

Let  ABC  be  a  spherical  triangle  ;  ad  the  tangent,  and  «d 
the  secant,  of  the  arc  ab;  ae  the  tangent,  and  ue  the  se- 


*  For  the  geometricnl  method,  the  reader  may  consult  Simton's  or 
'Plqrfoir^*  Euclid,  or  Bbhop  Hortley^  Elementary  Treatise  on  Prseti- 
cai  Mathenutict. 


\ 
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canty  of  the  arc  ac  ;  let 
the  capital  letters  a,  b,  c* 
denote  the  anglea  of  the 
friangle,  and  the  small 
)9tten  a,  &,  c,  the  op* 

K'te  sides  bc,  ac,  as. 
m  the  first  equa- 
tieae  in  art- 6  PI.  Tri^. 
applied  to  the  two  tnangles  adk,  ode,  give,  for  the  former, 
ni^  es  tan'  h  +  tan'  c  —  2  tan  6  •  tan  c .  cos  a  ;  for  the  latter, 
Da*  3=  sec*  b  +  sec*  c  -»  2  sec  6  •  sec  c  •  cos  a.  Subtracting 
the  first  of  these  equations  from  the  second,  and  observing 
that  860*6  —tan'  /^  «  n*  =  1,  we  shall  have,  after  a  little 


reduction,  1  + 


»n  h  .§tnr.  ^^^ 


'0.  Whence  the 


three  following  symmttrical  equations  are  obtained 
cos  a  =  cos  6  •  cos  c  +  ain  6  •  sin  c  •  cos 
cos  6  ■■  cos  a  .  cos  c  +  ain  a  •  sin  c  •  cos 
cos  e  s  cos  a  •  cos  b^  mna.  mn  b  •  cos 


nea : 


TBSORBX  vn. 


In  every  spherical  triangle,  the  sines  of  the  angles  are  pro- 
portional to  the  sines  of  their  opposite  sides* 

If,  from  the  first  of  the  equations  marked  i,  the  value 
of  cos  A  be  drawn,  and  substituted  for  it  in  the  equation  sin* 
A  ss  1  — cos*  A,  we  shall  have 

-:-.a  .  —  1         c<Mi'«  +  co»^6.ro**c— 8ro««  .  co»6  .ro«« 
Sin*  A  —  1  —• ■ r-^-T r-s- 

Reducing  the  terms  of  the  second  side  of  this  equation  to  a 
common  denominator,  multiplying  both  numerator  and  deno- 
minator by  sin'o,  and  extracting  the>q.  root,  there  will  result 

Sin  A  =  sin  a  .  — — ^. 

»iii  a  .  Mm  0  .  Mil  r 

Here,  if  the  whole  fraction  which  multiplies  sin  a,  be  denoted 
by  K  (see  art.  8  chap,  iii.},  we  may  write  sin  a  =  k  .  sin  a. 
And,  since 'the  fractional  factor,  in  the  above  equation,  con- 
tains  terms  in  which  the  sides  a,  b^  c,  are  alike  affected,  we 
have  similar  equations  for  sin  b,  and  sin  c.  That  is  to  say, 
we  have 
sin  A  s=  K  .  sin  a  •  •  •  sin  B  »  K  .  sin  6  •  .  •  sin  c  =^  K  •  sin  c. 

Consequently,  ^?^  =  ^^  =  ^  .    .     .  (II.)  which  is  the 


nil  a 


algebraical  expression  of  the  theorem. 
Vot.  II.  7 


//.i>^M 


I    . 
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THEOREM  VXII* 

In  every  right-angled  spherical  triangle,  the  coaino  of  tho 
hypotheause,  is  equal  to  the  product  of  the  cosines  of  the 
sides  including  the  right  angle. 

For  if  A  bo  measured  by  j^O>  its  cosine  becomes  nothing, 
and  the  first  of  the  equations  i  becomes  cos  a  ^  cos  b  •  cos  e* 

Q*  E«  p. 

THEOREM  XX* 

In  every  right-angled  spherical  triangle,  tho  cosine  of  either 
oblique  angle,  is  equal  to  the  quotient  of  the  tangent  of  the 
adjacent  side  divided  by  the  tangent  of  the  hypothenuse. 

If,  in  the  second  of  the  equations  i,  the  preceding  value  of 
cos  a  be  substituted  for  it,  and  for  sin  a  its  value  tan  a  .  cos 
a  =•  tan  a  .  cos  6  •  cos  c ;  then,  recollecting  that  1  —  cos* 
c^sin'  c,  there  will  result,  tan  a  •  cos  c  •  cos  B=>sin  c :  whence 
it  follows  that, 

tan  a  •  cos  B=tan  c,  or  cos  b  =s  : —  • 

'  tiiti  a 

Thus  also  it  is  found  that  cos  c  = • 

tana 
THEOREM  Z. 

In  any  right-cngled  spherical  triangle,  the  cosine  of  one  of  the 
sides  about  the  right  angle,  is  equal  to  the  quotient  of  the 
cosine  of  the  opposite  angle  divided  by  the  sine  of  the  ad* 
jacent  angle. 

From  th.  7,  we  have-;r--=^:   which,  when  a  is  a 

BUI  A  ilfl  a  ' 

right  angle,  becomes  simply  sin  b  =  ~^.    Again»  from  th.  9^ 
we  have  cos  c  =  . —  .    Hence,  by  division, 

cft»  c  __  ton  6     uhi  •  ___^  cof  a 
»iii  B        kid  b     Ijui  •        ctm  6* 

Now,  th.  8 gives— ^1=:  cos  r .  Therefore  ~  *^  cs  cos  e ;  and 

'  ^  iCS  6  MB   ■  * 

In  likfe  manner,  — -  ^  cos  (.    a.  b  d. 


I 
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.  t 


TBBOSEX  XI. 

Id  every  rii^ht •angled  spherical  triangle,  tlie  tangent  of  either 
of  the  oblique  anslesi  is  equal  to  the  quotient  of  the  tan* 
gent  of  the  opposite  side,  divided  by  the  sine  of  the  other 
side  about  the  right  angle. 

««  .  sin  6  •  Ian  e 

For.  stnee  sm  b  »  :—  ,  and  cos  s  s  . —  . 

'  ,        »iu  a  titt « 

,  tin  ■      tin  b     tnn  Ay 

we  have  — =- —  •  — — *^ 


Whence,  because  (th.  8)  cos  a  s  cos  h  •  cos  c,  and  since 
sin  o  <s  cos  a  •  tan  a,  we  have 

«qi  6  pin  6  fin  ft  1  f«n  h 

OQHa.tiiue     cm  if .  ctr$  e  .  UUi,e     cu»o     vmCUne     liu  c 

In  like  manner,  tan  c  »  .?^.    a.  x.  d. 

'  Mil  6 


TH80REU  Xn. 

In  every  right-angled  spherical  triangle,  the  cosine  of  the 
hypothenuse,  is  equal  to  the  quotient  of  the  cotangent  of 
one  of  the  oblique  angles,  divided  by  the  tangeut  of  the 
other  angle. 

For,  multiplying  together  the  resulting  equations  of  (he 
preceding  theorem,  we  have 

tail  6      tan «  I 

tan  B  .  tan  c  =  — ;  •  ■: — =s — . 

But,  by  th.  8,  cos  6  .  cos  e  =  cos  a. 

Tbererore  tan  b  .  tan  c  = ,  or  cos  a  = . — .     q.  e-.  d- 


,  THSORBX  XIII. 

In  every  right-angled  spherical  than^lr,  tlie  si  in  of  ihe  rlif. 
ference  between  the  hypothenuse  and  h.ise,  is  equal  to  the 
continued  product  of  the  sine  of  the  perfiendiculur,  cosine 
of  the  base,  and  tangent  of  half  the  angle  oppcisiin  to  the 
perpendicular ;  or  equal  to  the  continued  product  of  the 
tangent  of  the  perpendicular,  cosine  of  th«{  liypf):henH8e, 
and  tangent  of  half  the  angle  opposite  to  the  pcrpcndicu- 
lar*. 


*  Tbif  theortm  is  due  (o  N.  Pronv,  who  piil»li>bpd  it  wit  limit  tlemoo- 
stnUioa  in  the  Cumwiismum ded  Temp't  fur  (he  vear  ltit)8,  and  luidc  ujm 
ef  it  ia  the  sonstruotion  of  a  «hiul  of  the  cuurie  of  tlie  Po. 


iM  ■pmnicAL  TRio6KoitavRy« 

Here  retaining  the  same  notation,  since  wo  have 
sin  a  =   "  «  and  cos  b  =  ~  ;  if  for  the  tanirents  there  be 
substituted  their  values  in  sines  and  cosines,  there  will  arisei 

ain  e  .  cos  a  ss  cos  b  •  cos  c  .  sin  a  =  cos  b  •  cos  c .  r^^. 

Then  substituting  for  sin  a,  and  sin  e  .  cos  a,  their  values  in 
the  known  formula  (equ.  v.  chap,  iii.)  viz. 

in  sin  (a — c)  =  sin  a  .  cos  c  —  cos  a  .  sin  c, 

and  recollecting  that  -Z^-  s  tan  jb, 

it  will  become,  sin  (a  —  c)  ^  sin  h  •  cos  c  •  tan  ^b  ; 
which  is  the  first  part  of  the  theorem  :  and,  if  in  this  result 


mn  a 


we  introduce,  instead  of  cos  c,  its  value  — -^  (th.  8),  it  will 

be  transformed  into  sin  (a  —  c)  s?  tan  6  .  cos  a  .  tan  {B  ; 
which  is  the  second  part  of  the  theorem,     q.  k.  d. 

Cor.  l*his  theorem  leads  manifestly  to  an  analogous  one 
with  regard  to  rectilinear  triangles,  which,  if  A,  ft,  and  p  de« 
note  the  hypothenuse,  base,  and  perpendicular,  and  b,  p,  the 
angles  respectively  opposite  to  6,  p  ;  may  be  expressed  thus : 

k  —  b  =p  •  tan  |p k — pTsft  •  tan  }b. 

These  theorems  may  be  found  useful  in  reducing  inclined 
lines  to  the  plane  of  the  horizon. 

pboblbm  n. 

Given  the  three  sides  of  a  spherical  triangle  :  it  is  required 
to  find  expressions  for  the  determination  of  the  angles. 

Retaining  the  notation  of  prob.  1,  in  all  its  generality,  we 
soon  deduce  from  the  equations  marked  x  in  that  problenny 
the  following ;  viz. 

Cff  a  —  row  h  .  rem  e 

COS  A  = 

Mil  0  .  »ui  e 

iy««ft  —  fMa.ro^t  \  •  '"N 

COS  B  ss  V  t^^J 

Mil  a  .  Mil  C  ■  .    ,         lAV  • 

COS  c  = — 

Ml  a  .  kill  <i 

As  these  equations,  however,  are  not  well  suited  for  logi^- 
rithmic  computation  ;  they  must  be  so  transformed  that  their 
second  members  will  resolve  into  factors.  In  order  to  this, 
substitute  in  the  known  equation  1  —  cos  a  =  2  sin'  jA,  the 
preceding  value  of  cos  a,  and  there  YriW  result 

stir  ±K  ss  *   ■■  "I  '        ■  ■ ,  1 

••"    j«  MttO.MUe*  y 


But*  bKcause  CO0  b'  —  cot  a'  =  2  no  j  (a'+  b')  .  sin  j  (a'— b')        rh 
(art  25  ch«  iii.),  and  conaequently 

COB  (6  —  c)  —  cos  a  =s  2  sio  — j —  .  «d  — ^j —  : 

we  liBTO  obvtooslyy 

...  fin  K«  l-A-r>.  •in  |'«+c--&) 

~"  i^= i^:7ir:^c \ 

Whence,  nraktBg  e  as  a4-&-f-c«  there  reealtt 

So,  ako.  MO  Ab  =  V — ^snrzTc — [    (™.) 

And,  «n  ic  «  •  -^  ^»--^  • '"  ;**-*> 

The  expresnoos  (or  the  tan^entB  of  the  half  anglea  might 
have  been  deduced  with  equal  facility  ;  and  we  mcMild  have 
obtained,  for  example, 

tan  |A  =  v'    ^,^,.^^^^^    (tu.) 


Tlhm  again,  the  expreaaiona  for  the  cbaine  and  cotangent 
of  half  Otoe  of  the  anglea,  are 

>in  I  <  .  WW  If  ^n— <i> 

«*   .-^    —   V  »,„  to  .  rl,.  C         ' 

cot  JA  —  -v^  rti  (}^&)  .  .in  r>-.e/ 

The  three  latter  flowing  haturafly  from  (he  former,  by  neana 

of  the  valuea  tan  =  ri»  ^*  ^  ^'  (^^  ^  ^^*  "'•) 

€^«  1.  When  two  of  the  atdea,  aa  h  and  c,  b<^come  elqual, 
then  the  expression  for  sin  ^a  becomes 

,  »■"»  (*•—*) w»»  i« 

am  }a  =  — -ij-g -.— . 

Cor.  2*  When  all  the  three  sides  are  equal,  or  d^ksscp 
then  sin  {a  -  -^— • 

Cor.  3.  In  this  case,  if  d  =  i  =  c  =  90=^ ;  then  sin  Ja  as 
^*=r  1  ^  =s  sin  45°;  and  a  =  n  *  c  =  90<>. 

Cor.  4.  If  tf =&=c*60^  :  then  sin  f  a  =  ^— 3  =  i^  — 
sin  35^551":  and  A=B=rc=70^1'42''  :  the  same  as  the 
an^  between  two  contiguous  planes  of  a  tetraedron. 

Cor.  5.  If  a=6=c  were  assumed  =  120^  :  then  sin  |4  « 

•if^  -irl?  =  1  ;  and  A  =  B  =  c  =  180^  ;  which  shows 

that  no  such  triangle  can  be  constnicfcd  (conformably  to. 
th.  2) ;  but  that  the  three  sides  would,  in  such  ca^,  form 
three  continued  arcs  completing  a  great  circle  of  the  aphere. 
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PKOBLEX  III. 

Given  the  three  angles  of  a  spherical  triangle,  to  find 

exprcsjions  fur  the  sides. 

If  from  the  first  and  third  of  the  equations  marked  I  (prob. 
1),  cos  c  be  exterminated,  there  will  result 

cos  A  •  sin  c  +  cos  c .  sin  a  .  ca<t  6  =  cos  a  •  sin  h» 

But,  it  follows  from  th.  7,  that  sin  c  =  "~;i,r7~*  Substituting 

for  sine  this  value  of  it,  and  for »  — » their  equivalents 

cot  A,  cot  a,  we  shall  have, 

cot  A  •  sin  c  +  cos  c  •  cos  b  =  cot  a  .  sin  b* 

^-  coi  a       .      ,  »iii  6  pin  ■ 

Now,  col  a  •  sm  B=-r-~  .  sm  6  s  cos  a  .   .7-  =  cos  a .  .-— » 

'  fill  a  but  a  Mu  A 

(th.  7).     So  that  the  preceding  equation  at  length  becoroes, 

cos  A  •  sin  c  =  cos  a  .  sin  b  —  sin  a  .  cos  c  •  cos  ft. 
In  like  manner,  we  have, 

cos  H  .  sin  c  =  cos  6  .  sin  a  —  sin  b  .  cos  c  •  cos  a. 
Exterminating  cos  b  from  these,  there  results 

cos  a^cos  a  •  sin  b  •  sin  c  —  ctM  b  .  cos  c.  m 
So  like-  }  cos  b=:co8  6  •  sin  a  .  sin  c — cos  a  .  cose.  \  (IV.) 
wise     \  cos  c^cos  c  .  sin  a  .  sin  b— coti  a  .  cos  b.  ) 

This  system  of  equations  is  manifestly  analogous  to  cqua* 
tion  1 ;  and  if  they  be  reduced  in  the  manner  adopted  in  the 
la9t  problem,  they  will  give 

am 


unjar^y/ ;^;nr:7nn; • 

8in  ib  s=  v^ ; .    > 

■  ''^  Mil  A  .  Mil  C  ' 


(V.) 


sin  ^c  =    /— ^"^^C^-*-"^')  '•**^i^'^'*  *-^\ 

*  ^  Mil  A  .  Mil  R  J 

The  expression  for  the  tangent  of  half  a  side  is 

lan  ,0  —  V       co»i(\4.«— ii).n>4(4^B-<)* 

The  values  of  the  cosines  and  cotan^rents  are  omitted,  to 
save  room  ;  but  are  easily  deduced  by  the  student. 

Car*  1.  When  two  of  the  angles,  as  b  and  c,  become  equals 
then  the  value  of  cos  ja  becomes  cos  Jas=  '^*'-* 


»lll  M  * 


Cor.  2.  When  a=b=-c;  then  cos  la  =-*JI!L*i\ 


Mil  A 


Cor.  3.  When  A'=:B::?c=>UO^  then  a»^^c-00^ 
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t 

tin  M^ 

Cor,  4.  If  AsaB=C:trOO^  ;  thon  COS  la  =  t-zt  =  1. 

So  that  as  6  --  c  -  0,  Consequent  ty  no  such  triangle  can 
be  constructed  :  conromnubly  to  th.  3. 

Cor.  5.  If  A  =  B=c=l20^;  then  cos  »a=;?^,^,ar        = 

Jv/3  =cos  54  440".     Hence  a^b^c-  100  128  8". 

ScM.  If,  in  the  preceding  values  of  sin  ja.  sin  ^^,  dec.  the 
quantities  under  the  radical  were  negative  in  reality,  as  they 
are  in  appearance,  it  would  obviously  lie  impossible  to  deter- 
mine the  value  of  sin  .fa,  &c.  Rut  this  value  is  in  fact  always 
real.     For,  in  general,  sin  («-  JO )  ■=  —  cos  x :  theref«»re, 

sin  (^-^-  —  iO)  =  —  c^  1(a+b+c)  ;  n  quantity  which 

is  always  positive,  because,  as  a  +  b  +  <;  is  necessarily  conv 
prised  between  ^O  nn^  jfO.  wo  have  j(a  +  b  +  c)  —  JQ 
greater  than  nothing,  and  less  than  f  O-  /**unher,  any  one 
side  of  a  spherical  triangle  being  smaller  than  the  sum  of  the 
other  two,  wo  have,  by  the  property  of  the  polar  triangle 
(theorem  4),  }0  —  a  less  than  {Q  —  b  +  ^j  —  ^,.  whence 
;}(B-f-c:— a)  is  less  than  \0 ;  and  of  course  its  cosine  is 
positive. 

PBOBLEM.  IV. 

Given  two  sides  of  a  spherical  triangle,  and  the  included 
angle  ;  to  obtain  expressions  for  tho  other  angles. 

1.  In  the  investigation  of  the  last  problem,  we  had 
cos  A  .  sin  c  =  cos  a  .  sin  6  —  cos  c  .  sin  a  .  cos  b  : 

and  by  a  simple  permutation  of  letters,  wc  have 

cos  B  .  sin  c  =  cos  6  .  sin  a  —  cos  c  .  sin  b  ,  cos  a : 

adding  together  these  two  equations,  and  reducing,  we  have 
sin  e  (cos  a  +  cos  b)  =  (1  —  cos  c)  sin  (a  +  b). 

Now,  we  have  from  theor.  7, 

T.n  a         MM  c         J  wri  /*  ^^  >in  c 
•m  A  ""  fcin  r.  *         kin  ■  ""  »«i  c 

Freeing  these  equations  from  their  denominators,  and  re- 
spectively adding  and  subtracting  them,  there  results 
sin  e  (sin  a  +  sin  h)  =  sin  c  (sin  a  +  sin  6), 
and  sin  e  (sin  a  —  sin  b)  =  siii  c  (sin  a  —  sin  6). 
Dividing  each  of  theso  two  equations  by  the  preceding,  there 
will  be  obtained 

sin  A+*in  B  ^^    till  c        finii-f-iiii  h 

rot  A-f-c<4i  n  *~  1 — cwc      (»iii  «-|-6) 
•in  A-^n  B  ^__     wii  c       •»«  n — »iii  b 

CUB  A-|-i:c»  ■  ""  1  — w*  c  *    kiii  Ca-H') 
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ComiMiriiig  these  wirh  the  equations  in  aiti.  25, 26,27,  ch.  iii*, 
there  will  at  length  n  suit  ^ 

tan  1(a+b)  «  cot  Jc  :^;rS^)'  i         fVT  \ 
tan  iU*B)  =«  cot  <c .  iuTj^j^nr*  > 

Ckfr.  When  a=6,  the  first  of  the  above  equations  becomes 
tan  A  ^  tan  B  =s  cot  jc  •  sec  a. 

And  in  this  case  it  will  be,  as  rad  :  sin  jc  : :  sin  a  or  sin 
b  :  sin  ^. 

And,  as  rad  :  cos  A  or  cos  B  : :  tan  aor  tan  6  :  tan  jc. 

2.  The  preceding  values  of^an  J(a+  b)  tan  ^(a — b)  are 
very  well  fitted  for  logarithmic  computation :  it  may,  not. 
Ifrithstanding,  be^roper  to  investigate  a  theorem  which  will 
at  once  lead  to  one  of  the  angles,  by  me^ns  of  a  subsidiary 
•  angle.  In  order  to  thiw,  we  deduce  immediately  from  tto 
l^^cond  equation  in  the  investigation  of  prob.  8, 

__4  ml  c  sin  4  . 

cot  A  ==  — jjuj-j cot  c  •  cos  6. 

Then,  choosing  the  subsidiary  angle  9,  so  that 

tan  9  =  tan  a  •  cos  c, 
that  is,  finding  the  angle  9,  whose  tangent  is  equal  to  the  pro- 
duct  tan  a  .  cos  c,  which  is  equivalent  to  dividing  the  origiq- 
al  triangle  into  two  right-angled  triangles,  the  preceding  equa- 
tion will  become 

cqlA^Cf^c(cqt9.sin&— cof  ^)=r^-(cos9.sin  b  —  sin^  . 

cos  6). 

Andthis»«iiieeaiB(fr'-«fi)?;?cosq».sin6— sin^.  cost, becomes 

cot  A  =  ^-^  .  sin  (6—9). 

Which  is  a  very  simple  and  convenient  expression. 

FBOBI^Ell  V. 

Given  two  angles  of  a  spherical  trianglci  and  the  side  com* 
pit)hendfid  b^^joen  theni ;  iq  fipd  expression^  for  the  dher 
two  m4fi^ 

1.  Herey  a  similar  analysinto  that  employed  in'the  preced* 
inff  problem,  being  nursued  with  respect  to  the  equations  iVf 
in  prob.  8,  will  produce  the  following  formuto : 

•in  g-^  tin 6 »ine        liti  a 4» "in  ■ 

cot«4.rot6"~'l'f  cose  *    •in(ATB)* 
wi  g  -^  tin  6 imii  c        win  A^tmB 


*-(r 
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Whene^  ai  in  prdb.  4,  w«  obtain 
tan  J(a+i)  =  tan  i^: .  ^ 
tant(tf-6)  =  tanic.^ 


Ka  — B)    \ 

4(  A -!-■)•  ^ 


«oiiU  — B) 


2.  If  it  be  wished  to  obtain  a  aide  at  once>  by  means  of  a 
subsidiary  angle ;  then,  find  ^  so  that  ^^  » tan  ^ ;  th^  will 

nOBLBX  ▼!• 

Criven  two  sides  of  a  spherical  triangle,  and  an  angle.oppo- 
site  to  one  of  thein ;  to  find  the  other  opposite  angle. 

8u))poAe  the  sideib  given  ate  dtb,  and  the  given  angle  b  : 
then  firom  theor.  7,  we  have  sin  a  c=  — ^-y — ;  or,  sin  a,  a 
fiyorth  proportional  to  sin  b,  sin  6,  and  sin  a. 

Given  two  angles  of  a  spherical  triangle,  and  a  side  opposite 
to  one  of  them  ;  to  find  the  side  opposite  to  the  other. 

Suppose  the  given  angles  are  a,  and  b,  and  b  the  given 
side :  then  tb.  7,  gives  Bin  a  =  ^/~-~  ;  or,  sin  o,  a  fourth 
proportional  to  sin  b,  sin  b,  and  sin  a. 

Scholium* 

In  problems  2  and  3,  if  the  circumstances  of  the  question 
leave  any  doubt,  whether  the  arcs  or  t]^e  angles  sought  are 

S-eater  or  less  than  a  quadrant,  or  than  a  right  angle,  the 
fiiculty  will  be  entirely  removed  by  means  of  the  table  of 
mutations  of  signs  of  trigonometrical  quantities,  in  difierent 
quadrants,  marked  vn  in  chiq).  3.  In  the  6th  and  7th  pro- 
blems, the  (^estion  proposed  vvill  often  be  susceptible  of  two 
solutions :  by  means  of  the  subjoined  table  the  student  may 
always  tell  when  this  will  or  will  not  be  the  case. 

*-!  -  ^  -      —  -    -  r      -  .  -  -  -  -      ■     -  ■  I    -     I  [ 

*  The  formnls  marked  n,  and  vn,  converted  into  analoriet,  by  mak- 
ing the  denominator  of  the  second  member  the  first  term,  the  other  two 
fret6ri  the  seoond  and  third  terms,  and  the  first  member  of  the  equation 
the  fsartb  tnroi  of  the  propptition,  as 

|(a-f  6)  t  cos  ICc*-^)  : :  cot  {c  :  tan  |U4-B)t 


sin  A(«4^)  :  sin  i(a— 6) : :  cot  Ao  :  tan  ((a— b),  Slc,  d^. 
are  called  Ike  AfuUo^ks  of  Nofier^  being  invented  by' that  celebrated 
nottieter.  He  likewise  invented  other  mles  for  sphdncal  trigonometry, 
KBOWB  by  tfae  name  of  Nifwr'B  Arfet  fir  tfts  eumi&r  forU :  but  these, 
BotwitbttandiBa  thMT  inganlij,  are  not  imsrlad  littPS ;  bMsaae  they  are 
too  aitifieial  to  m  appUsdby  a  yoong  compatist*  to  every  case  that  may 
occor  withoot  connobrable  danger  cm  mii^iprelieDrion  and  efror. 
Vol.  If.  8 
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QuMumsfir  ExereUe  in  Spherical  Trigommelrif. 

Ek.  1.  In  the  right-angled  spherical  triangle  bac,  right- 
angled  at  a,  the  hypolhenuse  a  ss  78^20',  and  one  leg  «  ^ 
76^52'9  are  given ;  to  find  the  angles  b,  and  o,  and  the  other 

Here,  hy  table  i  case  1,  sin  c  «=  ^j^t 

(ftn  c  ,         coca 

COS  B  »  : — z    •    •    .    cos  &  =s  — . 

Oft  log  sin  c  s  log  sin  «  —  log  sin  a  +  10. 
log  cos  B  slog  tan  c  — log  tana  +  10. 
logcosftslogcosa  — log  cose  +  10. 

Hence,  10  +  log  sin  c  »  10  +  log  sin  76*^52'  ^  10-m848M 
logrina«  log  sin  78*20' =    9- 


log  sin  c  a  log  sin  83^56'  =   tf'W75556 

Here  o  is  acute,  because  the  given  leg  is  less  than  90^. 

Again,  10  +  log  tan  c  =  10  +  log  tan  76''52'  =  20-6820468 

log  tan  a  =  log  Ian  78  20'  =  10-6851149 

Remains,        log  cos  b  =  log  qos  27*^45'  =    il'0469319 

B  IS  here  acute,  because  a  and  c  are  of  like  afieciion. 

Lastly,  10  +  log  cos  a  =  10  +  log  cos  78  20'  =  19*3058189 

log  cos  c=  log  cos  76''52' =   9-3564426 

Remains,        log  cos  6  =  log  cos  27<>  8'  =>   9^9493763 

where  h  is  less  than  90^,  because  a  and  c  both  are  no* 

Ex.  2.  In  a  right-angled  spherical  triangle,  denoted  as 
above*  are  given  a  =  78-20%  b  =  27''45' ;  to  find  the  other 
sides  and  angle. 

Ans.  h  =  27^8',  c  =  70^52',  c  =  83°5e'. 

Eat.  3.  In  a  spherical  triangle,  with  a  a  right  angle,  given 
h  =  117034',  c  =  31^51' ;  to  find  the  other  parts. 

Ans.  a  =  113-55',  c  =  28^51',  b  =  104^8'. 

Ex.  A.  Given  h  =  27-6*,  c  =  76-52' ;  to  find  the  other 
parts.  Ans.  a  ^  78^20',  b  =  27°45',  c  =  83^56'. 

Ex.  5.  Given  h  ==  42^12',  b  =  48" ;  to  find  the  other  parts. 

Ans.  a  =  tS4''40'^,  or  its  supplement, 
c  =  54'44',  or  its  supplement, 
c  =  64<>35',  or  its  supplement. 

Ex.  6.  Given  b  s=  48^  c  =  6^1"^' ;  required  the  other 
paru  ?  Ans.  h  =  42«12',  c  »  54»44',  a  =  M'>4!0I\. 

ToL.  11.  0 
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Ex.  7.  In  the  quadrantnl  triangle  abc,  given  the  quft* 
drantal  side  a  =  90^  an  adjacent  anale  c  ^  42^12',  and  the 
opposite  angle  a  »  04^40' ;  required  the  other  parts  of  the 
triangle  ? 

£»•  S.  In  an  oblique-angled  spherical  triangle  are  given 
the  three  sides,  viz.  a  »  56Ma,  6  »  88^1^',  c  »  IWdff; 
to  find  the  angles. 

HerD,  by  the  fifth  case  of  table  2,  we  have 

Sin  i  A  =  ^  »m  6  .  tin  e  * 

Or,  2  log  sin  ^A^log  sin(|t-  6)+log  sin  (^t— c)+ar.  eonp. 
log  sin  6-|-  ar.  comp.  log.  sin  c  :  where  t  »  a  +  ft  +  ^* 

log  sin  (i9  —  6)  »  log  sin    43^58*1  «  9-8415749 

log  sin  (ft  —  e)  «  log  sin    12^^41'^  —  9-841 8885 

A  .  c.  log  sin  A  =  A  •  c.  log  sin    88''13'    »  0-0080598 

A  .  c  .  log  sin  c  B  A  •  c  •  log  sin  IH^SO'    «  0-0409771 

Sum  ofthe  four  logs 19-2274413 

Half  sum  s  log  sin  {a  «  log  sin  24''15'^  a   9  6187206 

Consequently  the  angle  a  is  48*31'. 

Then,  by  common  analogy, 

As,  sin  a  .  •  •  sin    56«40' ...  log  «  9-9219401 

To,  sin  A  •  .  .  sin  48'3i' ...  log  «  9-8745679 
So  is,  sin  ft  ...  sin    SS'IS* ...  log  »  9-9969492 

To,  sin  B  .  .  •  sin  62'56' ...  log  ==  9-9495770 
And  so  is,   sin  c  ...  sin  114'3a  ...  log :»  9-9590229 

To,  sin  c  •  • .  sin  125<'19' ...  log  =  9-9116507 
So  that  the  remaining  angles  are,  bs^62^56',  and  C3si25^19'» 

2dly.  By  way  of  comparison  of  methods,  let  us  find  the 
angle  a,  by  the  analogies  of  Napier,  according  to  case  5 
tame  3.  In  order  to  which,  suppose  a  perpendicular  demitted 
from  the  angle  c  on  the  opposite  side  c.    Then  shall  we 

have  tan |  diff.  segof  c  =  —    ^^ — ^ — . 

This,  in  logarithms,  is 

log  tan  l(h+a)  »  log  tan  69''56'^  «  10-4875601 
log  tan  j{h^a)  ^  log  Un  13^161  »    9-3727819 

Their  sum  »  19*8108420 

Subtract  log  tan  ^c  :»  log  tan  57^15'  s  10-1916394 

Rem.  log  cos  dif.  seg  ss  log  cos  22^34'  »    9-6187026 

Hence,  the  segments  ofthe  base  are  79^49'  and  84*^41 '• 
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Therafore,  since  coe  a  s^  tan  79^9'  X  alb: 
To  log  tan  adja.  seg.  »  log  tan  79^49'  =  10  7450957 
Add  log  Un  sido  b    —  log  tan  8'F13'  =    9*0753503 
The  sum,  rejecting  10  from  the  index  }    ^    y  nh^^M 
as  log  coa  A  =  log  cos  48^32'    )  ■        — 

The  other  two  angles  may  be  found  as  before.  The  pre. 
ference  is,  in  this  case,  manifestly  due  to  the  former  method* 

£k.  9.  In  an  obliqne-angled  spherical  trianglo,  are  given 
two  aides,  equal  to  114^ SO'  and  50-40'  respectively,  and  the 
angle  opposite  the  former  equal  to  125^20' ;  to  find  the  other 
parts.  Ans.  Angles  48  30'  and  e2''55' ;  side,  83^12'. 

£ff.  10.  Given,  in  a  spherical  triangle,  two  angles,  equal 
to  48^30'  and  125^^90^,  and  the  side  opposite  the  latter ;  to 
find  the  other  parts. 

Ana.  Side  opposite  first  angle,  50^40* ;  ether  side,  83^12* ; 
thiid  angle,  6*^^54'. 


Ac  11.  Given  two  sides,  equal  114<^30r  and  56='40r ;  and 
their  incliided  angle  02^64 ;  to  find  the  rest. 

Ex.  12.  Given  two  angles,  125*2nr  and  48''80,  and  the  side 
comprehended  between  them  83«lv,' :  to  find  the  other  parts. 

£r.  13.  In  a  spherical  triangle,  the  angles  are  48^31', 
82«5ff,  and  125^20' ;  required  the  mdea  1 

Ex.  14.  Given  two  angles,  53^12*,  and  58^8  ;  and  a  sidd 

opposite  the  former,  02^42^ ;  to  find  Che  cither  parts. 

Ans.  The  third  angle  is        either  130»51'33'or  IM'^lS^l". 

Side  hetw.  giv.  angles,  cither   119'>3^32''or  152^1414'. 

Side  opp.  58-8',  either  72^1218'' or  100^47  3r. 

Ex.  15.  The  esoess  of  the  three  angles  of  a  triangle, 
measured  on  the  earth's  surface,  above  two  right  angles,  is 
1  second ;  what  is  its  area,  taking  the  earth's  diameter  at 
79572  miles? 

Ans.  70*75299,  or  nearly  70}  square  miles. 

£e.  10.  Determine  the  solid  angles  of  a  regular  pyramid 
with  hexagonal  base,  the  altitude  of  the  pyramid  being  to 
each  side  of  the  base,  as  2  to  1 . 

Ana.  Plane  angle  between  each  two  lateral  faces  125^22*35*. 

between  the  base  and  each  face  G0^35'12". 
Solid  angle  at  the  vertex  8900048  {  The  max.  angle 
Each  ditto  at  the  base       218'  19307  ]     being  1000. 
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ON  GEODESIC  OPERATIONS,  AND  TJBE  nCDRE 

OF  THE  EARTH. 


SECTION  I. 

General  Account  of  this  kind  of  Swrvepng. 

AftT.  1.  In  the  treatise  on  Land  Surveying  in  the  firat 
▼olume  of  this  Course  of  Mathematics,  the  directions  were 
leeiricted  to  the  necessary  operations  for  surveying  fields, 
ftrms,  lordships,  or  at  most  counties  ;  these  being  the  only 
operations  in  which  the  generality  of  persons,  who  practise 
this  kind  of  measurement,  are  likely  to  be  engaged  :  but  there 
are  especial  occasions  when  it  is  requisite  to  apply  the  prin^ 
ciples  of  plane  and  spherical  geometry,  and  the  practices  of 
•arveying,  to  much  more  extensive  portions  of  the  earth's 
surface  ;  and  when  of  ciiurse  much  care  and  judffment  are 
called  into  exercise,  both  with  regard  to  the  direction  of  the 

?>actical  operations,  and  the  management  of  the  computations, 
he  extensive  processes  which  we  are  now  about  to  consider) 
and  which  are  characterised  by  the  terms  Geodesic  Operatione 
and  TYtganomeineal  Sureeyingt  are  usually  undertaken  for 
the  accomplishment  of  one  of  these  three  objects.  1.  The 
finding  the  diflerence  of  longitude,  between  two  moderately 
distant  and  noted  meridians  ;  as  the  meridians  of  the  observa* 
tones  at  Greenwich  and  Oxford,  or  of  those  at  Greenwich 
and  Paris.  2.  The  accurate  determination  of  the  geogra* 
phicnl  positions  of  the  principal  places,  whether  on  the  coast 
or  inland,  in  an  island  or  kingdom  ;  with  a  view  to  giv« 
greater  accuracy  to  maps,  and  to  accommodate  the  naviirator 
with  the  actual  position,  as  to  latitude  and  longitude,  of  the 
principal  promontories,  havens,  and  ports.  These  have,  till 
lately,  been  desiderata,  even  in  this  country  :  the  position  of 
MUnne  important  points,  as  the  Lizard,  not  being  known  within 
■even  minutes  of  a  degree  ;  and,  until  the  publication  of  the 
Board  of  Ordnance  maps,  the  best  county  maps  being  so 
erroneous,  as  in  some  cases  to  exhibit  Uundere  of  three  m&ee 
in  dietaneeM  of  Jess  than  twenty.  3.  The  measurement  of  a 
degree  in  various  situations ;  and  thence  the  determinntioD  of 
the  figure  tnd  magnitodd  of  the  earth. 
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Wbeo  objeeti  lo  impoitaDt  as  these  are  to  be  attoinedt  it  is 
nanifest  that,  in  order  to  ensure  the  desirable  decree  of  cor* 
rectaess  in  the  results,  the  instruments  employed,  the  opera- 
tions performed,  and  the  computations  required,  most  each 
have  the  greatest  possible  degree  ofaccuracy.  Of  these,  he 
first  depend  on  the  artist ;  the  second  on  the  surveyor,  or 
engineer,  who  conducts  them ;  and  the  latter  on  the  theorist 
and  calculator :  they  are  these  last  which  will  chiefly  engage 
our  attention  in  the  present  chapter. 

2.  In  the  determination  of  distances  of  many  miles,  whether 
for  the  survey  of  a  kingdom,  or  for  the  measurement  of  a  de* 
{pree,  the  whole  line  intervening  between  two  extreme  points 
IS  not  ahsoUudif  metuwrtd ;  for  this,  on  account  of  the  in. 
equalities  of  the  earth's  surface,  would  be  always  very  difficult, 
and  often  impossible.  But,  a  line  of  a  few  miles  in  length  is 
irery  eareftilly  measured  on  some  plain,  heath,  or  marsh,  which 
ieso  nearly  level  as  to  faeilitalethe  measurement  of  an  actually 
Ikmiontal  line ;  and  this  line  being  assumed  as  the  base  of  the 
tsperations,  a  variety  of  hills  ami  elevated  spots  are  selected, 
%l  which  si|;nals  can  be  placed,  suitably  distant  and  visible  one 
from  another  :  the  straight  lines  joining  these  points  con- 
stitute  a  doable  series  of  trianj^les,  of  which  the  assumed  base 
Ibrffts  the  first  side  ;  the  angles  of  these,  that  is,  the  angles 
made  at  each  lAation  or  signal  staff,  by  two  other  signal  staffs, 
are  carefully  measured  by  a  theodolite,  which  is  carried  sue* 
eesstvely  fVom  one  station  to  another.  In  such  a  series  of  tri. 
•ngleSy  care  being  always  taken  that  one  side  is  common  to  two 
of  them,  all  the  angles  are  known  from  the  observations  at  the 
several  stations ;  and  a  side  of  one  of  them  being  given,  namely, 
that  of  the  base  measured,  the  sides  of  all  the  rest,  as  well  as 
the  distance  from  the  first  angle  of  the  first  triangle,  to  any 
part  of  the  last  triangle,  may  be  found  by  the  rules  of  trigo* 
tiometry.  And  so,  again,  the  bearing  of  any  one  of  the  sides, 
with  respect  to  the  meridian,  being  determined  by  observa- 
CiMNi,  the  bearings  of  any  of  the  rest,  with  respect  to  the  same 
meridian,  will  be  known  by  computation.  In  these  opera- 
tions, it  is  always  advisable,  when  circumstances  will  admit 
of  if,  to  measure  another  base  (called  a  base  of  verification) 
at  or  near  the  ulterior  extremity  of  the  series  :  for  the  length 
of  this  base,  computed  as  one  of  the  sides  of  the  chain  of  tri- 
angles, compared  with  its  length  determined  by  actual  admea* 
imremeat^  will  be  a  tent  of  the  accuracy  of  all  the  operations 
Mode  ill  the  series  between  the  two  bases. 
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8.  Now,  ID  every  eeries  of  triangles,  where 
toich  angle  is  to  be  ascertained  with  the  same  in- 
strunieiitythey  shonld,  as  nearly  as  circumstances 
will  perraity  be  equilateral.  For,  if  it  were  pos- 
sible  to  choose  the  stations  in  such  manner,  that 
each  angle  should  be  exactly  (iO  degrees  ;  then, 
the  half  number  of  triangles  in  the  series,  muU 
tiplied  into  the  length  of  one  side  of  either  tri- 
angle, would,  as  in  the  annexed  figure,  give  at 
once  the  total  distance  ;  and  then  also,  not  only 
the  sides  of  the  scale  or  ladder,  constituted  by 
this  series  of  triangles,  would  be  perfectly  paral- 
lel, but  the  diagonal  steps,  marking  the  progress 
from  one  extremity  to  the  other,  would  bo  al- 
ternately parallel  thniughoiit  the  whole  length. 
Here  too,  the  first  side  might  be  frmnd  by  a  base  crossing  it 
perpendicularly  of  about  half  its  length,  as  at  ii  ;  and  the 
last  side  verified  by  another  such  base,  m,  at  the  opposite 
extremity.  If  the  rei^pective  sides  of  the  series  of  triangles 
were  12  or  18  miles,  these  bases  might  advantageously  be. 
between  6  and  7,  or  between  0  and  10  milcM  respectively  ; 
according  to  circiimstiinces.  It  may  also  be  remarked  iand 
the  reason  of  it  will  be  seen  in  tlie  next  section^,  that  when, 
over  only  two  angles  of  a  triangle  can  be  actually  observed, 
efich  of  them  should  be  as  nearly  as  poFsihIe  45',  or  the  »um 
of  them  ab<iut  90^ :  for  the  Icks  the  third  computed  angle 
differs  fVom  U0%  the  less  probability  there  will  be  of  any  con- 
siderable error.     Sec  pnib.  1.  sect.  2,  of  this  chapter. 

4.  The  student  may  obtain  a  general  notion  of  the  method 
employed  in  measuring  an  arc  of  the  meridian,  from  the  foK 
lowing  brief  sketch  and  introductory  illustrations. 

The  earth,  it  is  well  known,  is  nesrly  spherical.  It  may  be 
either  an  ellipsoid  of  revolution,  that  is,  a  body  formed  by 
the  rotation  of  an  ellipse,  the  ratio  of  whose  axes  is  nearly 
that  of  (quality,  on  one  of  those  axi*s  ;  or  it  may  appnuich 
nearly  to  the  form  of  such  nn  ellipsoid  or  spheniid,  while  its 
deviations  from  that  form,  though  small  relafirdy,  may  still 
be  sufficiently  great  in  themselves,  to  prevent  its  being  called 
a  spheroid  with  much  more  propriety  than  it  is  called  a  sphere. 
One  of  the  methods  mado  u^  of  to  determine  this  point,  is 
by  means  of  extensive  Geodesic  operations. 

The  earth,  however,  be  its  exact  form  what  it  may,  it  a 
planet,  which  not  only  revolves  in  an  orbit,  but  turns  upotf 
an  axis.  Now,  if  we  conceive  a  plane  to  pass  through  the 
axis  of  rotation  of  the  earth,  and  through  the  zenith  of  any 
place  on  its  suiface,  this  plane,  if  prolonged  to  the  limits  of 
the  apparent  celestial  sphere,  would  there  trace  the  circunu 
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ferencaofaiipneat  circle,  which  would  be  the  meridian  o£  thnt 
place.  All  the  points  of  the  earth*ii  surface,  which  have  their 
aeaith  in  that  circumference,  will  be  undor  the  sanrie  celestial 
meridian,  and  will  form  the  corresponding  terrestrial  meri- 
dkm.  If  the  earth  bo  an  irregular  spheroid,  ihis  meridian  will 
bo  a  cunre  of  double  curvature  ;  but  if  the  earth  be  a  solid  of 
revolution,  the  terrestrial  meridian  will  be  a  piano  curve. 

5.  If  the  earth  were  a  sphere,  then  every  point  upon  a 
terrestrial  meridian  would  be  at  an  equal  distance  from  the 
centre,  and  of  consequence  every  degree  upon  that  meridian 
would  be  of  equal  length.  But  if  the  earth  be  an  ellipsoid 
of  revolution  slightly  flattened  at  its  poles,  and  protuberant 
al  the  equator  ;  then,  as  will  be  shown  soon,  the  degrees  of 
the  terrestrial  meridian,  in  receding  from  the  equator  towards 
the  poles,  will  be  increased  in  the  duplicate  ratio-of  the  right 
■neof  the  latitude  ;  and  the  ratio  of  the  earth's  axes,  as  well 
as  their  actual  magnitude,  may  be  ascertained  by  comparing 
the  lengths  of  a  degree  on  the  meridian  in  diflerent  latitudes. 
Hence  appears  the  great  importance  of  measuring  a  degree. 

0.  Now,  instead  of  actually  tracing  a  meridian  on  the  sur^ 
lace  of  the  earth, — a  measure  which  is  prevented  by  the  in. 
terposition  of  mountains,  woods,  rivers,  and  seas, — a  con- 
struction is  employed  which  furnishes  the  same  result.  It 
consists  in  this. 

Let  ABCDBF,  Au!.  be  a  scries  of  triangles,  carried  on,  as 
nearly  as  may  be,  in  tho  direction  o£  ttie  meridian,  according 
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to  the  observations  in  art.  3.  These  triangles  are  really  spherical 
or  spheroidal  triangles  ;  bi:t  as  their  curvature  is  extremely 
small,  they  are  treated  the  same  as  rectilinear  triangles,  either 
by  reducpg  them  to  tho  chords  of  the  respective  terrestrial 
arcs  AC,  AB,  Bc,  dec.  or  by  deducting  a  third  of  tho  excess, 
of  the  sum  of  the  three  angles  of  each  triangle  above  two 
right  angles,  fn>m  each  angle  of  that  triangle,  and  working 
with  the  remainders,  and  the  three  sides,  as  the  dimensions 
of  a  plane  triangle  ;  the  proper  reductions  to  the  centre  of 
the  station,  to  the  horizon,  and  to  the  level  of  the  sea,  having 
been  previously  made.  1*hnse  computations  being  made 
throughout  the  series,  the  sides  of  the  successive  triangles  are 
contemplated  as  arcs  of  the  terrestrial  spheroid.     Suppose 
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Ibal  we  l^oowy  by  observation,  and  the  computations  whidi 
will  be  explained  in  this  chapter,  the  atimutk,  or  the  inclina- 
tion of  the  side  ac  to  the  first  portion  ax  of  the  measured 
meridian^  and  thai  we  find,  by  trigonometry,  the  point  m 
where  that  curve  will  cut  the  side  bc.  The  points  a,  b,  r, 
(leing  in  the  same  horizontal  plane,  the  line  ax  will  also 
be  in  that  plane  :  but,  because  of  the  curvature  of  the  earth» 
th^  prolongation  mm'  of  that  line,  will  be  found  above  the 
plane  of  the  second  horizontal  triangle  bcd  :  if,  thereforot 
without  changing  the  angle  cum',  the  line  mm'  be  brought 
down  to  coincide  with  the  plane  of  this  second  triangle,  by 
being  turned  about  bc  as  an  axis,  the  point  x'  will  describe 
an  arc  of  a  circle,  which  will  be  so  very  small,  that  it  may  be 
regarded  as  a  right  line  perpendicular  to  the  plane  bcd  : 
whence  it  follows,  that  the  operation  is  reduced  to  l>endtng 
down  the  side  mm'  in  the  pliine  of  the  meridian,  and  cat 
cutting  the  distance  axm',  to  find  the  position  of  the  point 
x'.  By  bending  down  thus  in  imagination,  one  after  another, 
the  parts  of  the  meridian  on  the  corro«<ponding  horixontal 
triangles,  we  may  obtain,  by  the  aid  of  the  computation, 
the  direction  and  the  length  of  such  meridian,  from  one  ex* 
tremity  of  the  series  of  triangles,  to  the  other. 

A  line  traced  in  the  manner  we  have  now  been  describing, 
or  deduced  from  trigonometricnl  measures,  by  the  means  we 
have  indicated,  is  called  a  geodetic  or  geodesic  line  :  it  has  the 
property  of  being  the  shortest  which  ciin  bc  drawn  between 
Its  two  extremities  on  the  surface  of  the  cnrth  ;  and  it  is  there, 
fore  the  proper  itinerary  measure  of  the  distance  between 
those  two  points.  Speaking  rigorously,  this  curve  differs  a 
little  from  the  terrestrial  meridian,  when  the  earth  is  not  a 
solid  of  revolution  :  yet,  in  the  real  state  of  things,  the  dif- 
ference between  the  two  curves  is  so  extremely  minute,  that 
it  may  safely  be  disregarded. 

7.  If  now  we  conceive  a  circle  perpendicular  to  the  celes- 
tial meridian,  and  passing  through  the  vertical  of  the  place 
of  the  observer,  it  will  represent  the  prime  vertical  of  that 
place.  The  series  of  all  the  points  of  the  earth's  surfiice 
which  have  their  zenith  in  the  circumference  of  this  circle 
will  form  the  perpendicular  to  the  meridian,  which  may  be 
traced  in  like  manner  as  the  meridian  itself. 

In  the  sphere  the  perpendiculars  to  the  meridian  are  greal 
circles  which  all  intersect  mutually,  on  the  equator,  in  two 
points  diametrically  opposite  :  but  in  the  ellipsoid  of  revolu- 
tion, and  a  fortiori  in  the  irregular  spheroid,  these  concurring 
Crpendiculars  are  curves  of  double  curvature.  \^'hatever 
the  nature  of  the  terrestriol  spheroid,  the  parallels  to  the 
equatpr  are  curves  of  which  all  the  points  are  at  the  saoM 
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lathade  :  od  an  ellipsoid  of  revolution,  these  curves  are  plane 
and  circular. 

8.  The  situation  of  a  place  is  determined,  when  wo  know 
either  the  individual  perpendicular  to  the  meridian,  or  the 
individual  parallel  to  the  equator,  on  which  it  is  found, 
and  its  position  on  such  perpendicular,  or  on  such  parallel. 
Therefore,  when  all  the  triangles,  which  constitute  such  a 
series  as  we  have  spoken  of,  have  been  computed,  according 
to  the  principles  just  sketched,  the  respective  positions  of 
their  angular  points,  either  by  means  of  their  longitudes  and 
altitudes,  or  of  their  distances  from  the  first  meridian,  and 
from  the  perpendicular  to  it.  Tjie  following  is  the  method 
of  computing  these  distances. 

Suppose  that  the  triangles  arc,  bcd,  A^c.  (see  the  fig.  to 
art  6)  make  part  of  a  chain  of  triangles,  of  vshich  the  sides 
are  arcs  of  great  circles  of  a  sphere,  whose  radius  is  the  dts. 
tance  from  the  level  or  surface  of  the  sea  to  the  centre  of  the 
earth  ;  and  that  we  know  by  observation  the  angle  cax,  which 
measures  the  azimuih  of  the  side  ac,  or  its-  inclination  to  the 
meridian  ax.  Then,  having  found  the  excess  e,  of  the  three 
aoffles  of  the  triangle  acc  (cc  being  perpendicular  to  the  me- 
ridian) above  two  right  angles,  by  reason  of  a  theorem  which 
will  be  demonstrated  in  prob.  8  of  this  chapter,  subtract  a 
third  of  this  excess  from  each  angle  of  the  triangle,  and  thus 
by  means  of  the  following  proportions  find  ac,  and  cc. 

sin  (90^  —  41B)  :  cos  (cac  —  §k)  ;:  ac  :  ac  ; 

sin  (90^  —  je)  ;  sin  (cac  —  jk)  :;  ac  :  cc 
The  azimuth  of  ab  is  known  immediately,  because  baX  =a 
CAB— CAX  ;  and  if  the  spherical  excess  proper  to  the  triangle 
▲Bx'  be  computed,  we  shall  have 

AM'b  =  180' —  m'aB  ABM*  +  K. 

To  determine  the  sides  am',   dm',  a  third  of  e  must  be  de- 
ducted  from  each  of  the  angles  of  the  triangle  abm'  ;  and 
then  these  proportions  will  obtain  :  viz. 
sin  (180^  — MAB  —  abm'+|k):  sin  (abji'  — Jb)  ::  ab:  am', 
sin  (l08^  —  m'ab  —  abm'  +|r)  :  sin  (m'ab  —  ^e)  : :  ab  :  bm\ 

In  each  of  the  right  angled  triangles  a6b,  m'^d,  are  known 
two  angles  and  the  hypothenuse,  which  is  all  that  is  neces- 
sary to  determine  the  sides  a6,  6r,  and  m'</,  do.  Therefore 
the  distances  of  the  points  b,  d,  from  the  meridian  and  froni 
the  perpendicular,  are  known. 

9.  Proceeding  in  the  same  manner  with  the  triangle  acv, 
or  m'dx,  to  obtain  a^  and  dn,  the  prolongation  of  cd  ;  and 
then  with  the  triangle  dnf  to  find  the  side  i^  and  the  angles 
DNF,  DFTT,  it  will  be  easy  to  calculate  the  rectangular  ecu 
ordioates  of  the  point  f. 

YoL.  II.  10 
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The  distance/F  and  the  angles  bbn i  vvft  being  thus  known » 
we  shall  have  (th.  6  cor.  3.  Geom.) 

/fP  =  180'  —  BPO  —  DFM  -  mf. 

So  that,  in  the  right-ani^led  triangle /fp,  two  angles  and  one 
side  are  known  ;  and  therefore  the  appropriate  spherical  ex- 
cess may  be  computed,  and  thence  the  angle  Fpf  and  the  ^ides 
/p,  FP.  Resolving  next  the  right-angled  triangle  ettP,  we  shall 
in  like  manner  obtain  the  position  of  the  points,  with  respeet 
to  the  meridian  ax,  and  to  its  perpendicular  at  ;  that  is  to  say, 
the  distances  e«,  and  a6  =s  ap  —  ep.  And  thus  may  the  compntiet 
proceed  through  the  wliolo  of  the  series.  It  is  requisite  how- 
ever, previous  to  these  calculations,  to  draw,  by  any  suitable 
scale,  the  chain  of  triangles  observed,  in  order  to  see  wbeiber 
any  of  the  subsidiary  triangles  acn,  nfp,  ^c,  formed  to  faci- 
litate the  computation  of  the  distances  from  the  meridian,  and 
from  the  perpendicular  to  it,  are  too  obtuse  or  too  acute. 

Such,  in  few  words,  is  the  method  to  be  followed,  whan  we 
have  principally  in  view  the  finding  the  length  of  the  portkii 
of  the  meridian  comprised  between  any  two  pointa,  aa  a  and 
X.  It  is  obvious  that,  in  the  course  of  the  computaliona»  the 
azimuths  of  a  great  number  of  the  aides  of  triaoglee  in  tha 
series  is  determined  ;  it  will  be  easy  therefore  to  check  and 
verify  the  work  in  its  process,  by  comparing  the  aximutka 
found  by  observation,  with  those  resulting  from  the  calcu- 
lations. The  amplitude  of  the  whole  arc  of  the  meridian 
measured,  is  found  by  ascertaining  the  latitude  at  each  of  ita 
extremities  ;  that  is,  commonly  by  finding  the  difierences  oi 
the  zenith  distances  of  some  known  fixed  star,  at  both  thoaa 
extremities. 

10.  Some  mathematicians,  employed  in  this  kind  of  opera- 
tions, have  adopted  different  means  from  the  above.  They 
draw  through  the  summits  of  all  the  triangles,  parallels  to  thib 
meridian  and  to  its  perpendicular  ;  by  these  means,  the  sidea 
of  the  triangles  become  the  hypothenuses  of  right-angM 
triangles,  which  they  compute  in  order,  proceeding  froat 
some  known  azimuth,  and  without  regarding  the  spherical 
excess,  considering  all  the  triangles  of  the  chain  as  described 
on  a  plain  surface.  This  method,  however,  is  manifestly 
defective  in  point  of  accuracy. 

Others  have  computed  the  sides  and  angles  of  all  the  tri^ 
angles,  by  the  rules  of  spherical  trigonometry.  Others,  agaiAi 
reduce  the  observed  angles  to  angles  of  the  chorda  of  the  re- 
spective arches ;  and  calculate  by  plane  trigonometry,  from 
such  reduced  angles  and  their  chonls.  Either  of  these  two 
methods  is  equally  correct  as  that  by  means  of  the  apherical 
excess  :  so  that  the  principal  reason  for  preferring  one  of 
these  to  the  other  must  be  derived  from  its  relative  facility. 
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At  to  tte  methods  in  which  the  several  triangles  are  contem. 
plated  aa  spheroidal,  they  are  abstruse  and  difficult,  and  may, 
nappthr,  be  safely  disregarded :  for  M.  Legendre  has  demon- 
stiated  in  Mimoirei  dela  Chute  dcM  Sciences  Physiques  ei 
JUUsMlJfiiet  de  Vlnsiiiui,  1S06,  p.  130,  that  the  dif. 
imnee  between  spherical  and  spheroidal,  angles  is  less  than 
siis  sixUeik  of  a  second,  in  the  greatest  of  the  triangles 
which  occurred  in  the  late  measurement  of  an  arc  of  a 
meridian  between  the  parallels  of  Dunkirk  and  Barcelona. 

11.  Trigonometrical  surveys  for  the  purpose  of  meaminng 
a  degree  of  a  meridian  in  different  latitudes,  and  thence  in- 
ferring the  figure  of  the  earth,  have  been  undertaken  by 
different  philosophers,  under  the  patronage  of  different  go- 
▼ermnents.  As  by  M.  Maupertuis,  Clairaut,  dec.  in  Lapland, 
1786 1  by  M.  Bouguer  and  Condamine,  at  the  equator,  1736 — 
1743 ;  by  Cassini,  in  lat.  45',  1739—40 ;  by  Boscovich  and 
Lamaire,  lat.  43*,  1752;  by  Beccana,  lat.  44-44',  1768 ;  by 
Mason  and  Dixon  in  America,  1764 — 8 ;  by  Colonel  Lamb- 
teo,  in  the  East  Indies,  1808  ;  by  Mechain,  Delambrc,  &c. 
Kraoce,  fte.,  1790—1805 ;  by  Swanberg,  Ofverbom,  d&c.  in 
Lapland,  1802 ;  and  by  General  Roy,  Colonel  Williams,  Mr. 
Dalby,  General  Mudge,  and  Colonel  Colby,  in  England, 
ffom  1784  to  the  present  time.  The  three  last  mentioned  of 
thesis  surveys  are  doubtless  the  most  accurate  and  important. 

The  trigonometrical  survey  in  England  was  Jirst  com- 
neoced,  in  conjanction  with  similar  operations  in  France,  in 
erder  to  determine  the  difference  of  longitude  between  the 
meridians  of  the  Greenwich  and  Paris  observatories  ;  for  (his 
purpose,  three  of  the  French  Academicians,  MM.  Cassini, 
Mechain,  and  Legendre,  met  General  Roy  and  Sir  Charles 
Blagden,  at  Dover,  to  adjust  their  nians  of  operation.  In 
the  coarse  of  the  survey,  however,  the  English  philosophers, 
selected  from  the  Royal  Artillery  officers,  expanded  their 
views,  and  pursued  their  operations,  under  the  piitronHgu, 
«nd  at  the  expense  of  the  Honourable  Board  of  Ordnance, 
in  order  to  perfect  the  geography  of  England,  and  to  deter. 
nine  the  lengths  of  as  many  degrees  on  the  meridian  as  fell 
within  the  compass  of  their  labours. 

12.  ft  is  not  our  province  to  enter  into  the  history  of  these 
■onreysc  but  it  may  be  interesting  and  instructive  to  speak  a 
little  of  the  instruments  employed,  and  of  the  extreme  ac 
curacy  of  some  of  the  results  obtained  by  them. 

These  instruments  are,  besides  the  signals,  those  for  mea- 
anring  distances,  and  those  for  measuring  angles.  The  French 
^keophers  used  for  the  former  purpose,  in  their  mensure- 
nent  to  determine  the  length  of  the  metre,  rulers  of  phitina 
of  copper,  forming  metallic  thermometers.     The  Swedish 
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niAthertidticians,  Swnnberg  and  Orverbom,  employed  iMf 
bars,  covered  towards  oach  extremity  with  plates  of  silven 
General  Roy  commenced  his  measurement  of  the  base  at 
Hounslow- Heath  with  deai  rods,  each  of  20  feet  in  length* 
I'hough  they,  however^  were  tnnde  of  the  best  f*easoned  tim- 
ber, were  perfectly  straight,  and  were  secured  from  bending 
in  the  most  eflTectual  manner  ;  yet  the  changes  in  their  lengths^ 
occasioned  by  the  variable  moisture  and  dryness  of  the  air, 
were  so  great,  as  to  take  away  all  confidence  in  the  result* 
deduced  from  them.  Afterwards,  in  consequence  of  having 
found  b;^  experiments,  that  n  solid  bar  of  glass  is  more  dilata- 
ble than  a  tube  of  the  same  matter,  glass  tubeM  were  substi- 
tuted for  the  deal  rods.  They  were  each  20  feet  long,  inclosed 
in  wooden  fnimes,  so  as  to  allow  only  of  expansion  or  con- 
traction in  length,  from  heat  or  cold,  according  to  a  law 
ascertained  by  experiments;  The  base  measured  with  these 
was  foUnd  to  be  27404'08,  fectj  or  about  5*10  miles,  i^everal 
ye^rs  afterwards  the  same  base  was  remeasured  by  General 
Madge,  with  n  steel-chain  of  100  feet  long,  constructed  by 
Ranoisden,  and  jointed  somewhat  like  a  watch-chain.  This 
chain  was  always  stretched  to  the  same  tension^  supported 
on  troughs  laid  hofiiohtally,  and  allowances  were  made  for 
changes  in  its  length  by  reason  of  variations  of  temperature, 
at  the  rate  of  O075  of  an  inch  for  oach  degree  of  beat  from 
62^  of  Fahrenheit :  the  result  of  the  measurement  by  this 
chain  was  fnutid  not  to  differ  more  than  2j  inches  from 
General  Roy*s  determination  by  means  of  the  glass  tubes  :  a 
minute  difference  in  a  distance  of  more  than  5  miles ;  whichi 
considering  that  the  measurerhents  were  effected  by  differeot 
pl^rsons,  and  with  different  instruments,  is  a  reknarkable  con- 
firmation of  the  accuracy  of  both  operations.  And  further, 
as  striel  chains  can  be  used  with  more  facility  and  Convenience 
than  glass  rods-,  this  remeasurement  determines  the  question 
of  the  comparative  fitness  of  these  two  kinds  of  instruments. 
Still  greater  improvements,  however,  in  the  construction  of 
apparatus  for  the  measurement  of  a  base,  are  now  ready  for 
introduction  into  the  survey,  by  its  scientific  and  indefati^ 
gable  conductor  Colonel  Golby. 

18.  For  the  determination  of  angles,  the  French  and  Swe- 
dish philosophers  employed  repealing  circles  of  Borda's  con- 
Mruction  :  instruments  which  are  extremely  portable,  and  with 
Which,  though  they  are  hot  above  14  inches  in  diameter, 
the  observers  tan  take  angles  to  within  1"  or  ^Z"  of  the  truth. 
But  this  kind  of  instrument,  however  great  its  ingenuity  in 
Ihtdol^y,  has  tht  aecuracy  of  its  observations  necessarily  limited 
hy  the  imperfections  of  the  smaH  telescope  which  must  be 
tttithed  to  it.    Generals  Roy  and  Mudge  made  use  of  4 


teiy  uceslleni  theodolite  conitructed  by  RamadoD,  which, 
hivii^  both  an  nllilude  nnd  ao  izimulh  circle,  combines  iba 
powen  of  ■  theiidnlile,  ■  quadnuil,  and  a  iranait  intirument, 
and  ia  capable  of  meaiurinf;  horizuotal  angleii  lo  fnctiooa  of 
aaecoDcl.  Thin  inatruinent,  besides,  has  a  telescope  of  a 
Bach  higher  rnDgniryiog  jiower  than  had  aver  berora  been 
applied  to  observations  purely  terrestHol  ;  and  ibis  is  one  of 
the  auperiorilies  in  ila  cnDslruclian,  to  which  is  to  be  ascribed 
the  ezireme  accuracy  in  the  results  or  this  Irigonometrical 
aurvey. 

Anoiher  circumatattca  which  has  Bujrmented  the  accuracy 
or  the  English  meAsures,  orisf  s  Trom  the  mode  of  fixing  and 
using  this  theoduIil«.  In  the  inclhnd  pursued  by  the  Con. 
linenlat  maihenuiticians,  n  reduction  is  necessary  to  the  plans 
of  llie  horisKon,  and  nnniher  In  Lriiig  the  observed  angles  to 
ihe  true  angles  at  the  centres  of  the  signals  :  these  red uciion% 
of  course,  require  furinuIiD  n(  cnmpuialion,  the  actual  era. 
ploymeni  of  which  may  lead  to  error.  But,  in  the  trigono. 
vMrical  survey  of  fingland^  great  care  has  alwayabeen  taken 
lo  place  the  centre  of  the  theodolite  exactly  in  the  vertical 
line,  previously  or  subsequently  occupied  by  the  centre  of  the 
signal  -.  Ihe  ihendolilc  is  also  placed  in  a  perfectly  horizontal 
poailinn.  Indeed,  ns  wns  obsurvud  by  professor  Plnyfair, 
*'  In  no  other  Hurvey  has  (he  work  in  the  field  been  conducted 
so  much  with  a  view  to  save  that  in  the  closet,  and  at  llie 
samo  time  lo  avoid  all  those  cnust^Bri/*  error,  however  minute, 
that  are  not  cssenliaify  involved  tn  the  nature  of  Ibe problem, 
'i'be  French  malhcmalirians  trust  lo  the  earrrdum  of  those 
erlnifs  ;  the  Knglish  endeavour  lo  cut  Ikem  nff  entirely  ;  and 
it  can  hardly  be  dnubled  that  the  latter,  (hough  perhaps  the 
slower  and  more  expensive,  is  by  fur  the  aofesi  proceeding." 

14.  With  n  view  to  fdciliiale  the  observation  of  distant 
ttaiioos,  many  contrivnnces  have  been  ndopted  ;  among 
which  those  recently  tl^'Jfl]  invented  by  Lieutenant  Dnim- 
mond,  R.  E.  deserve  peculiar  notice  :  of  these,  one  is  appli- 
cable by  dny,  the  other  by  nif;ht.  'I'he  fir^t,  which  consists 
iDempln_,ing  the  rellectioii  of  the  sun  from  a  plane  mirror 
as  a  point  of  nbscrviiiinn,  wax  firA  suggested  by  Professor 
(isuBS  ;  and  the  result  of  the  first  iriaU  made  in  the  survey 
of  Hanover  proved  very  successful.  Recourse  was  had  tn 
this  method  on  some  occasions  ttiat  occurred  in  the  Trigo- 
nometricul  Survey  of  England,  where,  from  peculiar  local 
drcumstances,  mnch  difficulty  wai  experienced  in  discerning 
the  U^al  signals. 

Evi^n  as  a  temporary  expedient,  and  under  a  rude  form^ 
vit.  that  of  placing  tin  plates  at  the  station  to  bu  obaerved 
in  such  a  miinaer  IhM  the  sun's  reflection  should  be  thrown 
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towards  the  obsen'er  at  a  particular  time,  the  most  essentM 
service  was  derived  from  its  use  ;  and  the  consequence  wa% 
the  invention  of  a  more  perfect  instrument,  of  which  a  de- 
scription is  given,  accompanied  with  a  drawing. 

The  second  method  consists  In  the  exhibition  of  a  very 
brilliant  light  at  night.  At  the  commencement  of  the  Survey 
of  England,  General  Roy  had  recourse,  on  several  occasions, 
and  especially  in  carrying  his  triangles  across  the  Channel, 
to  the  use  of  Bengal  and  white  lights  ;  for  these,  parabolic 
reflectors  illuminated  by  Argand  lamps  were  afterwards 
substituted  as  more  convenient ;.  but  from  want  of  power 
they  appear  in  turn  to  have  gradually  fallen  into  disuse. 
With  a  view  to  remedy  this  detect,  a  series  of  experiments 
was  undertaken  by  Lieutenant  Drummond,  the  result  of 
which  was  the  production  of  a  very  intense  light,  varying 
between  60  and  90  times  that  of  the  brightest  part  of  the 
flame  of  an  Argand  lamp. 

This  brilliant  light  is  obtained  from  a  small  ball  of  lime 
about  8-8ths  of  an  inch  diameter,  placed  in  the  focus  of  the 
reflector,  and  exposed  to  a  very  intense  heat  by  means  of  a 
simple  apparatus,  of  which  a  descqption  is  given,  in  his  ac* 
count.  A  jet  of  oxygen  gas  directed  through  the  flame  of 
alcohol  is  eroployd  as  the  source  of  heat.  Zirconia,  mag- 
nesia, and  oxide  of  zinc  were  also  tried  ;  but  the  light 
emanating  from  them  was  much  inferior  to  that  from  lime. 
Besides  being  easily  procured,  the  lime  admits  of  being 
turned  in  the  lathe,  so  that  any  number  of  the  small  focal 
balls  may  be  readily  obtained,  uniform  in  size,  and  perfect 
in  figure.  The  chemical  agency  of  this  light  is  remarkable, 
causing  the  combination  of  chlorine  and  hydrogen,  and 
blackening  chloride  j^f  silver.  Its  application  to  the  veiy 
important  purpose  of  illuminating  light-houses  is  suggested, 
especially  in  those  situations  where  the  lights  are  the  first 
that  are  made  by  vessels  arriving  from  distant  voyages. 

Both  the  methods  now  described,  for  accelerating  geodesic 
operations,  were  resorted  to  with  much  success  during  the 
season  of  1825  in  Ireland ;  and  on  one  occasion,  where  every 
attempt  to  discern  a  disaiit  station  had  failed,  the  observa- 
tions were  effected  by  their  means^  the  hcliostat  being  seen 
during  the  day,  when  the  outline  of  the  hill  ceased  to  be 
visible,  and  the  light  at  night  being  seen  wi:h  the  naked  eye, 
and  appearing  much  brighter  and  larger  at  the  distance  of  66 
miles,  than  a  parabolic  reflector,  of  equal  size,  illuminated 
by  an  Argand  lamp,  and  placed  nearly  in  the  same  direc- 
tion, as  an  object  of  reference,  at  the  distance  of  15  miles. 

15.  In  proof  of  the  great  correctness  of  the  English  sur» 
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vey,  W6  shall  state  a  vety  few  particulars,  besides  what  is 
already  mentioDed  in  art.  12. 

General  Roy,  who  first  measured  the  base  on  Hounslow. 
Heath,  measured  another  on  the  flat  ground  of  Romney. 
Marsh  in  Kent,  near  the  southern  extremity  of  the  first  series 
of  triangles,  and  at  the  distance  of  more  than  60  miles  from 
the  first  base.  The  length  of  this  bnse  of  verification,  as 
actually  measured,  compared  with  that  resulting  from  the 
computation  through  the  whole  series  of  triangles,  differed 
only  by  28  inches. 

General  Mudge  measured  another  base  of  verification  on 
Salisbury-Plain.  Its  length  was  30574'4  feet,  or  more  than 
7  miles ;  the  measurement  did  not  differ  dbre  than  one  inch 
from  the  computation  carried  through  the  series  of  triangles 
from  Hounslow. Heath  to  Salisbury-Plain.  A  most  remark- 
able proof  of  the  accuracy  with  which  all  the  angles,  as  well 
as  the  two  bases,  were  measured  ! 

The  distance  between  Beachy-Hcad  in  Sussex,  and  Dun- 
nose  io  the  Isle  of  Wight,  as  deduced  from  a  mean  of  four 
series  of  triangles,  is  ^9397  feet,  or  more  than  64{  miles. 
The  extremes  of  the  fot^dAtjKlliinations  do  not  differ  more 
than  7  feet,  which  is  lessrhanif  inches  in  a  mile.  Instances 
of  this  kind  frequently  occur  in  the  English  survey  *.  fiut 
we  have  not  room  to  specify  more.  We  must  now  proceed 
to  discuss  the  most  important  problems  connected  with  this 
subject ;  and  refer  those  who  are  desirous  to  consider  it  more 
minutely  to  General  Mudge  and  Colonel  Colby's  "  Account 
of  the  Trigonometrical  Survey  ;"  Mechain  and  Delambre, 
"  Base  du  Syst^me  M^trique  Dc^cimqil  ;"  Swanberg,  "  Ex. 
position  des  Operations  faites  en  Lsppnnie  ;'*  and  Puissant's 
works  entitled  '*  Geodesie,''  and  "  Triile  de  Topographic, 
d'Arpentage,  d^c." 

•  Palssant,  in  his  "  Geodesic,"  afier  quoting  some  of  tbero,  say?, "  Ne- 
anmoliM,  jiisqa*4  present,  rien  n'o^^ale  9n  exaciitiide  Ics  operations  ft^o. 
dotiques  qui  ont  servi  de  fdndemcnt  a  noire  systftcne  m6triqae/'  He, 
bowevcr,  gives  no  instances.  We  have  no  wish  to  di^reciate  (he  la- 
lioartof  the  French  measures ;  but  we  ennnot  yield  them  the  preference 
oa  aiere  asMiiion. 
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SECTION  11. 

Problenu  eonnecied  mfh  Ike.  detqU  of  Operations  in  Extensive 

Trigonometrical  Surveys* 

PROBLEM  I. 

It  is  required  to  dote rmine  the  most  advantageous 
cooditions  of  triangles. 


BiMl 

l#t 


1.  In  any  reninenr  triangle  abc,  it  is,  from  the  propor. 
tioDftlity  of  aider  to  the  sines  of  their  opposite  angles,  ab  ; 
BO : :  sin  c  :  sin  A,  and  consequently  ab  .  sin  ^ 

A  «B  BO  .  sin  c.     Let  a  r  be  the  base,  which  x 

is  supposed  to  be  measured  without  percep- 
tible error,  and  which  therefore  is  assumed 
as  constant ;  then  finding  tbe  extremely  ^  B 

amall  variation  or  fluxion  of^aMUation  on  this  hypothesis, 

tt  is  AB  •  cos  a  •  A  »  sin  0  •  Bc4-.  bo  .  cos  c  •  c.  Here,  since 
we  are  ignorant  of  the  magnitude  of  the  errors  or  variations 

expressed  by  a  and  c,  suppose  them  to  be  equal  (a  probable 
supposition,  as  they  are  both  taken  by  tbe  same  instrument )« 
and  each  denoted  by  v  :  then  will 


•              ^-   AR  ca«  A — nr.  roKc 
BC  S2  V  X  -^^ ; 

AC     1.        ..  1     AH 


or,  substituting -;-- for  its  equal  ^r^-,  the  equation  will  be. 

•  CCif  A  CDS  C. 

come  BC  =  t»  X  (BC  .  .-r;^  —  BC  .  ^j-^); 

or  finally,  bc  =  t? .  bc  (cot  a  —  cot  c). 

This  equation  (in  the  use  of  which  it  must  be  recollected 
that  V  taken  in  seconds  should  be  divided  by  r",  that  is,  by 
the  length  of  the  radius  expressed  in  seconds)  gives  the  error 

Iftc  in  the  estimation  of  bc  occasioned  by  4he  errors  in  the 
angles  a  and  c  Hence,  that  these  errors,  supposing  them 
to  be  equal,  may  have  no  influence  on  the  determination  of 
BO,  we  must  have  a  =  c,  for  in  that  case  the  second  member 
of  the  equation  will  vanish. 

2.  But,  as  the  two  errors,  denoted  by  a,  and  c  whieb  we 
have  supposed  to  be  of  the  same  kind,  or  in  the  same  direc- 
tion, may  be  committed  in  difierent  directions,  when  the 

equation  will  be  bc  =  ±  »  •  bc  (cot  a  +  cot  c)  ;  we  must 
inquire  what  magnitude  the  angles  a  and  o  pug^t  to  have. 
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■o  that  the  sum  of  their  cotangeats  shall  have  the  Yeast  value 

posiible  ;  for  in  this  state  it  is  manifest  that  bc  will  have  its 
least  value*     But,  by  the  formulae  in  chap.  3,  we  have 

»in  (»-f  <^)         fin  (a  +  c^  i 

cot  A  +  cot  C  =  iiuA.tiuc  =  4co«(Acftc)— 4to»(A-fc)  = 

9  win  B 

cua  (a  CA  c)  -^  cos  b" 

Consequently, »;;  =  ±  »  .  bc  .  ccCa^cT+cosiI' 

And  hence,  whatever  be  the  magnitude  of  the  angle  b,  the 
error  in  the  value  of  bc  will  be  the  least  when  cos  (a  ^  c)  is 
the  greatest  possible,  which  is,  when  a  =  c. 

VPe  may  therefore  infer,  for  a  general  rule,  that  die  most 
advanUtgeous  state  of  a  triangle^  when  toe  mould  determine 
one  side  only,  is  when  the  base  is  equal  to  the  me  sought, 

8.  Since,,  by  this  rule,  the  base  should  be  equal  to  the  sidf^ 
sought,  it  is  evident  that  when  we  ipould  determine  two  sidm^ 
the  most  advantageous  condition  of  a  triangle  is  that  it  be 
e^nlaieral. 

^  4.  It  rarely  happens,  however,  that  a  base  can  be  commo- 
diously  measured  which  js  VCIhS^  ^^^  ^^^^^  sought.  Sup- 
posing,  therefore,  that  tfe  rallE'of  the  base  is  limited,  but 
that  its  directioii  fit  least  may  be  chosen  at  pleasure,  we  pro* 
ceed  to  inquire  what  that  direction  should  be,  in  the  case 
where  one  only  of  the  other  two  sides  of  the  triangle  is  to 
be  determined. 

Let  it  be  imagined,  as  before,  that  ab  is  the  base  of  the 
triangle  abc,  and  bc  the  side  required.  It  is  proposed  to  find 
the  least  value  of  cot  a  =f  cot  c,  when  we  cannot  have  a  =  c. 

Now,  in  the  case  where  the  negative  sign  obtains,  we  have 

AB — BC  .  COS  B  nc — AR  .  COS  B  AB^  —  BC* 

cot  A  —  cot  C   s=    ■ = ^» 

This  equation  again  manifestly  indicates  the  equality  of  ab 
and  BC,  in  circumstances  where  it  is  possible  :  but  if  ab  and 
BC  are  constant,  it  is  evident,  from  the  form  of  the  denomi- 
nator of  the  last  fraction,  that  the  fraction  itself  will  be  the 
least,  or  cot  a  —  cot  c  the  least,  when  sin  b  is  a  maximum, 
that  is,  when  b  =  90^^. 

5.  When  the  positive  sign  obtains,  we  have  cot  A+cot  c=: 

cot  A  +  ■ =  cot  A  +  a/  (~— I ^  —  1). 

^^  •  AB8U1A  ^     ^AB''»IU-A  ^* 

Here,  the  least  value  of  the  expression  under  the  radical  sign, 
is  obviously  when  a  «»  90^.  And  in  that  case  the  first  term, 
cot  A,  would  disappear.  Therefore  the  least  value  of  cot  a  + 
cot  c,  obtains  when  a  5=  90^  ;  conformably  to  the  rule  given 
by  M.  Bouguer  {Fig.  de  la  Terre^  p.  88).  But  we  have 
Vol.  U,  11 
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already  seen  that  in  the  case  of  cot  a-— cot  c,  we  must  bare 
B  a=  90  :  whence  we  conclude,  since  the  conditions  a  ==  90*, 
B  s=  90^,  cannot  obtain  simultaneously,  that  a  medium  result 
would  give  a  =  b. 

If  we  apply  to  the  side  ac  the  same  reasoning;  as  to  bo, 
similar  results  wil!  be  obtained  :  therefore  in  general,  when 
the  base  cannot  be  equal  to  one  or  to  both  the  eidee  required^ 
the  most  advantageous  condition  of  the  triangle  if,  that  the 
base  he  the  longest  possible^  and  that  the  two  angles  at  the 
base  be  equal.  These  equal  angles,  however,  should  never, 
if  possible,  be  less  than  23  degrees* 

,•  PBOBLEX  II. 

To  deduce,  from  angles  measured  out  of  one  of  the  stations, 
but  near  it,  the  true  angles  at  the  station. 

When  the  centre  of  the  instrument  cannot  be  placed  in  the 
vertical  line  occupied  by  the  axis  of  a  signal,  the  angles  ob* 
served  must  undergo  a  reduction,  according  to  circumstances. 

1.  Let  c  be  the  centre  oHb  stAtion,  ^^ 
p  the  place  of  the  centre  of  the  instru- 
ment, or  the  summit  of  the  observed  an* 
gle  APB  :  it  is  required  to  find  o,  the 
measure  of  acb,  supposing  there  to  be 
known  apb   =  p,  bpc  =  p,  cp  =  d, 

BO  =  L,  AC    =  R. 

Since  the  exterior  angle  of  a  triangle  is  equal  to  the  sum 
of  the  two  interior  opposite  angles  (th.  16  Geom.)  we  have, 
with  respect  to  the  triangle  iap,  aib  =  p  +  iap  ;  and  with 
regard  to  the  triangle  big,  aib  =  c  +  cbp.  Making  these 
two  values  of  aib  equal,  and  transposing  iap,  there  results 

C  =  P  +  IAP  —  CBP. 

But  the  triangles  cap,  cbp,  give 

sm  CAP*=  sm  IAP  =  —  sm  apc  = ^-^-^ ; 

AP  II  ' 

CP  J  .  sm  0 

sm  cbp  =  —  .  sin  bpc  =  — ---. 

BC  L 

And,  as  the  angles  cap,  cbp,  are,  by  the  hypothesis  of  the 
problem,  always  very  small,  their  sines  may  be  substituted 
for  their  arcs  or  measures  :  therefore 

<f.iiln(p4-p)        d.»np 

c-p= -J£L _. 

Or,  to  have  the  reduction  in  seconds, 

d        .stn  (p4-p)        sin  ;i. 
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The  oae  of  this  formula  cannot  in  any  case  be  embarrassing, 

Kivided  the  signs  of  sin  p,  and  sin  (p  +  p)  be  attended  to. 
oSy  the  first  term  of  the  correction  will  be  positive,  if  the 
angle  (p  +p)  is  comprised  between  Oand  180'-^  ;  and  it  will 
be^me  negative,  if  that  angle  surpass  180^.  The  contrary 
will  obtain  in  the  same  circumstances  with  regard  to  the  se- 
cond term,  which  answers  to  the  angle  of  direction  p.  The 
letter  r  denotes  the  distance  of  the  object  a  to  the  right,  l 
the  distance  of  the  object  a  situated  to  the  left,  and  p  the 
angle  at  the  place  of  observation,  between  the  centre  of  the 
station  and  the  object  to  the  lef^. 

2.  An  approximate  reduction  to  the  centre  may  indeed  be 
obtained  by  a  single  term ;  but  it  is  not  quite  so  correct  as 
the  form  above.  For,  by  reducing  the  two  fractions  in  the 
second  member  of  the  last  equation  but  one  to  a  common 
denominator,  the  correction  becomes 

dt .  «n  'p-hp)  —  *'■  .  »in  P 
C  —  P  as ■> 


Lll 


But  the  triangle  abg  gives  l  = 


K  .  tin  A  B  .  till  A 


•in  B  Sin(4-)-c) 

And  because  p  is  always  very  nearly  equal  to  c,  the  sine  of 
A  +  F  will  differ  extremely  little  from  sin  (a  +  c),  and  may 

therefore  be  substituted  for  it,  malting  l  =  — 7— r-« 

'  O  8111  tA-|-l ) 

Hence  we  manifestly  have 

^^  </.  nin  A  .  sin  (p  -^  «)  —  ^ .  s'n  ;» .  fin  (a-^  r) 

C  p  K  .  HI.  A  » 

Which  by  taking  the  expanded  expressions  for  sin  (p  +  p), 
and  sin  (▲  +  f)*  ^^  reducing  to  seconds,  gives 

d  fill  ¥  .  nin  (a — f) 

^      '  ""  iiiTP  •  '     M .  «iii  A     • 

3.  When  either  of  the  distances  n,  l,  becomes  infinite, 
with  respect  to  cf,  the  correspondm^  term  in  the  expression 
art.  1  of  this  problem,  vanishes,  and  we  have  accordingly 

d  .  %*u  p  d  .  n'w  (p-^p) 

c  —  p  = p>,  or  c  —  P  =     ,   ,.   .,r  • » 

L  .  Sill  1    '  K  •  bl'i  1 

The  first  of  these  will  apply  when  the  object  a  is  a  heavenly 
body,  the  second  when  a  is  one.  When  both  a  and  a  are 
such,  then  c  — *  p  =  D. 

But  without  supposing  either  a  or  b  infinite,  we  may  have 
c  —  p  =9  0,  or  0  =B  p  in  innumerable  instances  :  that  is,  in 
•all  cases  in  which  the  centre  p  of  the  instrument  is  placed  in 
the  circumference  of  the  circle  that  passes  through  the  three 
points  A,  B,  c  ;  or  when  the  angle  tfpc  is  equal  to  the  angle 
Bac,  ortOBAC+  180^  Whence  though  c  should  be  inac- 
cessible, the  angle  acb  may  commonly  be  obtained  by  ob* 
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•erration,  without  any  computation.  It  may  further  be  ob- 
served, that  when  p  falls  in  the  circumference  of  the  circle 
passing  through  the  three  points  a,  b,  c,  the  angles  a,  b»  o, 
may  be  determined  solely  by  measuring  the  angles  apb  and 
BPC.  For  the  opposite  angles  abc,  apc,  of  the  quadrangle 
inscribed  in  a  circle,  are  (theor.  54  Geom.)  =  180^.  Conse- 
quently, ABC  =  180^  —  APC,  and  bag  =  180°  —  (abc  +  acb) 
=s180-^_(abc+apb). 

4.  If  one  of  the  objects,  viewed  from  a  further  station,  be 
a  vane  or  staff  in  the  centre  of  a  steeple,  it  will  frequently 
happen  that  such  object,  when  the  observer  comes  near  it,  is 
both  invisible  and  inaccessible.  Still  there  are  various  me* 
thods  of  finding  the  exact  angle  at  c.  Suppose,  for  ezamplef 
the  signal-staff  be  in  the  centre  of  a 
circular  tower,  and  that  the  angle  apb 
was  taken  at  p  near  its  base.  Let  the 
tangents  pt,  pt',  be  marked,  and  on 
them  two  equal  and  arbitrary  distances 
pm,  pm',  be  measured.  Bisect  mm  at 
the  point  n :  and,  placing  there  a  signal 

staff,  measure  the  angle  nPB,  which  (since  vn  prolonged  ob« 
viously  passes  through  c  the  centre)  will  be  the  angle  p  of 
the  preceding  investigation.  Also,  the  distance  p«  add^  to 
the  radius  cs  of  the  tower,  will  give  pc  =  <{  in  the  former 
investigation* 

If  the  circumference  of  the  tower  cannot  be  measured,  and 
the  radius  thence  inferred,  proceed  thus  :  Measure  the  angles 
bpt,  bpt*,  then  will  bpc  =■  ^(bpt  +  bpt')  =  p ;  and  cpt  ^ 
bpt  —  bpc  :  Measure  pt,  then  pc  s=  pt  .  sec  cpT=d.  With 
the  values  of  p  and  d,  thus  obtained,  proceed  as  before. 

5.  If  the  base  of  the  tower  be  polygonal,  and  regtdar^  ae 
most  commonly  happens  :  assume  p  in  the  point  of  intersec- 
tion of  two  of  the  sides  prolonged,  and  bpc'=  \  (bpt  +  bpt') 
as  before,  pt  =  the  distance  from  p  to 

the  middle  of  one  of  the  sides  whose  ]^ 

prolongation  passes  through  p  ;  and  (~^  / 
hence  pc  is  found,  as  above.     If  the  ^-h^^ 
figure  be  a  regular  hexagon,  then  the    i^^ 
triangle  vmm'  is  equilateral,  and  pc= 


esoDmc  omtATtmm, 


n 
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ib  reduee  angles  mea«ired  in  a  plane  inclined  to  the  horiaoBi 
the  corresponding  angles  in  the  horizontal  plane. 

Let  BCA  be  an  angle  measured  in  a  plane  inclined  tathe 
horizon^  and  let  b  ca'  be  the  corresponding  angle  in  the  ho* 
rizontal  plane.  Let  d  and  d'  be  the  zenith  distances,  or  the 
complements  of  the  angles  of  elevation  ACA^  bcb'«  Then 
from  z  the  zenith  of  the  observer, 
or  of  the  angle  c,  draw  the  arcs  za 
xbf  of  vertical  circles,  measuring 
the  zenith  distances  d,  cf ,  and  draw 
the  arc  ab  of  another  great  circle  to 
neasure  the  angle  c.  It  follows 
from  this  construction,  that  the  an- 
gle z,  of  the  spherical  triangle  zab, 
beqoal  to  the  horizontal  angle  a  c'b  ;  and  that,  to  find  it» 
the  three  sides  %a  =  d,zb  ssd^ab  =  c,  are  given.  Call  the 
■am  of  these  $  ;  then  the  resulting  formula  of  prob.  2,  ch«  iv, 
applied  to  the  present  instance,  becomes 

Sin  4x  =  sm  4c  =  ^  —     .    , —, \ 

If  A  and  h'  represent  the  angles  of  altitude  aca'i  bcb',  the 
preceding  expression  will  become 

sm  *c  —  ^x 7 . ,  '  ■  • 

Or,  in  logarithms, 
log  sin  ic  =  ^(20  +  log  sin  j(c  +  A  —  K)  +  log  sin 
^(c  +  A'  —  A)  —  log  cos  A  —  log  cos  A'. 

Cew.  1.  If  A^A',  then  is  sin  ic  =  —-^ ;  and 

log  sin  JA  cb'  =  10  +  log  sin  Jacb  —  log  cos  A. 

Cor,  2.    If  the  angles  A  and  A'  be  very  small,  and  nearly 
equal ;  then,  since  the  cosines  of  small  angles  vary  extremely 
slowly,  we  may,  without  sensible  error,  take 
log  sin  ^acb'  i=  10  +  log  sin  Jacb  —  log  cos  i(A+A'). 

Cor.  3.  (n  this  case  the  correction  x  =  a  cb'  —  acb,  may 
be  found  by  the  expression 


X  =  sin  1"  (tan  Jc(J  O 


^■H'^xs 


d—^.,y 


)'-cotic(V^)'). 


And  in  this  formula,  as  well  as  the  first  given  for  {Cj  d 
and  d  may  be  either  one  or  both  greater  or  less  than  a  qua- 
drant ;  that  is,  the  equations  will  obtain  whether  aca  and 
bcb'  be  each  an  elevation  or  a  depression. 
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SehoUtm.  By  maans  of  this  problem,  if  ihe  allitude  of  a 
hill  bs  Tound  barometncally,  according;  to  the  method  de- 
scribed in  the  1st  volume,  or  geomelricaily,  according  to  some 
of  thowe  described  in  heights  and  distances,  or  that  given  in 
the  following  problem  ;  then,  fiading  the  angles  formed  at 
the  place  of  observntioD,  by  any  objects  in  the  country  below, 
and  their  respective  angles  of  depression,  tbeir  horizontal  an- 
gles, and  thence  their  distances,  may  bo  found,  and  their  re- 
lative places  fixed  in  a  map  of  the  cuuntry  ;  taking  care  lo 
have  a  sufficient  number  of  angles  between  intersecting  lines, 
to  verify  the  operations. 


Given  the  angles  of  elevation  of  any  distant  object,  lakes 
at  three  places  in  a  horizontal  right  line,  which  doea  not 
pass  through  the  point  directly  below  the  abject ;  and  iha 
respective  distnaces  between  the  stations  ;  (o  find  the 
height  of  the  object,  and  its  distance  from  either  staliiKi. 

Let  ABD  be  the  horizontal  plane  :  rs  the  perpendicular 
height  of  the  object  r  above  that  plane  ;  a,  b,  c,  the  three 
places  of  observation  ;  fab,  fbb,  fce,  the  respective  anglea 
of  elevation,  and  ab,  bc,  the 
given  distances.  Then,  since 
the  triangles  aeF)  bbf,  cef,  are 
all  right  angled  at  i,  the  dis- 
tances AX,  BE,  CE,  will  mani- 
festly  be  as  the  cotangents  of  the 
angles  of  elevation  at  a,  b,  and 
c :  and  we  have  lo  dclurraine 
the  point  e,  so  that  those  lines 
may  have  that  ratio.  To  efiect 
this  geometrically,  use  the  following 

Contlmclion,    Take  bk,  on  Ac  produced,  equal  to  sc, 
BN  equal  to  AB  ;  and  make 

Ko  :  BM  (  =r  bo)  : :  cot  A  :  cot  a, 
and  BS  (  =  ab)  :  wa  ;;  cot  b  :  cot  c. 
With  the  lines  mn,  no,  mo,   constitute  the  triangle  Kno ; 
and  join  bo.     Draw  ab  so,  that  the  angle  bab  may  be  equal 
to  HOB  ;  this  line  will  meet  bo  produced  in  e,  the  pwnt  in 
the  horizontal  plane  falling  perpendicularly  below  r. 
Demonttratum.    By  the  similar  triangles  abb,  oxb,  wa 

have  AB  :  BE  : :  M6  :  MB  ;  :xot  a  :  cot  b, 

aad    BE  :  BA  (  =  bn)  : :  BM  :  BO. 
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Therefore  the  triangles  bec,  bgn^  are  similar  ;  consequectly 
BE  :  sc  : :  Bif :  NG  :  :  cot  b  :  cot  c.  Whence  it  is  obvious 
that  AE,  BE,  CE,  are  respectively  as  cot  a,  cot  b,  cot  c. 

Calctdation.  In  the  triangle  mgn,  all  the  sides  lire  given, 
to  find  the  angle  gmn  ==•  angle  aeb.  Then,  in  the  trianffle 
MOB,  two  sides  and  the  included  angle  are  given,  to  find  tne 
angle  mob  =  angle  eab;  Hence,  in  the  triangle  aeb,  are 
known  ab  and  all  the  angles,  to  find  ab,  and  be.  And  then 
SF  =  as  .  tan  A  =s  be  .  tan  b. 

OtkenoUe^  independent  of  the  construclion^  thus. 

Put  ab  =  D,  Bc  =  <{,  BF  =  x  ;  and  then  express  alge* 
braically  the  follwing  theorem,  given  at  p.  126  Simpson's 
Select  Exercises : 

AB*  •  BC  +  CB*  .  AB  =  BE*  .  AC  +  AC  .  AB  •  BC, 

the  line  eb  being  drawn  from  the  vertex  e  of  the  triangle 
ACE,  to  any  point  b  in  the  base.  The  equation  thence  ori- 
ginating is 

dx*  .  cot«  A+Dx«  .  cot»  c=(D+d)a;*  .  cot«  b  +  (D+d)lMf. 
And  from  this,  by  transposing  all  the  unknown  terms  to  one 
side,  and  extracting  the  root,  there  results 

^  d  .  col5*  A-f-D  ,  col^  c— (d+ J)  coiJ"  b' 

Whence  ef  'is  known,  and  the  distances  ab,  be,  cb,  are 
readily  found. 

Ccfr.  When  d  =  d,  or  d  +  d  =  2d  =  2J,  Ihe  expression 
becomes  better  suited  for  logarithmic  computation,  being  then 

X  =  d  -;-  y  ( Jcot«  A  +  i  coia  c  —  cota  b). 
In  this  case,  therefore,  the  rule  is  as  follows :  Double  the  log. 
cotangents  of  the  angles  of  elevation  of  the  extreme  stations, 
find  the  natural  numbers  answering  thereto,  and  take  half 
their  sum ;  from  which  subtract  the  natural  number  answer- 
ing  to  twice  the  log.  cotangent  of  the  middle  angle  of  eleva- 
tion  :  then  half  the  log.  of  this  remainder  subtracted  from 
the  log.  of  the  measured  distance  between  the  1st  and  2d,  or 
the  2d  and  3d  stations,  will  be  the  log.  of  the  height  of  the 
object. 

PROBLEM  V. 

In  any  spherical  triangle,  knowing  two  sides  and  the  included 
angle  ;  it  is  required  to  find  the  angle  comprehended  by 
the  chords  of  those  two  sides. 


60  TRIOONOKETSICAL  f USVaYIIfO. 

Lei  the  angles  of  the  spherical  tri- 
aogle  be  Ay  b«  c,  the  corresponding 
angles  included  by  the  chords  a',  b', 
c'  ;  the  spherical  sides  opposite  the 
former  a,  6,  c,  the  chords  respectively 
opposite  the  latter,  a,  jS,  y  ;  then,  there 
are  given  6,  c,  and  a,  to  find  a'. 

Here,  from  prob.  1,  equa.  i,  chap,  iv,  we  have 

cos  a  =  sin  6  •  sin  .  c  .  cos  a  +  cos  h  .  cos  c. 

But  cos  c  =  cos  (ic  +  ^)  a=  cos"  \c — sin"  \c  (by  equa.  t,    'Xv 
ch.  iii)  =  (1  — sin'  j^c)— sin^  jc=l— 2sin"  \c.     And  in  like 
manner  cos  a  ==  1  -—  2  sin'  \a^  and  cos  6  =  1  -~  2  sin'  j6. 
Therefore  the  preceding  equation  becomes 
1  —  2  sin*  ia  =  4  sin  \b  .  cos  ^  .  sin  \c  .  cos  Ju  .  cos  a  + 

(1  —  2  sin'  16)  .  (1  —  2  sin'  Jc). 
Bat  sin  jti  =  ^o,  w'n  ^6  =  ^/3,  sin  jc  =  ^ :  which  values 
substituted  in  the  equation,  we  obtain,  after  a  little  reduction, 

2  X  ?i±J^=^'=  j8y  .  cos  \h  .  cos  ic  .  cos  a  +  Ji3y.         H 
Now,  (equa.  n,  ch.  iii),  cos  a'  =  ^    atj"""'    Therefore,  by 

•obstitution, 

/S/  •  cos  a'  ss  ^y  .  cos  j&  .  cos  Jc  .  cos  a  +  }/8y  ; 
whence,  dividing  by  p/,  there  results 

cos  a'  =  cos  j^6  .  cos  ic  .  cos  A  +  ^/3  .  ^7  ; 
or,  lastly,  by  restoring  the  values  of  ^/3,  j/,  we  have 

cos  a'  =:  cos  ^6  .  cos  \c  .  COS  A  +  sin  ^6  .  sin  jc  .  .  .  (I.) 

Cm*  1.  It  follows  evidently  from  this  formula,  that  when 
the  spherical  angle  is  right  or  obtuse,  it  is  always  grta$er 
than  the  corresponding  angle  of  the  chords. 

Cor.  2.  The  spherical  angle,  if  acute,  is  lest  than  the  cor. 
responding  angle  of  the  chords,  when  we  have  cos  a  greater 

than    *"*^''"*^  ,  ^ 

PAOBLEM  VI. 

Knowing  two  sides  and  the  included  angle  of  a  reetilinew 
tfiangle,  it  is  required  to  find  the  spherical  angle  of  the 
two  arcs  of  which  those  two  sides  are  the  chords. 

Here  jS,  7,  and  the  angle  a'  are  given,  to  find  a.  Now, 
since  in  all  cases,  cos  =  v'  (1  —  sin'),  we  have 

cos  j6  .  cos^c  =  ^  [1  —  sin' 46)  .  (1  —  sin' ^)]  ; 
we  have  also,  as  above,  sin  ^  =  ^p,  and  sin  ^  ===  ix« 
Substituting  these  values  in  the  equation  i  of  the  preceding 
problem,  there  will  result,  by  reduction, 


4 

':.      I.  • 
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^^^'^h^Y /If  \ 

^^  ^  -  v'O-*^;  •  (1+4^)  •  0-*y)  •  (I  +iyJ ^"-J 

,  %  To  compute  by  this  formula,  the  values  of  the  sides  j9,  /, 
"^  most  be  reduced  to  the  corresponding  values  of  the  chords  of 
a  circle  whose  radius  is  unity.  This  is  easily  effected  by  di- 
vidmg  the  values  of  the  sides  given  in  feet,  or  toises,  dec.  by 
such  a  power  of  10,  that  neither  of  the  sides  shall  exceed  2, 
the  value  of  the  greatest  chord,  ^  hen  radius  is  equal  to  unity. 
From  this  investigation,  and  that  of  the  preceding  problem, 
the  following  corollaries  may  be  drawn. 

Ck>rn  1.  If  c  ««  t,  arid  of  consequence  y  *=  /3,  then  will 
COB  ▲'  =  cos  A  •  cos^  \c  +  sin^  ^c  ;  and  thence 
1—2  sin*  iA'=  (1  —  2  sin'*  J  a)  coff*  ic  +  (1  —  co8»lc) ; 
from  which  may  be  deduced 

sin  ^a'  =  sin  jk  .  cos  ^c.  .  .  .  (HI). 
Cor,  2  Also,  since  cos  iit?=  v'  (1 — sin^^c)  =  y/  (1  —  Jy*), 
equa.  ii,  will,  in  this  case,  reduce  to 

Cw,  8.  From  the  equation  iii,  it  appears  that  the  vertical 
angle  of  an  isosceles  spherical  triangle  is  always  greater  than 
the  corresponding  angle  of  the  chords. 

Cor.  4.  If  A  =  90^,  the  formulae  i,  ii,  give 

cos  a'=  sin  {b  .  sin  \c  =  i/Sy,  .  .  .  (V.) 

These  five  formulse  are  strict  and  rigorous,  whatever  be 
the  magnitude  of  the  triangle.  But  if  the  triangles  be  srarJj, 
the  arcs  may  be  put  instead  of  the  sines  in  equa.  v,  then 

Cor,  5.  As  cos  a'=  sin  (90^  —  a')=  in  this  case,  90°a'  ; 
the  small  excess  of  the  spherical  right  angle  over  the  corre- 
sponding rectilinear  angle,  will,  supposing  the  arcs  b,  c,  taken 
in  seconds,  be  given  in  seconds  by  the  following  expression, 

90O— A    =^=~....(VI.)  r-  ^^ 

The  error  in  this  formula  will  not  amount  to  a  second, 
when  b+c  is  less  than  10^,  or  than  700  miles  measured  on 
the  earth's  surface. 

Cor,  6.  If  the  hypothenuse  does  not  exceed  1^",  we  may 
substitute  a  sin  c  instead  of  c,  and  a  cos  c  instead  of  b  ;  this 
will  give  ftc  =  a" .  sin  c  .  cos  c  =  Ja" .  sin  2(90'  —  B)=^a', 
sin  2b  :  whence 

(90-  _  A') = ''^:^ = "-^^^ . . .  (VII.) 

If  a=  1^^  and  b~c=45^  nearly  ;  then  will  90-— A'=ir7. 
Cor,  7.  Retaining  the  same  hypothesis  of  a  =  00^,  and 
a  =  or  <  1^%  we  have 

B_B'  =  ^^=£ (VIII.) 
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Also  c  —  c'  ^  j^ C^O 

Cor.  8.  Comparing  fonnuln  vni,  uc,  with  vi,  we  havs 
B  —  b'  =  c  —  c'  =  ^  (90°  -  a').  Whence  it  appean  that  th* 
ram  of  the  two  excoMes  of  the  oblique  Bpherical  aoglea,  over 
the  corresponding  angles  of  the  chords,  in  b  small  right-an- 
•  gled  triangle,  is  equal  to  the  excess  of  the  right  angle  over 
the  corresponding  angle  of  the  chords.  So  In&t  elthe^  of  the 
formulee  vi,  m,  vni,  iz,  will  suffice  to  determine  the  dif- 
ference of  each  of  tha  three  angles  of  a  small  right-angled 
spherical  triangle,  from  the  corresponding  angtea  of  the 
chorda.  And  hence  lAic  method  may  bo  appUed  to  tfaemea- 
idring  an  are  of  the  meridian  by  means  of  a  seriei  of  tri. 
angles.     See  arts.  8,  9,  sect.  1  of  this  chapter  *. 


In  a  spherical  triangle  abc,  right  angled  at  At  koowii^ 
the  hypothenuse  bu  (few  than  4°)  and  the  angle  b,  it  ia 
.1  required  to  fitid  the  error  e  committed  through  fiudiog  by 
'.  ^ane  trigonometry,  the  opposite  side  ac. 

Referring  still  to  the  diagram  of  prob.  5,  where  we  now 
suppose  the  spherical  angle  a  to  be  right,  we  hare  (thaor.  10 
chap,  rv]  sin  6  =  siu  a  .  iin  b.  But  it  has  been  remarlied  at 
pa.  382  vol.  i,  that  the  sine  of  any  arc  a  is  equal  to  the  sum 
of  the  following  series  ; 

sin  A  =  A  -  ^+ j;^—-^  +  Ac. 

or,  am  A  =  A— 3-  + 15^— g^  +  Ac. 

And,  in  the  present  inquiry,  all  the  terms  after  the  second 
may  be  neglected,  because  the  5th  power  of  an  are  of  4'  di- 
vided by  130,  gives  a  quotient  not  exceeding  0"-0].  Con- 
sequently, we  may  assume  sin  i  =  A  —  J&*,  am  a^=a — \a^  \ 
and  thus  the  preceding  equation  will  betiome, 

j_ji.  =  ,i„. („_.„.) 

or,  6  =  a  :  sm  a  —  ^  (a*  .  sin  n  —  fc»). 
Now,  if  the  triangle  were  conudered  as  rectilinear,  we  abould 
have  6  =  a  .  sin  b  :  a  theorem  which  manifestly  givea  the 
aide  6  or  ac  too  great  by  |  (u'  .  sin  b — 6*).  But,  neglecting 
quantities  of  the  fiflh  onler,  for  the  reason  alrea(^  assigned, 
the  last  equation  but  one  gives  6>=a*  .  Bin>  b.     llierefare, 


On  Ihii  mbjact  mom  slsguit  iDVMtlaliolu  by  Captain  Evwaat,  of 
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by  laiiititiitiM^  es.^  ji^  .  sin  b(1— sin*  b)  :  or,  tohave this 
emr  in  seconds,  take  x*  » the  radius  expi^ssed  in  seconds, 

so  Miall  e  a  «->  a  •  sin  B  •  ■  ^  ^  ^  ■■, 

Cbr.  1.  If  a  » 4^,  and  B  =  35^16',  in  which  case  the 
^    Talae  of  sin  b  •  000"  b  is  a  maximum,  we  shall  find  e  s  —41". 

Cor*  2.  If,  with  the  same  data,  the  correction  be  applied. 
Id  find  the  side  c  adjacent  to  the  given  angle,  we  should  have 

^#  _^,  a* .  tin«* 

e   «  II  ,  cos  B  .   -^j;^  . 

80  that  this  enor  exists  in  a  contrary  sense  to  theother ;  the 
one  being  subtractive,  the  other  additive. 

Cbr.  3.  The  data  being  the  same,  if  we  have  to  find  the 
«ngle  c^  the  error  to  be  corrected  will  be 

As  to  the  excess  of  the  arc  over  its  chord,  it  is  easy  to  find  it 
correctly  from  the  expressions  in  prob.  5  :  but  for  arcs  that 
are  very  small,  compared  with  the  radius,  a  near  approxima^ 
tion  to  that  excess  will  be  found  in  the  same  measures  as  the 
radius  of  the  earth,  by  taking  ^  of  the  quotient  of  the  cube 
6  of  the  length  of  the  arc  divided  by  the  square  of  the  radius. 

pboblbjc  vm. 

tt  IS  required  to  investigate  a  theorem,  by  means  of  which, 
spherical  triangles,  whose  sides  are  small  compared  with 
the  radius,  may  be  solved  by  the  rules  for  plane  trigono- 
metry, without  considering  the  chords  of  the  respective 
ards  or  sides. 

Let  a,  &,  c,  be  the  sides,  and  ▲,  b,  c,  the  angles  of  a  sphe- 
rical triam^le,  on  the  snrface  of  a  sphere  whose  radius  is  r  : 
then  a  similar  triangle  on  the  surface  of  a  sphere  whose  radius 

a  1,  will  have  for  its  sides  4-i  — »  -z- ;  which,  for  the  sake 

of  brevi^,  we  represent  by  a,  ^  /,  respectively  :  then  by 

«q«u<,t^.  ns  we.  have  cos  a  =  — ri^^.^py     - 

Now,  f  being  very  great  with  respect  to  the  sides  a,  6,  c, 
we  may,  as  m  the  investigation  of  the  last  problem,  omit  all 
ihe  terms  containing  higher  than  4th  powers,  in  the  series 
for  the  sine  and  consine  of  an  arc,  given  at  pa.  382,  vol.  i : 
•o  sball  iFe  have,  without  perceptible  error. 
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And  Mxnilar  expressioDs  may  be  adopted  for  cos  jS^  coa  7,  aia 
y.    Thuii,  the  preceding  equation  will  become 

Multiplying  both  terms  of  this  fraction  by  1  +  |(/3*  +  7*),  to 
simplify  the  denominator,  and  reducing,  there  will  result. 

Here,  restoring  the  values  of  a,  /S,  7,  the  second  member  of 
the  equation  will  be  entirely  constituted  of  like  combinations 
of  the  letters,  and  therefore  the  whole  may  be  represented  by 

cos  A  =  -7 — y  ^..   ■-»  .  .  .  (1.)  M 

Let,  now,  a  represent  the  angle  0[>p08ite  to  the  side  it,  hi 
the  rectilinear  triangle  whose  sides  are  equal  in  length  to  the 
arcs  GybyC;  and  we  shall  have 

6»+ci— ««        K 

Squaring  this,  and  substituting  for  cos*  a'  its  value  1  —  rinP.A^ 
there  will  result 

-46V  sin'A  =  a«  +  6»  +  c»  -  2a»6»  —  2aV  -  26«c««  », 
So  that,  equa.  i  reduces  to  the  form 

cos  A  =  cos  a'  —  3-r  sin'A'^ 

Let  A  =  A+Xy  then,  as  x  is  necessarily  very  small^  its  second 
power  may  be  rejected,  and  we  may  assume  cos  a  =s  cos  a'  — 
X  •  sin  a'  ;  whence,  substituting  for  cos  a  this  value  of  it|  we 

shall  have  «  =  ^  sin  a'. 

It  hence  appears  that  x  is  of  the  second  order,  with  respect 

6  c 

to  —  and  —  ;  and  of  course  that  the  result  is  exact  to  qtian* 
titles  within  the  fourth  order.  Therefore,  because  x^a+x^ 

,    ,    be  M 

A  =  A  +  g;3  .  Sin  a'. 

But,  by  prob.  2  rule  2,  Mensuration  of  Planes,  |&c  sin  a' ii 
Ihe  area  of  the  rectilinear  triangle,  whose  sides  are  a,  &,  andc^ 

Therefore  a  =  a  +  ^\ 


In  like 
manner 


And  V  +  b'  +  c'  =  180°  =  A  +  fi  +  c— ™: 

or, '^  =  4  +  8  +  0,-180°. 

ffhanc«i  sinc«  tha  apheric&l  exccM  ia  a  nwaMiTa  of  ths  ma 
(th.  6,  ch.  it),  we  h»e  this  theorem  :  viz. 

A  tpheritxi  triangle  being  propoted,  of  which  the  tidei  an 
very  rniaO,  compared  wiih  the  radiut  of  the  tphere ;  if  from 
each  of  iU  angUa  one  third  of  the  exeeu  <fthe  nan  IfUe  three 
aagUe  lAotx  Ueo  right  anglet  be  niUracUd,  the  angfea  to 
dimnithed  may  be  taken  for  the  anglet  of  a  rectilinear  (rionfls, 
tehote  tidet  are  equal  in  length  to  thoee  of  the  prepoeed  epheru 
cat  triangle*. 

SehotitM. 

Ws  hare  alrendy  given,  at  th.  5,  chap,  tv,  expreanons  fi>r 
finding  the  spherical  excess,  io  the  two  cases,  where  two  sides 
and  the  included  angle  of  a  triangle  are  known,  and  where 
the  three  sides  are  kaown.  A  few  additional  rules  may  with 
propriety  be  presented  here. 

1.  The  spherical  excess :;,  may  be  found  in  seconds,  by  the 

expresaion  e  =  —  ;  where  a  is  the  surface  of  the  triangle  a 
J6c .  aia  A  =  Jaft .  sin  o  =  Joe  .  nn  b  =  Jo* .  ■^  ■  -i  ,—;,  r  ia 
tbe  radius  of  the  earth,  in  the  aame  measures  as  a,  h,  and  c, 
andn'  b206204">8,  the  seconds  in  an  arc  equal  in  length  to 
tiie  radius. 

If  this  formula  bo  applied  logarithmically ;  then  log  b'  ^ 

log^  =  5-3144251. 

2.  From  tbe  logarithm  of  the  area  of  tbe  triangle,  taken 
a*  a  plane  one,  in  leet,  sobtntct  the  coDstanl  log  9-8867787, 
then  thercmaioder  is  the  logarithm  of  the  excess  above  180°, 
in  seconds  nearly  f. 

*  TUl  curioDi  theorem  nu  Hrat  announced  hj  H.  Legeuin,  [a  tbs 
Hemoin  of  (ha  Parii  AMdtmjr,  for  17B7.  Legtndn't  tavntlnlloa  b 
bmtIj  lbs  ume  u  tbs  above:  a  ihorter  isveirigatioB  It  givsii  by 
SwentMi^,  Bi  p.  40,  of  his  "  Exposition  dsi  Opintioni  (ailei  ea  Lappo* 
nie  i"  but  It  <■  defective  in  point  of  penplcaily. 

-t  ThiiisconiDionlycBlJed  "  General  Koy'«  rale,"  nod  i^n by  him 
ia  the  Philosophical  Tnnuctions,  for  ITBO,  p,  171 ;  It  i*,  however,  dns 
to  tbe  late  Mr.  Inac  Dalby,  wbo  was  then  Geaeral  Boy'i  aiiiMiDl  ia 
thaTrigonomstrHMlSarvey,  udCorteveralyMHtheaatiMoaoduotor 
of  tbe  atathematlcat  daputSMBt. 
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3.  Since  a  =  Ihc  •  sin  a,  we  shall  maDifestly  have  e  s« 

•=r\  be  •  sin  a.     Hence,  if  from  the  vertical  angle  b  we  demit 

the  perpendicular  bd  upon  the  hase  ac,  dividing  it  into  the 
two  segments  a,  jS^  we  shall  have  b  =  a  +  Pf 

and  thence  ■  =  ^  <^  (a+i^)  sin  a  =  ^  ac  . 

sin  A  +  ^  jSc  •  sin  A.    But  the  two  right 

angled  triangles  abd,  cbd,  being  nearly  rec 
tilinear,  give  a=A  •  cos  c,  and  p^c .  cos  a  ; 
whence  we  have 

9  =^  sn  ac  .  8in  A  .  cos  c  +^-J^  .  ein  a  .  cos  a. 

In  like  manner,  the  triangle  abc,  which  itself  is  so  small  as  to 
differ  but  little  from  a  plane  triangle,  gives  c .  sin  A«a  •  sina    . 
Also,  sin  A  •  cos  a  «  ^sin  2a,  and  sin  c  •  cos  c  =s  ^sin  Sto  X 
(equa.  xv,  ch.  iii).     Therefore,  finally, 

E  =  T-;  0^  .  sin  2c+7-  c* .  sin  2a, 

From  this  theorem  a  table  may  be  formed,  from  which  the 
spherical  excess  may  be  found ;  entering  the  table  with  each 
of  the  sides  above  the  base  and  its  adjacent  angle,  as  arga* 
tnents. 

4.  If  the  base  b,  and  height  A,  of  the  triangle  are  giveii» 

then  we  have  evidently  e  =  ibh-^*  Hence  results  the  fol- 
lowing simple  logarithmic  rule  :  Add  the  logarithm  of  the 
base  of  the  triangle,  taken  in  feet,  to  the  logarithm  of  the 
perpendicular,  talen  in  the  same  measure ;  deduct  from  the 
sum  the  logarithm  9*6278037 ;  the  remainder  will  be  the 
common  logarithm  of  the  spherical  excess  in  seconds  and  de- 
cimalsw 

5.  Lastly,  when  the  three  sides  of  the  triangle  are  givmi 
in  feet^  add' to  the  logarithm  of  half  their  sum,  the  logs,  of 
the  three  differences  of  those  sides  and  that  half  sum,  divide 
the  total  of  these  4  logs,  by  2,  and  from  the  quotient  subtract 
the  k>g.  9-3267737  ;  the  remainder  will  be  the  logarithm  of 
the  spherical  excess  in  seconds,  d^c.  as  before. 

One  or  other  of  these  rules  will  apply  to  all  cases  in 
Itie  spherical  excess  will  be  required. 
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Given  the  tneamire  of  b  base  on  any  elevated  level ;  to  fimt 
its  meaaure  when  reduced  to  the  level  of  the  sea- 
Let  r  represent  the  radius  of  the  earth,  or  the  distance 
from  ita  centre  to  the  surface  of  the  sea,  r  ■{•  k  the  radius  re- 
ferred to  the  level  of  the  base  measured,  the  altitnde  A  be- 
ing determined  by  the  rule  for  the  measurement  of  such  al- 
titudes by  the  barometer  and  thermometer,  (in  this  vtJume)  ; 
let  B  be  the  length  of  the  base  measured  at  the  eleva- 
tion k,  and  b  that  of  the  base  referred  to  the 
level  of  the  sea.  Then  because  the  measured 
base  is  al)  alona  reduced  to  the  bonzontal  plane, 
the  two,  B  and  h,  will  be  concentric  and  similar 
aies,  to  the  respective  ladii  r+h  and  r.  There- 
(bre,  aince  similar  arcs,  whether  of  spheres  or 
qiheroids,  are  as  their  radii  of  curvature,  we  have 

r  +  A  !  r  :  T  B  :  h=x  j;^. 

Hence,  also  b  —  b  =  b  —  7T:V^T+h '  ■*'■  ^^  actually  divid- 
iiiB  bJi  by  r  "1-  fc,  we  shall  have 

B  —  ft  =  B  X  (;  ---f ---  -^  dec) 
mich  is  an  accurate  expression  lor  the  excess  of  b  above  b. 

Jlnt  the  mean  radius  of  the  earth*  being  more  than  SI  mil>  - 

lion  feet,  if  A  the  difference  of  level  were  50  feet,  the  second 

and  all  succeeding  terms  of  the  series  could  never  exceed 

the  fraction  ymtfTTTvrT  i  and  may  therefore  safely  be  neg- 

-    leeled ;  ao  that  for  all  practical  purposes  we  may  assume 

B  —  b= — -    Or,  in  logarithms,  add  the  logarithm  of  the 

measured  base  in  feet,  to  the  logarithm  of  its  height  above 

,y  the  level  of  the  sea,  subtract  from  the  sum  the  logarithm 

j.,>b.7-S22S&47,  the  remainder  will  be  the  logarithm  of  a  number, 

which  taken  from  the  measured  base,  wilt  leave  the  reduced 

base  required. 

FKOBLE»  s. 

To  determine  the  horizontal  refraction. 

1.  Particles  of  light,  in  passing  from  any  object  through 

(he  atmosphere,  or  part  of  it,  to  the  eye,  do  not  proceed  in  a 

right  line  ;  but  the  atmosphere  being  composed  of  an  inlini- 

tude  of  strata  (if  we  may  ao  call  them)  whose  density  increases 


88  TRIOOirOMSTiUOAL  lURTBTING. 

as  they  are  posited  nearer  the  earthi  the  luminous  rays  which 
pass  through  it  are  acted  on  as  if  they  passed  successively 
through  media  of  increasing  density,  and  are  therefore  in*, 
fleotel  moare  and  more  towards  the  earth  as  the  density  augv 
ments.  In  consequence  of  this  it  is,  that  rays  from  objects, 
whether  celestial  or  terrestrial,  proceed  in  curves  which  are 
eoneane  towards  the  earth ;  and  thus  it  happens,  since  the  eve 
always  refers  the  place  of  objects  to  the  direction  in  which  the 
lays  reach  the  eye,  that  is,  te  the  direction  of  the  tangent  to 
the  curve  at  that  point,  that  the  apparent,  or  observed  eleva*^ 
tions  of  objects,  are  always  greater  than  the  true  ones.  The 
difference  of  these  elevations,  which  is,  in  fact,  the  efeei  of 
refraction,  is,  for  the  sake  of  brevity,  called  refracUan  :  and 
it  is  distinguished  into  two  kinds,  horizontal  or  terre^rial 
refraction,  being  that  which  affects  the  altitudes  of  hills^ 
towers,  and  other  objects  on  the  earth's  surface  ;  and  astro* 
nomical  refraction,  or  that  which  is  observed  with  regard  to 
the  altitudes  of  heavenly  bodies.  Refraction  is  found  to  Taxv 
with  the  state  of  the  atmosphere,  in  regard  to  heat '  or  cold, 
humidity  or  dryness,  d^c.  :  so  that,  determinations  obtained 
for  one  state  of  the  atmosphere,  will  not  answer  correotly  for 
another,  without  nK>ditication.  Tables  commonly  exhibit 
the  refraction  at  different  altitudes,  for  some  assumed  mean 
state. 

2.  With  regard  to  the  horizontal  refraction,  the  following 
method  of  determining  it  has  been  successfully  practised  in 
the  English  Trigonometrical  Survey. 

Let  A,  ▲',  be  two  elevated  stations  on 
the  surface  of  the  earth,  bd  the  inter- 
cepted arc  of  the  earth's  surface,  c  the 
earth's  centre,  ah',  a'h,  the  horizontal 
lines  at  a,  a',  produced  to  meet  the  oppo- 
site vertical  lines  ch',  cu.  Let  a,  a\  re- 
present the  apparent  places  of  the  objects 
A,  a',  then  is  a  aa'  the  refraction  observed 
at  A,  and  oa  a  the  refraction  observed  at  a  ;  and  half  the 
sura  of  those  angles  will  be  the  horizontal  refraction,  if  we 
assume  it  equal  at  each  station. 

Now,  an  instrument  being  placed  at  each  of  the  stations 
A,  K,  the  reciprocal  observations  are  made  at  the  same  in- 
stant of  time,  which  is  determined  by  means  of  signals  or 
watches  previously  regulated  for  that  purpose  :  that  is,  the 
observer  at  a  takes  the  apparent  depression  of  a',  at  the 
same  moment  that  the  other  observer  takes  the  apparent 
depression  of  a. 

In  the  auadrilateral  aca'i,  the  two  angles  a,  a'  are  right 
angles,  and  therefore  the  angles  i  and  c  are  together  equal  to 
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two  right  angles  :  but  the  three  angles  of  the  triangle  iaa' 
are  together  equal  to  two  right  angles  ;  and  consequently  the 
angles  ▲  and  ▲'  are  together  equal  to  the  angle  c,  which  ii 
measured  by  the  arc  bd.  If  therefore  the  sum  of  the  two 
depreisions  ha  a,  9  Aa',  be  taken  from  the  sum  of  the  angles 
HA  A9  h'aa',  or,  which  is  equivalent,  from  the  angle  c,  (which 
is  knowny  because  its  measure  bd  is  known)  ;  the  remainder 
is  the  sum  of  both  refractions,  or  angles  oa'a,  o'aa'.  Hence 
this  rule,  take  the  sum  of  the  two  depressions  from  the  mea» 
sure  of  the  intercepted  terrestrial  arc^  half  the  remainder  it 
the  refraction. 

8.  If,  by  reason  of  the  minuteness  of  the  contained  aic  bd, 
one  of  the  objects,  instead  of  being  depressed,  appears  ele- 
vated, as  suppose  a'  to  a" :  then  the  sum  of  the  angles  oaa' 
and  aa'a  will  be  greater  than  the  sum  iaa',  +  ia  a,  or  than 
c,  by  the  angle  of  eleyation  c^aa'  ;  hut  if  from  the  former 
■um  there  be  taken  the  depression  ha'a,  there  will  remain 
the  sum  of  the  two  refractions.  So  that  in  this  case  the  rule 
becomes  as  follows  :  take  the  depression  from  the  sum  of  the 
contained  arc  and  elevation^  half  the  remainder  is  the  re- 
fraction. 

4.  The  quantity  of  this  terrestrial  refraction  is  estimated 
by  Dr.  Maskelyne  at  one-tenth  of  tlic  distance  of  the  object 
observed,  expressed  in  degrees  of  a  greaL  ;:v*!e.  So,  if  the 
distance  be  10000  fathoms,  its  10th  |.art,  llUO  fathoms,  is 
the  60th  part  of  a  degree  of  a  great  circle  on  the  earth,  or  1', 
which  therefore  is  the  refraction  in  the  altitude  of  the  object 
at  that  distance. 

But  M.  Legendre  is  induced,  he  says,  by  several  experi- 
ments, to  allow  only  ^th  part  of  the  distance  for  the  refrac- 
tion in  altitude.  So  that,  on  the  distance  of  10000  fathoms, 
the  14th  part  of  which  is  714  fathoms,  he  allows  only  44"  of 
terrestrial  refraction,  so  many  being  contained  in  the  714 
fathoms.  See  his  Memoir  concerning  the  Trigonometrical 
Operations,  dec. 

Again,  M.  Delambre,  an  eminent  French  astronomer, 
makes  the  quantity  of  the  terrestrial  refraction  to  be  the  11th 
part  of  the  arch  of  distance.  But  the  English  measu^^ers, 
especially  Gen.  Mudge,  from  a  multitude  of  exact  observa- 
tions, determine  the  quantity  of  the  medium  refraction  to  be 
the  12th  part  of  the  said  distance. 

Hie  quantity  of  this  refraction,  however,  is  found  to  vary 
considerably,  vrith  the  different  states  of  the  weather  and  at- 
mosphere, from  the  4th  to  the  ^th  of  the  contained  arc. 
See  Trigonometrical  Survey,  vol.  1.  pa.  160,  355. 
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ScJu)lium. 

Having  given  the  mean  results  of  observations  on  the  ter- 
restrial refraction,  it  may  not  be  amiss,  though  we  cannot 
enter  at  large  into  the  investigation,  to  present  here  a  correct 
table  of  mean  astronomical  refractions.  The  table  which  has 
been  most  commonly  given  in  books  of  astronomy  is  Dr. 
Bradley's,  computed  from  the  rule  r  =  57"  X  cot  (a  +  3r), 
where  a  is  the  altitude,  r  the  refraction,  and  r=  2*35"  when 
a  =  20^.  But  it  has  been  found  by  numerous  observations, 
that  the  refractions  thus  computed  are  rather  too  snudL — 
Laplace,  in  his  Mecanique  Celeste  (tome  iv.  pa.  27)  deduces 
a  formula  which  is  strictly  similar  to  Bradley's  $  for  it  is 
r  =^  m  X  tan  {z  —  nr),  where  z  is  the  zenith  distance,  and  svi 
and  II  are  two  constant  quantities  to  be  determined  from  ob- 
servation. The  only  advantage  of  the  formula  given  by  the 
French  philosopher,  over  that  given  by  the  English  astrono- 
mer, is,  that  Laplace  and  his  colleagues  have  found  more  cor- 
rect coefficients  than  Bradley  had. 

Now,  if  R  =  57^*2957795,  the  arc  equal  to  the  radius,  if 

we  make  m  =  — ,  (where  kisa  constant  coefficient  which,  as 

well  as  n,  is  an  abstract  number),  the  preceding  equation  will 

become  —  =  ^  x  tan  (2  —  nr).  Here,  as  the  refraction  r  is 

always  very  small,  as  well  as  the  correction  nr,  the  trigono* 

metrical  tangent  of  the  arc  nr  may  be  substituted  for  ^;  thus 

we  shall  have  tan  nr  =  k  .  tan  {z —  nr). 

But  nr  =lz  —  ( Jz  —  nr)  .  .  .  .  2  —  nr  =s  Jz  +  (I2  —  nr)  ; 

Conseq.  ^^  ^,_„^)  —  ^^^    ,       ^--gnr  —  sin  X  -PlhTc*  -  gi^)—  *• 

^g  +        g     ' 

Hence,  sin  (z  —  2nr)  =  xlTk  •  ®*"  *• 

This  formula  is  easy  to  use,  when  the  coefficients  n  and  j-^^ 

are  known :  and  it  has  been  ascertained,  by  a  mean  of  many 
observations,  that  these  are  4  and  •99765175  respectively. 
Thus  Laplace's  equation  becomes 

sin  (2  —  8r)  =  -99765175  sin  2  : 
and  from  this  the  following  table  has  been  computed.  Besides 
the  refractions,  the  differences  of  refraction,  for  every  10 
minutes  of  altitude,  are  given ;  an  addition  which  will  render 
the  table  more  extensively  useful  in  all  cases  where  great 
accuracy  is  required. 
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PROBLEM  XI. 

To  find  the  angle  made  by  a  given  line  with  the 

meridian. 

L  The  easiest  method  of  finding  the  angular  distance  of  a 
given  line  from  the  meridian,  is  to  measure  the  greatest  and 
the  least  angular  distance  of  the  vertical  plane  in  which  is  the 
star  marked  a  in  Ursa  minor  (commonly  called  the  pole  sfor), 
from  the  said  line :  for  half  the  sum  of  these  two  measures 
will  manifestly  be  the  angle  required. 

2.  Another  method  is  to  observe  when  the  sun  is  on  the 
given  line  ;  to  measure  the  altitude  of  his  centre  at  that  timet 
and  correct  it  for  refraction  and  parallax.     Then,  in  the  sphe- 
rical triangle  zps,  where  z  is  the  zenith 
of  the  place  of  observation,  p  the  ele-  y^^"**-^^ 

vated  pole,  and  s  the  centre  of  the  /^  .  __^!SP»/Lr 

sun,  there  are  supposed  given  zs  the         /^^<^^t         ^ 
zenith  distance,  or  co-altitude  of  the     sjf^     \   ,-  ''^ 
sun,  PS  the  co-declination  of  that  lu-  ^ 

minary,  pz  the  co-latitude  of  the  place  of  observation,  and 
sps  the  hour  angle,  measured  at  the  rate  of  15°  to  an  houri 
to  find  the  angle  szp  between  the  meridian  pz  and  the  ver* 
tical  zs,  on  which  the  sun  is  at  the  given  time.  And  here, 
OS  three  sides  and  one  angle  are  known,  the  required  angle  is 
readily  found,  by  saying,  as  sine  zs  :  sine  zps  : :  sine  PS  ; 
sine  FS^  ;  that  is,  as  the  consine  of  the  sun's  altitude,  is  to  the 
sine  of  the  hour  angle  from  noon  ;  so  is  the  consine  of  the 
sun's  declination,  to  the  sine  of  the  angle  made  by  the  given 
vertical  and  the  meridian. 

"Nott.  Many  other  methods  are  given  in  books  of  Astro*^ 
nomy  ;  but  the  above  are  sufficient  for  our  present  purpose* 
The  first  is  independent  of  the  latitude  of  the  place  ;  the 
second  requires  it. 

PROBLEM  XII. 

To  find  the  latitude  of  a  place. 

The  latitude  of  a  placo  may  be  found  by  observing  the 
greatest  and  least  altitude  of  a  circumpolar  star,  and  then 
applying  to  each  the  correction  for  refraction  ;  so  shall  half 
the  sum  of  the  altitudes,  thus  corrected,  be  the  altitude  of 
the  polo,  or  the  latitude. 


For,  if  r  be  die  slented  pole,  at 
the  cifck  dMcribed  by  tbe  star,  n 
^  KZ  d>e  iBlitude  :  tben  since  p«  ^ 
p*,  px  mutt  be  =  |(r(  +  w). 

This  method  is  obviously  inde* 
pendent  of  the  declination  of  the 
Mar  t  it  is  therefoTe  most  commonly 
sdopted  in  trigonometrical  aurveys, 
is  which  the  telescopes  employed 
an  of  aach  power  as  to  ODsble  the 
•baerver  to  see  stars  in  tbe  day-time  :  the  pole-star  being 
^re  also  mode  use  of. 

Numerous  other  methods  of  solving  this  problem  likewise 
are  given  in  books  of  Astronomy  ;  but  they  need  not  be  de* 
tailed  here, 

Carol.  If  the  mean  altitude  of  a  circumpoler  star  be  tbm 
meaanred,  at  the  two  extremities  of  any  arc  of  a  meridian,  the 
>  di&rence  of  tbe  altitudes  will  be  the  measure  of  that  are  : 
and  if  it  be  a  small  arc,  one  for  example  not  exceeding  a 
degree  of  the  lerrestriat  meridian,  since  such  small  arcs  differ 
extremely  little  from  arcs  of  the  circle  of  curvature  at  their 
middle  points,  we  may,  by  a  simple  proportion,  infer  the 
loDgtb  of  a  degree  whose  middle  point  is  the  middle  of  that 
arc. 

Senium. 

Though  it  ia  not  consistent  with  the  purpom  of  this  chap- 
ter to  enter  largely  into  the  doctrine  of  astronomical  spherical 
problems ;  yet  it  may  be  here  added,  for  the  sake  of  the  young 
atudent,  that  if  a  =  right  ascension,  d  =  declination,  I  ^ 
latitude,  X  =  longitude,  p  =  angle  of  position  (or,  tho  angle 
St  ft  heavenly  body  formed  by  two  great  circles,  one  passing 
through  the  pole  of  the  equator  and  the  other  through  the 
pole  of  tbe  ecliptic),  i  =  inclination  or  obliquity  of  theeclip. 
tic,  then  the  following  equations,  most  of  which  are  new, 
obtain  generally,  fur  all  the  stars  and  heavenly  bodiea. 

1.  tan  a  =  tan  X  .  cos  t —  tan  I  .  sec  X  .  ain  i. 

2.  sin  J  =  sin  X  ,  cos  I  .  sin  t  +  sin  /  .  cos  i. 

3.  tan  X  =  sin  I .  tan  d  .  sec  a  +  tan  a  .  con  i. 

4.  ain  1  =  siu  d  ,  cos  i  —  sin  a  .  cos  d  .  ain  i. 

5.  cotao  p  =  cos  d  .  sec  a .  cot  i  ■{-  sin  d  .  tan.  a. 

6.  cotan  p  =  cos  I .  sec  X  .  cot  i  —  sin  Z  .  tan  X. 
7>  coe  a  .  cos  d  =  cos  I .  cos  X, 

8.  ain  p  .  cos  d  =  B\ni  .  cos  X. 

9.  sin  p  .  cos  X  =  ain  i  .  cos  a. 

10.  tan  a  =  tan  X  .  coa  i.  }  when  1^0,  as  ia  always  the 
'  11.  cos  X=*  cos  a.  cos  i.  \  case  within  the  sun. 
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The  investigation  of  these  equations,  which  is  omitted  for 
the  sake  of  brevity,  depends  on  the  resolution  of  the  sphe- 
rical triangle  whoso  angles  are  the  poles  of  the  ecliptic  and 
equator,  and  the  given  star,  or  luminary. 


PROBLEM  xui. 

To  determine  the  ratio  of  the  earth's  axes,  and  their  actual 
magnitude,  from  the  measure  of  a  degree  or  smaller  por- 
tion of  a  meridian  in  two  given  latitudes ;  the  earth  being 
supposed  a  spheroid  generated  by  the  rotation  of  an  ellipse 
upon  its  minor  axis. 

Let  ADBE  represent  a  meridian 
of  the  earth,  de  its  minor  axis, 
AB  a  diameter  of  the  equator, 
M,  ffi,  arcs  of  the  same  number 
of  degrees,  or  the  same  parts  of  ^( 
a  degree,  of  which  the  lengths 
are  measured,  and  which  are  so 
small,  compared  with  the  mag- 
nitude of  the  earth,  tliat  they 
may  be  considered  as  coinciding  with  arcs  of  the  osculatorjr 
circles  at  their  respective  middle  points ;  let  mo,  mo,  the  radii 
of  curvature  of  those  middlo  points,  be  =  r  and  r  respec- 
tively ;  MP,  mp,  ordinates  perpendicular  to  ab  :  suppose  fur- 
ther CD  =  c ;  CB  =  d  ;  cP  —  c'  =  e* ;  cp  =  x  ;  cp  =  «  ;  the 
raditis  or  sine  total  =  1 ;  the  known  angle  bsm,  or  the  lati- 
tude of  the  middle  point  m,  =  l  ;  the  known  angle  B«m,  or 
the  latitude  of  the  point  in,  =  l;  the  measured  lengths  of  the 
arcs  M  and  m  being  denoted  by  those  letters  respectively. 

Now  the  similar  sectors  whoso  arcs  are  m,  m,  and  radii  of 
curvature  r,  r,  give  r  :  r  :  :  m  :  m ;  and  consequently  bm  = 
rM.     The  central  equation  to  the  ellipse  investigated  at  p.  596 

of  the  1st  vol.  gives  pm=  j\/(<P —  x^) ;  />m  =  ^  ^{d^ — ti* ;) 

also  sp  =  -^  ;  ^=  —  (by  th.  17  Ellipse).     And  the  method 

t)f  finding  the  radius  of  curvature  (Flux.  art.  74,  75),  ap- 
plied to  the  central  equations  above,  gives 

B  =  <^*£!i ;  and  r  =  <il:i5.'^^     On  the  other  hand, 

C4a  c^a 

the  triangle  spm  gives  sp  :  pm  : :  cos  l  :  sin  l  ;  that  isi 
^  '  rf  Vk^—^)  ::  COS  L  :  sm  L  ;  whence  x"  =  ^b_e«imifc* 
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And  from  a  like  procesi  ihera  reBults,  u*  =  ^^  "^TF" 
Subfltituting  in  the  equation  Bm  =  m,  for  s,  and  r  their 
▼aluei,  for  x*  and  u*  their  values  juit  found,  and  observior 
that  fln*  L  +  CDs' 1,  =  l.and  sin' 2  +  cos^  I  =  1,  we  shall  fina 


or  m((P  —  e"  ain'  Z)'  =  M(iP-e'  sin"  l}', 

orm^(<f  —  (?8in'l)  =  mV<P-«"  sin*  i.). 
F^oni  this  there  arises  e"  =  d*— c*  (by  hyp.)= 

■nd  consequently  the  reciprocal  of  this  fraction,  or 

*■      lAanHL  —  mhm'l         (iii  tin  ..4- w^  h.i  Q  ,  (mJ.I..  L-miriaj) 

Whence,  by  extracting  the  root,  thero  results  finally 

i  _       (mJ  .in  l  -t-nKin  f)  ■  (..7  tin  l  -mV  .in  I)  _ 
*  {mi  CM  I+bV™  L)  .  (m'l  coil  — K^  cos  i,] 

This  expression,  which  is  simple  nml  ayin metrical,  has  been 
obtained  without  any  developcnicml  into  aeries,  without  any 
omission  of  terms  on  the  supposition  that  they  are  indefinitely 
Knall,  or  any  possible  devjatiun  from  correctness,  except  what 
may  arise  from  the  want  of  coincidence  of  the  circles  of  cur- 
Talure  at  the  middle  points  of  Ihc  arcs  measured,  with  the  arcs 
themselves;  and  this  source  of  error  may  be  diminiahed  at 
pleasure,  by  dimiDishing  the  magnitude  of  the  arcs  measured  : 
though  it  must  bo  acknowledged  thnt  such  a  procedure  may 
give  rise  to  errors  in  the  practice,  which  may  more  than  couq> 
tcrbalance  the  small  one  to  which  we  have  just  adverted. 

Cor.  Knowing  the  number  of  degrees,  or  the  parts  of  de. 
gnes,  in  the  measured  arcs  m,  m,  and  their  lengths,  which 
■re  here  regarded  as  the  lengths  of  arcs  to  the  circles  which 
have  K,  r,  for  radii,  those  radii  evidently  become  known  in 
magnitude.  At  the  same  time  there  are  given  the  algebraic 
values  of  r  and  r :  thus,  taking  a  for  example,  and  exiermi- 

oating^andx*,  there  results  R= —    — £■  There- 

c(if— (*— lS^»in3|,)t 

fore,  by  putting  in  this  equation  the  known  ratio  of  d  to  c, 
there  will  remain  only  one  unknown  quantity  d  or  c,  which 
may  nf  course  he  easily  determined  by  the  reduction  of  the 
last  equation  ;  and  thus  all  the  dimensions  of  the  terrestrial 
apheroid  will  bocome  known. 
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General  Scholium  and  Remarks. 

1.  The  yalue 1,  => — ,  is  called  the  compression  of 

the  terrestrial  spheroid,  aod  it  maRtfestly  becomes  known 
when  the  ratio  -  is  determined.     But  the  measurements  of 

c 

philosophers,  however  carefully  conducted,  furnish  resulting 
compressions,  in  which  the  discrepancies  are  much  greater 
than  might  be  wished.  General  Roy  has  recorded  several 
of  these  in  the  Phil.  Trans,  vol.  77,  and  later  measureis  have 
deduced  others.  Thus,  the  degree  measured  at  the  equator 
by  Bouguer,  compared  with  that  of  France  measured  by 

Mechain  and  Delambre,  gives  for  the  compression  rrti  ^^ 

d  =  3271208  toises,  c  =  3261443  toises,  J— c  =  9765  toises. 
General  Roy's  sixth  spheroid,  from  the  dr  irrees  at  the  equa* 

tor  and  in  latitude  46°,  gives  j~.     Mr.  Dalby  makes  d  = 

8489932  fathoms,  c  =  3473656,  Gen.  Mudge  d  »  3491420, 
e  =  3468007,  or  7935  and  7882  miles.  The  degree  mea* 
sured  at  Quito,  compared  with  that  measured  in  I^pland  by 

Swanberg,  gives  compression  =  T7rr\.  Swanberg's  observa- 
tions, compared  with  Bouguer's,  give  32^:25*  Swanberg*s 
compared  with  the  degree  of  Delambre  and  Mechain  ~-. 
Compared  with  Major  Lambton's  degree  ^^rri'  ^  minimum 
of  errors  in  Lapland,  France,  and  Peru  gives  ^r^r  Lap]aGe» 

from  the  lunar  motions,  finds  compression  =  .-rr*  From  the 
theory  of  gravity  as  applied  to  the  latest  observations  of  Burg, 
Maskelyne,  dec.  ^^*    From  the  variation  of  the  pendulum 

in  different  latitudes 333^5.     Dr.  Robison,  assuming  the  va- 
riation of  gravity  at  ^^  makes  the  compression  ^.      Tba 
most  accurately  computed  results  from  Capt.  Sabine's  ezpe* 
,  riments  on  the  pendulum  in  different  latitudes,  give  ^.* 

Others  give  results  varying  from  —^^  to  5^  •   but  far   the 

greater  number  of  observations  differ  but  little  from  5^' 

90% 


*  See  Ivory  io  Phil.  Mag.  July  18M. 


nOVKB  OF  THE  BABTH.  ^ 

which  the  computation  from  the  phenomena  of  the  pre- 
cession of  the  equinoxes  and  the  nutation  of  the  earth's  axis, 
gives  fi)r  the  maximum  limit  of  the  compression. 

3.  From  the  various  results  of  careful  admeasurements  it 
happens,  as  Gen.  Roy  has  remarked,  '<  that  philosophers  are 
not  yet  agreed  in  opinion  with  regard  to  the  exact  figure  of 
the  earth ;  some  contending  that  it  has  no  regular  figure,  that 
is,  not  such  as  would  be  generated  by  the  revolution  of  a 
curve  around  its  axis.  Others  have  supposed  it  to  be  an 
ellipsoid ;  regular,  if  both  polar  sides  should  have  the  same 
degree  of  flatness.;  but  irregular  if  one  should  be  flatter  than 
the  other.  And  lastly,  some  suppose  it  to  be  a  spheroid  dif- 
fering from  the  ellipsoid,  but  yet  such  as  would  be  formed 
by  the  revolution  of  a  curve  around  its  axis."  According  to 
the  theory  of  gravity,  however,  the  earth  must  of  necessity 
have  its  axes  approaching  nearly  to  either  the  ratio  of  1  to 
680  or  of  903  to  304 ;  and  as  the  former  ratio  obviously 
does  not  obtain,  the  flguro  of  the  earth  must  be  such  as  to 
correspond  nearly  with  the  latter  ratio. 

3.  Besides  the  method  above  described,  others  have  been 
proposed  for  determining  the  flgurc  of  the  earth,  by  measure- 
ment. Thus,  that  figure  might  be  ascertained  by  the  mea- 
surement of  a  degree  in  two  parallels  of  latitude ;  but  not 
so  accurately  as  by  meridional  arcs,  1st.  Because,  wh|>n  the 
distance  of  the  two  stations,  in  the  same  parallel,  is  measured, 
the  celestial  arc  is  not  that  of  a  parallel  circlcy  but  is  nearly 
the  arc  of  a  great  circle,  and  always  exceeds  the  arc  that  cor- 
responds truly  with  the  terrestrial  arc.  2dly.  The  interval 
of  the  meridian's  passing  through  the  two  stations  must  be 
determined  by  a  time-keeper,  a  very  small  error  in  the  going 
of  which  will  produce  a  very  considerable  error  in  the  com- 
putation. Other  metliods  which  have  been  proposed,  are,  by 
comparing  a  degree  of  the  meridian  in  any  latitude,  with  a 
degree  of  the  curve  perpendicular  to  the  meridian  in  the  same 
latitude  ;  by  comparing  the  measures  of  degrees  of  the  curves 
perpendicular  to  the  meridian  in  different  latitudes  ;  and  by 
comparing  an  arc  of  a  meridian  with  an  arc  of  the  parallel  of 
latitude  that  crosses  it.  The  theorems  connected  with  these 
«nd  some  other  methods  are  investigated  by  Professor  Play- 
fair  in  the  Edinburgh  Transactions,  vol.  v.  to  which,  together 
with  the  books  mentioned  at  the  end  of  the  1st  section  i)f  this 
chapter,  the  reader  is  referred  for  much  useful  information 
on  this  highly  interesting  subject. 

Having  thus  solved  the  chief  problems  connected  with 
Trigonometrieal  Surveying,  the  student  is  now  presented 
with  the  following  examples  by  way  of  exercise. 
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Ex.  1.  The  angle  subtended  by  two  distant  obJectB  at  a 
third  object  is  66^  HOfSff* ;  one  of  those  objects  appeared  under 
an  elevation  of  25'47'',  the  other  under  a  depression  of  1*. 
Required  the  reduced  horizontal  angle.        Ans.  CC  SO'SG^". 

Ex.  2.  Going  along  a  straight  and  horizontal  road  which 
passed  by  a  tower,  1  wished  to  find  its  height^  and  for  this 
purpose  measured  two  equal  distances  each  of  84  feet,  and  at 
the  extremities  of  those  distances  took  three  angles  of  eleva- 
tion of  the  top  of  the  tower,  viz.  30-50',  21^24',  and  14-. 
What  is  the  height  of  the  tower  ?  Ans.  63-96  feet. 

Ex.  3.  Investigate  General  Roy's  rule  for  the  spherical 
excess,  given  in  the  scholium  to  prob.  8. 

Ex.  4.  The  three  sides  of  a  triangle  measured  on  the 
earth's  surface  (and  reduced  to  the  level  of  the  sea)  are  17,18, 
and  10  miles  :  \ihat  is  the  spherical  excess  ?      Ans.  T'-ODO. 

Ex.  5.  The  base  and  perpendicular  of  another  triangle  are 
24  and  15  miles.     Required  the  spherical  excess. 

Ans.  2"2r'52i'^ 

Ex.  6.  In  a  triangle  two  sides  are  18  and  23  miles,  and 
they  include  an  angle  of50^24'36".  AVhatis  the  spherical 
excess  ?  Ans.  2 '-3 1 639. 

Ex.  7.  The  length  of  a  base  measured  at  an  elevation  of 
38  feet  above  the  level  of  the  sea  is  34286  feet :  required  the 
length  when  reduced  to  that  level  7  Ans.  34285-9379. 

Ex.  8.  Given  the  latitude  of  a  place  48'5rN,  the  sun's  de- 
clination 18  30'n,  and  the  sun's  apparent  altitude  at  10^  11* 
26* AM,  52^35'  ;  to  find  the  angle  that  the  vertical  on  which 
the  sum  is,  makes  with  the  meridian.  Ans.  45^23*2"^. 

'       Ex.  9.  When  the  sun's  longitude  is  2D^13'43'',  what  is 
'  his  right  ascension  ?  The    obliquity  of  the   ecliptic   being 
23^2740".  Ans.  27^  10'13''}. 

Ex.  10.  Required  the  longitude  of  the  sun,  when  his  right 
ascension  and  declination  are  32^^46'52"|,  and  13- 13'27^i«  res- 
pectively.    See  the  theorems  in  the  scholium  to  prob.  12. 

Ex.  11.  The  right  ascension  of  the  star  a  Urss  majoris 
is  162*^50'34'',  and  the  declination  02  SO'ifr:  what  are  the 
longitude  and  latitude  ?  The  obliquity  of  the  ecliptic  being 
as  above. 

Er.  12.  Given  the  measure  of  a  degree  on  the  meridian 
inN.  lat.  49  3',  60833  fathoms,  and  of  another  in  x.  lat.  12^32*, 
60494  fathoms  :  to  fmd  the  ratio  of  the  earth's  axes. 

Ex.  13.  Demonstrate  that,  if  the  earth's  figure  bo  that 
of  an  oblate  spheroid,  a  degree  of  the  earth's  equator  is  the 
first  of  two  mean  proportionals  between  the  last  and  first 
degrees  of  latitude. 


MQVATiOKB.  99 

£7.  14.  Demonstrate  that  the  degrees  of  the  terrestrial 
0  nieridiaoy  in  receding  from  the  equator  towards  the  poles,  ^re 
increased  very  nearly  in  the  duplicate  ratio  of  the  sine  of  the 
lalitude. 

£r.  15.  If  p  be  the  measure  of  a  degree  of  a  great  circle 
perpendicular  to  a  meridian  at  a  certain  point,  m  that  of  the 
corresponding  degree  on  the  meridian  itself,  and  d  the  length 
of  a  degree  on  an  oblique  arc,  that  arc  making  an  angle  a 

with  the  meridian,  then  is  cJ  =  — r — ^^  ,  .  ^  *     Required  a 
demonstration  of  this  theorem. 


ON  THE  NATURE  AND  SOLUHON  OP  EQUA. 

TIONS  IN  GENERAL. 

1.  In  order  to  investigate  the  general  properties  of  the 
higher  equations,  let  there  be  assumed  between  an  unknown 
quantity  x,  and  given  quantities  a,  b,  c,  d^  an  equation  con- 
stituted of  the  continued  product  of  uniform  factors  :  thus 

(x  —  a)  X  («  —  t)  X  (a^  —  0  X  (*  —  d)  =  0. 
This,  by  performing  the  multiplications,  and  arranging  the 
final  product  according  to  the  powers  or  dimensions  of  x, 
becomes 

'^+ab')  ar*-aftc^i?+a6crf=  0.  .  .  .  (A) 

+  ac  I 

+  ad 

+  be 

+  bd 

+  cd) 

Now  it  is  obvious  that  the  assemblage  of  terms  which  compose 
the  first  side  of  this  equation  may  become  equal  to  nothing  in 
four  different  ways  ;  namely,  by  supposing  either  x  =  a,  or 
X  ^  b,or  X  =^  Cj  or  X  =^  d;  for  in  either  case  one  or  other 
of  the  factors  x  —  a,  x  —  6,  x  —  c,x  — d,  will  be  equal  to  no- 
thing, and  nothing  multiplied  by  any  quantity  whatever  will 
give  nothing  for  the  product.  If  any  other  value  e  be  put 
for  X,  then  none  of  the  factors  e — a,  e — b,  e — c,  e — d,  being 
equal  to  nothing,  their  continued  product  cannot  be  equal  to 
nothing.  There  are  therefore,  in  the  proposed  equation,  four 
roots  or  values  of  x ;  and  that  which  characterises  these  roots 
is,  that  on  substituting  each  of  them  successively  instead  of  x, 
the  aggregate  of  the  terms  of  the  equation  vanishes,  by  the 
opposition  of  the  signs  -f*  And  — . 


1  he  preceding  equation  is  only  of  the  fourth  power  or  de« 
gree ;  but  it  is  manifest  that  the  above  remark  applies  tff 
equations  of  higher  or  lower  dimensions :  viz.  that  in  general 
an  equation  of  any  degree  whatever  has  as  many  roots  as 
there  are  units  in  the  exponent  of  the  highest  power  of  the 
unknown  quantity,  and  that  each  root  has  the  property  of 
rendering,  by  its  substitution  in  place  of  the  unknown  quan-' 
tity,  the  aggregate  of  all  the  terms  of  the  equation  equal  to 
nothing. 

It  must  be  observed  that  wo  cannot  have  all  at  once  x  =  ir^ 
X  =  6,  X  =  c,  d^c.  for  the  roots  of  the  equation  ;  hut  that  tho 
particular  equations  x  —  a  =  0,  x—  6  =  0,  x  — c  =  0,  dfc 
obtain  only  in  a  disjunctive  sense.  They  exist  as  factors  in 
the  same  equation,  because  algebra  gives,  by  one  and  the 
same  formula,  not  only  the  solution  of  the  particular  problem 
from  which  that  formula  may  have  originated,  but  also  the 
solution  of  all  problems  which  have  similar  conditions.  The 
dificrent  roots  of  the  equation  satisfy  the  respective  condi- 
tions ;  and  those  roots  may  differ  from  one  another,  by  their 
quantity^  and  by  their  mode  of  existence. 

It  is  true,  we  say  frequently  that  the  roots  of  an  eqnatioii 
are  x  =  a,  x  =  6,  x  =  c,  &c.  as  though  those  values  of  x 
existed  conjunctively  ;  but  this  manner  of  speaking  is  an  ab- 
breviation, which  it  is  necessary  to  understand  in  the  sense 
explained  above. 

2.  In  the  equati  )n  a,  all  the  roots  are  ponitive  ;  but  if  the 
factors  which  constitute  tho  equation  had  been  x  +  a,  x  +  b, 
X  +  c,  X  +  ^>  the  roots  would  have  been  negative  or  sub* 
tractive.     Thus 

aP+ah^3^+ahc^x  +  ah€d=^0.  .  .  .  (B) 
•^ac       +abd 
+tfd  I     +acdi 
T  he  \     -{-bed 
+bfl 
,  +cd) 
has  negative  roots,  those  roots  being  x  =  —  a,  x  =  —  A, 
x=  —  c,  x^  —  d:  and  here  again  we  are  apt  to  apply  them 
disjunctively. 

3.  Some  equations  have  their  roots  in  part  positive,  in  pari 
negative.     Such  is  the  following : 

x^— a  ;|  x»+a6  ^  X  +  a6c  =  0 (C) 

— b  )     — ac  > 

+cj     —he) 
Here  are  the  two  positive  roots,  viz.  x  =  a,  x  =  A ;  and  one 
negative  root,  viz.  x  £=  —  c  :  the  equation  being  constituted 
of  the  continued  product  of  the  three  factors,  x  —  a  ss  0, 
x_6=sO,  x  +  <;  =  0. 
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From  >n  inspection  of  the  equattoas  a,  s,  c,  it  may  b« 
inferred,  that  a  complete  equation  connlMs  of  a  number  of 
terms  exceeding  by  uniljf  the  number  of  its  roots. 

4.  The  preceding  equations  have  been  considered  as  formed 
fitim  equations  of  the  first  degree,  and  then  each  of  them 
cootaina  sn  many  of  those  constituent  equations  as  there  are 
iraitH  in  the  expon<?nt  of  its  degree.  But  an  equation  which 
exceeds  the  second  dimensiiin  may  be  considered  ss  com- 
posed or  one  nr  more  equations  of  the  second  degree,  or  of 
the  third,  dec,  combined,  if  it  be  necessary,  with  equations  of 
the  first  degree,  in  such  manner,  that  the  product  of  all 
those  constituent  equations  shall  form  the  proposed  equation. 
Indeed,  n-hen  an  equation  is  formed  by  the  successive  mu|. 
tiplicaiion  of  several  simple  equations,  quadratic  equations, 
cubic  equations,  dec.  are  formed  ;  which  of  course  may  be 
regarded  as  factors  of  the  resulting  equation. 

5.  It  sometimes  happens  that  an  equation  contains  imagi- 
nary roots  ;  and  then  they  will  be  fouud  also  in  its  consti- 
tuent equations.  This  class  of  roots  always  enters  an  equation 
by  pairs ;  because  tbey  may  be  considered  as  containing,  in 
(heir  expression  at  lenxt,  one  ei'Cn  radical  placed  before  a  ne> 
gntivo  quantity,  and  because  an  even  radical  is  necessnrily 
preceded  by  the  dotiblc  sign  rt .  Let,  for  example,  the  equa- 
tion be  X*  ~  C3o  —  2<-)r'+(a'+6'  -  4iic+c'+(i')i'-«-(2<i'c  + 
Wc-  2flc'  — 2a(P)  *+(«'+ 6=)  .  (c'  +  (P)=0.  This  may 
be  regarded  as  constituted  of  (ho  two  subjoined  quadratte 
equations,  j'  —  Sar  +  o»  +  6'  =  0,  x"  +  2c3:  -|-  c'  +  rf'  =  0 1 
and  each  of  these  quadratics  contains  two  imaginary  roots; 
the  first  givngi  ^  a  ±  ft  v^ —  1,  and  the  second  x  =  —  c  ± 

In  the  equation  resulting  from  the  product  of  these  two 
qnadratics,  the  coeflicicnta  of  ihe  powers  of  the  unknown 
quantity,  and  of  the  last  term  of  the  equation,  are  real  quan* 
titles,  though  the  constituent  equations  contain  imaginary 
quantities  ;  the  reason  is,  that  these  latter  disappear  by  meuu 
of  addition  and  multiplication. 

The  same  will  take  place  in  the  equation  {x  —  a)  .  (x-(-ft)  . 
(x*  +  2cx  -I-  c*  +  t^')  =  0>  which  is  formed  of  two  equaliona 
of  the  first  degree,  and  one  equation  of  the  second  wboso 
nota  are  imaginary. 

These  remarks  being  premised,  the  subtequont  general 
s  will  be  easily  established. 
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THEOREM   I. 

Whatever  be  the  species  of  the  roots  of  an  equation,  when ' 
the  equation  is  arranged  according  to  the  powers  of  the 
unknown  quantity,  if  the  first  term  be  pcsitive,  and  have 
unity  for  its  coefficient,  the  following  properties  may  be 
traced  : 

I.  The  first  term  of  the  equation  is  the  unknown  quantity 
raised  to  the  power  denoted  by  the  number  of  roots. 

II.  The  second  term  contains  the  unknown  quantity  raised 
to  a  power  less  than  the  former  by  unity,  with  a  coeflicient 
equal  to  the  sum  of  the  roots  taken  with  contrary  signs. 

III.  The  third  term  contains  the  unknown  quantity  raised 
to  a  power  less  by  2  than  that  of  the  first  term,  with  a  co- 
efficient equal  to  the  sum  of  all  the  products  which  can  be 
formed  by  multiplying  all  the  roots  two  and  two. 

IV.  The  fourth  term  contains  the  unknown  quantity  raised 
to  a  power  less  by  3  than  that  of  the  first  term,  with  a  cc»ef- 
ficient  equal  to  the  sum  of  all  the  products  which  can  be  made 
by  multiplying  any  three  of  the  roots  with  contrary  signs. 

y.  And  so  on  to  the  last  term,  which  is  the  continued 
product  of  all  the  roots  taken  with  contrary  signs. 

All  this  is  evident  from  inspection  of  the  equations  ex- 
hibited in  arts.  1,  2,  3,  5. 

Cor.  1.  Therefore  an  equation  having  all  its  roots  real» 
but  some  positive,  the  others  negative,  will  want  its  second 
term  when  the  sum  of  the  positive  roots  is  equal  to  the  sum 
of  the  negative  roots.  Thus,  for  example,  the  equation  o 
will  want  its  second  term,  if  a  +  5  =  c. 

Cor.  2.  An  equation  whose  roots  are  all  imaginary  ^vill 
want  the  second  term,  if  the  sum  of  the  real  quantities  which 
enter  into  the  expression  of  the  roots,  is  partly  positive, 
partly  negative,  and  has  the  result  reduced  to  nothing,  the 
imaginary  parts  mutually  destroying  each  other  by  addition 
in  each  pair  of  roots.  Thus,  the  first  equation  of  art.  5  will 
want  the  second  term  if  —  2a  +  2c  =  0,  or  a  =  c.  The 
second  equation  of  the  same  article,  which  has  its  roots  partly 
real,  partly  imaginary,  will  want  the  second  term  if  ft  —  a  + 
2c  =  0,  ora  — 6  =  2c. 

Cor,  3.  An  equation  will  want  its  third  term,  if  the  sun 
of  the  products  of  the  roots  taken  two  and  two,  is  partly  po- 
sitive, partly  negative,  and  these  mutually  destroy  each  other* 

Remark.  An  incomplete  equation  may  be  thrown  into  the 
form  of  complete  equations,  by  introducing,  with  the  coefficient 
a  cypher^  the  absent  powers  of  the  unknown  quantity  :  thue 
for  the  equation  x*  +  r  =  0,  may  be  written  x"  +  0  x*  +  ^ 
X  4*  r  =  0.     This  in  some  cases  will  be  useful.^ 


Cor.  4.  An  equation  with  poaitive  rooU  may  be  tnnv- 
formed  into  another  which  ahalt  have  negative  roots  of  tbo 
noM  nlue,  and  reciprocally.  In  order  to  (his,  it  is  only  ne- 
eenary  to  chnnge  the  sigtin  of  the  ulternute  term*,  beginning 
with  the  second.  Thus,  for  example,  if  instead  of  the  equa- 
tion **  —  8i^  +  17a;  -  10»=0,  which  hoa  three  poailive  roots 
1,  2.  and  5,  we  write  x^  +  Si'  +  17i  +  10  =  0,  ihia  latter 
equation  will  have  ihiec  negative  roots  x  =  —  1,  x  =  —  S, 
x=  —  5.  In  like  manner,  if  inaiead  of  Ihe  equation  x'  + 
Sr* —  13j:  -{-  10=0,  which  has  two  poailive  roots  x=l,  x=2, 
and  one  negative  root  a;  =  —  5,  there  be  taken  x'  —  2^— 
I3x  —  10  =  0,  this  taller  etjiiation  will  have  two  ncgativs 
roota,  X  =  —  1,  *  =  —  2,  and  one  positive  root  1=5. 

In  general,  if  there  be  taken  the  two  equaliona,  (x—a)  X 
(x-b)  X  (t— c)X(r— JjX&c.  =0,and(T+a)  X  (ar+A)  X 
Jc+c)  X  (x+rf)  X  &c.  =  0,  of  which  the  roota  are  the  same 
HI  magnitude,  but  with  dilll-rent  signs  :  if  these  equations  be 
developed  by  actual  muhiplication,  and  the  terms  arranged 
according  to  the  powers  of  r,  as  in  arts.  1,  2  ;  it  will  be  seen 
that  the  second  terms  of  the  two  equations  will  be  affected 
vith  different  signx,  the  third  terma  with  like  signs,  the 
fourth  terms  with  diflerent  signs,  Aic. 

When  un  equation  liiis  not  ull  its  terms,  the  deficient  terms 
must  be  supplied  by  cyphers,  before  the  preceding  rule  can 
be  applied. 

Cor.  5,  The  sum  of  Ihe  moia  of  an  equation,  the  sum  af 
their  squares,  the  sum  of  their  cubes,  &c.  may  be  found  with- 
out knowing  the  roots  themselves.  For,  let  an  equation  of 
any  degree  or  dimeDaion,  m,  be  *"■  +y!r"— '  +  gz''^'  + 
A*""— '  -I-  &c.  =  0,  ita  roots  being  «,  6,  e,  d,  ic.  Then  we 
shall  have, 

1st.  The  sum  of  the  first  powers  of  the  roots,  that  ts,  ef 
the  roots  tbcmaclvca,  era  +  >  +  c  -(-  Arc.  =  ~  f-  ainceihe 
coctlieicnl  of  the  unknown  quantity  in  the  second  term,  is 
«qual  to  the  mm  of  the  roota  taken  with  different  signs. 

2dly.  The  sum  of  the  squares  of  the  roots,  ia  equal  to  the 
square  of  the  coefficient  of  the  second  term  made  less  yy 
twice  the  cooflicienl  of  the  third  term  :  viz.  a*  +  b'  -{■  c*+- 
&C.=f — 2g.  For,  if  the  pnlynomiala  +  b  +  e  +  ic.  be 
*  squared,  it  will  be  found  that  the  square  contains  the  sum  of 
the  squares  ot'  the  terms,  a,  b,  c,  &c.  p/ua  twice  the  sum  of 
the  products  formed  by  multiplying  two  and  two  all  the  roots 
a,  b,  c,  &c.  That  is,  (<i  +  i  +  c  +  ie.)=  =  a'-\-b'-i-^  +  Sic. 
+  2  (a6  +  ac  +  fce  +  &c).  Hut  it  ia  obvious,  from  equa.  a,  b, 
tbat  {a  +  b  +  c-\-  &Q.)''=f,  and  {ab  +  ae+be  +  Aic)=g. 
Thus  we  have/*  =  (<i=  -|-  *'  +  c*  -(-  &c.)  +flg;  nad  con- 
•equeDtiy  a*  -f-  6*  -{-  e»  -(-  fee.  =/*  -  2g. 
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8dly.  The  aum  of  the  cuhes  of  the  roots,  is  equal  to  8  times 
the  rectangle  of  the  coefficient  of  the  second  and  third  terinsy 
made  less  by  the  cube  of  the  coefficient  of  the  second  temi» 
and  3  times  the  coefficient  of  the  fourth  term  :  viz.  a'  +  ^ 
+  e*  +  &c.  =  — f^  +  3fg  —  3A.  For  we'  shall  by  actual  in- 
volution, have  {a  +  b  +C+  dtc.)'  =  a'  +  6'  +  r*  -f  &c,  + 
8  (a  +b+c)  X  (hi  +  ae+bc)'-'Sahe.  But  (a+6+c+&c.y» 
*=-/*»  (a+  b+c^  &c.)  X  {ab  +ac  +bc+  &c.)  =  —fg^ 
abe  =  —  A.  Hence  therefore,  — Z'  =  a'  +6'  +c*  +&c. — 
8jGf  -f-  Sh  ;  and  consequently,  a'  +  6'  +  c'  +  &c.  =  — /^+ 
j/g  — -  3A,    And  so  on,  for  other  powers  of  the  roots. 

THEOREM  II. 

In  every  equation,  which  contains  only  real  roots  : 

L  If  all  the  roots  are  positive,  the  terms  of  the  equation 
wiU  be  +  and  —  alternately. 

II.  If  all  the  roots  are  negative,  all  the  terms  will  have  the 
eiffn  +. 

IIL  If  the  roots  are  partly  positive,  partly  negative!,  there 
will  be  as  many  positive  roots  as  there  are  variations  of 
signs,  and  as  many  negative  roots  as  there  are  permanencies 
of  signs  ;  these  variations  and  permanencies  being  observed 
from  one  term  to  the  following  through  the  whole  extent  of 
the  equation. 

In  all  these,  either  the  equations  arc  complete  in  their 
terms,  or  they  are  made  so. 

The  first  part  of  this  theorem  is  evident  from  the  exa- 
mination of  equation  a  ;  and  the  second  from  equation  b. 

To  demonstrate  the  third,  we  revert  to  the  equation  o 
(arL  3),  which  has  two  positive  roots,  and  one  negative.  It 
may  happen  that  either  c  >  a  +  b^  or  c  <a  +  b. 

In  the  first  case,  the  second  term  is  positive,  and  the  third 
is  negative ;  because,  having  c  >  a  +  6,  we  shall  have  ac  + 
ic  >  {o  +  by  >  ab.  And,  as  the  last  term  is  positive,  we  see 
that  from  the  first  to  the  second  there  is  a  permanence  of 
signs  ;  from  the  second  to  the  third  a  variation  of  signs  ;  and 
from  the  third  to  the  fourth  another  variation  of  signs.  Thus 
there  are  two  variations  and  one  permanence  of  siens  ;  that 
is,  as  many  variations  as  there  are  positive  roots,  and  as  many 
permanencies  as  there  are  negative  roots. 

In  the  second  case,  the  second  term  of  the  equation  is  ne- 
gative, and  the  third  may  be  either  positive  or  negative.  If 
uiat  term  is  positive,  there  will  be  from  the  first  to  the  second 
a  variation  of  signs ;  from  the  second  to  the  third  another 
variation ;  from  the  third  to  the  fourth  a  permanence ;  making 
in  all  two  variations  and  one  permanence  of  signs.  If  the 
third  term  be  negative,  there  will  be  one  variation  of  signs 
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from  the  fint  to  the  second ;  one  permanence  from  the  Mcood 
to  Ibe  third ;  and  one  variation  from  the  third  to  the  ibimh ; 
thai  making  again  two  Tariations  and  one  permanence.  Tlte 
suiaber  of  Tariationa  ofaigna  therefore,  in  thia  caae  aa  well 
as  in  the  former,  ia  the  aame  as  that  of  the  positire  roots  ; 
and  the  number  of  permanencies,  (he  same  as  diat  of  th« 
negative  roots. 

Carol.  Whence  it  follows,  that  if  it  be  known  by  any 
means  whatever,  that  an  equation  contains  only  real  roots,  it 
ia  also  known  how  many  of  them  are  positive,  and  bow  mai^ 
negative.  Suppose,  for  example,  it  bo  known  that,  in  the 
equatioiix»  +  &s*-2a^— 27r'+  136r  — 120  =  0,  all  the 
roots  are  real :  it  mav  immediately  be  concluded  that  there 
■re  lAree  positive  and  ttoo  negative  roots.  In  fact  this  equa< 
tioa  has  the  three  positive  roots  2=sl,x  =  2,x=:3;  and 
two  negative  roots,  x  =  —  4,  x  s=  —  5. 

If  the  equation  were  incomplete,  the  absent  terms  must  be 
supplied  1^  adopting  cyphers  for  coefficients,  and  those  terms 
nraat  be  marked  with  the  ambiguous  sign  j:b .    Thua,  if  the 


c*  -  OTf  +  30i»  +  Ife  —  30  =  0, 
all  the  roots  being  real,  and  the  aecond  term  wanting,  it 
must  he  written  thus  : 

*«  ±  Oi*  -  20i»  +  30x'  +  19x  -  30  =  0. 
"nien  it  will  be  seen  that,  wbeibor  the  second  term  be  posi- 
tive or  negative,  there  will  be  3  variationsand  3  permanencies 
of  signs :  and  consequently  the  equation  has  3  positive  and  8 
nwative  roots.    The  roots  in  fact  are,  t,  2, 3,  —  1,  —  5. 

^is  rule  only  obtains  with  regard  to  equation!)  whose  roots 
are  real.  If,  for  example,  it  were  inferred  that,  because  the 
equation  x*  +  2x  +  5  =0  had  Iwo  permanencies  of  signs,  it 
had  two  negative  roots,  the  conclusioa  would  he  erroneous  i 
for  both  the  roots  of  this  equation  are  imaginary. 


Every  equation  may  be  transformed  into  another  whose  roots 
shall  be  greater  or  leas  by  a  given  quantity. 

In  any  equation  whatever,  of  which  x  is  unknown,  (the 
equatieos  a,  b,  c,  lor  example)  make  x  =  t  +  m,  t  being  a 
new  unknown  quantity,  m  any  given  quantity,  positive  or 
negative :  then  substituting,  instead  of  z  and  its  powers,  their 
▼allies  resulting  from  the  hypothesis  that  x=x  -f  m ;  so  shall 
there  arise  an  equation,  whose  roots  shall  be  greater  or  less 
than  the  roots  of  the  primitive  equation,  by  the  assumed 
qaanlityn. 

Vol.  U.  15 
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Carol.  The  priDcipa]  use  of  this  traiwfoniiatioQ  i%  to  takff 
away  any  term  out  of  an  equation.  Thu8«  to  tmi|i^nn  pn 
equation  into  one  which  shall  want  tba  meand  lenD,  )bjt » I19 

-so  assumed  that  nrn  —  a  =  0,  or  m  «  -»  n  being  the  index 

of  the  highest  power  of  the  unknown  quantity,  and  a  the 
coefllicient  of  the  secoud  term  of  the  equation,  with  its  siga 
changed  :  then  if  the  roots  of  the  transformed  equfUionpan 
be  found,  the  roots  of  the  original  equation  may  also  be  fiHHid, 

because  x  =a'ar  + -• 

71 


THEOSSH  IV. 

Every  equation  may  be  transformed  into  another,  whcfi^ 
roots  shall  be  equal  to  the  roots  of  the  first  multiplied  or 
divided  by  a  given  quantity. 

1.  Let  the  equation  he  7^ 'h  a^  +  hz  +  c  ^  0:  if  we  put 

/2  =  X,  or  z  =  T?,  the  transformed  equation  will  )m  x*  H~ 

jaj»  ^f^hx  +f^c  =  0,  of  which  the  roots  are  the  respective 
products  of  the  roots  of  the  primitive  equation  multiplied  into 
the  quantity/. 

By  means  of  this  transformation,  an  equation  with  frac- 
tional quantities,  may  be  changed  into  another  which  shall 

be  free  from  them.    Suppose  the  equation  were  s*  +  —  -f- 

^+  jt  "*  ^ '  multiplying  the  whole  by  the  product  of  the 
denominators,  there  would  arise  gldn?  +  kkas^  +  gkdx  + 
^^  =:  0  :  then  assuming  ghkx  s=  x,  or  2;  s=  -^  the  trans- 
formed equa.  would  be  «*  +  hkas^  +  ^l^hhx  +  g^Wd  =»  0. 
The  same  transformation  may  be  adopted,  to  exterminate 
the  radical  quantities  which  affect  certain  terms  of  an  ecpia* 
tion.  Thus,  let  there  be  given  the  equation  s*  +  oa^  v^  ^  + 
h%  -^^  c y/  hi  make  z  ^  k  ^=  x ;  then  will  the  transformed 
equation  be  ar*  +  aka^  +  hkx  +  cib"  =  0,  in  which  there  are 
no  radical  quantities. 

2.  Take,  for  one  more  example,  the  equation  s*  +  as*  + 

fa  +  c  SB  0.    Make  ^  =  « ;  then    will   the   equation   be 
transformed  to  x'  4-  y  +  2?*+^  ^  0,  in  which  the  rooto 
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we  equi  to  the  quotients  of  tfiose  of  the  primitive  eqaatioDs 
Afiiedbyf. 

It  is  obvious  that,  by  analogous  methods,  an  equation  may 
be  transfbnned  into  another,  the  roots  of  which  shall  be  to 
those  of  the  proposed  equation,  io  suy  required  ratio.  But 
the  subject  need  not  be  enlarged  on  here.  Tho  preceding 
succinct  view  will  suffice  for  the  usual  purposes,  so  far  as  re- 
htes  to  the  nature  aiid  chief  properties  of  equations.  We 
■hall  therefore  conclude  this  chapter  with  a  summary  of  the 
most  useful  rules  for  the  solution  of  equations  of  different 
degrees,  besides  those  already  given  in  the  first  volume. 

L  SidesfortheSehUimtqf  Quadratics  hyTalfles  of  Sines  and 

Tangents. 

1.  If  the  equation  be  of  the  form  3^+px=q : 

Make  tntt  ▲  »  -Vq ;  then  will  the  two  roots  be, 

a^+tan  iiA^q x=^  -  cot  ^A^q, 

2.  For  quadratics  of  the  form  s^ — px=q. 

Make,  as  before,  tan  a  «=£  -^y/q  :  then  will 

«=—  tan  jA  ^q a:=+cot  ^Ay/g. 

8.  For  quadratics  of  the  form  x'+px^-^q. 

Make  sin  A  =:— y/; :  then  will 

ji^as  ^tan  ^A^q x=— cot  ^a^^* 

4.  For  quadratics  of  the  form  ar" — px^ — q. 
Make  idn  a  =s  — y/q :  then  will 

:^*:+tan  jAy/^ ar==+cot  i^y/q. 

III  the  last  two  cases^  if  —  ^  q  exceed  unity,  sin  a  is  ima- 
ginary, and  consequently  the  values  of  x. 

The  logarithmic  application  of  these  formuls  is  very  simple. 
Thus,  in  case  Ist^    Find  a  by  making 

10+log  2+ J  log  ^— log  j?=log  tan  a. 

Then  hHS  r  =  f  +;,^«  '^^'l  ^tt  S J"im 

<— (log cot  iA+^t  log 5^—10). 

Note*  This  method  of  solving  quadratics,  is  chiefly  of  use 
when  the  quantities  p  and  q  are  large  integers,  or  complex 
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n.  SnJes  for  the  SoluUon  of  Cubic  Equations  by  Tables  iff 

Sines,  Tangents,  and  Secants. 

1.  For  cubics  of  the  form  x'+jpapiyssO. 

Make  tan  b  »  ^ .  2^ip tan  a  «  V  tan  ^b. 

Then  %  =r  qp  cot  2a  .  2^p. 
8.  For  cubics  of  the  form  x^— f>x±9=0. 

Make  sin  b  =  ^  •  2^|p tan  a  s=  ^  tan  ^B. 

Then  a;  3=  q:  cosec  2a  •  2^/ jp. 
Here,  if  the  value  of  sin  b  should  exceed  unity,  b  would 
be  imaginary,  and  the  equation  would  fall  in  what  is  called 
the  irredueible  case  of  cubics.    In  that  case  we  must  make 

cosec  3a  =  3S. .  2y^^ :  and  then  the  three  roots  would  be 

dt  -  ={=  sin  A .  2^  Jp. 

X  :=  =b  sin  (60°  —  a)  .  2y/ip. 

X  =  ±  sin  (60°  +  a)  .  2y/lp. 
If  the  value  af  sin  b  were  1,  we  should  have  b^HKP^  tan 
A  =s  1 ;  therefore  a  =  45°,  and  x  =  :f  2  v^|p.    But  tlua 
would  not  be  the  only  root.    The  second  solution  would  give 

90* 

cosec  8as=1  t  therefore  a  =  -^ ;  and  then 

X  =  ±  sin  30°  .  2^|p  =  ±     ^Ip, 
X  =:  ±  sin  30°  .  2^ip  =  ±    y/{ 
X  ==  If  sin  30°  .  2y/\p  =  qi  2y/\p. 
Here  it  is  obvious  that  the  first  two  roots  are  equal,  that  their 
sum  is  equal  to  the  third  with  a  contrary  sicn,  and  that  this 
third  is  the  one  which  is  produced  from  the  first  solution*. 


*  The  tables  of  sines,  taDgents,  be.  betides  their  use  in  trigonometry, 
snd  in  the  solution  of  the  equations,  are  also  very  useful  in  finding  tiM 
value  of  algebraic  expressions  where  extraction  of  roots  would  be  otbMV 
wise  required.    Thus  if  a  and  h  be  any  two  quantities,  of  which  a  is  ths 

greater.  Find  2,  %,  Ac.  so,  that  taa  z  =r  vL ,  sin  z  =  V  ->  see  jf  =  ^ 


a  a 


tan  «  =  ~fl  itnd  sin  /  =  -:  then  will 
a  a 

logV(a' — 6«)=lo£  a  -j-  log  sin  ^=log  fr-4-log  tan  y. 

logV(««-6»)=4Uog  («+*)  +  «og  (0-*)]. 
log\/(as-|-6s)=log  a-f  log  sec  n^log  6-{-log  cosec  u, 
logV(«-fA)=ilog  a4-logsec  a:=iloga-j-ilog  2-j-log  cos  ||f. 
iogV(A— 6)=ilog  a-f  log  cos  2=ilog  o-fiiog  ^\og  sin  iy. 

log{«±i)  «  =  5[log«+logcosl  +  logtan45»  ±  41]. 

n 

The  first  three  of  these  formulse  will  often  be  nsefel,  when  two 

of  a  rig^t^agled  triangle  are  given,  to  fiod  the  third. 
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In  tbaietoliitioiui)  the  double  signs  in  the  value  of  x^  relate 
Id  die  doobJe  aigiis  in  the  value  olq. 

N.  B.  Cardan's  Rule  for  the  solution  of  Cubics  is  given  in 
the  first  volume  of  this  course. 

in.  Sciuikm  of  BiquadraJtie  Equaticm, 

Let  the  proposed  biquadratic  be  «*  +  Spx'  ==qa^  +  rx  +g. 
Now  (*«+px  + !!)•  =  «*  + 2iir»+(|i^+aii)x«  +  2pii*+ii»: 
if  therefore  ( p^  +  2ft)  x*  +  2|mx  +  it*  be  added  to  both  sides 
of  the  proposed  biquadratic,  the  first  will  become  a  complete 
aquare  (x*  +  px  +  n)',  and  the  latter  part  (p^  +  2«  +  ^)  x* 
+  (%w»  +r)x  +  ii"  +  «,  isa  complete  square  if  4  (p^  +  fin 
+q)  •  (n?  +  s)^  2pn+r' ;  that  is,  multiplying  and  arrancisg 
the  terms  according  to  the  dimensions,  of  n,  if  811'  +4^  -f 

er  —  4rp)  n  +  4q»  +  4p**  —  r"  =  0.  From  this  equation 
a  value  of  n  be  obtained,  and  substituted  in  the  equation 
(••  +  px  +  «)«  =  (p«  +  2n  +  y)x»+(2pii  +  r)x  +  j^+*; 
Uien,  extracting  the  square  root  on  both  sides 

And  fVom  these  two  quadratics,  the  four  roots  of  the  given 
biquadratic  may  be  determined*. 

Note.  Whenever,  by  taking  away  the  second  term  of  a 
biquadratic,  after  the  manner  described  in  cor.  th.  3,  that 
fourth  term  also  vanishes,  the  roots  may  immediately  be  ob« 
tained  by  the  solution  of  a  quadratic  only. 

A  biquadratic  may  also  be  solved  independently  of  cubics^ 
in  the  following  cases  : 

1.  When  the  difference  between  the  coefficient  of  the 
third  term,  and  the  square  of  half  that  of  the  second  term,  is 
equal  lo  the  coefficient  of  the  fourth  term,  divided  by  half 
that  of  the  second.  Then  if  p  be  the  coefficient  of  the  second 
term,  the  equation  will  be  reduced  to  a  quadratic  by  dividing 
it  by  X*  ±  ^px. 

2.  When  the  last  term  is  negative,  and  equal  to  the  square 
of  the  coefficient  of  the  fourth  term  divided  bv  4  times  that 
of  the  third  term,  tninvs  the  square  of  that  of  the  second  : 
then  to  complete  the  square,  subtract  the  terms  of  the  pro- 
posed biquadratic  from  (x^^  jpx)',  and  add  the  remainder 
lo  both  its  sides. 


*  Thb  rale  for  solving  biqaadrntics,  by  conceiving  each  to  he  tlie  dlf- 
fmnce  oftwoiqaaret,  ii  freqaently  ascribed  to  Dr.  Waring;  but  its  ori« 
fUuil  loventor  was  Mr.  Tkomaa  Simpton,  foriDerly  Profeuor  of  Mathe* 
aitiolo  theBoyal  Military  Academy. 
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8.  When  the  coefficient  of  the  fourth  term  divided  by  . 
that  of  the  second  term,  gives  for  a  quotient  the  square  roof 
of  the  last  term  :  then  to  complete  the  square,  add  the  square 
of  half  the  coefficient  of  the  second  term,  to  twice  the  squai^ 
root  of  the  last  term,  multiply  the  sum  by  a^,  from  the  pro- 
duct  take  the  third  term,  and  add  the  remainder  to  both  sides 
of  the  biquadratic. 

4^  The  fourth  term  will  be  made  to  go  out  by  the  usual 
operation  for  taking  away  the  second  term,  when  the  di& 
ference  between  the  cube  of  half  the  coefficient  of  the  second 
term  and  half  the  product  of  the  coefficients  of  the  second 
and  third  term,  is  equal  to  the  coefficient  of  the  fourth  temi. 

rV.  Euler*s  Ride  far  the  Solution  of  Biquadraiies. 

Let  «* —  ax*  —  ftr  —  c  =  0,  be  the  given  biquadratic  equa^ 
lion  wanting  the  second  term,  Take/=^a,  g  =  ri^  +J^j« 
and  h  =  j^b\  or  y/  h  =^  ^b;  with  which  values  ofy,  ^,  h, 
form  the  cubic  equation  z^  — fz*  +  gz  —  A  =  0.  Find  the 
roots  of  this  cubic  equation,  and  let  them  be  called  p,  q^  r, 
then  shall  the  four  roots  of  the  proposed  biquadratic  be 
these  following :  viz. 


When  \b  is  positive  : 

1.  x=     \/P  +  \/q  +  y/r' 

2.  a:  =      y/p  —  y/q  —  \/r. 

3.  «  =  —  v'P  +  \/q  —  \/r. 

4.  »  =  — y'p  +  ^/q  +  l/r. 


When  ^6  is  negative  : 

ar  =      ^/V  +  ^/q  —  ^/r. 
a;  =      ^p  —  ^q^  ^r. 

a?  =  —  y/p  +  y/q  +  -/r. 
X  =  — y/p —  ^q  —  y/r. 


Note,  1.  In  any  biquadratic  equation  having  all  its  terrns^ 
if  I  of  the  square  of  the  coefficient  of  the  2d  term  b^  greater 
than  the  product  of  the  coefficients  of  the  1st  and  3d  terms^ 
or  I  of  the  square  of  the  coefficient  of  the  4th  term  be  greater 
than  the  product  of  the  coefficients  of  the  3d  and  5th  terms^ 
or  I  of  the  square  of  the  coefficient  of  the  3d  term  greater 
than  the  product  of  the  coefficients  of  the  2d  and  4th  terms  \ 
then  all  the  roots  of  that  equation  will  be  real  and  unequal : 
but  if  either  of  the  said  parts  of  those  squares  be  less  than 
either  of  those  products,  the  equation,  will  have  imaginary 
roots. 

2.  In  a  biquadratic  x*  +  ax^  +  ftx^  -f  ex  +  d  =  0,  of 
which  two  roots  are  impossible,  and  d  an  affirmative  quantity^ 
then  the  two  possible  roots  will  be  both  negative,  or  botK 
affirmative,  according  as  a'  —  4a6  +  8c,  is  an  affirmative  or 
a  negative  quantity,  if  the  signs  of  the  coefficients,  a,  &,  c,  c^ 

are  neither  all  affirmative,  nor  alternately  —  and  +  *. 

,    -  ,  ,  .  ■  II I    I  -  — I 

*  VaNoos  general  rules  for  the  solution  of  equations  have  been  gtyan 
by  Demoivre,  BcKout,  Legrange,  Atkinson,  Horner,  Holdred,  d^;  irdt 
the  most  oniversal  in  their  applicatioo  are  approii 
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EXAMPLES. 

T  1695 

Ex.  1.     Find  the  roots  of  the  equation  «•  +  ^j-  x  =  j«ri«  • 
by  tables  of  sines  and  tangents. 
Here  p  =  vr-, ^^i^tJ^*  ^^^  ^®  equation  agrees  with  the 
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lit  form.     Also  tan  a  =  -^v^  fam*  ^^^  «=tan  ^a=3v^— -• 

In  logarithms  thus : 

Log  1095=    3-2291697 
Arith.  com.  log  12716  =    5-8956495 

sum  +  10  =  19-1248192 

half  sum  =    9-5024096 

log  88=    1-9444827 

Arith.  com.  log  7  =    9-1549020 

tmn  -.  10  =  log  tan  a  =  10-6617943  =  log  tan  77042^1"}  ; 

log  tan  JA  =    9-9061 1 15  =  log  tan  38°5n5"} ; 
log  ^q,  as  above  =   9*5624096 

lam'  —  10  =  log  X  =  —    1-46852T1  =  log  -2941176. 

This  value  of  x,  viz.  -2941176,  is  nearly  equal  to  ~.  To  find 

whether  that  is  the  exact  root,  take  the  arithmetical  comple- 
ment of  the  last  logarithm,  viz.  0-5314379,  and  consider  it  as 
the  logarithm  of  the  denominator  of  a  fraction  whose  nume- 

ntor  is  unity :  thus  is  the  fraction  found  to  be  ^  exactly, 

5 

and  this  is  manifestly  equal  to  -jy.     As  to  the  other  root  of 

the  equation,  it  is  equal  to  —  Tgyre'*"  Tf^'^Tls' 
Ex,  2.     Find  the  roots  of  the  cubic  equation 

x*  —  Ij. «+  f47~^>  ^y  ^  *^^^®  °^  sines. 

Here|i  =  _,^=-— ,  the  second  term  is  negative,  and 
4p'>27^:  so  that  the  example  falls  under  the  irreducible  case. 

„  .     o  3x46  ^  441  ^  I  414       1 

Hence,  sin  3a  =  ^fj^  X  ^3  X  g         *os'=Ua'~rig}l^ 

^    S-441  V  1323  • 

The  three  values  of  x  therefore,  are 

,1619 

X  =       sm  A^/  i3^- 


a  very  timple  and  uicfol  one  b  given  in  oar  first  volume.   See  also  J.  R. 
Ypm^9  Jugthra. 
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X  =      8in  (60°-A)v'j|g. 

X  =  -  «in  (60°+A  Vj^. 

The  logarithmic  computation  is  subjoined. 
Log  1612  =  3-2073650 
Arith.  com.  log  1323  «=  6-8784402 

sum  —  10  ....  s  0-0858052 

half  sum  =  0-0429026  const,  log. 

Arith.  com.  const,  log  =  9-9570974 

log  414  ...  =  2-6170003 

Arith.  com.  log  403  .  =  7-3946950 

log  sin  3a  ...  =a  9-9687927  =  log  sin  68°  32'  ISTJ. 

Log  sin  A  =  9-5891206 
const,  log       0-0429026 

1.  sum— 10=log  X  =  —  1-6320232  =  log  -4285714=log  f . 

Log  sin  (60^— a)  =  9-7810061 
const,  log =  0-0429026 

2.  sum— 10=log  a;  ^  —  1-8239087  =log  -6666666s=log| ; 

Log8in(60'>+A)  «  9-9966060 
const,  log  ...  .  =  0-0429026 

3.  sum— 10  =:^ log— «  =  0-0395086=log  l-095238»'logH- 
So  that  the  three  roots  are  f ,  |,  and  —  |f  ;  of  which  tbs 
first  two  are  together  equal  to  the  third  with  its  sign  changed, 
as  they  ought  to  be. 

Ex.  3.  Find  the  roots  of  the  biquadratic  x*  —  25x'  H" 
60x— 36=0,  by  Euler'srule. 
Here  a =25, 6=— 60,  and  c=36 ;  therefore 
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/  =  T'  ^  =  yj+9=|g ,  and  A  =  -J.. 
Consequently  the  cubic  equation  will  be 

The  three  roots  of  which  are 

a;  =  ^  =  p, and  «  =  4  =  y,  andz  =  -^  =  r ; 

the  square  roots  of  these  are  ^p  =B|y  ^q  =  2  or  |,  ^r  3>  !• 
Hence,  as  the  value  of  |6  is  negative,  the  four  roots  are 
Ist  X  =       I  +  i  -  I  =       1, 

2d.  x=s  J  — 1  +  *=  2, 
3d.  X  =:  —  }  +  1+  I  =  3, 
4th.x  =  — I— I  — f  =  — 6. 

Ex.  4»  Produce  a  quadratic  equation  whose  roots  shall  be 
I  and  }•  Ans.  x*  —  l^x  +  }  ssa  0, 


Ex.  Ift.  Pirodttce  a  cubic  equation  whose  roots  shall  be  2. 
5,  and  ->  3.  Ans,  x'— 4i*-llx+80=a. 

£/•  6.  Prodoce  a  biquadratic  which  ahall  have  far  the 
looCt  1, 4,  —  5|  and  6  respectively. 

Ans.  x'  —  Gx^  -  2U»  +  146x  -  120  =s  0. 

Ex.  7.    Find  x,  when  *•  +  347x  =  221 10. 

Ans.  X  =£  55,  X  =  —  402. 

Ex.  S.     Find  the  roots  of  the  quadratic  x'  —  is  *  ~~  "g^* 

Ans.  X  =  10,  X  =  —  ^. 
£r.  9.  Solve  the  equation  x*  —  —  x  ^s  — — . 

Ans»  4r  ss  5|  c  sv  «r« 

Ex.  10.    Givett  X*  —  241  iSx  » — 481800,  to  find  x. 

Ans.  x^20,  x»24a98. 

Jk.  IK    Find  the  roots  of  the  equation  x-"* — 3x«-1sbb0. 

Ans.  The  voou  are  sine  70^,  —  sin  •'^O^,  and  —  sin  lO^ioa 
rtdius  :=  2 ;  or  the  roots  are  twice  tlie  sines  of  those  arcs  as 
given  in  the  tables. 

Ex.  1 2.     Find  the  real  root  of  r>  ^  x  -  e^=»0. 

Ana.  |^3Xaec  54'^'90r. 

Ex.  13.    Fittd  the  real  root  of  25x^+75x  -  46=0. 

Ans.  2  cot  74^2r4ff'. 

Ex.  14.  Given  x*  —  Sx'  -  I2x*  +  84r  —  63  =*  0,  to 
ibMl  X  by  quadratics.  Ans  x=2-f  v^ ±  v^(n  +  v^), 

Ex.  15.  Given  x*+36r»  -  400x»  -  3168x  +  7744  ==  0, 
to  find  X  by  quadratics.  Ans.  xs=i  1  +  V  2O0L 

Ex.  16.     Given  x'+24x'*  1 14x^-24 r+lsrO,  to  find  x. 

Ans.  x«:=b^/l97-14,  x»=3±v^«. 

Ex.  17.    Fbd  X,  when  x^— 12x-5=0. 

Ans.  x=l  ±  -v/S,  arre— 1  ±«^  -1. 

jEx,  18.    Find  x,  wheo  x*-  12x»+47x«-72x+36  «  0. 

Ans.  X  &=  1,  or  2,  or  3,  or  6. 

Bx.  19.  Givenx»-5iix«  — 8fti»x»  — e8i^x«  +  7tf«x  + 
^  ss  0,  to  find  X. 

Ans.  xssz^a^  x=s^±a^Vlt  xsas±av^lO«-3a. 
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ON  THE  NATURE  AND  PROPERTIES  OF  CURVfiS, 
AND  THE  CONSTRUCTION  OF  EQUATIONS. 


SECTION  I. 


Nature  (tnd  Properties  of  Curves* 

Def.  1.  A  curve  is  a  line  whose  several  parts  proceed  in 
different  directions,  and  are  successively  posited  towards  dif* 
ferent  points  in  space,  which  also  may  be  cut  by  one  right 
line  in  two  or  more  points. 

If  all  the  points  in  the  curve  may  be  included  in  one  plane, 
the  curve  is  called  a  plane  curve  ;  but  if  they  cannot  aK  be 
eomprised  in  one  plane,  then  is  the  curve  one  of  double  cur- 
mature. 

Since  the  word  direction  implies  straight  lines,  nnd  in  strict* 
ness  no  part  of  a  curve  is  a  right  line,  some  geometers  prefer 
defining  curves  otherwise  :  thus,  in  a  straight  line,  to  be  called 
the  line  of  the  abscissas,  from  a  certain  point  let  a  line  arbi* 
trarily  taken  be  called  the  abscissa,  and  denoted  (commonly) 
by  X :  at  the  several  points  corresponding  to  the  different 
values  of  X,  let  straight  lines  be  continually  drawn,  making  a 
certain  angle  with  the  line  of  the  abscissas:  these  straight 
lines  being  regulated  in  length  according  to  a  certain  law  or 
equation,  are  called  ordinates ;  and  the  line  or  figure  in  whicl^ 
their  extremities  are  continually  found  is,  in  general,  a  curve 
line.  This  definition,  however,  is  not  free  from  objection ; 
for  a  right  line  may  be  denoted  by  an  equation  between  its 
abscissas  and  ordinates,  such  as  y=ax-\-b. 

Curveu  are  distinguished  into  algebraical  or  geometrical, 
and  transcendental  or  mechanical. 

Def*  2.  Algebraical. or  geometrical  curves,  are  those  in 
which  the  relations  of  the  abscissas  to  the  ordinates  can  be 
denoted  by  a  common  algebraical  expression  :  such,  for  ex* 
ample,  as  the  equations  to  the  conic  sections,  given  at  page 
536,  d^c.  vol.  i. 

Def.  3.  Ttanscendenial  or  mechanical  curves,  are  such  as 
cannot  be  so  defined  or  expressed  by  a  pure  algebraical  equa- 
tion ;  or  when  they  are  expressed  by  an  equation,  having  one 
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•f  its  terras  a  variable  quantity,  or  a  carve  lino.  ThiM,  y  ss 
log  '>  y  =  A  •  sin  X,  y  =  A  .  cos  X,  y  =  A*,  are  equations  to 
traoflceodentai  curves  ;  and  the  latter  in  particular  ia  an 
eqaation  to  an  exponenUal  curve. 

Def.  4.  Curves  that  turn  round  a  fixed  point  or  centrOi 
gradually  receding  from  it,  are  called  spiral  or  radial  curves. 

Def»  5.  Family  or  tribe  of  curves,  is  an  assemblage  of 
several  curves  of  different  kinds,  all  defined  by  the  same 
equation  of  an  indeterminate  degree  ;  but  differently  accord- 
ing  to  the  diversity  of  their  kind.  For  example,  suppose  an 
equation  of  an  indeterminate  degree,  a*~'  x=yr:  if  m  =  3, 
then  will  ax  =  y' ;  if  m  =  3,  then  will  a"x  =  j/'  ;  if  m  =  4, 
then  is  a^x  =  y* ;  &c. :  all  which  curves  are  said  to  be  of  the 
same  family  or  tribe. 

Def.  6.  The  eixis  of  a  figure  is  aright  linepassing  through 
the  centre  of  a  curve,  when  it  has  one  :  it  it  bisects  the 
ordinates,  it  is  called  a  diameter. 

Def,  7.  An  asymptote  is  a  right  line  which  continually 
approaches  towards  a  curve,  but  never  can  touch  it,  unless 
the  curve  could  be  extended  to  an  infinite  distance. 

Def,  8.  An  abscissa  and  an  ordinate,  whether  right  or 
oblique,  are,  when  spoken  of  together,  frequently  termed 
cO'Ordinate^, 

A  ST.  I.  The  most  convenient  mode  of  classing  algebraical 
corves,  is  according  to  the  orders  or  dimensions  of  the  equa« 
tions  which  express  the  relation  between  the  co-ordinates. 
For  then  the  equation  for  the  same  curve,  remaining  always 
of  the  same  order  so  long  as  each  of  the  assumed  systems  of 
co-ordinates  is  supposed  to  retain  constantly  the  same  inclina- 
lion  of  ordinate  to  abscissa,  while  referred  to  different  points 
of  the  curve,  however  the  axis  and  the  origin  of  the  abscissas, 
or  even  the  inclination  of  the  co-ordinates  in  different  systems, 
may  vary  ;  the  same  curve  will  never  be  ranked  under  dif- 
ferent orders,  according  to  this  method.  If  therefore  we 
take,  for  a  distinctive  character,  the  number  of  dimensions 
which  the  co-ordinates,  whether  rectangular  or  oblique,  form 
in  the  equation,  we  shall  not  disturb  the  order  of  the  classes, 
by  changing  the  axis  and  the  origin  of  the  abscissas,  or  by 
varying  the  inclination  of  the  co-ordinates. 

2.  As  algebraists  call  orders  of  different  kinds  of  equations, 
those  which  constitute  the  greater  oir  less  number  of  dimen- 
sions, tliey  distinguish  by  the  same  name  the  different  kinds 
of  resulting  lines.  Consequently  the  general  equation  of  the 
first  order  being  0  =«  a  +  jSa?  +  yy ;  we  may  refer  to  the 
first  order  all  the  lines  which,  by  talking  x  and  y  for  the  co- 
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ordioalWy  whether  reetangtilar  or  oblique,  give  rise  to  MU§ 
equatioD.  Bnt  this  equation  comprises  the  right  line  itkmii§ 
which  ie  the  roost  simple  of  all  lines  ;  and  since,  for  thie  res* 
•on,  the  name  of  curve  does  not  properly  apply  to  the  iril 
order,  we  do  not  usually  distinguish  the  different  orders  bj 
the  name  of  curve  lines,  but  simply  by  the  generic  term  of 
lines  :  hence  the  first  order  of  lines  does  not  comprehend  any 
curves,  but  solely  the  right  line. 

As  for  the  rest,  it  is  indifferent  whether  the  co-ordinate* 
are  perpendicular  or  not ;  for  if  the  ordinates  make  with  the 
axis  an  angle  9  whose  sine  is  ft  and  consine  v,  we  can  refer  the 
equation  to  that  of  the  rectangular  eo.ordinates,  by  making 

y  ss  iLy  and  x  ^  ^  +  t;  which  will  give  for  an  eqyalaoi 

between  the  perpendiculars  I  and  ti, 

Thus  it  follows  evidently,  that  the  significBtion  of  tbe 
equation  is  not  limited  by  supposing  the  ordinates  to  be  rightly 
applied  :  and  it  will  be  the  same  with  equations  of  superior 
orders,  which  will  not  be  less  general  though  the  co-ordinatee 
are  perpendicular.  Hence,  since  the  determination  of  the  in** 
clination  of  the  ordinates  applied  to  the  axis,  takes  nothing 
from  the  generality  of  a  general  equation  of  any  order  what* 
ever,  we  put  no  restriction  on  its  signification  by  supposing 
the  co-ordinates  rectangular  ;  and  the  equation  will  be  at 
the  same  order  whether  the  co-ordinates  be  rectangular  oC 
oblique. 

3.  All  the  lines  of  the  second  order  will  be  comprised  kk 
the  general  equation 

O^a  +  ffx  +  yy  +  6j^  +  sry  +^5/* ; 
that  is  to  say,  we  may  class  among  lines  of  the  second  ordet 
all  the  curve  lines  which  this  equation  expresses,  x  and  yde* 
noting  the  rectangular  co-ordinates.  These  curve  lines  are 
therefore  the  most  simple  of  all,  since  there  are  no  curves  ia 
the  first  order  of  lines ;  it  is  for  this  reason  that  some  writeni 
call  them  curves  of  the  first  order.  But  the  curves  included 
in  this  equation  are  better  known  under  the  name  of  coxie 
SKCiioNs,  because  they  all  result  from  sections  of  the  cone* 
The  different  kinds  of  these  lines  are  the  ellipse,  the  circle^ 
or  ellipse  with  equal  axes,  the  parabola,  and  the  hyperbola ; 
the  properties  of  all  which  may  be  deduced  with  facility  from 
the  preceding  general  equation.  Or  this  equation  may  Im 
HanifomMd  into  the  subjoined  one : 


^  +  ^y+i±t^^Q, 
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tad  Ait  agaiii  nmj  be  leduced  to  the  itiU  moie  simple  fom 

IlerBt  when  the  first  tetrnf^  is  ({firwuHice^  the  curve  ex« 
preased  by  the  equatioe  is  a  hyperbola  ;  when/r'  is  negative^ 
the  eunre  is  an  ellipse  :  when  that  term  is  ahtent^  the  curve 
is  a  parabola.  When  t  is  taken  upon  a  diameter j  the  equa* 
tioos  reduce  to  those  already  given  in  sect.  4,  ch.  1. 

The  mode  of  effecting  these  transformations  is  omitted 
Snt  the  sake  of  brevity.  This  section  contains  a  summary^ 
apt  an  invesUgctUon  of  properties  :  the  latter  would  require 
nany  volumeM,  instead  of  a  section* 

4.  Under  lines  of  the  third  order,  or  curves  of  the  second, 
are  classed  all  those  which  may  be  expressed  by  the  equation 

0  -  a  +  iSr  +  yy  +  Jz«  +  « r^^  +  ^If' +  tjx' +  dxV+'Ty^+»f\ 
And  in  like  manner  we  regard  as  lines  of  the  fourth  order, 
those  curves  which  are  furnished  by  the  general  equation 
9^a  +  Px  +  ry  +  6x^i'  siy  +  ^u'  +  r^r'  +  ix'y  +  uy"  + 

xy*  -f-  Xx*  +  fAr>  +  vjr*y*  +  gay  +  oy* ; 
faking  always  x  and  y  for  rectangular  co-ordinates.  In  the 
aost  general  equation  of  the  third  order,  there  are  10  con* 
itant  quantities,  and  in  that  of  the  fourth  order  15,  which 
aiay  be  determined  at  pleasure  ;  whence  it  results  that  the 
kinds  of  lines  of  the  third  order,  and  much  more  those  of 
the  fourth  order,  are  considerably  more  numerous  than  those 
of  the  second. 

5.  It  will  not  be  easy  to  conceive,  from  what  has  gone 
before,  what  are  the  curve  lines  that  appertain  to  the  IfUi, 
ttxth,  seventh,  or  any  higher  order  ;  but  as  it  is  necessary  to 
add  to  the  general  equation  of  the  fourth  order,  the  terms 

x\  x%  xY,  a-y,  xy\  y\ 
with  their  respective  constant  coefficients,  to  have  the  general 
equation  comprising  all  the  lines  of  the  fifth  order,  this  latter 
will  be  composed  of  21  terms :  and  the  general  equation  com- 
prehending all  the  lines  of  the  sixth  order,  will  have  28  terms  ; 
and  so  on,  conformably  to  the  law  of  the  triangular  numbers. 
Thus,  the  most  general  equation  for  lines  of  the  order  n,  will 

contain  -^-y — ■     "^     terms,  and  as  many  constant  letters, 

which  may  be  determined  at  pleasure. 

6.  Since  the  order  of  the  proposed  equation  between  the 
oo-ordinates  makes  known  that  of  the  cur^'e  line  ;  whenever 
we  have  given  an  algebraic  equation  between  the  co-ordinates 
at  and  if^  or  I  and  tt,  we  know  at  once  to  what  order  it  is  ne« 
ettsary  to  refer  the  curve  represented  by  that  equation.  If 
the  equation  be  irrationaly  it  must  be  freed  from  radicals,  and 
if  there  be  fractions,  they  must  be  made  to  disappear ;  thie 
iamf  the  greateet  nnaber  of  dimenmos  ibmed  by  the  va« 
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riable  quantities  x  and  y^  will  indicate  the  order  to  which  tto 
line  belongs.  Thus,  the  curve  which  is  denoted  by  this  eqnv* 
tion  y*  —  ax  =  0,  will  be  of  the  second  order  of  lines,  or  of 
the  first  order  of  curves  ;  while  the  curve  represented  by  tbi 
equation  y'  =  x  y^  (a' — x'),  will  be  of  the  third  order  (thait 
is,  the  fourth  order  of  lines),  because  the  equation  is  of  the 
fourth  order  when  freed  from  radicals  ;  and  the  line  which  10 

indicated  by  the  equation  y  =  ^^^^;-^,  will   be  of  the  third 

order,  or  of  the  second  order  of  curves,  because  the  equatioo, 
when  the  fraction  is  made  to  disappear,  becomes  aV+  ^  ^* 
a^  ->  or*,  where  the  term  x^y  contains  three  dimensions. 

7.  It  is  possible  that  one  and  the  same  equation  may  give 
different  curves,  according  as  the  applicates  or  ordinates  faO 
upon  the  axis  perpendicularly  or  under  a  given  obliquity* 
For  instance,  this  equation,  y^'=ax  —  x^,  gives  a.circle,  when 
the  co-ordinates  are  supposed  perpendicular ;  but  when  the 
co-ordinates  are  oblique,  the  curve  represented  by  the  same 
equation  will  be  an  ellipse.  Yet  all  these  different  curves  ap« 
pertain  to  the  same  order,  because  the  transformation  of  rect* 
angular  into  oblique  co-ordinates  and  the  contrary,  docs  ooC 
affect  the  order  of  the  curve,  or  of  its  equation.  Hence, 
though  the  magnitude  of  the  angles  which  the  ordinates  form 
with  the  axis,  neither  augments  nor  diminishes  the  generality 
of  the  equation,  which  expresses  the  lines  of  each  order  ;  yet, 
a  particular  equation  being  given,  the  curve  which  it  ex« 
presses  can  only  be  determined  when  the  angle  between  the 
co-ordinates  is  determined  also. 

8.  That  a  curve  line  may  relate  properly  to  the  order  in.' 
dicated  by  the  equation,  it  is  requisite  that  this  equation  b(Q 
not  decomposable  into  rational  factors ;  for  if  it  could  be  com* 
posed  of  two  or  more  such  factors,  it  would  then  compre* 
bend  as  many  equations,  each  of  which  would  generate  « 
particular  line,  and  the  re-union  of  these  lines  would  be  all 
that  the  equation  proposed  could  represent.  Those  eqaap 
tions,  then,  which  may  be  decomposed  into  such  factors,  do 
not  comprise  one  continued  curve,  but  several  at  once,  each 
of  which  may  be  expressed  by  a  particular  equation  ;  and 
such  combinations  of  separate  curves  are  denoted  by  the 
term  complex  curves. 

Thus,  the  equation  y^  =  ay  +  '^  —  ^^t,  which  seems  ta 
appertain  to  a  line  of  the  second  order,  if  it  be  reduced  ■  to 
zero  by  making  y^  —  ay — jy  +  aa?  =  0,  will  be  composed, 
of  the  factors  (y  —  a:)  (y  —  a)  «  0 ;  it  therefore  comprises 
the  two  equations  y  ~  ar  s=  0,  and  y  —  a  ==  0,  both  of  which- 
belong  to  the  ri^ht  line :  the  first  forms  with  the  axis  at  the 
origin  of  the  abscisBaa  an  angle  equal  to  half  a  right  angle ; 
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tnd  the  MCimd  is  parallel  to  the  axis,  and  drawn  at  a  dirtance 
^  o«  These  two  lines,  considered  together,  are  comprised 
in  the  proposed  equation  y^  ==  crj/  +  ^y — ox.  In  like  man- 
ner we  may  regard  as  complex  this  equation,  y*  —  xy^  -^ 
oV  —  ay"*  +  ax^y  +  €?xy  =  0  ;  for  its  factors  being  (y— «) 
(y~<>)  (i^  —  AJ^)  ^  0*  instead  of  denoting  one  continued  line 
of  the  fourth  order,  it  comprises  three  distinct  lines,  viz.  two 
light  lines,  and  one  curve  denoted  by  the  equa.  y'— ax=0. 

9.  We  may  therefore  form  at  pleasure  any  complex  lines 
whatever,  which  shall  contain  2  or  more  right  lines  or  curves. 
For,  if  the  nature  of  each  lino  is  expressed  by  an  equation  re- 
ferred to  the  same  axis,  and  to  the 
same  origin  of  the  abscissas,  and  afler 
having  reduced  each  equation  to  zero, 
we  multiply  them  one  by  another,  there 
will  result  a  complex  equation  which  Br 
tt  once  comprises  all  the  lines  assum- 
ed. For  example,  if  from  the  centre 
G,  with  a  radius  cA=a,  a  circle  be 
described  ;  and  further,  if  a  right  line  ln  be  drawn  through 
the  centre  c  ;  then  we  may,  for  any  assumed  axis,  find  an 
equation  which  will  at  once  include  the  circle  and  the  right 
line,  as  though  these  two  lines  formed  only  one. 

Suppose  there  be  taken  for  an  axis  the  diameter  ab,  that 
forms  with  the  right  line  ln  an  angle  equal  to  half  a  right 
angle  :  having  placed  the  origin  of  the  abscissas  in  a,  make 
the  abscissa  ap  ^=  r,  and  the  applicate  or  ordinate  px  =  y ; 
we  shall  have  for  the  right  line,  pm  ■=  cp  =  a  —  x ;  and  since 
the  point  x  of  the  right  line  falls  on  the  side  of  those  ordi- 
"vates  which  ore  reckoned  negative,  we  have  y  =  —  a  +  x, 
or  y — ^r+a=0  :  but,  for  the  circle,  we  have  px==ap  .  pb, 
and  BP  =  2a  —  x,  which  gives  y"  =  2ax  -  x',  or  y"  +  x*  — 
%ax  =  0.  Multiplying  these  two  equations  together  we  ob- 
tain the  complex  equation  of  the  third  order, 
yi  _yjr  +  yar*  —  r*  +  fly"  -  2flxy  +  Sax*  —  2a«x  =  0, 
which  represents,  at  once,  the  circle  and  the  right  line.  Hence, 
we  shall  find  that  to  the  abscissa  ap  =  x,  correspond  three 
ordinates,  namely,  two  for  the  circle,  and  one  for  the  right 
line.  Let,  for  example,  x  =  j^a,  the  equation  will  become 
t  +  ioy'-  i<^y  —  5a'=-0  ;  wheiice  we  first  find  y+^a=0, 
and  by  dividing  by  this  root,  we  obtain  y^— -|a^=0,  the  two 
roots  of  which  being  taken  and  ranked  with  the  former,  give 
the  three  following  values  of  y : 

I.  y  =  —  \a. 

II.  y^  +  Jav/a. 

in.y=-iav'3. 
We  see,  therefore,  that,  the  whole  is  represented  by  one 
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eqution,  at  if  the  oirele  together  with  the  right  Kne  rotnMd 
odIj  one  continued  curve* 

10.  Th'iB  difference  between  simple  and  complex  curree 
being  once  established,  it  is  manifest  that  the  lines  of  tha 
second  order  are  cither  continued  curves,  or  complex  linee 
formed  of  two  right  lines ;  for  if  the  general  equation  have 
rational  factors,  they  must  be  of  the  first  order,  and  conse. 
quently  will  denote  right  lines.  Lines  of  the  third  order  will 
be  either  simple,  or  complex,  formed  cither  of  a  right  line 
and  a  line  of  the  second  order,  or  of  three  right  lines.  la 
like  manner,  line  of  the  fourth  order  will  be  continued  and 
simple,  or  complex,  comprising  a  right  line  and  a  line  of  the 
third  order,  or  two  lines  of  the  second  order,  or  lastly,  four 
riffht  lines.  Complex  lines  of  the  fiflh  and  superior  orders 
will  be  susceptible  of  an  analogous  combination,  and  of  a 
similar  enumeration.  Hence  it  follows,  that  any  order  what- 
ever of  linos  may  comprise,  at  once,  all  the  lines  of  inferior 
order,  that  is  to  say,  that  they  may  contain  a  complex  line  oT 
any  inferior  orders  with  one  or  more  right  lines,  or  witli  lioes 
of  the  second,  third,  d^c.  order  ;  so  that  if  we  sum  the  oum* 
bers  of  each  order,  appertaining  to  the  simple  lines,  there  wiD 
result  the  number  indicating  the  order  of  the  complex  line. 

Def.  9.  That  is  called  an  hyperbolic  leg,  or  branch  of  a 
curve,  which  approaches  constantly  to  some  asymptote  ;  aoi 
that  a  parabolic  one  which  has  no  asymptote. 

Art*  11.  All  the  legs  of  curves  of  the  second  and  higlMf 
kinds,  as  well  as  of  the  first,  infinitely  drawn  out,  will  be  of 
either  the  hyperbolic  or  the  parabolic  kind  :  and  these  legs 
are  best  known  from  the  tangents.  For  if  the  point  of  con* 
tact  be  at  an  infinite  distance,  the  tangent  of  a  hyperbolic  leg 
will  coincide  with  the  asymptote,  and  the  tangent  of  a  pani» 
bolic  leg  will  recede  en  infinkum^  will  vanish  and  be  nowhera 
found.  Therefore  the  asymptote  of  any  leg  is  found  by  eeek* 
ing  the  tangent  to  that  leg  at  a  point  infinitely  distant :  and 
the  coursot  or  way  of  an  infinite  leg,  it  found  by  seeking  ihm 
position  of  any  right  line  which  is  parallel  to  the  tangeal 
where  the  point  of  contact  goes  off  tii  infinifum;  for  this  rigiH 
line  is  directed  the  same  way  with  the  infinite  leg. 

Sir  Isaac  Newion^s  rtductkm  of  all  lines  of  the  Mrd 
erder^  tofmr  eases  qfefualums  ;  tnlh  the  emumeration  of  fJbtt 
Umes. 

CASS  I. 

12.  All  the  lines  of  the  first,  third,  fifth,  and  seventh  ordety 
or  of  any  odd  order,  have  at  leait  two  legs  or  sides  proceed- 
ing oil  osii{fSMiriMi,  and  towaidieoDtraiy  parts.    Andallliftet 
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ftf  the  AM  Older  hare  two  such  legs  or  branches  runoioff  oat 
ooQtmy  w^js,  and  towards  which  no  other  of  their  infinite 
legs  (esoept  in  the  Cartesian  parabola)  tend.  If  the  lees  are 
^  the  inierMte  kind,  let  oas  be  their  asymptote ;  and  to  it 


Ist  the  parallel  cbs  be  drawn,  terminated  (if  possible)  at  both 
Sbds  at  the  curve.  Let  this  parullcl  be  bisected  in  x,  and 
tfien  will  the  locus  of  that  point  x  be  the  conical  or  colnmon 
hyperbola  xo,  one  of  whose  asymptotes  is  as.  Let  its  other 
saymptote  be  ab.  Then  fhe  equation  by  which  the  relation 
hatween  the  ordinate  bc  =s  y,  and  the  abscissa  ab  =s  x,  is  de- 
ishiiinedy  will  always  be  of  this  form :  viz. 

x^  +  ey=sax*+b3i^  +  cx  +  d  .  .  .  (L) 

Here  the  coefficients  e,  o,  6,  c,  d,  denote  given  quantities, 
affected  with  their  tucns  +  and  — ,  of  which  terms  any  one 
)Bay  be  wanting,  provided  the  figure  through  their  defect  does 
not  becoine  transformed  into  a  conic  section.  The  conical 
hyperbola  xa  may  coincide  with  its  asymptotes,  that  is,  the 
poiQt  X  may  come  to  be  in  the  line  ab  ;  aud  then  the  term 
+  ey  will  be  wanting. 

CASE  II. 

13.  But  if  the  right  line  cbc  cannot  be  terminated  both 
wayi  at  the  curve,  but  will  come  to  it  only  in  one  point ;  then 
draw  any  line  in  a  given  position  which  shall  cut  the  asymp. 
lote.  AB  in  A ;  as  also  any  other  right  line,  as  bc,  parallel  to 
ttie  asjrmptote,  and  meeting  the  curve  in  the  point  c  ;  then 
the  equation,  by  which  the  relation  between  the  ordinate  bc 
and  the  abscissa  ab  is  determined,  will  always  assume  this 
fiarm :  viz.  afy  =  aar*H-6x*+car  +  d  .  .  .  .  (IL) 
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14.  If  the  opfXMite  legs  be  of  the  parabolic  kind,  Atmw  Iht 
right  line  cb«,  terminated  at  both  ends  (if  possible)  at  fht 
curve,  and  running  according  to  the  course  of  the  legs ;  which 
line  bisect  in  b  :  then  shall  the  locus  of  b  be  a  right  line.  Let 
that  right  line  be  ab,  terminated  at  any  given  point,  as  a  s 
then  the  equation,  by  whicli  the  relation  between  the  ordi* 
nate  bc  and  the  abscissa  ab  is  determined,  will  always  be  of 
this,  form  :  y'  =  ar*  +  6x*  +  ex  +  d  .  .  •  .  (III.) 


CASE  IV. 


15.  If  the  right  line  cbc  meet  the  curve  only  in  ooe  point, 
and  therefore  cannot  be  terminated  at  the  curve  at  both  ends; 
let  the  point  where  it  comes  to  the  curve  be  c,  and  let  ibat 
right  r.ne  at  the  point  b,  fall  on  any  other  right  line  given  in 
position,  as  ar,  and  terminated  at  any  given  point,  as  ▲•  Then 
will  the  equation  expressing  the  relation  between  bc  and 
assume  this  form  :  « 

y  =  ax3+6x»  +  cx  +  d....  (IV.) 

16.  In  the  first  case,  or  that  of  equation  i,  if  the  term 
be  affirmative,  the  figure  will  be  a  triple  hyperbola  with 
hyperbolic  legs,  which  will  run  on  infinitely  by  the  Ifaren 
asymptotes,  of  which  none  are  parallel,  two  less  towards  enph 
asymptote,  and  towards  contrary  parts  ;  and  these  asynp^ 
totes,  if  the  term  bx'  be  not  wanting  in  the  equation,  will  imiln> 
ally  intersect  each  other  in  3  points,  forming  thereby  the  tit 
angle  DdS.  But  if  the  term  bi^  be  wanting,  they  will  all  oon» 
verge  to  the  same  point.  This  kind  of  hyperbola  is  called 
redundant,  because  it  exceeds  the  conic  hyperbola  in  tim 
number  of  its  hyperbolic  legs* 

In  every  redundant  hyperbola,  if  neither  the  term  ey  lla 
wanting,  nor  6^  —  4ac  =  oe  v^  a,  the  curve  will  have  no  din- 
meter  :  but  if  either  of  those  occur  separately,  it  will  bnvn 
only  one  diameter ;  and  Mree,  if  they  both  happen.  Sneh 
diameter  will  always  pass  through  the  intersection  of  two  of 
the  asymptotes,  and  bisect  all  right  lines  which  are  terminnt- 
ed  each  way  by  those  asymptotes,  and  which  are  parallel  to 
the  third  asymptote. 

17.  If  the  redundant  hyperbola  have  no  diameter,  let  the 
four  roots  or  values  of  x  in  the  equation  a«*  +  6a^  4*  ae*  4* 
dx  +  |ti'  =  0,  be  sought ;  and  suppose  them  to  be  ap,  Anr» 
Air,  and  Ap  (see  the  preceding  figure).  Let  the  ordinntan 
PT,  x^r,  v1,  pt^  be  erected  ;  they  shall  touch  the  curve  in  tke 
points,  T,  r,  1,  <,  and  by  that  contact  shall  give  the  limite  of 
the  curve,  by  which  its  species  will  be  discovered. 


i& 
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■  *nHM,if  all  lfa«  root!  AF,  AZ(,  a«,  Ap,  be  re&l,  and  havn  ih« 
Hma  mgn,  and  are  uoequRl,  th«  curve  will  consist  o(  thrra 
hyporboTu  and  an  nval :  viz.  ao  iiueribed  hyperbola,  as  rc  ; 
a  ii'iiaMtmVirif  kj/prriota,  as  tjc  ;  an  ambigrnful  hyperln^a, 
(i.  a.  lying  witliin  one  asytnptnle  and  beyond  another]  aa  pi ; 
udanovalrl.  This  is  reckoned  thejtr«f  species.  Olhtir 
rateduns  of  the  roots  of  the  equation,  give  8  niiiro  different 
ipaciea  of  redundant  hyperboka  wilhoui  diameters ;  12  ear.h 
vith  but  one  diameter  ;  2  each  with  tkntt  dinmeiem ;  and  9 
Mch  with  three  asymptote*  converfring  1o  a  ruinmon  point. 
Some  of  ihc^He  have  ovals,  some  poims  of  decussation,  and  in 
■ome  the  orals  degenerate  into  nodes  or  knots. 

18.  When  the  term  or^  in  equa.  i,  is  ncnolive,  the  figure 
axpreaacd  by  that  equation  will  be  a  deGtienl  nr  dtfreliee 
Ig^erbola ;  that  ia,  it  will  hare  fewer  legs  than  the  complete 
eaaic  hypsrholn.  Such  if  the  marginal 
knra,  repreaenting  Newton's  33d  spe. 
mm;  which  is  conatituted  ofan  on^i- 
Mof  or  aerpentine  hyperbola  (both  legs 
tpproBching  a  common  aaympiote  by 
■Mansofacontrary  flexure),  anda  con- 
jogateoval.  There  are  6  species  of  de- 
fective hyperbolas,  each  having  but  one 
tsymplole,  and  only  two  hyperbolic 
lega,  ninning  out  contrary  ways,  ad 
iuSnifiaii ,-  the  aaymptote  being  the  first  and  principal  or- 
duate.  When  the  terra  ey  is  not  absent,  the  figure  will 
kare  no  diatneter ;  when  it  is  absent,  the  figure  will  have 
•na  diameter.  Of  this  latter  class  there  are  7  different  spe. 
Biea,  one  of  which,  namely,  Newton's  40th  species,  is  exhibit. 
•d  in  the  nwrgin. 

19.  ir,  ia  equation  i,  the  term  aiP  be 
wanlins,  but  &z'  not,  the  Rgnre  espress. 
•d  by  the  equation  remaining,  wdl  be  a 
parabolic  hyperbola,  having  two  hyper-         ^ — ^^ 

bolic  legs  to  one  asymptote,  and  two  pa-  "cy >f^ 

raboiiclega  converging  one  and  the 
nme  way.  When  the  term  ey  is  not 
wanting,  the  figure  will  have  no  diame- 
aeter  ;  if  that  term  be  wanting,  the  fi- 
gure will  have  one  diameter.  There 
are  7  species  appertaining  to  the  former  c 
luter. 

20.  When,  in  equa.  i,  the  terms  ar",  hi'-,  arc  warning,  or 
.when  that  equation  becomes  xip  +  ey  =  ex  +  d,  it  expresses 
«  Bguro  consisting  of  three  hyperbolas  opposite  to  oue  an- 
•Uieiw«ne  lying  bstwean  the  parallel  asymptotes,  and  Um 


;  and  4  U 
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Mher  two  without :  each  of  tbete  corres  httving  tbiMi  SQPflp* 
totesy  one  of  which  is  the  first  and 
principal  ordinate,  the  other  two  pa- 
rallel to  the  abscissa,  and  equally 
distant  from  it ;  as  in  the  annexed 
figure  of  Newton^s  60th  species. 
Otherwise  the    said  equation    ex- 

Eresses  two  opposite  circumscribed 
yperbolas,  and  an  anguineal  hyper- 
bola  between  the  asymptotes.  Under 
this  class  there  are  4  species,  called 
by  Newton  HyperbolisnuB  of  an  hyperbola.  By  hypeibolisHH 
of  a  figure  he  means  to  signify  when  the  ordinate  conies  on^ 
by  dividing  the  rectangle  under  the  ordinate  of  a  given 
jsection  and  a  given  right  line,  by  the  common  abscissa. 

21.  When  the  term  ae'  is  negative,  the  figure  ex| 
by  the  equation  xi^  +  €y^=  —  <^  +  ^«  is  either  a  aerpeiitiMr 
hyperbola,  having  only  one  asymptote,  being  the  principia 
ordinate  ;  or  else  it  is  a  conchoidal  figure.  Under  this  ehii 
there  are  three  species,  called  HyperbolisnuB  of  an  f Hijpai. . 

22.  When  the  term  ex*  is  absent,  the  equa.  x^  +  ay  cb^JL 
Expresses  two  hyperbolas,  lying,  not  in  the  opposite  anglaa  of 
the  asymptotes  (as  in  the  conic  hyperbola),  but  in  tlM  eA* 
jacent  angles.  Here  there  are  only  2  species,  one  consistuw 
of  an  inscribed  and  an  ambigeneal  hyperbola,  the  other  of 
two  inscribed  hyperbolas.  Ihese  two  species  are  called  tkv 
HyperbdunuB  of  a  parabola* 

23.  In  the  second  case  of  equations,  or  that  of  equation  iif 
there  is  but  one  figure  ;  which  has  four  infinite  legs.  Of 
these,  two  are  hyperbolic  about  one  asymptote,  tending  to* 
Wards  contrary  parts,  and  two  converging  parabolic  le& 
tnaking  with  the  former  nearly  the  figure  of  a  trideiUf  Se 
familiar  heme  given  to  this  species.  This  is  the  Cartumn 
parabola,  by  which  equations  of  6  dimensions  are  sometimes 
constructed  :  it  is  the  66th  species  of  Newton's  enumeratiQ^a 

24.  The  third  case  of  equations,  or 
&qi:a.  in,  expresses  a  figure  having 
two  parabolic  legs  running  out  contra, 
ry  ways  :  of  these  there  are  5  diflfe- 
rent  species,  called  diverging  or  beU* 
forfn  parabolas ;  of  which  2  have  ovals, 
1  is  nodate,  1  punctate,  and  1  cuspi- 
date*  The  figure  shows  Newton's  67th  species  ;  in 
the  oval  must  always  be  so  small  that  no  right  line  which 
tuts  it  twice  can  cut  the  parabolic  curve  ci  more  than  onco» 


Bft>  Im  lbs  OSM  to  iriiich  aqua.  it. 
nft>%  then  ia  but  one  ipecies.  It«z- 
pnnM  Ika  cubical  paraiMla  with  coo. 
ntj  lcgs>  This  curve  may  auily  be 
deMiibed  mechanically  by  meaoa  of 
a  aqatum  wmI  an  equilateral  hyperbola. 
IlB  DKMt  Hoiple  property  ia,  that  bm 
(paimllel  to  a^)  always  varies  as  ait'— 


96.  Thns  according  to  Newton  there  an  73  apeciesnflitaet 
rf  the  third  order.  But  Mr,  Stirling  discovered  fbnr  more 
ipeoiea  of  redundant  hyperbolas ;  and  Mr.  Stone  two  mora 
ipaeies  of  deficient  bypertwlas,  eipressed  by  the  eqoatio* 
iq^=!i^  +  ex  +  d:  i.  e.  in  the  case  when  iP+  ex+d  => 0, 
MS  two  tmequal  negative  roois,  and  in  that  where  the  eqna. 
dso  has  two  equal  nefrative  roots.  So  that  there  are  of  lemtl 
VB  diflerrai  specrea  of  lines  ofihe  third  order.  Indeed  Ealer> 
rto  classes  all  the  varieties  of  lines  of  the  third  order  imder 
IC  general  species,  affirms  that  tbey  compreheod  more  than 
SO  varieties;  ofwhich  the  preceding  enumeration  necessarily 
MBprisea  nearly  the  whole.  . 

97.  Lines  of  the  fourth  order  are  divided  by  Enler  into 
146  claasea  ;  and  these  compriBe  more  than  5000  varieties  t 
they  all  flow  from  the  different  relatioas  of  the  quantities  in 
fiie  10  general  equations  subjoined. 


5.  Ill   -  fii 
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28.  Lines  of  the  fifth  and  higher  orders  of  necessity  be- 
come still  more  numerous  ;  and  present  loo  many  varieties  to 
admit  of  any  classification,  at  least  in  moderate  compass. 
Instead,  therefore,  of  dwelling  upon, these,  we  shall  give  a 
eoscise  sketch  of  ihe  most  curious  and  important  properties 
of  curve  lines  in  general,  as  they  have  been  deduced  from  a 
contemplation  of  the  nature  and  mutual  relation  of  the  roots 
of  the  equations  rcpreseniing  those  curves.  Thus  a  curve 
being  called  of  n  dimnnsiona,  or  a  line  of  the  nib  order  when 
its  representative  equation  rises  to  n  dimensions  ;  then  nnce 
lor  every  diSereni  value  of  x  there  are  n  values  uf  y,  it  will 
commonly  happen  lliat  the  ordinate  will  cut  the  curve  in  n  or 
u«-.-2,is — 4,  &c.,  points,  according  aa  th«  aqualtwi  baa 
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11,  or  It  —  2,  fi  —  4|  d^c,  poasible  roots.  It  is  nbt  howev^io 
be  inferred,  that  a  right  line  will  cut  a  curve  of  it  diroentioiiii» 
in  II,  or  n  —  2,  n  -  4,  d^c,  points,  only  ;  for  if  this  were  the 
case,  a  line  of  the  2d  order,  a  conic  section  for  instance,  oo«M 
only  be  cut  by  a  right  line  in  two  points :— but  this  is  mtei* 
festly  incorrect,  for  though  a  conic  parabola  will  be  cut  io  two 
points  by  a  right  line  oblique  to  the  axis,  yet  a  right  line 
parallel  to  the  axis  can  only  cut  the  curve  in  one  point. 

29.  It  is  true  in  general,  that  lines  of  the  n  order  cannot 
be  cut  by  a  right  line  in  more  than  n  points  ;  but  it  does  not 
hence  follow,  that  any  right  line  whatever  will  cut  in  n  pointe 
every  line  of  that  order  ;  it  may  happen  that  the  number  of 
intersections  is  n  -^  1,  n  -^^  2,  n  —  3,  &c.,  to  n  —  n.  The 
number  of  intersections  that  any  right  line  whatever  roakeo 
with  a  given  curve  line^  cannot  therefore  determine  the  order 
to  which  a  curve  line  appertains.  For,  as  Euler  remarks*  if 
the  number  of  intersections  be  =  n,  it  does  not  follow  that 
the  curve  belongs  to  the  n  order,  but  it  may  be  referred  to 
some  superior  order ;  indeed  it  may  happen  that  the  curve  m 
not  algebraic,  but  transcendental.  This  case  excepted,  hoiHF* 
ever,  Euler  contends  that  we  may  always  affirm  positivdljr 
that  a  curve  line  which  is  cut  by  a  right  line  in  n  points,  can- 
not belong  to  an  order  of  lines  inferior  to  n.  Thus,  when  a 
Hght  line  cuts  a  curve  in  4  points,  it  is  certain  that  the  curve 
does  not  belong  to  either  the  second  or  third  order  of  lines  | 
but  whether  it  be  referred  to  the  fourth,  or  a  superior  ordery 
or  whether  it  be  transcendental,  is  not  to  be  decided  by 
analysis. 

30.  Dr.  Waring  has  carried  this  itiquiry  a  step  further 
than  Euler,  and  has  demonstrated  that  there  are  curves  of 
any  number  of  odd  orders,  that  cut  a  right  line  in  2,  4,  6^ 
d^c,  points  only ;  and  of  any  number  of  even  orders,  that  cut 
a  right  line  in  3,  5,  7,  d^c.  points  only  ;  whence  this  autho^ 
likewise  infers,  that  the  order  of  the  curve  cannot  be  an* 
nounced  from  the  number  of  points  in  which  it  cuts  a  tight 
line.     See  his  froprietates  Algebraicartipn  Curvarum. 

31.  Every  geometrical  curve  being  continued,  either  re* 
turns  into  itself,  or  goes  on  to  an  infinite  distance.     And  if 

*any  plane  curve  has  two  infinite  branches  or  legs,  they  join 
one  another  either  at  a  finite,  or  at  an  infinite  distance. 

32.  In  any  curve,  if  tangents  be  drawn  to  all  points  of  the 
>curve  ;  and  if  they  always  cut  the  abscissa  at  a  finite  distance 
firom  its  origin  ;  that  curve  has  an  asymptote,  otherwise  not* 

33.  A  line  of  any  order  may  have  as  many  asymptotes  aa 
4l  has  dimensions,  and  no  more. 

94.  An  asymptote  may  intersect  the  curve  is  so  ma^y 
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points  abatiiig  two,  as  the  equation  of  the  curre  has  dtiaen- 
sions.  Thus,  in  a  conic  section,  which  is  the  second  order 
of  lines^  the  asymptote  does  not  cut  the  curve  at  all ;  in  the 
third  order  it  can  only  cut  it  in  one  point ;  in  the  fourth 
order,  in  two  points  ;  and  so  on. 

35.  If  a  curve  have  as  many  asymptotes  as  it  has  diroen- 
aions,  and  a  right  line  be  drawn  to  cut  them  all,  the  parts  of 
that  measured  from  the  asymptotes  to  the  curve,  will  together 
be  equal  to  the  parts  measured  in  the  same  direction,  from 
the  curve  to  the  asymptotes. 

86.  If  a  curve  of  n  dimensions  have  n  asymptotes,  then  the 
content  of  the  n  abscissas  will  be  to  the  content  of  the  n  or- 
dinateis,  in  the  same  ratio  in  the  curve  and  asymptotes  ;  the 
sum  of  their  n  subnormals,  to  ordinates  perpendicular  to  their 
abscissas,  will  be  equal  to  the  curve  and  the  asymptotes  ;  and 
they  will  have  the  same  central  and  diametral  curves. 

37.  If  two  curves  of  n  and  m  dimensions  have  a  common 
asymptote ;  or  the  terms  of  the  equations  to  the  curves  of  the 
greatest  dimensions  have  a  common  divisor  ;  then  the  curves 
cannot  intersect  each  other  in  n  X  m  points,  possible  or  im- 
possible. If  the  two  curves  have  a  common  general  centre, 
and  intersect  each  other  in  n  X  m  poiDts,  then  the  sum  of 
the  affirmative  abscissas,  &c.,  to  those  points,  will  be  equal  to 
the  sum  of  the  negative  :  and  the  sum  of  the  n  subnormals 
to  a  curve  which  has  a  general  centre,  will  be  proportional 
to  the  distance  from  that  centre. 

38.  Lines  of  the  third,  fifth,  seventh,  dec.  order,  or  any 
odd  number,  have,  as  before  remarked,  at  least  two  intinite 
legs  or  branches,  running  contrary  ways  ;  while  in  lines  of 
the  second,  fourth,  sixth,  or  any  even  number  of  dimensions, 
the  figure  may  return  into  itself  and  be  contained  within 
certain  limits. 

39.  If  the  right  lines  ap,  px,  forming  a  given  angle  apx, 
cut  a  geometrical  line  of  any  order  in  as  many  points  as  it 
has  dimensions,  the  product  of  the  segments  of  the  first  ter- 
minated by  p  and  the  curve,  will  always  be  to  the  product  of 
the  segments  of  the  latter,  terminated  by  the  same  point  and 
the  curve,  in  an  invariable  ratio. 

40.  With  respect  to  double,  triple,  quadruple,  and  other 
multiple  points,  or  the  points  of  intersection  of  2,  3,  4,  or 
more  branches  of  a  curve,  their  nature  and  number  may  be 
estimated  by  means  of  the  following  principles.  1.  A  curve  of 
the  n  order  is  determinate  when  it  is  subjected  to  pass  through 

(tie  number        ■      -^        -  — 1  points.     2.  A  curve  of  the  n 


19B  •iiaatAi.  pbopbbites  of  ovsnw* 

ordpr  caQooC  intenoot  a  curve  of  the  m  order  in  more  diui 
ieiipoiiite« 

~  fbooe  it  follove  that  a  curve  of  the  second  order»  ibv  as* 
upploy  can  always  pass  through  5  given  points  (not  in  lllto 
same  right  line),  and  cannot  meet  a  curve  ot  tlie  m  order  ia 
more  than^am  points ;  and  it  is  impossible  that  the  curve  of  .Iht 
m  Older  should  have  6  points  whose  degrees  of  mnltiplicilf 
make  together  more  than  2m  points.  Thus,  a  line  of  .tm 
fourth  oraer  cannot  have  four  double  points  ;  because  Ike 
line  of  the  second  order  which  would  pass  through  thsae 
fimr  double  points,  and  through  a  fifth  simple  point  <rf  Ike 
curve  of  the  fourth  dimension,  would  meet  9  times  ;  wbi^ 
is  impossible,  since  there  can  only  be  an  intersection  2X4  Of 
6  times. 

For  thesame  reason,  a  curve  line  of  the  5th  order  cannot  with 
one  triple  point,  have  more  than  three  double  points  :  and  io 
a  similar  manner  we  may  reason  for  curves  of  higher  orden. 

Again,  from  the  known  proposition,  that  we  can  always 
make  a  line  of  the  third  order  pass  through  nine  points,  and 
that  a  curve  of  that  order  cannot  meet  a  curve  of  the  m  order 
in  more  than  dm  points,  we  may  conclude  that  a  curve  of  the 
m  order  cannot  have  nine  points,  the  degrees  of  multipUcitjir 
of  which  make  together  a  number  greater  than  dm.  TliUs, 
a  line  of  the  fifth  order  cannot  have  more  than  6  double 
points  ;  a  line  of  the  6th  order,  which  cannot  have  more  than 
one  quadruple  point,  cannot  have  with  that  quadruple  point 
more  than  6  double  points  ;  nor  with  two  triple  points  more 
than  6  doable  points  ;  nor  even  with  one  triple  point  more 
than  7  doable  points.  Antilogous  conclusions  obtain  with 
respect  to  a  line  of  the  fourth  order,  which  we  may  cause  to 
pass  through  14  points;  and  which  can  only  meet  a  curve  of 
the  m  order  in  4m  pointfl;,  and  so  on. 

41*  The  properties  of  curves  of  a  superior  order  agree, 
under  certain  modifications,  with  those  of  all  inferior  orders. 
For  though  some  Une  or  lines  become  evanescent,  and  othen 
become  infinite,  some  coincide,  others  become  equal ;  some 
points  coincide,  and  others  are  removed  to  an  infinite 
distance ;  yet,  under  these  circumstances,  the  general  pro- 
perties still  h6\d  good  with  regard  to  the  remaining  quan- 
tities ;  so  that  whatever  is  demonstrated  generally  of  any 
order,  holds  true  in  the  inferior  orders  :  and,  on  the  con- 
trary, there  is  hardly  any  property  of  the  inferior  orders,  bol 
there  is  some  similar  to  it,  in  the  superior  ones. 

For  as  in  the  conic  sections,  if  two  parallel  lines  are  drawn 
to  terminate  at  the  section,  the  right  line  that  bisects  these 
will  bisect  all  other  lines  parallel  to  them ;  and  is  therefore 
called  a  diameter  of  the  figure,  and  the  bisected  lines  cr4h 
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iMfer,  and  the  intersections  of  the  diameter  with  the  cunre 
^tertkei ;  the  common  intersection  of  all  the  diameters  the 
cenire;  and  that  diameter  which  is  perpendicular  to  the  or« 
dinatesy  the  vertesS,  So  likewise  in  other  curves,  if  two 
pinllel  lines  be  drawn,  each  to  cut  the  curve  in  the  number 
of  points  that  indicate  the  order  of  the  curve  ;  the  right  line 
that  cuts  these  parallels  so,  that  the  sum  of  the  parts  on  one 
tide  of  the  line,  estimated  to  the  cun'c,  is  equal  to  the  sum 
of  the  parts  on  the  other  side,  it  will  cut  in  the  same  manner 
all  other  lines  parallel  to  them  that  meet  the  curve  in  tho 
•ame  number  of  points  ;  in  this  case  also  the  divided  lines  are 
called  ordinateSf  the  line  so  dividing  them  a  diameter^  the 
intersection  of  the  diameter  and  Oie  curve  vertices;  the  com- 
mon intersection  of  two  or  more  diameters  the  centre ;  the 
diameter  perpendicular  to  the  ordinatcs,  if  there  be  any  such, 
the  axis;  and  when  all  the  diameters  concur  in  one  point, 
that  is  tho  general  centre. 

Again,  the  conic  hyperbola,  having  a  line  of  the  second 
order,  has  two  asymptotes ;  so  likewise,  that  of  the  third 
order  may  have  three ;  that  of  the  fourth,  four ;  and  so  on  : 
and  they  can  have  no  more.  And  as  the  parts  of  any  right  line 
between  the  hyperbola  and  its  asymptotes  are  equal ;  so  like- 
wise  in  the  third  order  of  linos,  if  any  line  bo  drawn  cutting 
the  curve  and  its  asymptotes  in  three  points  ;  tho  sum  of  two 
parts  of  it  falling  tho  same  way  from  the  asymptotes  to  the 
curve  will  be  equal  to  the  part  falJinr^  the  contrary  way  from 
the  third  asymptote  to  the  curve;  and  so  of  higher  curves. 

Also  in  the  conic  sections  which  arc  not  parabolic  :  as  the 
square  of  the  ordinate,  or  the  rectangle  of  the  parts  of  it  on 
each  side  of  the  diameter,  is  to  the  rectangle  of  liie  parts  of 
the  diameter,  terminating  at  the  vertices,  in  a  constant  ratio, 
viz.  that  of  the  latns  rectum,  to  the  transverse  diameter.  So 
in  non-parabolic  curves  of  the  next  superior  order,  tiic  solid 
under  the  three  ordinntes,  is  to  the  solid  under  the  three  ab. 
scissas,  or  the  distances  to  the  three  vertices,  in  a  certain  given 
ratio.  In  which  ratio  if  there  be  taken  tlirce  lines  propor- 
tional to  the  three  diameters,  each  to  each ;  then  each  of  these 
three  lines  may  be  called  a  laUi-s  rectvm,  and  each  of  the  cor- 
responding diameters  a  transverse  diameter.  And,  in  the 
common,  or  Apollonian  parabola,  which  has  but  one  vertex 
for  one  diameter,  the  rectangle  of  the  ordinates  is  equal  to 
the  rectangle  of  tho  abscissa  and  latus  rectum  :  s(^  in  those 
curves  of  the  second  kind,  or  lines  of  the  third  kind,  which 
have  only  two  vertices  to  the  same  diameter,  the  solid  under 
the  three  ordinates  is  equal  to  the  solid  under  the  two  ab- 
scissas, and  a  given  line,  which  may  be  reckoned  the  latus 
rectum. 
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Lastly,  since  in  the  conic  sections  ivhere  two  panlleT  linef 
terminating  at  the  curve  both  ways,  are  cut  by  two  other  pa- 
rallels likewise  terminated  by  the  curve ;  we  have  the  rect- 
angle of  the  parts  of  one  of  the  first,  to  the  rectangle  of  the 
parts  of  one  of  the  second  lines,  as  the  rectangle  of  the  parta 
of  the  second  of  the  former,  to  the  rectangle  of  the  parts  of 
the  second  of  the  latter  pair,  passing  also  through  the  com* 
mon  point  of  their  division.  So,  when  four  such  linen  are 
drawn  in  a  curve  of  the  second  kind,  and  each  meeting  it  in 
three  points ;  the  solid  under  the  parts  of  the  first  line,  will 
be  to  that  under  the  parts  of  the  third,  as  the  solid  under  the 
parts  of  the  second,  to  that  under  the  parts  of  the  foorth. 
And  the  analogy  between  curves  of  different  orders  may  be 
carried  much  further :  but  as  enough  is  given  for  the  objeelB 
of  this  work,  we  shall  now  present  a  few  of  the  moat  usefid 
problems. 


PROBLEM  I. 

Knowing  the  characteristic  property,  or  the  manner  of 
description  of  a  curve,  to  find  its  equation. 

This  in  most  cases  will  be  a  matter  of  great  simplicity ;  be- 
cause the  manner  of  description  suggests  the  relation  between 
the  ordi nates  and  their  corresponding  abscissas ;  and  thia 
relation,  when  expressed  algebraically,  is  no  other  than  the 
equation  to  the  curve.  Examples  of  this  problem  have  already 
occurred  at  p.  536,  &c.  vol.  i. :  to  which  the  following  are 
now  added  to  exercise  the  student. 

Ex.  1.  Find  the  equation  to  the  cissoid  of  Diocles;  whose 
manner  of  description  is  as  below. 

From  any  two  points  p,  s,  at  equal 
distances  from  the  extremities  a,  b,  of 
the  diameter  of  a  semicircle,  draw  st, 
PM,  perpendicular  to  ab.  From  the 
point  T  where  st  cuts  the  semicircle, 
draw  a  right  line  at,  it  will  cut  pm  in 
M,  a  point  of  the  curve  required. 

Now,  by  theor.  87  Geom.  as  .  sb  =  st*  ;  and  by  the  oon- 
struction,  as  .  sb  =  ap  .  pb.    Also  the  similar  triangles  apm» 

AST,  give  AF  :  PM  : :  AS  .  ST  :  :  PB  :  ST  »  2Li2-     ^ 

AP 

PM« .  rBi_  _     J  t^^t^nfijH' 

PB 


quently  st"  =  — ^=ap  .  pb  ;  and  lastly2?-iJ2?  «aiAP .  Af^, 
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ISl 


W  TA*  n  JW  •  PM*.  Hence,  if  the  diameter  ab  » iJ,  ap  a  «, 
m  aBjr;tlie  equation  isx'  =  y'{d  —  ar). 

The  complete  ciMoid  will  have  another  branch  equal  and 
anuhr  to  AMOt  but  turned  contrary  ways ;  being  drawn  by 
■eana  of  points  i^  falling  in  the  other  half  of  the  circle.  But 
die  same  equation  will  comprehend  both  branches  of  the 
c«nre  ;  because  the  square  of  —  y,  as  well  as  that  of  +  y,  is 
positive. 

Got.  All  cissoids  are  similar  figures ;  because  the  abscisssB 
■nd  ordinates  of  several  cissoids  will  be  in  the  same  ratio, 
when  either  of  them  is  in  a  given  ratio  to  the  diameter  of  its 
generating  circle. 

Ex.  8.  Find  the  equation  to  the  logarithmic  curve,  whose 
fondamental  property  is,  that  when  the  abscisnas  increase  or 
decrease  in  arithmetical  progression,  the  corresponding  or- 
dinates increase  or  decrease  in  geometrical  progression. 

Ans.  3f  3=  a*,  a  being  the  number  whose  logarithm  is  1,  in 
die  system  of  logarithms  represented  by  the  curve. 

Ex.  8.  Find  the  equation  to  the  curve  called  the  Wiiehy 
whose  construction  is  this  :  a  semicircle  whose  diameter  is 
AB  bein^  given ;  draw,  from  any  point  p  in  the  diameter,  a 
perpendicular  ordinate,  cutting  the  semicircle  in  d,  and  ter- 
minatine  in  m,  so  that  ap  :  pd  : :  ab  :  pm  :  then  is  m  always 


«  point  in  the  curve. 


Ans.  sf  =  d%/ 


tf-c 


PBOBLKM  n. 

Given  the  equation  to  a  curve,  to  describe  it,  and  trace  its 

chief  properties. 

The  method  of  effecting  this  is  obvious  :  for  any  abscissas 
being  assumed,  the  corresponding  values  of  the  ordinates 
become  known  from  the  equation  ;  and  thus  the  curve  may 
be  traced,  and  its  limits  and  properties  developed. 

Ex.  1.  Let  the  equation  y*  =  a'x,  or  y  ^  ?/«*'>  ^  *  ^'"^ 
of  the  third  order,  be  proposed. 

First,  drawing  the  two  indefinite  lines  B 

BH,  DC,  lo  make  an  angle  bag  equal  to 
the  assumed  angle  of  the  co-ordinates; 

let  the  values  of  X  be  taken  upon  ac,  

and  those  of  y  upon  ab,  or  upon  lines  D 

parallel  to  ab.  Then,  let  it  be  inquired 

whether  the  curve  passes  through  the 

point  A,  or  not.     In  order  to  this,  we 

most  ascertain  what  y  will  be  when 

xmmO  i  and  in  that  case  y=V{^  ^^)f  ^*^  "»  y=^-    There- 


m 
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for^  the  Curve  paaees  through  ▲.  Let  it  next  be  aacMiakliid 
whether  the  curve  cuts  the  axis  ac  ia  aoy  other  point ;  id 
order  to  which,  find  the  value  of  x  when  y =0 ;  this  will  btf 
a/a'o;  s:=  0,  or  dp  =s  0.  Consequently  the  curve  does  not  oul 
the  axis  in  any  other  point  than  a.  Make  x  =  av  b^  |aj 
and  the  given  equa.  will  become  y  =  Vi^  ^  ^  Vs  *  Inhere* 
fore  draw  px  parallel  to  ab,  and  equal  to  a  {/^f  so  will  x  bi 
a  point  in  the  curve.  Again,  make  x  =  ac  =  a ;  then  th^ 
equation  will  give  ys=^a^=a.  Hence,  drawing  en  parallel 
to  AB,  and  equal  to  ac  or  a,  n  will  be  another  point  in  thi 
burve.  And  by  assuming  other  values  of  y,  other  ordinatMi 
and  consequently  other  points  of  the  curve,  may  be  obtainadi 
Once  more,  making  x  infinite,  or  x  =  qd,  we  shall  have  jf  =a 
^(o*  X  qd)  ;  that  is,  y  is  infinite  when  x  is  so ;  and  thereferi 
the  cutVe  passes  on  to  infinity.  And  further,  since  when  9 
is  taken  =  0,  it  is  also  y  ==•  0,  and  when  x=  ob,  it  is  alto 
y  =  00 ;  the  curve  will  have  no  asymptotes  that  are  parallel 
to  the  co-ordinates. 

Let  the  right  line  an  be  drawn  to  cut  pv  (produced  if 
necessAry)  in  s.  Then  because  en  =  ac,  it  will  be  rs  mb 
ap  s=  ^  But  PM  =  a\/i  s=  ial/4,  which  is  manifoatly 
greater  that!  j-a  ;  so  that  pm  is  greater  than  ps,  and  copM* 
quently  the  curve  is  concave  to  the  axis  ac. 

Now,  because  in  the  given  equation  y^  =  a^x  the  exponent 
of  X  is  odd,  when  x  is  taken  negatively  or  on  the  other  side 
of  A,  its  sign  should  i>e  changed,  and  the  reduced  equation 
will  then  he  y  =  i{/-Ai°x.  Hero  it  is  evident  that,  when  the 
values  of  x  are  taken  in  the  negative  way  from  ▲  towards  Dj 
but  equal  to  those  already  taken  the  positive  way,  th^re  will 
result  as  many  negative  values  of  y,  to  fall  below  ad,  and  each 
equal  to  the  corresponding  values  of  y,  taken  above  ac. 
Hence  it  follows  that  the  branch  amV  will  be  similar  and 
equal  to  the  branch  axn  ;  but  contrarily  posited. 

Ex.  2.  Let  the  lemniscaie  be  proposed,  which  is  a  line  of 
the  fourth  order,  denoted  by  the  equation  aV  =  ^^  —  ^^ 

In  this  equation  we  have  y =±  *  v^(a' — «") ; 

where,  when  x  =  0,  y  =  0,  therefore  the  curve 
passes  through  a,  the  point  from  which  the  va- 
lues of  X  are  measured.  When  x=  ±  a,  then 
y  =  0  ;  therefore  the  curve  passes  through  b 
and  c,  supposing  ab  and  ac  each  =  dr  u.  If  x 
were  assumed  greater  than  a,  the  value  of  y 
would  become  imaginary  :  therefore  no  part  of 
ih^  curve  lies  beyond  b  or  c.    When  x  =  ja. 
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tiM  y  a>(  ^<^— f a^=:fi  ^  3 ;  which  ii  the  iMue  of  the 
•jNBi-onyaate  px  when  ap  =  ^ab.  And  thoi,  by  apiumiDg 
ether  veluee  of  r,  other  values  of  y  may  be  aecevtained,  ana 
die  cvre  deeoribed.  It  has  obvioualy  two  equal  and  M^lar 
putMf  and  a  double  point  at  a.  A  right  line  may  cut  this 
cdhre  in  either  2  points,  or  in  4 :  oven  the  riffht  line  bag  ie 
OQOceived  to  cut  it  in  4  points  ;  because  the  double  point  a 
if  that  in  which  two  branches  of  the  curve,  viz.  XAp  and 
tAQ,  are  intersected. 

Ex.  S.  Let  there  be  proposed  the  Conchoid  of  the  ancients. 
Which  is  a  line  of  the  fourth  order  defined  by  the  equation 

Here,  if  jt  s=  0»  thed  jf  becomes  in- 
finite ;  and  therefore  the  ordinate  at 
A  (the  origin  of  the  abscissas)  is  an 
asymptote  to  the  curve.  If  ab  =  bj 
and  p  be  taken  between  a  and  b,  then 
ihall  Fx  and  pm  be  equal,  and  lie  on 
diflerent  sides  of  the  abscissa  ap.  If  Ci 
dtss^,  then  the  two  values  of  y  vanish, 
because  x  —  6  =  0,  and  consequently 
the  curve  passes  through  b,  having 
there  a  double  point.  If  ap  be  taken 
greater  than  ab,  then  will  there  be 
two  values  of  y,  as  before,  having  contrary  signs ;  that  value 
which  was  positive  before  being  now  negative,  and  vice  eerja. 
But  if  AD  be  taken  =  a,  and  p  comes  to  d,  then  the  two 
values  of  y  vanish,  because  in  that  case  ^  (a* — x*)  =  0.  If 
AP  be  taken  greater  than  ad  or  a,  then  o'-^x'  becomes 
negative,  and  the  value  of  y  impossible  :  so  that  the  curve 
does  not  go  beyond  d. 

Now  lidt  X  be  considered  as  negative,  or  as  lying  on  the 

side  of  A  towards  c.    Then  y  =  ±  —  —  ^  (a"— ar").    Here 

if  X  vanish,  both  these  values  of  y  become  infinite  ;  and  con^ 
sequently  the  curve  has  two  indefinite  arcs  on  each  side  the 
asymptote  or  directrix  ay.  If  x  increase,  y  manifestly  dimi^ 
nishes  ;  and  when  x=a,  then  y  vanishes  :  that  i^  if  ac^sad^ 
then  one  branch  of  the  curve  passes  through  c,  while  the 
other  passes  through  d.  Here  also,  if  x  be  taken  greater 
than  a,  y  becomes  imaginary  ;  so  that  no  part  of  the  curve 
can  be  found  beyond  c. 

If  a'=^bf  the  curve  will  have  a  cusp  in  b»  the  node  between 
B  and  D  vanishing  in  that  ease.  If  d  be  lets  th^n  &,  thion  p 
will  become  a  conjugate  point. 


1S4  EdUATioNs  TO  ccmvEi. 

In  the  figure,  m  cm'  represents  what  is  termed  the  supeHcf 
e&nehaidt  and  omnuMvm  the  inferior  conchoid.  The  point 
B  ii  called  the  pole  of  the  conchoid  :  and  the  curve  may  be 
teadily  constructed  by  radial  lines  from  this  point,  by  meaiw 

of  the  polar  equation  z  =  ^ — -  ±  a.     It  will  merely  be  re* 

quisite  to  set  off  from  any  assumed  point  a,  the  distance 
AB  =  6  ;  then  to  draw  through  b  a  right  line  tniM  making 
any  angle  9  with  cb,  and  from  l,  the  point  where  this  line 
cuts  the  directrix  ay  (drawn  perpendicular  to  cb)  set  offupoa 
it  Lx'  Bs  Lm  ss  a  ;  so  shall  m'  and  m  be  points  in  the  superior 
and  Inferior  conchoids  respectively. 

Ex,  4.  Let  the  principal  properties  of  the  curve  whoee 
equation  is  yx^  =  a**"^ ',  be  sought ;  when  n  is  an  odd  num- 
ber, and  when  ft  is  an  even  number* 

Ex.  5.  Describe  the  line  which  is  defined  by  the  equation 
ary  +  ay  -J-  cy  =  6c  +  6x. 

Ex.  6.  Let  the  Cardioide,  whose  equation  is  y*  —  6a^  4" 
(««■  +  12a")  y«  —  (6a*' +  8a')  y  +  (««  +  3a«)  x*  =  0,  be 
proposed. 

Ex.  7.  Let  the  Trident,  whose  equation  is  xy  =  oc^  •{- 
ftx"  +  cx  +dfhe  proposed. 

Ex.  8.  Ascertain  whether  the  Cissoid  and  the  Wiiekf 
whose  equations  are  found  in  the  proceeding  problem,  have 
asymptotes. 

PBOBLEM  III. 

To  determine  the  equation  to  any  proposed  curve  surface. 

Here  the  required  equation  must  be  deduced  from  the  law 
or  manner  of  construction  of  the  proposed  surface,  the  le- 
ference  being  to  three  co-ordinates,  commonly  rectangular 
ones,  the  variable  quantities  being  r,  y,  and  z.  Of  these,  twoy 
namely  x  and  y,  will  be  found  in  one  plane,  and  the  third  m 
will  always  mark  the  distance  from  that  plane. 

Ex.  1 .     Let  the  proposed  surface  be  that  of  a  sphere,  pho* 

The  position  of  the  fixed  point  a, 
which  is  the  origin  of  the  co-ordinates 
ap,  fm,  mn,  being  arbitrary  ;  let  it  be 
supposed,  for  the  greater  convenience, 
that  it  is  at  the  centre  of  the  sphere. 
Let  MA,  na,  be  drawn,  of  which  the 
latter  is  manifestly  equal  to  the  radius 
of  the  sphere,  and  may  be  denoted  by 
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r.  Then,  if  ap  =»  x,  pm  s=  y,  mn  =  z  ;  the  right-angled  tri- 
angle APH  will  give  am'  =  ap*  +  pm"  =  jc*  +  y*-  Jn  like 
mannery  the  right-angled  triangle  amn,  posited  in  a  plane  per- 
poodicular  to  the  former,  will  give  ah'  =An*  +  mm',  that  is, 
r*  =  at"  -h  y*  +  z' ;  or  2*  =  r'  —  x*  —  y',  the  equation  to  the 
■pherical  surface,  as  required. 

SehoUutn*  Curve  surfaces,  as  well  as  plane  curves,  are 
arranged  in  orders  according  to  the  dimensions  of  the  equa- 
tioos,  by  which  they  are  represented.  And,  in  order  to  de- 
termine the  properties  of  curve  surfaces,  processes  must  be 
employed,  similar  to  those  adopted  when  investigating  the 
properties  of  plane  curves.  Thus,  in  like  manner  as  in  the 
theory  of  curve  lines,  the  supposition  that  the  ordinate  y  is 
equal  to  0,  gives  the  point  or  points  where  the  curve  cuts  its 
axis ;  so,  with  regard  to  curve  surfaces,  the  supposition  of 
s  as  0,  will  give  the  equation  of  the  curve  made  by  the  in- 
tersection of  the  surface  and  its  base,  or  the  plane  of  the  co- 
ordinates X,  y.  Hence,  in  the  equation  to  the  spherical  sur- 
fiiee.  when  2  =  0,  we  have  x'  +  2^  =  r',  which  is  that  of  a 
circle  whose  radius  is  equal  to  that  of  the  sphere.  See  p.  31. 

Ex.  2.  Let  the  curve  surface  proposed  be  that  produced 
by  a  parabola  turning  about  its  axis. 

Here  the  abscissas  x  being  reckoned  from  the  vertex  or 
eummit  of  the  axis,  and  on  a  plane  passing  through  that  axis : 
the  two  other  co-ordinates  being,  as  be/ore,  y  and  z  ;  and 
the  parameter  of  the  generating  parabola  being  p  :  th^  equa- 
tion of  the  parabolic  surface  will  be  found  to  be  2'  -|-  ^  — 
|MP  =  0. 

Now,  in  this  equation,  if  z  be  supposed  =  0,  we  shall  have 
yissju,  which  (p.  538,  vol.  i.)  is  the  equation  to  the  generat- 
ing parabola,  as  it  ought  to  be.  If  we  wished  to  know  what 
would  be  the  curve  resulting  from  a  section  parallel  to  that 
which  coincides  with  the  axis,  and  at  the  distance  a  from  it, 
we  must  put  2  =  a  ;  this  would  give  J^  =  px  —  a",  which  is 
still  an  equation  to  a  parabola,  but  in  which  the  origin  of  the 
abscissas  is  distant,  from  the  vertex  before  assumed  by  the 

quantity  -* 

,  £x.  3.  Suppose  the  curve  surface  of  a  right  cone  were 
proposed. 

Here  we  may  most  conveniently  refer  the  equation  of  the 
surface  to  the  plane  of  the  circular  base  of  the  cone.  In  this 
case,  the  perpendicular  distance  of  any  point  in  the  surface 
firom  the  base,  will  be  to  the  axis  of  the  cone,  as  the  distance 
of  the  foot  of  that  perpendicular  from  the  circumference 
(neasured  on  a  radius),  to  the  radius  of  the  base ;  that  is,  if 
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the  viluei  of  x  be  e^imated  from  the  centre  of  the  base,  and 
r  be  Uie  radius,  z  will  vary  as  r  —  y/  {^  -¥  j^)-  CooaeT 
quently,  the  simplest  equation  of  the  conic  surface,  will  be 
s  ^  r  =«=  —  v'  («"  4-  y"),  or  r»  —  2r«  +  2»  =  a!»  +  y*. 

Now,  from  this,  the  nature  of  curves  formed  by  planes  cut* 
ting  the  cone  in  different  directions,  may  readily  be  inferred. 
I^  it  be  supposed,  first,  that  the  cutting  plane  is  inclined  to 
the  base  of  aright-angled  cone  in  the  angle  of  45*^,  and  passes 
through  its  oentre  :  then  will  2  =  x,  and  this  value  of  %  sab* 
stitutM  for  it  in  the  equation  of  the  surface,  will  give  r*  -— 
8rx  =  y'y  which  is  the  equation  of  the  projection'  of  tha 
aarve  on  the  plane  of  the  cone's  base  :  and  this  (art.  3  of  this 
chap.)  is  manifestly  an  equation  to  a  'parabola. 

Or,  taking  the  thing  more  generally,  let  it  bo  supposed  that 
the  cutting  plane  is  so  situated,  that  the  ratio  of  x  to  z  shall 
be  that  of  1  to  i^  :  then  will  mx  =  js,  and  mV  =  a;*.  These 
substituted  for  z  and  2'  in  the  equation  of  the  surface,  will 
give,  for  the  equation  of  the  projection  of  the  section  on  th6 
plane  of  the  base,  r*  —  2mx  +  (w'  —  1)  x'  =  y*.  Now  thia 
equation,  if  m  be  greater  than  unity,  or  if  the  cutting  plane 
pass  l>etween  the  vertex  of  the  cone  and  the  parabolic  sec- 
tion, will  be  that  of  an  hyperbola  :  and  if,  on  the  contrary, 
the  cutting  plane  pass  between  the  parabola  and  the  base,  i.  e. 
if  m  be  less  than  unity,  the  term  (7#i^  —  1)  x'  will  be  negative, 
when  the  equation  will  obviously  designate  an  ellipse. 

Schol.  It  might  here  be  demonstrated,  in  a  nearly  similar 
manner,  that  every  surface  formed  by  the  rotation  of  any 
conic  section  on  one  of  its  axes,  being  cut  by  any  plane  what? 
ever,  will  always  give  a  conic  section.  For  the  equation  of 
such  surface  will  not  contain  any  power  of  r,  y,  or  x,  greater 
than  the  second  ;  and  therefore  the  substi!ntion  of  any  values 
of  X  in  terms  of  x  or  of  y,  will  never  produce  any  powers  of 
X  or  of  y  exceeding  the  square.  The  section  therefore  must 
be  a  line  of  the  second  order.  See,  on  this  subject,  Hutton's 
Mensuration,  part  iii.  sect.  4. 

Ex.  4.  Let  the  equation  to  the  curve  surface  be  xyz  ss  a** 

Then  will  the  curve  surface  bear  the  same  relation  to  the 
iciid  right  angle,  which  the  curve  line  whose  equation  is 
xy  =  a*  bears  to  the  plane  right  angle.  That  is,  the  curve 
surface  will  be  posited  between  the  three  rectangular  faces 
.  bounding  such  solid  right  angle,  in  the  same  manner  as  the 
'  equilateral  hyperbola  is  posited  between  its  rectangular  asymp. 
totes.  And  in  like  manner  as  there  may  be  4  equal  equila- 
teral hyperbolas  comprehended  beweon  the  same  rectangular 
asyioptotes,  when  produced  both  ways  from  the  angular  point; 
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•o  there  nay  be  6  equal  hyperboloids  posited  within  the  6 
eolid  right  anglee  which  meet  at  the  same  summit,  and  ail 
placed  between  the  eame  three  asymptotic  planes. 


SECTION  II. 

On  the  Construcl'um  of  Equations. 

PBOBIXX  I. 

To  construct  simple  equations,  geometrically. 

« 

Hxaa  the  sole  art  Consists  in  resolving  the  fractions,  to 
which  the  unknown  quantity  is  equal,  into  proportional  terms ; 
and  then  constructing  the  respective  proportiuns,  hy  means  of 
{iroba.  8,  9,  10,  and  27  Geometry.  A  few  simple  examples 
will  render  the  method  obvious. 

1.  Let  X  =  — ;  then  c  :  a  : :  6  :  x.     Whence  x  may  be 


found  by  constructing  according  to  prob.  0  Geometry. 
2.  Let  ^  ==  ^-    First  construct  the  proportion  d  :  a  :: 

-y,  which  4th  term  call  g  ;  then  a?  =  ~;  or  e  :  c  :  :  g  :  x. 


8.  Let  X  =  ^=^.     Then,  since  a»— 6«=(a+&)  X(a-^)  ; 

k  will  merely  be  necessary  to  construct  the  proportion  c  : 
a-^  b  ::  a  —  b  :  x, 

4.  Let «  =     ^    .     Find,  as  in  the  first  case,  ^  =  -j  =s 
'^,  and  *  ■=  ^,  so  that  ^  may  =  -^.     Then  find  by  the 

first  case  t  =  ~  •    So  shall  a;  s^  ^  - 1,  the  difference  of  those 
lines,  found  by  construction. 
6.  Letxs= -^^.    First  find  ^,    the    fourth    proper. 

tioiial  to  ft,  a  and/,  which  make  =  h.     Then  x  =  JT-fT  ' 

OTi  by  construction  it  will  beA+c:a  — d::a  i  x. 
Vol.  II.  19 
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6.  Letx  = 


a9  4  6i 


Make  the  right.angled  triangle  abc  auoh' 


that  the  leg  ab  :=  a,  bc  =  6  ;  then  ac  a*  \/  (ab* 
+  „c2)  =  ^  (a^  ^  ft^j,  by  th.  34  Geom.  Hence 


A.,  a 


X  =  — .      Construct  therefore    the    proportion 

c  :  AC  :  :  AC  :  x,  and   the  unknown  quantity  will 
be  luuiid  as  required. 


7.  Let  j:  =  -7--- . 


First,  find  cd  a    >f 


mean  pniportiunal  between  ac  =  c,  and 
CB  =3  rf,  that  is,  find  cd  <=  y/'  cd.  Then 

make  tk  =  a,  and  join  de,  which  will        

evidently  be  -=  y/'  (a^*  +  cd).  Next  on  -^  ^ 
any  line  ko  setuft*£F  =  ^  4- c,  eu  ==  ed;  and  draw  €ir 
parallel  to  fd,  to  meet  db  (produced  if  need  be)  in  h.  So 
shall  EH  be  =  r,  the  third  proportional  to  A  +  ^  sod 
-v/(a^  +  cd),  as  required. 

Note.  Other  methods  suitable  to  different  cafles  iriiiofa: 
may  arise  are  left  to  the  student V  invention.  And  ia  aU^ 
constructions  the  accuracy  of  the  results  will  increaae  nitk 
the  size  of  the  diagrams ;  within  convenient  limits  for  ope* 
ration. 


PROBLEM  II. 

To  find  the  roots  of  quadratic  equations  by  construction. 

In  most  of  the  methods  commonly 
pvcn  for  the  construction  of  quadratics, 
it  is  required  to  set  off  the  square  root 
of  the  last  term ;  an  operation  which 
can  only  be  performed  accurately  when 
that  term  is  a  rational  square.  We  shall 
here  describe  a  method  which,  at  the 
same  time  that  it  is  very  simple  m  prac- 
tice, has  the  advantage  ofshowingclear* 
ly  the  relations  of  the  roots,  and  of  dividing  the  third  term  iotcr 
two  factors,  one  of  which  at  least  may  be  a  whole  number. 

In  order  to  this  construction,  all  quadratics  may  be  claand 
under  4  forms  :  viz. 


1. 
2. 
3. 
4. 


+  ax  —  6c  =  0. 
—  ax  —  Jc  =  0. 
+  ax  +  6c  =  0. 


x"  —  ox  +  fcc  =  0. 

1.  One  general  mode  of  construction  will  include  the  fint 
two  of  these  forms.  Let  t^  :f  ox  —  6c  as  0,  and  b  be  gmtJitf 
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•  BBjr  eircle  ab»  having  its  diameter  nol  [ea« 
tbui  tbe  given  qunntiliea  a  and  b  —  c,  nnd  wiihin  this  circle 
inacriba  two  chords,  ab  =  o,  ad  =  6  —  r,  both  Irnni  nny 
CoauDon  iMumed  point  a.  Then,  prnduce  ai>  to  f  so  ilmt 
Dr  =  £,  aod  about  the  centre  c  of  ihc  fornitT  civciv,  »iih  the 
ndiua  cr,  deacribe  another  circle,  ci'liing  the  cliords  ad.  ah, 
produced,  in  f,  x,  (;,  h  :  so  sliall  ai:  he  iho  uj^rmaliv  and 
AM  the  negative  root  of  the  equHlinn  i^  +  a.r  •-  Ar  =  0  :  iind 
Molninwiaa  au  will  bo  the  nrcatim  nnd  ah  the  ajirmalive 
not  of  the  equation  x*  — ax — be  =  0. 

For,  AF  or  ai>  -{-  of  =  b,  and  of  or  ae^c  ;  nnd,  mnkiog 
A0  or  BU  =  J,  we  flhall  have  ah  =  a  -h  z  :  nnd  tiy  th«  pro. 
finy  oC  the  circle  scfh  (iheor.  01  (ienm.)  the  TRcmnglo 
BA  •  AF  ^  SA  .  All,  or  6e  ^=  (a  +  x)x,  or  again  bv  tranaii'iiii- 
tioii^+ax  — ie=0.  A\»o  if  ah  be=  — j,  wc  shall  have 
AS  or  BH  or  All  —  AH  =  —  r  —  a:  and  confc).  sa  .  ah  = 
s*  +  or,  aa  before.  So  that,  whether  tii  be  ^  ■>(  or 
AB  =  —  X,  we  shall  alwnya  have  x*  -i-  ax  —  lir  =■  0.  And 
ky  u  exactly  aimilar  process  it  may  l>e  proved  thnt  ai;  is  the 
■Bgative,  and  ah  the  positive  root  of  r'  —  at  —  6c  =  0. 


-  l>,  the  posi- 
aiid  in  ih«!>o 
iwiiys  greaier 


Cot.  In  quadratics  of  the  form  r*  4-  "x 
live  root  is  ulways  (en  than  the  ncfrnlivn 
of  the  form  3f*  -  at — fcc=0,  the  positive  to 
than  the  negative  one. 

3.  The  third  and  fourth  cases  ahn  nro 
comprehended  under  one  method  uf  con- 
■tm  CI  ion,  with  twoconcenlriccircles.  Lcl 
V  T  fl*  +  ic  =  0.  Hero  describe  nny 
circle  ARV.whose  diameter  is  uol  less  thiin 
ciUierofthe  given  quantiiiea sand  h+c; 
KoA  within  that  circle  inacribi;  two  chords 
A>=«,  AD  =  i  +  c,  both  from  iho  anitic 
pmot  A.  Then  in  ad  assumfi  df  =  c,  imd  about  v.  the  centre 
of  the  circle  abd,  with  the  radius  cf  describe  n  cii  irle,  tinting 
the  chordb  ad,  ak,  in  the  points  f,  e,  u.  ii :  so  shall  a<:,  ah, 
be  (he  two  ^ilit»  rttots  of  ihe  equution  i'  —  or  +  be  =  0, 
and  the  two  negalite  roots  of  ihe  equation 
The  demonstration  of  tliis  also  is 


he  =  Q. 
liar  to  llmt  of  tbe  first 


Cor.  1.  If  Ihe  circle  whoso  radius  in  cf  just  lotiches  (ho 
chord  AB,  the  quadratic  will  buvo  two  equal  roots  ;  which  can 
only  happen  when  ^d'  =  be. 

Car.  a.  If  that  circle  neither  cut  nor  touch  the  diord  ah, 
te  voett  ^  the  equation  will  bo  imaginary;  and  this  will 
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ftlwa^  happen,  in  these  two  tanaa,  when  be  ia  grmtar  thM 


To  find  the  roots  of  cubic  and  biquadratic  equKtions,  by  eotf 
struclion. 

I.  In  finding  the  roots  of  any  equation,  containing  imly 
one  unknown  quantity,  by  conatruction,  the  contrivance  eoii> 
■ists  chiefly  in  bringing  a  new  unknown  quantity  into  that 
equation  :  ao  that  various  cqualiona  may  be  hod,  each  con* 
.  taining  thetwo  unlcnown  quantities  ;  and  further,  auchthst 
any  tnro  of  them  contain  together  all  the  known  quantities  of 
tho  proposed  equation.  Then  from  among  these  equattou 
two  of  the  most  simple  are  selected,  and  their  correaponding 
loci  constructed  ;  the  intersection  of  thoae  loci  will  give  the 
roots  sought. 

Thus  it  will  be  found  that  cubics  may  be  constnidMl  bj 
two  parabolas,  or  by  a  circle  and  a  parabola,  or  by  ■  eircl* 
and  an  equilateral  hyperbola,  or  by  a  circle  and  an  ollipae, 
dtp. :  and  biquadralica  by  a  circle  and  a  parabola,  or  by  m 
circle  and  an  ellipse,  or  by  a  circle  and  an  hyperbola,  4m< 
Now,  since  a  parabola  of  given  parameter  may  be  easily  con* 
structed  by  (he  rule  in  Cur.  2  ih.  i  Parabola,  we  select  the 
circle  and  tho  parabola,  for  the  conBiruction  of  both  biqua- 
dratic nnd  cubic  equations.  The  general  method  applicabls 
to  both,  will  be  evident  from  the  following  description. 

3.  Let  a~Kx'iii  bo  a  parabola  whose  a 

axis  is  AP,  3i"m'(im  a  circle  whose  cen- 
tre is  c  and  radius  ex,  cutting  the  pa- 
rabola in  the  points  m,  h',  n",  k"'  : 
from  these  points  draw  the  ordinates 
to  the  axis  MP,  m'i-',  m"p",  »i"'p"  ;  and 
from  c  let  fait  en  perpendicularly  to 
the  axis  ;  also  draw  cn  parallel  to  the 
axis,  tneeting  ph  in  k.  Let  ao  ^  a, 
t>c  ^  6,  CM  =  n,  the  parameter  of  the 
parabola  =  p,  ap  =  x,  p«=y.  Then  (p.  538,  vol.  i.)  p«=3? : 
also  cm'  =  cs'  -f  nh',  or  tr  ~  {x  ^  a)'  +  (y  4- b)' ;  tbMt 
is,  x'  +  'iaz  +  tr  +  f  +  iby  +  b'  =  n".     Substituting  IB 

this  equation  for  x,  its  value  ~,  and  arranging  the  temu  ac- 
cording to  the  dimensions  of  y,  there  will  arise 

/  ±  f«r«  +  P')sr ±2i7ry  +  {a'  +  b^-n^y  =  0, 
A  biquadratic  equation,  whose  roots  will  be  expressed  by  lbs 
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•i£nat«  n,  p'k',  p'k',  f"x",  U  tbo  pomta  oT  inlenBetioa 
of  the  giTsn  panbola  mad  circle. 

8.  To  nuke  thia  coincide  with  any  propooed  bjquadralio 
wboM  aeeond  term  is  taken  away  by  (cor.  iheor.  3)  ;  assume 
S'*7W*+T  —  *  —  0.  Assume  also  p  =  1  ;  then  com- 
paring  ihe  terms  of  the  two  equations,  it  will  be,  2a  —  1  as  ^ , 


=  f+'  . 


I  o»+-6»_,^  =  _,,  , 


■^=«  «•  +  6"  +  »,  and  conaeqaenlly  n  =  ^  i^+V  +  t). 
Therefore  describe  a  parabola  whose  parameter  is  1,  and  ia 

the  axis  take  ad  ^  i^ :  at  right  angles  to  it  draw  dc  and 

^  —  tr ;  from  the  centre  c,  wiih  the  radius  ^  (a*  +  &*  +  «), 
describe  the  circle  i^"m.'qw,  cutting  the  parabola  in  the  pointt 
M,"  m',  m",  m'"  ;  then  the  ordinatea  pm,  p'm',  r"at",  r"^", 
will  be  the  roots  required. 

■Ifale.  This  method,  of  making  p  =  1,  has  the  obvioua 
adrantage  of  requiring  only  one  parabola  for  an^  number  of 
biquadratics,  the  necessary  variation  being  made  in  the  radios 
of  ihe  circle. 

Cor.  1.  When  no  represents  a  negative  quantity,  the 
ordinates  on  the  same  siile  of  the  aiis  with  c  represent  the 
negative  rootti  of  the  equation  ;  end  Ihe  contrary. 

Cor.  2.  li  the  circle  Umeh  the  parabola,  two  roots  of  the 
aquation  are  equal ;  if  it  cut  it  only  in  two  points,  or  touch 
it  in  one,  two  roots  are  impossible ;  and  if  the  circle  faJI 
wholly  within  the  parabola,  dl  the  roots  are  impossible. 

Cor.  3.  If  a*  +  i^  =  n',  or  the  circle  pass  through  the 
point  A,  the  last  term  of  the  equarion,  i.e.  (c^-l-fr*— n')p*=0; 
uid  therefore  j/'  ±  (2pa  +  p")  y"  ±  SVv  =  0.  " 
y"  ±  (2pa  +  p")  y  ±  2*?'  =  0.  This  cubic  equation  may 
be  made  to  coincide  with  any  proposed  cubic,  wanting  its 
■eeond  term,  iwid  the  ordinatea  pm,  p"h",  r'j^,  are  its  roots. 

Thus,  if  the  cubic  be  eTpresse3^er.e  rally  by  y'iyyis^O. 
By  comparing  the  terms  of  this  end  the  preceding  equation, 
wo  shall  have  i  2pa  +f=  ±  q,  and  ±  2V  =  ±  »,  or 

^  o  =  jp  ±  ^,  and  6  =  ±  — .     So  that,    to  construct  a 

cubic  equation,  with  any  ^')vn  parabola,  whose  half  parameter 
is  AB  (see  the  preceding  figure) :  from  the  point  s  take,  in 
the  axis,  (forward  if  the  equatiun  have  — q,  but  backward  if 
q  he  positive]  the  line  bh  =  ~;  then  raise  the  perpendicular 
DC  =  .-^  and  from  c  describe  a  circle  pasmng  through  the 
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vatitt  A  of  the  panbola ;  the  ordinates  fx,  4u.  drawn  fram 

the  point!  of  interaectioD  of  (he  circle  otui  parabda,  will  b« 
Ibe  pwti  required. 


7/r 


To  construct  an  equation  of  any  order  by  mecns  of  a  locus 
of  the  same  degree  as  the  equation  proposed,  and  a  right 
line. 
As  the  general  method  is     ^ 

thosame  in  all  equulioriH,  let     ^ y^T,  n 

it  be  one  of  the  5th  degree,  as     '^  *^f— ^r V 

x*  —  bx'+acj'  —  aVr'+a^ex    G  -/ K -J^  / 

_ay=0.     Let  the  Inst  term  /  [\        /    \  / 

aybe transposed;  and, taking 

one  of  the  linear  divisors,  f, 

of  the  last  term,  make  it  cqunl 

to  3)  for  example,  and  divide  the  equation  by  a* ;  then  wiU 

■»  -  ft»*+IM»1  —  n'df+a'ix 

On  the  incTefinite  line  Dd  describe  the  curve  of  this  eqnn< 
tion,  BxrRLFc^i  by  the  method  tuucht  in  prob.  2,  sect.  1,  of 
this  chapter,  taking  iho  valueti  of  x  Trom  the  Axed  point  b. 
The  ordioatea  fm,  sh,  dec.  will  be  equal  to  ;  ;  and  therefore, 
from  the  point  b  draw  the  right  line  ba  ^ /,  parallel  to  the 
ordinates  pm,  br,  and  througb  the  point  a  draw  the  inde. 
finite  right  lino  xc  both  ways,  and  parallel  li>  na.  From  the 
points  in  which  it  cuts  the  curve,  lei  fall  the  perpendicular! 
HP,  KS,  cq;  they  will  determine  the  abscissas,  sr,  as,  bq, 
which  are  the  roots  of  the  equation  proposed.  Those  front 
A  towards  q  are  positive,  and  those  lying  the  contrary  wa^ 
are  negative. 

If  the  right  lino  ac  touch  the  curve  in  any  point,  the  cor. 
Yesponding  abscissa  x  will  denote  two  equnl  roots  ;  and  if  it 
do  not  meet  tho  curve  at  all,  all  the  roots  will  be  imaginary. 

If  the  sign  of  the  last  term,  a'f,  had  been  positive,  then 
we  muM  linve  made  s  ^  — f,  and  therefore  must  have  taken 
BA  =  — /,  that  is,  below  the  point  p,  or  on  the  negative  aide. 


Ex.  1.  Let  it  be  proposed  to  divide  a  given  arc  of  a  circle 
into  three  equal  parts. 

Suppose  the  radius  of  the  circle  to  be  represented  by  r, 
the  sine  of  the  given  arc  by  a,  the  unknown  sine  of  its  third 
part  by  i,  and  let  the  known  arc  be  3ti,  and  of  course  the 
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lired  are  be  «.    Then,  by  equa.  vxiIm  ix.,  chap,  iiu  im 
shall  bave 

•m  8»  =s  sin  (2m  +  m)  = ;;: » 

8in  2tf  =?  sin  (  tt  +  tt)  = j: » 

cosStt  =  COS  (  tt  +  m)  = ^: • 

Putting  in  the  first  of  these  equations,  for  sin  Su  ics  givea 
Talue  a«  and  for  sin  2u,  cos  2u,  their  values  given  in  the  two 
other  equations,  there  will  arise 

3  sin  u  .  CO*'  w  .  t\vfl  u 

a  ^  • 

r 

Then  substituting  for  sin  u  its  value  x,  and  for  cos"  u  its  ralue 
f*  — X*,  and  arranging  all  the  terms  according  to  the  powers 
of  X,  we  shall  have 

a  cubic  equation  of  the  form  r*  «-  px  +  ^  =^  0,  with  the 
condition  that  ^p^ >  iq* ;  that  is  to  say,  it  is  a  cubic  equa- 
tion falling  under  the  irreducible  case,  and  its  three  rootri  nfH 
represented  by  the  sines  of  the  three  arcs  u,  u  +  120*,  and 
u  +240°. 

Now,  this  cubic  may  evidently  be  constructed  by  the  rule 
in  prob.  3,  cor.  3.  But  the  trisection  of  an  arc  may  also  be 
effected  by  means  of  an  equilateral  hyperbola^  in  the  follow- 
ioff  manner, 

JLet  the  arc  to  be  trisected  be  ab. 
la  the  circle  abc  draw  the  semi- 
diaraeter  ad,  and  to  ad  as  a  diame- 
ter, and  to  the  vertex  a,  draw  the 
equilateral  hyperbola  ae  to  which 
the  right  line  ab  (the  chord  of  the 
aie  to  be  trisected)  shall  be  a  tan* 
gent  in  the  point  a  ;  then  the  arc 
AF,  included  within  this  hyperbola,  is  one  third  of  the  arc  ab. 

For,  draw  the  chord  of  the  arc  af,  bisect  ad  at  o,  so  that 
6  will  be  the  centre  of  the  hyperbola,  join  df,  and  draw  gh 
parallel  to  it,  cutting  the  chords  ab,  af,  in  i  and  k.  Then, 
the  hyperbola  being  equilateral,  or  having  its  transverse  and 
conjugate  equal  to  one  another,  it  follows  from  Def.  16  Conic 
lections,  that  every  diameter  is  equal  to  its  parameter,  and 
from  cor.  theor.  2  Hyperbola,  that  gk  •  xi  =  ak^  or  that 
GK  :  AK  : :  AK  :  Ki ;  therefore  the  triangles  oka,  aki  are 
similar,  and  the  angle  kai  •=:  agk,  which  is  manifestly  s=adf. 
Now  the  angle  adf  at  the  centre  of  the  circle  being  equal  to 
kai  or  FAB ;  and  the  former  angle  at  the  centre  being  mea< 
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•ured  by  the  are  af,  while  the  latter  at  the  circumference  w 
meaaureid  by  half  fb  ;  it  follows  that  af  =  ^fb,  or  ss  Xab,  as 
it  ought  to  be. 

Ifr.  Lardner,  in  his  Aiudifticdl  Geometry,  gives  the  follow- 
ing elegant  solution  of  this  problem. 

"  Let  A  be  the  given  angle.     By  trigonometry 

'   cos*  Ja— fcos  ^A—  J  cos  A=0  ; 

which,  by  supplying  the  radius  r,  and  representing  cos  ^a 
by  X,  beoomes 

4x'-8r»x— f*  cos  A=0 ; 

which,  multiplied  by  ar,  gives 

4«*— Sr'x'— r*  cos  a'x=0. 

''Let  the  equation  of  one  of  the  curves  be, 

2x»  =  ry, 

'  and  the  other  by  substitution  will  be, 

2j^ — 3fy — 2  cos  a'x=0. 

The  former  is  the  equation  of  a  parabola,  the  axis  of  which 

is  the  axis  of  y,  the  origin  in  the  vertex,  and  the  principal 

parameter  equal  to  jr. 

''  The  latter  is  also  a  parabola,  the  equation-  of  its  axis 

is  jf  =  Jr;  the  co-ordinates  of  its  vertex  are  y=}r,  x=s— 

9r«  .  . 

10^^,  and  its  principal  parameter  is  cos  a. 

''These  parabolas  being  described,  their  points  of  inter* 
section  pve  the  roots  of  the  equation.  Tlie  intersection  at 
the  ori^m  ^ives  the  root  x  =  0,  which  was  introduced  by  the 
muhiphcation  by  x. 

"  The  equation  having  more  than  one  real  root,  it  might 
appear  that  there  were  more  values  than  one  for  the  third  of 
the  given  angle.  But  upon  examining. the  process,  it  will  be 
seen  that  the  question  really  solved  was  not  to  find  an  angle 
equal  to  the  third  of  a  given  angle,  but  to  find  the  cosine  of  «m 
angle  which  it  the  third  of  an  angle  whose  conite  is  givem^ 
Since,  then,  the  arcs 

A 

2«'  •— '  a,  3c  +  a, 

4c A,  4*  +  A, 

6r  —  A,  6c  +  A ; 

and  in  general  all  arcs  which  come  under  the  general  (or- 
mula,  2mc  ^  a  have  the  same  cosine,  the  question  really 
solved  is  to  find  the  cosine  of  the  third  of  any  of  these 
arcs.  And  here  again  another  apparent  difficulty  arises.  If 
the  number  of  arcs  involved  in  the  question  be  unlimitedy 
shall  there  not  be  an  unlimited  number  of  values  for  the 
cosine  of  the  third  parts  of  thesa  ?    To  account  for  this  it 
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should  be  considered  that  la  general  the  arc  -3-  ^  2:  a  °^^ 
haye  the  same  cosine  as  some  one  of  the  three  arcs, 

for  the  number  ^  must  be  either  of  these  forms  n,n  +  l,  or 

f  "(*  §9  where  n  is  an  integer.     If  it  have  the  form  n,  that  is, 
if  3  measures  m,  then 

-J  *  ±  J  A=2n«'  ±  Ja  ;  therefore 

COS  (-^«'±^a)=cos  (2iir±^A)=cos  Ja. 
"  If  it  have  the  form  11+ J  ; 
-^«'±^A=2nr+f±«'iA;  therefore 

«0i(^  ±iA)=cos  (2ii«'+j«'±iA)=cos  1(2  ci  a). 
"  If  it  have  the  form  n+y  ; 
"2.  -^«'ifcjA=2nflr±5*±4A;  therefore 


2m 

COS  (-^  •'i  |a)=cos  (2n  «'+!*  ±  ^a)— cos  J  (4ir±  a). 

^  And  hence  it  follows  that  the  cos  (-—-  ±  a),  whatever  be 

Ae  value  of  m,  must  be  equal  to  one  or  other  of  the  quanti- 
ties. 

COS.  j-A, 

COS.  ^  (2«' — a), 
COS.  ^  (4* — a), 
vhich  correspond  to  the  three  ixK>ts  of  the  cubic  equation 
already  found." 

Ex,  2.  Given  the  side  of  a  cube,  to  find  the  side  of  an- 
other of  double  capacity. 

Let  the  side  of  the  given  cube  be  a,  and  that  of  a  double 
one  y,  then  2d^=y\  or,  by  putting  2a=^bf  it  will  be  a^b=y^  z 
there  are  therefore  to  be  found  two  mean  proportionals  be- 
tween the  side  of  the  cube  and  twice  that  side,  and  the  first 
of. those  mean  proportionals  will  be  the  side  of  the  double 
cube.  Now  these  may  be  readily  found  by  means  of  two 
parabolas  :  thus  : 

Let  the  right  lines  ar,  as,  be  joined  at  right  angles ;  and  a 
puabola  amh  be  described  about  the  axis  ar,  with  the  pa- 
Twntter  a ;  and  another  parabola  ahi  about  the  axis  As,with  tho 
parameter  6;  cutting  the  former  in  m.    Then  ap=x,  pai=sy, 

VoiU.  20 
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are  the  two  mean  proportionals,  of 
which  y  is  the  side  of  the  double  cube 
required. 

For,  io  the  parabola  amh  the  equa- 
tionSs  y*'=axj  and  in  the  parabola  ami 
it  is  X*  ^by.  Consequently  a  :  y  :  :  y 
: X,  and y :  x  :  :  x:  b.  Whence  yx  = 
ab  ;  or,  by  substitution,  y^/by  =  ab,  or,  by  squaring,  y^b 
a'd*  ;  or  lastly,  y^=a^b  =  2a',  as  it  ought  to  be. 


OBNCRAX  SCHOLIUM. 

On  ike  CofUtrucHon  of  Geometrical  Problems. 

Problems  in  Plane  Geometry  are  solved  either  by  means  of 
the  modem  or  algebraical  analysis,  or  of  the  ancient  or  seo* 
metrical  analysis.  Of  the  former,  some  specimens  are  flivw 
in  the  Application  of  Algebra  to  Geometry,  in  the  first  voJiune 
of  this  Course.  Of  the  latter,  we  here  present  a  few  ez« 
amples,  premising  a  brief  account  of  this  kind  of  analysis. 

Geometrical  analysis  is  the  way  by  which  we  proceed  from 
the  thing  demanded,  granted  for  the  moment,  till  we  have 
connected  it  by  a  series  of  consequences  with  something  an. 
teriorly,  known,  or  placed  it  among  the  number  of  principlei 
known  to  be  true.  ' 

Analysis  may  be  distinguished  into  two  kinds.  In  the  000, 
which  is  named  by  Pappus  contemplative,  it  is  proposed  to 
ascertain  the  truth  or  the  falsehood  of  a  proposition  advanced ; 
the  other  is  referred  to  the  solution  of  problems,  or  to  the 
investigation  of  unknown  truths.  In  the  first  we  assume  as 
true,  or  as  previously  existing,  the  subject  of  the  proposition 
advanced,  and  proceed  by  the  consequences  of  the  hypothem 
to  something  known  ;  and  if  the  result  be  thus  found  truot 
the  proposition  advanced  is  likewise  true.  The  direct  de- 
monstration is  afterwards  formed,  by  taking  up  again,  in  ab 
inverted  order,  the  several  parts  of  the  analysis.  If  the  con- 
sequence at  which  we  arrive  in  the  last  place  is  found  fabe» 
we  thence  conclude  that  the  proposition  analysed  is  also  false. 
When  a  problem  is  under  consideration,  we  first  suppose  it 
resolved,  and  then  pursue  the  consequences  thence  derived 
till  we  come  to  something  known.  If  the  ultimate  result 
thus  obtained  be  comprised  in  what  the  geometers  call  datOf 
the  question  proposed  may  be  resolved  :  the  demonstration 
(or  rather  the  construction)  is  also  constituted  by  taking  the 
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parts  of  tbe  analysis  in  an  inverted  order.  He  impossibility 
of  the  last  result  of  the  analysis  will  prove  evidently,  in  this 
case  as  well  as  in  the  former,  that  of  the  thing  required. 

In  illustration  of  those  remarks  take  the  following  ex- 
amples. 

Ex.  1.  It  is  required  to  draw,  in  a  given  segment  of  a 
circle,  from  the  extremeskpf  the  base  a  and  b,  two  lines  ac, 
ic,  meeting  at  a  point  c  i^die.  circumference,  such  that  they 
ifaall  have  to  each  other  a  gri^|i  ratio,  viz.  that  of  x  to  if  • 

Analysis,  Suppose  that  the  tmng  is  af- 
fected, that  is  to  say,  that  ac  :  cb  : :  m  :  n, 
and  let  tbe  base  ab  of  the  segment  be  cut 
in  the  same  ratio  in  the  point  e.  Then  ec, 
being  drawn,  will  bisect  the  angle  acb  (by 
th.  83  Geom.) ;  consequently,  if  the  cir- 
cle be  completed,  and  ce  be  produced  to 
meet  it  in  f,  f  he  remaining  circumference  will  also  be  bisected 
ID  F,  or  have  fa  =  fb,  because  those  arcs  are  the  double 
measares  of  equal  angles  ;  therefore  the  point  f,  as  well  as 
a,  being  given,  the  point  c  is  also  given. 

Construction.  Let  the  given  base  of  the  segment  ab  be  cut 
in  the  point  e  in  tlic  assigned  ratio  of  m  to  n,  and  complete 
the  circle  ;  bisect  the  remaining  circumference  in  f  ;  join  fb, 
and  produce  it  till  it  meet  the  circumference  in  c :  then  draw- 
ing CA,  CB,  the  thing  is  done. 

Demonstration.  Since  the  arc  fa  =  the  arc  fb,  the  angle 
4CF  =  angle  bgf,  by  theor.  49  Geom.  ;  therefore  ac  :  cb  : : 
AE  :  £B,  by  th.  83.  But  ae  :  eb  : :  h  :  n,  by  construction ; 
therefore  ac  :  cb  : :  h  :  n.     q.  e.  d. 

Ex,  2.  From  a  given  circle  to  cut  off  an  arc,  such  that  the 
■am  of  m  times  the  sine,  and  n  times  the  versed  sine,  may  be 
equal  to  a  given  line. 

Analysis,  Suppose  it  done,  and  that  aee'b 
is  the  given  circle,  be'e  the  required  arc,  ed 
its  sine,  bd  its  versed  sine ;  in  da  (produced 
if  necessary)  take  bp  and  nth  part  of  the  given 
sum ;  join  pe,  and  produce  it  to  meet  bf  J_  to 
AB  or  II  to  ED,  in  the  point  f.  Then,  since 
M  .  ED  +  n  .  BD  =  n  .  BP  =  n  .  PD  -f-  ft .  BD  ; 
consequently  m  .  ed  =  n  .  fd  ;  hence  pd  :  ed  b  f 
II  m  :  n.  But  pd  :  ed  : :  (by  sim.  tri.)  fb  :  bf  ;  therefore 
PB  :  BF  : :  m  :  n.  Now  pb  is  given,  therefore  bf  is  given  in 
magiutude,  and,  being  at  right  angles  to  pb,  is  also  given  in 
position;  therefore  the  point  f  is  given  and  consequently  pf 
given  in  position  ;  and  therefore  the  point  s,  its  intersection 
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with  the  circumference  of  the  circle  aee'b,  or  the  arc  bb  i* 
given.     Hence  the  following 

Construction.  From  b,  the  extremity  of  any  diameter  ab 
of  the  given  circle,  draw  bm  at  right  angles  to  ab  ;  in  ab  (pro- 
duced if  necessary)  take  bp  an  nth  part  of  the  given  sum  ;  and 
on  BM  take  bf  so  that  bf  :  bp  : :  n  :  m.  Join  pf,  meeting  the 
circumference  of  the  circle  in  e  and  e',  and  be  or  be'  is  tbe 
arc  required. 

Demonstration,  From  th^  points  e  and  e',  draw  ed  and 
e'  p'  at  right  angles  to  ab^  Then,  since  bf  :  bp  : :  n  :  m,  and 
(by  sim.  tri.)  bf  :  bp^de  :  dp  ;  therefore  de  :  dp  : :  n  :  m* 
Hence  m  .  de  =  n  ^bp  ;  add  to  each  n  .  bp,  then  will  m  .  in 
+  tt  .  BD  =  n  .  bd  +  a  .  DP  =  n  .  PB,  or  the  given  sum. 

Ex»  3.  In  the  given  triangle  akh,  to  inscribe  another  tri- 
angle abc,  similar  to  a  given  one,  having  one  of  its  sides  pa- 
rallel to  a  line  msn  given  by  position,  and  the  angular  pointp 
a,  b,  c,  situate  in  the  sides  ab,  bh,  ah,  of  the  triangle 
respectively. 

Analysis.  Suppose  the  thing  done, 
and  that, a&c  is  inscribed  as  required. 
Through  any  point  c  in  bh  draw  cd 
parallel  to  mBn  or  to  a6,  and  cutting 
AB  in  d  ;  draw  ce  parallel  to  6c,  and 
DE  to  ac,  intersecting  each  other  in  e. 
The  triangles  dec,  acb,  are  similar, 

and  DC  :  a6  : :  ce  :  be  ;  also  bdc,  uab^  are  similar,  and  dc  : 
ab  : :  nc  :  Bb.  Therefore  bc  :  ce  : :  b&  :  6c  ;  and  they  are 
about  equal  angles,  consequently  b,  e,  c,  are  in  a  right  line* 

Construction.  From  any  point  c  in  bu,  draw  cd  parallel 
to  nm ;  on  cd  constitute  a  triangle  cde  similar  to  the  given 
one  ;  and  through  its  angles  e  draw  be,  which  produce  till  it 
cuts  All  in  c  :  through  c  draw  ca  parallel  to  ed  and  cb  paral- 
lel to  EC  ;  join  ah,  then  abc  is  the  triangle  required,  having 
its  side  ab  parallel  to  mn,  and  being  similar  to  the  given  tri- 
angle. 

Demonstration.  For,  because  of  the  parallel  lines  ac,  dk, 
and  cb,  ec,  the  quadrilaterals  bdec  and  Bac6,  are  similar ;  and 
therefore  the  proportional  lines  dc,  ab,  cutting  off  equal  angles 
bdc,  Ba6  ;  bcd,  Bba ;  must  make  the  angles  edc,  ecd,  respec- 
tively equal  to  the  angles  cab,  cba  ;  while  ab  is  parallel  to  DCy 
which  is  parallel  to  mnn,  by  construction. 

Ex.  4.  Given,  in  a  plane  triangle,  the  vertical  angle,  the 
perpendicular,  and  the  rectangle  of  the  segments  of  the  base 
made  by  that  perpendicular  ;  to  construct  the  triangle. 


MKCBAincB. 


14» 


AaJjfrii.  Sappoie  abc  the  triBiigl« 
Te<iuire(l,  bi>  the  given  perpendicular  to 
the  base  ac,  produce  it  to  meet  the  pe- 
riphery of  the  circumscribing  circle 
^aca,  whose  centre  is  o,  in  h  ;  then,  by 
(h.  01  Geom.  the  rectangle  bi>  .  dii^=ad 
.  DC,  the  given  rectangle  :  hence,  since 
ntia  given,  Dii  and  mi  are  given;  therC' 

bra  Bi  =  HI  is  given  :  as  also  id  =  oe  :  and  the  angle  eoc 
B  =  ABC  the  given  one,  because  eoc  is  measured  hy  the  arc 
KC,  and  A3C  by  half  the  arc  akc  or  by  kc.  Coiuequently 
Bc  and  AC  =2bc  are  given.     Whence  this 

Ctmttruaion.     Find  dh  such,  that  db  ,  dh  =  the  given 


tectangle,  or  find  dh  = 


then  on  any  right  line  sr 


take  FK  =  the  given  perpendicular,  and  eo  >=  db  ;  bisect 
n  in  o,  and  make  eoc.  =  the  given  vertical  angle ;  then 
mil  oc  cut  EC,  drawn  perpendicular  to  oe,  in  c.  With  centre 
0  and  radius  oc,  describe  a  circle,  cutting  ce  produced  in  a  : 
Ihrougb  F  parallel  to  ac  draw  fb,  to  cut  the  circle  in  B  ;  join 
AB,  CB,  and  ABC  is  the  triangle  required. 

Remark.  In  a  similar  manner  we  may  proceed,  when  it  it 
required  to  divide  a  given  angle  into  two  parts,  the  rectangle 
of  whose  langenis  may  bc  of  a  given  magnitude.  See  prob. 
40,  Simpson's  Select  Exercises. 

Pfofe.  For  other  exercises,  the  student  may  construct  all 
the  problems  except  the  24th,  in  the  Application  of  Algebra 
to  Geometry,  at  page  371,  vol.  i.  And  that  he  may  be  the 
better  able  to  trace  the  relative  advantages  of  the  ancient  and 
'tbe  modern  analysis,  it  will  be  advisable  that  he  solve  those 
problems  both  geometrically  and  algebraically. 


MECHANICS. 

Defintiioiu  and  preliminary  Notiont. 


of  equilibrium  and  of  motion. 
!s,  or  tends  to  move  a  body,  is 


a  the  81 

2.  Every  cause  which  n 
called  a  force. 

3.  When  the  forces  that  are  applied  simultaneously  to  a 
body,  destroy  or  annihilate  eacbi  other's  effects,  then  there  is 
tfviibriMM. 


160  MXCUAlfIG*. 

4.  Statics  has  for  its  object  the  equilibrium  of  fbree«  cp« 
plied  to  9olid  bodies. 

5.  By  Dynamics  we  investigate  the  circumstances  of  the 
motion  of  solid  bodies. 

6.  Hydrostatics  is  the  science  in  which  the  equilibrium  of 
fluids  is  considered. 

7.  Hydrodynamics  is  that  in  which  the  circumstances  of 
their  motion  is  investigated. 

According  to  this  division.  Pneumatics,  which  relates  to  the 
properties  o^  elastic  Jluids,  is  a  branch  o^  Hydrostatics, 

For  farther  elucidation  the  following  definitions,  also,  may 
advantageously  find  a  place  here,  viz. 

8.  Body  is  the  mass,  or  quantity  of  matter,  in  any  mate« 
rial  substance  ;  and  it  is  always  proportional  to  its  weight  or 
gravity,  whatever  its  figure  may  be. 

Body  is  either  Hard,  Soft,  or  Elastic.  A  Hard  Bod^  ie 
that  whose  parts  do  not  yield  to  any  stroke  or  percussion^ 
but  retains  its  figure  unaltered.  A  Soft  Body  is  that  whose 
parts  yield^^to  any  stroke  or  impression,  without  restorioff 
themselves  again  ;  the  figure  of  the  body  remaining  alterea* 
And  an  Elastic  Body  is  that  whose  parts  yield  to  any  stroke, 
but  which  presently  restore  themselves  again,  and  the  body 
regains  the  same  figure  as  before  the  stroke. 

We  know  of  no  bodies  that  are  absolutely,  or  perfectly, 
either  hard,  soft,  or  elastic ;  but  all  partaking  these  proper* 
ties,  more  or  less,  in  some  intermediate  degree. 

9.  Bodies  are  also  either  Solid  or  Fluid.  A  Solid  Body 
is  that  whose  parts  are  not  easily  moved  among  one  another, 
and  which  retains  any  figure  given  to  it.  But  a  Fluid  Body  ^ 
is  that  whose  parts  yield  to  the  slightest  impression,  beiDff 
easily  moved  among  one  another ;  and  its  surface,  when  left 
to  itself,  is  always  observed  to  settle  in  a  smooth  plane  at  the 
top. 

10.  Density  is  the  proportional  weight  or  quantity  of  matter 
in  any  body.  So,  in  two  spheres,  or  cubes,  &c.  of  equal 
size  or  magnitude  ;  if  the  one  weigh  only  one  pound,  but  the 
other  two  pounds  ;  then  the  density  of  the  latter  is  double  the 
density  of  the  former  ;  if  it  weigh  three  pounds,  its  density  is 
triple  ;  and  so  on. 

11.  Motion  is  a  continual  and  successive  change  of  place. 
—If  the  body  move  equally,  or  pass  over  equal  spaces  ia 
equal  times,  it  is  called  Equable  or  Uniform  Motion.  But  if 
it  increase  or  decrease,  it  is  Variable  Motion ;  and  it  is  called 
Accelerated  Motion  in  the  former  case,  and  Retarded  Motion 
in  the  latter. — Also,  when  the  moving  body  is  considered  widi 
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reipeet  to  some  other  bodj  at  rest,  it  is  said  to  be  Absolute 
Motion.  But  when  compared  with  others  in  motion,  it  is 
called  Relative  Motion. 

12.  Velocity,  or  Celerity,  is  an  afTection  of  motion,  by 
which  a  body  passes  over  a  certain  space  in  a  certain  time. 
Thus,  if  a  body  in  motion  pass  uniformly  over  40  feet  in 
4  seconds  of  time,  it  is  said  to  move  with  the  velocity  of  10 
bet  per  second ;  and  so  on. 

13.  Momentum,  or  Quantity  of  Motion,  is  the  power  or 
force  in  moving  bodies,  by  which  they  continually  tend  from 
their  present  places,  or  with  which  they  strike  any  obstacle 
that  opposes  their  motion. 

14.  Forces  are  distinguished  into  Motive,  and  Accelera- 
tive  or  Retarding.  A  Motive  or  Moving  Force,  is  the  power 
of  an  agent  to  produce  motion  ;  and  it  is  equal  or  propor- 
tional to  the  momentum  it  will  generate  in  any  body,  when 
leting,  either  by  percussion,  or  for  a  certain  time  as  a  per- 
manent force. 

15.  Accelerative,  or  Retardive  Force,  is  commonly  on. 
derstood  to  be  that  which  affects  the  velocity  only  :  or  it  is 
that  by  which  the  velocity  is  accelerated  or  retarded  ;  and  it 
is  equal  or  proportional  to  the  motive  force  directly,  and  to 
the  mass  or  body  moved  inversely.  So,  if  a  body  of  2  pounds 
weight,  be  acted  on  by  a  motive  force  of  40  ;  then  the 
accelerating  force  is  20.  But  if  the  same  force  of  40  act  on 
another  body  of  4  pounds  weight  ;  then  the  accelerating 
force  in  this  latter  case  is  only  10 ;  and  so  is  but  half  the 
former,  and  will  produce  only  half  the  velocity. 

10.  Gravity  or  Weight,  is  that  force  by  which  a  body 
endeavours  to  fall  downwards.  It  is  called  Absolute  Gravity, 
when  the  body  is  in  empty  space  ;  and  Relative  Gravity, 
when  immersed  in  a  fluid. 

17.  Specific  Gravity  is  the  relation  of  the  weights  of  dif- 
ferent bodies  of  equal  magnitude  ;  and  so  is  proportional  to 
the  density  of  the  body. 

NEWTONIAN  AXIOMS. 

18.  Evert  body  naturally  endeavours  to  continue  in  its 
present  state,  whether  it  be  at  rest,  or  moving  uniformly  in 
a  right  line. 

19.  The  change  or  Alteration  of  Motion,  by  any  external 
force,  is  always  proportional  to  that  force,  and  in  the  direc- 
tioQ  of  the  right  line  in  which  it  acts. 

20.  Action  and  Re-action,  between  any  two  bodies,  are 
•qual  and  contrary.    That  is,  by  Action  and  Ke-action,  equal 
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changes  of  motion  are  produced  in  bodies  acting  on  each 
other  ;  and  these  changes  are  directed  towards  opposite  or 
contrary  parts. 


STATICS. 

21.  The  relative  magnitudes  and  directions  of  anj  two 
forces  may  be  represented  by  two  right  lines,  which  shall 
bear  to  each  other  the  relations  of  the  forces,  and  which  shall 
be  inclined  to  each  other  in  an  angle  equal  to  that  made  by 
the  directions  of  the  forces. 

22.  the  name  resultata  is  given  to  a  force  which  is  equi- 
valent to  two  or  more  forces  acting  at  once  upon  a  point,  or 
upon  a  body  ;  these  separate  forces  being  named  ccnstUuenU 
or  composants. 

23.  The  operation  by  which  the  resultant  of  two  or  more 
forces  applied  to  the  same  point,  or  line,  or  body,  is  de- 
termined, is  called  the  composition  of  forces;  the  inverse 
problem  is   called  the  decomposition^  or  the  resolution  of 
forces. 

24.  The  resultant  of  two  or  more  forces  which  act  upon 
the  same  line,  in  the  same  direction,  is  equal  to  their  sum  ; 
■and  if  some  forces  act  in  one  direction,  and  others  in  a  di* 

rection  immediately  opposite,  the  resultant  will  be  equal  to 
the  excess  of  the  sum  of  the  forces  which  act  in  one  direction 
above  the  sum  of  those  which  act  in  the  opposite  direction. 

Composition  and  Resolution  of  Parallel  Forces, 

25.  Prop.  If  to  the  extremities  of  an  inflexible  right  line 
▲B,  are  applied  two  forces,  p  and  q,  whose  directions  are 
parallel  and  whose  actions  concur : — 1st,  The  direction  of 
the  resultant,  b,  of  those  two  forces  is  parallel  to  the  right 
lines  AP,  BO,  and  is  equal  to  their  sum.  2d]y,  That  re- 
sultant divides  the  line  ab  into  two  parts  reciprocally  pro« 
portional  to  the  two  forces. 

1.  It  is  manifest  that 
if  two  new  forces,  p  and 
q,  equal  and  in  opposite 
directions  are  applied  to 
the  line  ab,  they  will 
make  no  change  in  the 
state  of  the  system :  so 
that  the  resultant  of  the 
four  forces  p,  7,  p,  a, 
will  be  the  same  as  that 
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of  tbe  leiultant  of  the  two  original  forces  p,  a.  Suppose, 
DOWy  that  8  is  the  resultant  of  the  two  forces  p,  p,  while  t 
is  that  of  the  two  forces  9,  q.  These  resultants,  lying  in  the 
same  place,  will,  if  prolonged,  necessarily  meet  in  some  point 
c;  to  which,  therefore,  we  may  suppose  the  forces  s  and  t 
applied. 

Through  this  point  let  fg  be  drawn  parallel  to  ab,  and 
ioppose  each  of  the  forces  s  and  t  resolved  into  two  forces 
directed  respectively  in  ro  and  cr.  Tlie  forces,  according 
to  FO,  being  equal  to  p  and  q  respectively,  and  applied  in 
opposite  directions,  destroy  each  otiier's  effects  :  the  remain- 
ing forces,  therefore,  lying  the  same  way  on  or,  must  be  add- 
ed together  for  the  resultant,  which  thus  is  equal  to  p  +  Q ; 
being  the  first  part  of  the  proposition. 

2.  In  order  to  establish  the  second  part  of  the  proposition, 
let  xc,  CN,  be  lines  in  proportion  to  each  other  as  the  forces 
p,  p  ;  and  in  c,  on,  respectively  proportional  as  q,  m  and 
draw  Nr,  no,  parallel  to  ab. 
Then,  by  the  qim.  triangles  >  p  :  p  :  :  cn  :  Nr  : :  co  :  oa 

cur,  COA  ;  cno,  cob  ;  ^  ^  :  a  *• :  nt? :  nc  : :  ob  :  oc. 

Consequently,  p  .  9  :  p  .  q  : :  co  .  ob  :  co  .  oa, 
or,  since  p  =»  9,  it  is  p  :  a  : :  ob  :  oa.  a*  e.  d. 

Corel.  1 .  If  p  =  a,  bo  =  oa. 

CorcH*  2.  When  a  single  force  e  is  applied  to  a  point  o,  of 
an  inflexible  straight  line  au,  we  may  always  resolve  it,  or 
conceive  it  resolved,  into  two'  others,  which  bcinfr  applied  to 
the  two  points  a  and  b,  in  directions  parallel  to  r,  shall  pro- 
duce the  same  effect. 

26.  Prop.  Any  number  of  parallel  forces,  r,  a,  r,  s,  d^c. 
acting  in  the  same  sense,  and  their  points  of  application  be- 
ing connected  in  an  invariable  manner ;  to  determine  their 
veaultant. 

Determining  first,  by  the 
preceding  prop,  the  resultant 
T  of  two  of  the  forces  p  and  q, 
we  shall  have  t  =  p  +  q  ; 

P+<1  :  a  : :  ab  :  ae. 
Thus,    we    may    substitute 
for  the  forces  p  and  a,  the 
•inffle  force  t  whose  value 
and  point  of  application  arc 
known.     Draw  ec  from  that  point  of  application  to  the  point>^ 
C  at  which  another  force,  r,  is  applied.     Compounding  the 
fi>rces  T  and  u,  their  resultant  v  will  bo  ==  t+b  =  p+q+R  ; 
and  its  point  of  application,  f,  such  that 

P  +  Q  +  K  •  ^^  •  •  EC  :  EF. 

Vol.  II.  21 
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A  similar  method  may,  obviously,  be  parsued  for  may 
namber  of  parallel  forces. 

27.  If  parallel  forces  act  in  opposite  directions;  somey  for 
example,  upwards,  others  downwards ;  find  the  resuUanUi 
of  the  first  and  of  the  second  class  separately,  the  genenU 
resultant  will  be  expressed  by  the  difierence  of  the  two  for- 
mer. 

28.  The  point  through  which  the  resultant  of  parallel  forces 
passes,  is  called  the  centre  of  paraUel  forces.  If  the  forces* 
without  ceasing  to  be  respectively  parallel,  and  without 
changing  cither  their  magnitudes  or  their  points  of  applica- 
tion, assume  another  general  direction,  the  centre  of  th 
forces  will  still  be  the  same,  because  the  magnitudes  and 
latious,  on  which  its  position  depends,  remain  the  same* 

Concurring  Forces, 


29.  Prop.  The  rcsuhant  of  two  forces  p  and  a  acting 
in  ore  plane,  will  be  represented  in  direction  and  in  magnH 
tude,  by  the  diagonal  of  the  parallelogram  constructed  on  tilt 
directions  of  those  forces. 

1.  In  direction.  Take,  on  the  direc 
tions  AP,  AQ,  of  the  forces,  p,  q,  *dis. 
tances  ab,  ac,  proportional  to  those 
forces,  respectively.  Suppose  that  the 
force  a  is  applied  at  the  point  c,  and 
that  at  the  same  point  two  other  forces 
p,  qy  equal  to  each  other,  act  in  opposite 
directions^  each  of  those  forces  being, 
also,  equal  to  Q. 

The  efiect  of  the  four  forces  p,  a,  p,  9,  will  evidently  be 
the  same  as  that  of  the  primitive  forces  p,  q  ;  since  the  other 
two  annihilate  each  other's  efiects. 

The  forces  q,  ^,  will  have  a  resultant  s,  whose  direCtioDi 
C8,  will  bisect  the  angle  ac^,  made  by  the  direction  of  the 
other  two  :  since  no  reason  can  be  assigned  why  it  should 
lean  to  one  rather  than  toward  the  other. 

The  forces  p,  p,  acting  in  paraUsl  directions,  would  have 
a  resultant,  t,  whose  direction  th  (art.  25.)  would  be  pa- 
rallel to  them,  and  pass  through  a  point,  h,  such  as  mi 
p  :  p  :  :  Hc  :  ha. 

*  Now,  the  point  k,  where  the  directions  cs,  th,  of  these  two 
resultants  intersect,  will  evidently  be  a  point  in  the  direction 
of  the  resultant  of  the /our  forces  p,  p,  Q,  ^ ;  and,  consequent- 
ly, of  the  original  fordts  p,  q. 

But  the  triangle  chk  is  isosceles :  for,  since  ht,  cp,  aie 
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)MmUelt  the  alternate  angles  dck,  hkc,  are  equal,  and  dcKi 
Hcx,  are  equal,  because  sc  bisects  the  angle  acq:  hence 
RCK  s  HKC,  and  iik  =:  HC. 

But,  from  what  has  precedeed,  p  :  a  :  :  nc  :  ha  ;  and 
tfaerelbre  p  :  p  or  q  : :  hk  :  ha. 

From  B  drawing  bd  parallel  to  ac,  we  shall  have 
p  :  U  : :  AB  :  AC  : :  CD  :  ac, 
whence  cd  :  ac  :  :  hk  :  ha  ; 
a  proportion  which  indicates  that  the  three  points,  a,  k,  d, 
all  fail  on  the  diagonal  of  a  parallelogram  abcd. 

2.  In  magniiude.  For,  with 
regard  to  the  forces  p,  a,  repre- 
sented in  magnitude  and  direction 
by  AB  and  af,  let  t  be  opposed  to 
tiboee  two  forces  so  as  to  keep  the 
whole  system  in  equilibrio :  then 
it  will,  of  necessity,  be  equal  and 
oppoeite  to  their  resultant,  b,  whose 
dmction  is  ao.  Now,  if  we  sup. 
poee  that  the  force  a  is  in  equilibrio 
with  the  two  forces  p  and  t  (which 
b  consistent  with  our  first  hypothe- 
ma)  the  resultant  of  those  .latter  will  fall  iti  the  prolongation  of 
aA,  and  will  be  represented  by  ah  =  af.  Also,  if  hd  be 
drawn  parallel  to  ab,  and  nb  be  joined,  it  will  be  equal  and 
paraltel  to  ao  ;  and  we  shall  have 

p  :  T  :  :  AB  :  ad. 
Consequently,  since  ab  represents,  or  measures,  the  force 
9t  AD  will  represent  or  measure  the  force  t  ;  and  as  that 
force  is  in  equilibrio  with  the  two  forces  p  and  q,  or  with 
their  resultant,  b,  this  latter  will  be  represented  or  measured 
by  AO  ■=•  AD  ;  that  is,  by  the  diagonal  of  the  parallelogram 
abof.  a*  £•  D. 

80.  Carol,  1.  If  three  forces,  as  a,  b,  c,  acting  simul. 
laneously  in  the  same  plane,  keep  one  another  in  equilibrio, 
Ihey  will  be  respectively  proportional  te  the  three  sides, 
Ds,  sc,  CD,  of  a  triangle  which  are  drawn  parallel  to  the  di«. 
lections  of  the  forces  ai^db,  cd. 

For,  producing  ad,  ro,  and 
drawing  cf,  ce,  parallel  *  to 
tfaenit  then  the  force  in  cd  is 
equivalent  to  the  two  ad,  bd, 
by  the  supposition;  but  the 
force  CD  is  also  equivalent  to 
the  two  ED  and  ce  or  fd  ;  there* 
ibre,  if  CD  represent  the  force  c, 
tlien  bd  will  represent  its  op. 
fOiite  force  a,  and  ce,  or  fd^ 
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its  opposite  force  d.  Consequently  the  three  forces,  a«  B»  e§ 
arc  proportional  to  de,  ce,  cd,  the  three  lines  parallel  to  tbe 
directions  in  which  they  act. 

81.  CoroL  2.  Because  the  three  sides  cd*  ce,  dv,  are  pro* 
portional  to  the  sines  of  their  opposite  angles  k,  d,  c ;  thero^' 
fore  the  three  forces,  when  in  equilihrio,  are  proportional  to 
the  sines  of  the  angles  of  the  triangle  made  of  their  lines  of 
direction  ;  namely,  each  force  proportional  to  the  sine  of  the 
angle  made  by  the  direction  of  the  other  two. 

32*  Cord,  3.  The  three  forces,  acting  against,  and  keep- 
ing one  another  in  equilihrio,  are  also  proportional  to  the 
sides  of  any  other  triangle  made  by  drawing  lines  either  per- 
pendicular to  the  directions  of  the  forces,  or  forming  any  giY- 
en  angle  with  those  dircctioYis.  For  such  a  triangle  is  always 
similar  to  the  former,  which  is  made  by  drawing  lines  paral- 
lel to  the  directions ;  and  therefore  their  sides  are  in  the 
same  proportion  to  one  another. 

33.  Corol,  4.  If  any  number  of  forces  be  kept  in  equilibrip 
by  their  actions  against  one  another ;  they  may  be  all  rediieedl; 
to  two  equal  and  opposite  ones. — For,  any  two  of  the  foroee- 
may  be  reduced  to  one  force  acting  in  the  same  plane  ;  then 
this  last  force  and  another  may  likewise  be  reduced  to  an- 
other force  acting  in  their  plane  :  and  so  on,  till  at  last  they 
be  all  reduced  to  the  action  of  only  two  opposite  forces ;; 
which  will  be  equal,  as  well  as  opposite,  because  the  whole 
are  in  equilihrio  by  the  supposition. 

34*  Corol.  5.  If  one  of  the  forces, 
as  c,  be  a  weight,  which  is  sustained 
by  two  strings  drawing  in  th(;  direc- 
tions DA,  DB :  then  the  force  or 
tension  of  the  string  ad,  is  to  the 
weight  c,  or  tension  of  the  string 
DC,  as  DE  to  DC ;  and  the  force  or 
tension  of  the  other  string  bd,  is  to 
the  weight  c,  or  tension  of  cd,  as  ce 

to  CD. 

35»  Corol.  G.  Since  in  any  trianfi^CDE  wo  liaye,  by  the 
principles  of  trigonometry,  ^^ 

DC'  =  DE^  +  eg'  ±   2dE  .  EC  COS.  DBOy 

it  follows,  that  if  f,/,  be  two  forces  that  act  aimultaneoosljr 
in  directions,  which  make  an  angle  a,  then  wi$  may  find  the 
magnitude  of  the  resultant,  r,  by  the  equation 
R  =  v/  (F»  +/»  ±  2f/  cos.  a). 

36.  Semark. — The  properties,  in  this  proposition  and  Ite 
corollaries,  hold  true  of  all.  similar  forces  whatever,  whether 
they  be  instantaneous  or  continual,  or  whether  they  act  by 
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pereunoo,  diawiDg,  pushing,  prewingy  or  weighing ;  and  ara 
of  the  utmost  importance  in  mechanics  and  the  doctrine  of 
forces. 

87.  If  three  forces,  whose  directions  concur  in  one  point, 
•TO  represented  by  the  three  contiguous -edges  of  a  parallelo- 
piped,  their  resultant  will  be  represented,  Iwth  in  magnitude 
and  direction,  by  the  diagonal  drawn  from  the  point  of  con- 
coarse,  to  the  opposite  angle  of  the  parallelepiped. 

The  demonstration  of  this  is  left  for  the  exercise  of  the 
stodenU 

88.  Prop.  To  find  the  resultant  of  several  forces  concur- 
ring in  one  point,  and  acting  in  one  plane. 

1st.  GrapMcdny. — Let,  for  example,  four  forces,  a,  b,  c,  d, 
act  upon  the  point  p,  in  magnitudes  and  directions  represent- 
ed by  the  lines  pa,  pb,  pc,  po. 

From  the  i^ini  a  draw 
ih  parallel  and  equal  to 
ra ;  from  h  draw  he  paral- 
lel and  equal  to  pc ;  from 
e  draw  cd  parallel  and  equal 
to  PD  ;  and  so  on,  till  all 
the  forces  have  thus  been 
brought  into  the  construc- 
tion. Then  join  pd,  which  «  D /3  7  S 
will  represent  both  the  magnitude  and  the  direction  of  the  re- 
quired resultant. 

This  is,  in  effect,  the  same  thing  as  finding  the  resultant 
of  two  of  the  forces  a  and  b  ;  then  blending  that  resultant 
with  a  third  force  c  ;  their  resultant  with  a  fourth  force  d  ; 
and  so  on. 

2d  By  computation*  Drawing  the  lines  Aei,  a&',  dec.  re* 
spectively  parallel  and  perpendicular  to  the  last  force  pd  ;  we 
have 

rfJ  =  Aa  +  W  +  cc'  =  A  sin.  apd  +  b  sin.  bpd+c  sin.  cp©. 
Tisz^a+afi+f^y+yS^A  cos.APD-|-B  cos.  BPD+CCOS.CPD+D 

^  tan  drS  =  -j Td=  s/{f^  +  <W^  =^  pi  sec.  dpJ. 

The  numerical  computation  is  best  efiected  by  means  of  a 
table  of  natural  sines,  d^c. 

39.  Remark,  Connected  with  this  subject  is  the  doctrine 
oS moments;  for  an  elucidation  of  which,  however,  the  stu* 
dent  should  consult  some  of  the  books  written  expressly  on 
mechanics,  as  those  by  Marral,  Gregory^  or  Potsfon* 
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THE  MECHANICAL  POWERS,  dsc.    • 

40.  Weight  and  Power,  when  opposed  to  each  other,  nig* 
tdfy  the  body  to  be  moved,  and  the  bddy  that  moves  it ;  or 
the  patieDt  and  agent.  The  power  is  the  agent,  which  moveii 
or  endeavours  to  move,  the  patient  or  weight. 

41.  Machine,  or  Engine,  is  any  mechanical  instrument 
contrived  to  move  bodies.  And  it  is  composed  of  the  me- 
chanical powers. 

42.  Mechanical  powers,  are  certain  simple  instrumettts^ 
commonly  employed  for  raising  greater  weights,  or  overcom- 
ing greater  resistances,  than  could  be  eflected  by  the  natural 
strength  without  them.  These  are  usually  accounted  six  in 
number,  viz.  the  Lever,  the  Wheel  and  Axle,  the  PuMey,  the 
Inclined  Plane,  the  Wedge,  and  the  Screw. 

43.  Centre  of  Motion,  is  the  fixed  point  about  which  m 
body  moves.  And  the  Axis  of  Motion,  is  the  fixed  line  about 
which  it  moves. 

44.  Centre  of  Gravity,  is  a  certain  point,  on  which  a  bodj 
being  freely  suspended,  it  will  rest  in  any  position* 


OF  T&lE  LEVER. 

45.  A  Lever  is  any  inflexible  rod,  bar,  or  beam,  which 
Berves  to  raiso  weights,  while  it  is  supported  at  a  point  by  it 
fi^lcrum  or  prop,  which  is  the  centre  of  motion.  The  lever 
is  supposed  to  be  void  of  gravity  or  weight,  to  render  the 
demonstrations  easier  and  simpler.  There  are  three  kindi 
of  levers. 

.  46.  A  Lever  of  the  First  ^| 1 

kind  has  the  prop  c  be- 
tween the  weight  w  and 
the  power  p.  And  of  this 
kind  are  balances,  scales, 
x!VoWs,hand-8pikes,8C]ssors, 
pincers,  dsc. 

47.  A  Lever  of  the  Se^ 
\cond  kind  has  the  weight 
between  the  power  and  the 

prop.     Such  as  oars,  rud-      Q — ^ — ^ 1 -y 

ders,  cutting   knives  that      ^  »       o       4 

t!te  fixed  at  one  end,  dsc. 
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4S.  A  Lerer  of  the 
Third  kind  has  the  power 
betwe«D  the  weight  and 
the  prop.'  Such  aa  ton ([«, 
the  bones  and  iDUscles  of 
animalH,  a  man  rearing  k 
Udder,  &c. 
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40.  A  Fourth  kind  is  wme- 
limea  added,  called  the  Bended     ^ 
Lever.    As  a  hammer  drawing     % 
K  nail.  ^ 

50.  In  all  these  instrumentB  the  power  may  be  reprs- 
■ented  by  a  weight,  which  is  its  most  natural  measure,  acting 
downward;  but  having  its  direction  changed,  when  neoes* 
aary,  by  means  of  a  fixed  pulley. 

51.  Paop.  When  the  weight  and  power  keep  (he  lever 
in  equilibrio,  they  are  to  each  oilier  reciprooally  as  the  dis- 
tances of  their  lines  of  direclion  from  the  prop.  That  is, 
p  :  w  :  :  CD  ;  CE  ;  where  co  and  cs  are  perpendicular  to  wo 

'  nnd  AO,  the  directions  of  the  two  weights,  or  the  weight  and 
power  w  and  a. 

For,  draw  cf  parallel  to  ao,  and 
CB  parallel  to  wo:  Also,  join  co, 
which  will  be  the  direclion  of  the 
pressure  on  the  prop  c  ;  for  there 
cannot  be  an  equilibrium  unless  the 
directions  of  the  three  forces  all  meet 
iu,  or  lend  to,  the  same  point,  as  o. 
Then,  because  these  three  forces 
keep  each  other  in  equilibrio,  they 
are  proportional  to  the  sides  of  the 
triangle  cbo  or  cfo,  drawn  in  the 
direction  of  those  forces  ;  .  there- 
lore  P:W(:oF:roiHrcB. 

But,  because  of  the  parallels,  the 
two  triangles  cdf,  ceb  are  equian. 

Bitar,  therefore      •         -         -         CD  :  OB  : :  CF  ;  CB. 
ence,  by  equality,         -         -  p  :  w>  : :  cd  :  ca. 

That  is,  each  force  is  reciprocally  proportional  to  the 
distance  of  its  direction  from  the  fulcrum. 

Another  proof  might  easily  be  made  out  from  art  35,  on 
parallel  forces ;  but  it  will  be  found  that  this  demonstration 
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will  Mira  for  all  the  other  kinds  of  levers,  by  drawing  the 
lines  as  directed. 

52.  Carol.  K  Wheo  the  angle  a  is  =  the  angle  w,  then 
is  CD  :  CB  : :  cw :  CA  : :  p  :  w.  Or  when  the  two  forces  act 
perpendicularly  on  the  lever,  as  two  weights,  dec. ;  then^  in 
case  of  an  equilibrium,  d  coincides  with  w,  and  e  with  p ; 
consequently  then  the  above  proportion  becomes  also  p  :  w  : : 
cw  :  CA,  or  the  distances  of  the  two  forces  from  the  fulcrum, 
taken  on  the  lever,  are  reciprocally  proportional  to  those 
forces. 

53.  Corol.  2.  If  any  force  p  be  applied  to  a  lever  at  a  ;  ita 
effect  on  the  lever,  to  turn  it  about  thn  centre  of  motion  o» 
is  as  the  length  of  the  lever  ca,  and  the  sine  of  the  angle  of 
direction  cab.     For  the  perp.  ce  is  as  ca  X  sin.  /.  a. 

54.  Cord.  3.  Because  the  product  of  the  extremes  is 
equal  to  the  product  of  the  means,  therefore  the  product  of 
the  power  into  the  distance  of  its  direction,  is  equal  to  the 
product  of  the  weight  into  the  distance  of  its  direction.  ' 

That  is,  p  X  CE  =  w  X  CD. 

5^•  CoroL  4.  If  the  lever,  with  the  weight  and  power 
fixed  to  it,  be  made  to  move  about  the  centre  c  ;  the  mo- 
mentum of  the  power  will  be  equal  to  the  momentum  of  the 
weight ;  and  their  velocities  will  be  in  reciprocal  proportion 
to  each  other.  For  the  weight  and  power  will  describe 
circles  whose  radii  are  the  distances  co,  ce  ;  and  since  the 
circumferences  or  spaces  described  are  as  the  radii,  and  also 
as  the  velocities,  therefore  the  velocities  are  as  the  radii  cDy 
CB ;  and  the  momenta,  which  are  as  the  masses  and  velocitieSi 
are  as  the  masses  and  radii ;  that  is,  as  p  X  ce  and  w  X-cd, 
which  are  equal  by  cor.  3. 

56.  Corel.  5.  In  a  straight  lever,  kept  in  equilibrio  by  a 
weight  and  power  acting  perpendicularly ;  then,  of  these 
three,  the  power,  weight,  and  pressure  on  the  prop,  any  one 
is  as  the  distance  of  the  other  two. 

57.  Carol.  6.    If     A         B 
several  weights  p,  a, 
R,  s,  act  on  a  straight 
lever,  and  keep  it  in 
equilibrio ;  then  the      ^  ^ 
sum  of  the  products         P       *Q. 
on  one  side  of  the 
prop,  will  be  equal  to  the  sum  on  the  other  side>  made  by 
multiplying  each  weight  by  its  distance ;  namely, 

(p  X  Ac)  +  (q  X  BC)  =  (b  X  DC)  +  (s  X  Ec;. 
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For,  the  effect  of  each  weight  to  turn  the  level,  is  as  the 
weight  moltiplied  into  its  distance  ;  and  in  the  case  ofan  equi- 
librium,  the  sums  of  the  effects,  or  of  the  products  on  both 
sides,  are  equal.     The  same  would  also  follow  from  art*  26. 

68.  Carol,  7.   Because,  when    n  p 

two    weights  q  and   r  are    in    '  ■      — jr 

•quilibrio,   q  :  a    : :   cd  :  cb  ; 

9^ 


1 


thereforet  bj  composition,  q  +  b  :  Q  :  '•  bd  :  cd, 

and,  u  +  R  :  R  :  I  BD  :  CB. 
That  is,  the  sum  of  the  weights  is  to  either  of  them,  as 
the  sum  of  their  distances  is  to  the  distance  of  the  other. 


SCHOLIUM, 

59.  On  the  foregoing  prin- 
ciples  depends  the  nature  of 
jcides  and  beams,  for  weigh- 
ing all  sorts  of  goods.     For, 
if  the  weights  be  equal,  then 
will  the  distances  be  equal 
also,  which  gives  the  construe 
tion  of  the  common   scales, 
which   ought  to  have  these 
properties : 

1st,  That  the  points  of  suspension  of  the  scales  and  the 
centre  of  motion  of  the  beam,  a,  b,  c,  should  be  in  a  straight 
line  :  2d,  That  the  arms  ab,  bc,  bo  of  an  equal  length  :  3d, 
That  the  centre  of  gravity  be  in  the  centre  of  motion  b, 
or  a  little  below  it :  4/A,  That  they  be  in  cquilibrio  when 
empty  :  5fA,  That  there  be  as  little  friction  as  possible  at  the 
centre  b.  A  defect  in  any  of  these  properties  makes  the 
scales  either  imperfect  or  false.  But  it  oflen  happens  that 
the  one  side  of  the  beam  is  made  shorter  than  the  other,  and 
the  defect  covered  by  making  that  scale  the  heavier,  by 
which  means  the  scales  hang  in  cquilibrio  when  empty  :  but 
when  they  are  charged  with  any  weights,  so  as  to  be  still  in 
equilibrio,  those  weights  are  not  equal  ;  but  the  deceit  will 
be  detected  by  changing  the  Aveights  to  the  contrary  sides, 
for  then  the  equilibrium  will  be  immediately  destroyed. 

60.  To  find  the  true  weight  of  any  body  by  such  a  false 
balance  : — First  weigh  the  body  in  ono  scale,  and  afterwards 
weigh  it  in  the  other  ;  then  the  mean  proportional  between 
these  two  weights,  will  be  the  true  weight  required.  For,  if 
any  body  b  weigh  w  pounds  or  ounces  in  the  scale  d,  and 
only  to  pounds  or  ounces  in  the  scale  £  :  then  we  have  these 
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tit»  equations,  namely,  ab  .  6  =  bc  •  w« 

and  Bc  •  5  =  AB  .  t0 ; 
the  product  of  the  two  is  ab  .  bc  •  6^  =  ab  •  bc  .  w«  ; 
hence  then         -         •         -       6"  =  w», 

and         -         -         .       J  =  ^wi», 
the  mean  proportional,  which  is  the  true  weight  of  the  bo4y  k 

61.  The  Roman  Statera,  or  Steelyard,  is  also  a  lever,  tat 
of  unequal  brachia  or  arms,  so  contrived,  that  one  weight 
only  may  serve .  to  weigh  a  great  many,  by  sliding  it  back- 
ward and  forward,  to  different  distances,  on  the  longer  a: 
of  the  lever  ;  and  it  is  thus  constructed  : 


Let  ab  be  the  steelyard,  and  c  its  centre  of  motion,  whence 
the  divisions  must  commence  if  the  two  arms  just  balance 
each  other  :  if  not,  slide  the  constant  moveable  weight  i 
along  from  b  towards  c,  till  it  just  balance  the  other  end 
without  a  weight,  and  there  make  a  notch  in  the  beam, 
marking  it  with  a  cipher  0.  Then  hang  on  at  a  a  weight  w 
equal  to  i,  and  slide  i  back  towards  b  till  they  balance  each 
other ;  there  notch  the  beam,  and  mark  it  with  L  Then 
make  the  weight  w  double  of  i,  and  sliding  i  back  to  balance 
it,  there  mark  it  with  2.  Do  the  same  at  3,  4,  5,  die.  b^ 
making  w  equal  to  3,  4,  5,  &c.  times  1  ;  and  the  beam  it 
finished.  Then,  to  find  the  weight  of  any  body  6  by  the 
steelyard  :  take  off  the  weight  w,  and  hang  on  the  body  & 
at  A ;  then  slide  the  weight  i  backward  and  forward  till  it 
just  balance  the  body  6,  which  suppose  to  be  at  the  number 
5  ;  then  is  b  equal  to  5  times  the  weight  of  i.  So,  if  i  be  one 
pound,  then  6  is  5  pounds  ;  but  if  i  be  2  pounds,  then  h  i» 
10  pounds  ;  and  so  on. 
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OF  THE  WHEEL  AND  AXLE. 

69.  Pxor.  In  the  wheel  and-axlc  ;  the  weight  and  power 
will  be  in  equilibrio,  when  llie  prmer  p  ia  to  thi?  weight  w 
nciprocnlty  an  the  radii  of  the  circIcH  where  ihey  ncl ;  that 
ii^  u  the  radius  of  the  axle  ca,  wheie  the  wi-ight  hnnip',  lo 
the  radius  of  the  wheel  cb,  where  the  power  acts.  That  ia, 
r  :  w  : :  CA  :  CB. 

Hen  the  cord,  by  which  the  power  p  eels,  goes  about  the 
eirumference  of  the  wheel,  while  that 
of  the  weight  w  goea  round  its  axle, 
or  another  amaller  wheel,  attached  to 
the  larger,  and  having  the  same  axis 
or  centre  c.  So  that  ba  is  a  levor  ^  f 
moveable  about  the  point  c,  the  power 
r  acting  always  at  the  distance  bc,  and 
the  weight  w  at  the  distance  ca;  there, 
lore  p  :  w  :  :  cA  :  UK. 

63.  Cont.  1.    [f  the  wheel  be  put 
in  tnotioo  ;    then,   the  spaces   moved 
being  as  the  circumferences,  or  as  the  radii,  the  v 
will  be  in  the  veli>cily  of  p,  as  ca  lo  cb  ;    ' 
u  moved  as  much  slower,  as  it  ia  heavier  tlian  the  power  ;  so 
that  what  is  gained  in  power,  is  lost  in  lime.     And  this  is  the 
onivenial  property  of  all  machines  and  engines. 

64.  CotdI.  2.  If  the  power  do  not  act  at  riEht  nn<!les  to 
the  radhn  c^t  but  obliquely ;  draw  at  perpendicular  to  the 
directioD  of  the  power;  then,  by  the  nature  of  the  lever, 
p  :  w  E :  OA  :  on. 


velocity  ef  w 
I,  the  weight 


nt 


65.  To  this  mechanical 
power  belong  all  turning 
or  wheel  machines,  of  dif- 
ferent radii.  Thus,  in  the  ' 
toller  turning  on  the  axisor 
■pindte  cs,  by  the  handle 
C8D  ;  the  power  applied  at 
B  is  to  the  weight  w  on  ibc 
roller  aa  the  radius  of  the 
roller  is  to  the  radius  (s  of 
the  handle. 

64i  And  the  saAe  for  all  craBCtr  oapaUus,  wiadlassss,  and 
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■ucblike ;  the  power  being  to  the  weight,  always  as  (he  nu 
'diiM  or  lever  at  which  the  weight  acts,  to  that  at  which  the 
power  acts  ;  so  that  they  are  always  in  the  reciprocal  ratio 
of  their  velocities.  And  to  the  same  principle  may  be  refer, 
red  the  gimblet  and  augur  for  boring  holes. 

67.  Dut  nil  this,  however,  is  on  supposition  that  the  ropu 
(n-  cords,  sustaining  the  weights,  are  of  no  sensible  IhicknMK 
For,  if  the  thickness  be  considerable,  or  if  there  be  sevent 
folik  of  them,  over  one  another,  on  llie  roller  or  barrel ;  then 
we  must  measure  to  the  middle  of  the  outermost  rope,  tot 
the  radius  of  the  roller  ;  or,  to  t)ie  radius  of  the  roller,  we 
must  add  half  the  thickness  of  the  chord,  when  there  is  bat 
one  fold. 

08.  The  wheel -and -axle  has  a  grcst  advantage  over  (be 
siniple  lever,  in  point  of  convenience.  For  a  weight  can  be 
raised  but  a  little  way  by  Ihe  lever  ;  whereas,  by  the  coDtino- 
•I  turning  of  the  whonl  and  roller,  the  weight  may  be  nind 
(O  any  height,  or  from  any  depth. 

69.  By  increasing  the  number  of  wheels,  toof  ihe  power 
may  be  multiplied  to  any  extent,  making  always  the  lew 
wheels  to  turn  greater  ones,  ss  far  as  we  please  :  and  this  ii 
commonly  called  Tooth  and  Pinion  Work,  the  teeth  of  one 
ciicumference  working  in  the  rounds  or  pinions  of  another, 
to  turn  the  wheel.  And  then,  in  case  of  an  equilibrium,  ihtt 
power  is  to  the  weight,  ns  ihe  continual  product  of  the  radii 

ySSfw 


of  all  the  axles,  to  that  of  all  the  wheels.  So,  if  the  power  t 
mm  the  wheel  a,  and  this  turn  the  small  wheel  or  axle  ■, 
and  this  turn  the  wheel  s,  and  this  turn  the  axle  t,  and  thil 
tarn  the  wheel  v  ;  and  this  turn  the  axle  x,  which  raise*  tha 
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weiffht  w  ;  then  f  :  w  :  :  cb  .  de  .  fo  :  ac  .  bd  .  if.  And 
in  the  same  proportion  is  the  velocity  of  w  slower  than  that 
of  F.  Thus,  if  each  wheel  be  to  its  axle,  as  10  to  1  ;  then 
P  :  w  : :  1'  :  10^  or  as  1  to  1000.  So  that  a  power  of  om 
pound  will  balance  a  weight  of  1000  pounds  ;  but  then, 
when  put  ia  motion,  the  power  will  move  1000  times  faster 
than  the  weight. 
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OF  THE  PULLEY. 


70.  A  Pulley  is  a  small  wheel,  commonly  made  of  wood 
or  brass,  which  turns  about  an  iron  axis  passing  through  the 
centre,  and  fixed  in  a  block,  by  means  of  a  cord  passed  round 
its  circumference,  which  serves  to  draw  up  any  weight.  The 
polley  is  either  single,  or  combined  together,  to  increase  the 
power.  It  is  also  either  fixed  or  moveable,  according  as  it  is 
fixed  to  one  place,  or  moves  up  and  down  with  the  weight 
and  power. 

71.  Prop.  If  a  power  sustain  a  weight  by  means  of  a 
fixed  pulley :  the  power  and  weight  are  equal. 

For  through  the  centre  c  of  the  pulley 
draw  the  horizontal  diameter  ab  :  then 
will  AB  represent  a  lever  of  the  first  kind, 
its  prop  being  the  fixed  centre  c  ;  from 
which  the  points  a  and  b,  where  the  power 
and  weight  act,  being  equally  distant, 
the  power  p  is  consequently  equal  to  the 
weight  w. 

72.  Cord.  Hence,  if  the  pulley  be  put 
in  motion,  the  power  p  will  descend  as 
fast  as  the  weight  w  ascends.  So  that 
the  power  is  not  increased  by  the  use  of 
the  fixed  pulley,  even  though  the  rope  go 

over  several  of  them.  It  is,  however,  of  great  service  in  the 
raising  of  weights,  both  h\  changing  the  direction  of  the 
force,  for  the  convenience  of  cicting,  and  by  enabling  a  per- 
8on  to  raise  a  weight  to  any  height  without  moving  from  his 
place,  and  also  by  permitting  a  great  many  pe)*sons  at  once 
to  exert  their  force  on  the  rope  at  p,  which  they  could  not  do 
to  the  weight  itself;  as  is  evident  in  raising  the  hammer  or 
weight  of  a  pile-driver,  as  well  as  on  many  other  occasions. 

73.  Prop.  If  a  power  sustain  a  weight  by  means  of  one 
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)  pulley;  the  pow«r  is  but  hair  the  veighl,  if  tb» 
II  of  the  nistaiaitig  cord  are  paritllel  to  each  other. 
far,  ten  ab  may  be  cna- 
Mared  u  a  lever  of  the  , 
ieeoiid  ktod,  the  power  act- 
ing at  A)  the  weight  at  c, 
KM  the  prop  or  fixed  poiat 
U  B ;  end  tnecauae  r  :  w  ; : 
CB  :  AB,     aod    CB  =  ^as, 
therefore   r  =  |w,    or  -  w 
=  2p. 

74.  Cord,  I.  Hence  it  is 
evident,  (hat,  when  the  put- 
ley  IB  put  in  motion,  the  ve- 
locity of  the  power  will  be 
doable  the  velocity  of  the  weight,  as  tlie  pwnt  r  movea  tiridtf 
■■  tut  as  the  point  c  and  weight  w  Hies.  It  ta  also  eTidei^ 
that  the  fixed  pulley  f  makes  no  diflerence  in  the  power  -pi 
but  i*  only  used  to  change  the  direction  of  it,  frsm  upWHA 
to  downwards. 

75.  Carol.  2.  Hence  we  may  estimate  the  effect  of  a  coia> 
bination  of  any  number  of  fixed  and  moveable  pulleys  ;  by 
which  we  ahnll  find  that  every  cord  going  over  a  moveabb 
pulley  always  adds  2  lo  the  power  ;  since  each  moveable  pdL 
ley's  rope  bears  an  equal  share  of  the  weight :  while  each  ropv 
that  is  fixed  to  a  pulley,  only  increases  the  power  by  unity. 


Here  p  =  |ir. 


Hereji  =  1»  = 


NiM, — If  the  portions  of  the  sustaining  cords  between  th* 
^lleys  are  not  parallel,  the  forces  will  be  reduced  upon  the 
pciiieiple  of  ait.  31. 
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OF  THE  INCLINED  PLANE. 
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70.  Tin  IifCUNED  Plane,  is  a  plane  incliaed  to  the  hori*  * 
PM,  or  Bwking  an  angle  with  it.  It  is  oAen  reckoned  one 
sf  the^ilnple  mechanic  powers ;  and  the  double  inclined  plane 
makei  te  wedge.  It  is  employed  to  advantage  in  raising 
heavy  bodies  in  certain  situations,  diminishing  their  weights 
by  laying  them  on  the  inclined  planes. 

77.  Prof.  The  power  gained  by  the  inclined  plane,  is  is 
proportion  as  the  length  of  the  plane  is  to  its  height.  That 
is»  when  a  weight  w  is  sustained  on  an  inclined  plane  bc,  by 
a  power  r  acting  in  the  direction  dw,  parallel  to  the  piano ; 
tbon  the  weight  w,  is  in  proportion  to  the  power  p,  as  the 
hiigth  of  the  plane  is  to  its  height ;  that  is,  w  :  r  : :  bc  :  ▲■• 

For,  draw  ab  perp.  to  the 
pfame  BC,  or  to  dw.  Then 
ve  are  to  consider  that  the 
body  w  is  sustained  by  three 
fbrcesy  viz.  1st,  its  own 
weight  or  the  force  of  gra- 

TXjf  acting  perp.  to  ac,  or  parallel  to  ba  ;  2d,  by  tbe  power 
r,  acting  in  the  direction  wd,  parallel  to  bc,  or  be  ;  and  Bdly, 
by  the  re-action  of  the  plane,  perp.  to  its  face,  or  parallel 
to  the  line  ea.  But  when  a  body  is  kept  in  equilibrio  by  the 
action  of  three  forces,  it  has  been  proved,  (art.  30.)  that 
the  intensities  of  these  forces  are  proportional  to  the  sides 
of  the  triangle  abe,  made  by  lines  drawn  in  the  directions 
of  their  actions  ;  therefore  those  forces  are  to  one  another 
as  the  three  lines  ....  ab,  be,  ab  ;  that  is, 
Ihe  weight  of  the  body  w  is  as  the  line  ab, 
the  power  p  is  as  the  line  -  be, 

and  the  pressure  on  the  plane  as  the  line  ae. 
But  the  two  triangles  abe,  abc,  are  equiangular,  and  have 
therefore  their  like  sides  proportional ;  that  is, 

the  three  lines ab,  be,  ae, 

are  to  each  other  respectively  as  the  three  bc,  ab,  ac, 
or  also  as  the  three     -        .        -        .      ac,  ae,  ce, 
which  therefore  are  as  the  three  forces,      w,    p,    p, 
which  p  denotes  the  pressure  on  the  plane.     That  is,  w  :  p 
: :  BC  :  ab,  or  the  weight  is  to  the  power,  as  the  length  of  the 
plane  is  to  its  height. 
See  more  on  the  Inclined  Plane  in  the  Dynamics. 
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;  ^8.  Scholium.  The  iDclined  Plane  comes  into  use  in  some 

situations  in  which  the  other  mechanical  powers  cannot  be 

Klfeiveniently  apphed,  or  in  combination  with  them.     As,  in 

Wdinff  heavy  weights  either  up  or  down  a  plank  or  other 

plane  laid  sloping :  or  letting  large  casks  down  into  a  cellar, 

or  drawing  them  out  of  it.     Also,  in  removing  earth  from  a 

lower  situation  to  a  higher  by  means  of  wheelbarrowa,  or 

otherwise,  as  in  making  fortifications,  &c. ;  inclined  plaoei^ 

made  of  boards  are   employed.      Rail-roads,   or   inclined 

planesy  serve  often  to  convey  coals  frpm  the  mouth  of  a 

mine. 

Of  all  the  various  directions  of  drawing  bodies  up  an  in* 
clined  plane,  or  sustaining  them  on  it,  the  most  favourable 
is  where  it  is  parallel  to  the  plane  bc,  and  passing  through 
the  centre  of  the  weight ;  a  direction  which  is  easily  given 
to  it,  by  fixing  a  pulley  at  d,  so  that  a  chord  passing  over  H, 
and  fixed  to  the  weight,  may  act  or  draw  parallel  to  the  plane. 
In  every  other  position,  it  would  require  a  greater  power  lb 
support  the  body  on  the  plane,  or  to  draw  it  lip.  For  if  one 
end  of  the  line  be  fixed  at  w,  and  the  other  end  inclined 
down  towards  b,  below  the  direction  wd,  the  body  would  be 
drawn  down  against  the  plane,  and  the  power  must  be  in- 
creased in  proportion  to  the  greater  difficulty  of  the  traction. 
Andy  on  the  other  hand,  if  the  line  were  carried  above  the 
direction  of  the  plane,  the  power  must  be  also  increased  ;  but 
here  only  in  proportion  as  it  endeavours  to  lifl  the  body  off 
the  plane. 

If  the  length  bo  of  the  plane  be  equal  to  any  number  of 
times  its  perp.  height  ab,  as  suppose  3  times  ;  then  a  power 
p  of  1  pound,  hanging  freely,  will  balance  a  weight  w  of  8 
pounds,  laid  on  the  plane  ;  and  a  power  f  of  2  pounds,  will 
balance  a  weight  w  of  6  pounds  ;  and  so  on,  always  3  times 
as  much.  But  then  if  they  be  set  moving,  the  perp.  descent 
of  the  power  p,  will  be  equal  to  3  times  as  much  as  the  perp^ 
ascent  of  the  weight  w.  For,  though  the  weight  w  ascenda 
up  the  direction  of  the  oblique  plane,  bc,  just  as  fast  aa  the 
power  p  descends  perpendicularly,  yet  the  weight  rises  only 
the  perp.  height  ab,  while  it  ascends  up  the  whole  length  it 
the  plane  bc,  which  is  three  times  as  much  ;  that  is,  for  eveiy 
foot  of  the  perp.  rise  of  the  weight,  it  ascends  3  feet  up  in  the 
direction  of  the  plane,  and  the  power  p  descends  just  as  muchi 
or  3  feet. 
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wood  or  metal,  in  form  of  half  a  r«ct- 
uanlBr  fsum.  af  or  bo  is  the 
bnadth  of  ita  back ;  oe  its  height ; 
•c,  BO  its  udaa  :  and  ita  end  oac  ia 
ooiiipo«ed    of  two    equal    inclined 

pluiM  O08,  BOB. 


80.  Pxor.  When  a  wedge  is  in  cquilibrio  ;  the  power 
acting  against  the  back,  is  to  the  force  acting  perpendicularly 
against  either  aide,  as  the  breadth  of  the  back  ab  is  to  the 
Iragth  of  the  side  ac  or  sc. 

For,  any  three  forces,  which  sustain  one  A  P  B 
another  in  equilibrio,  are  as  the  correapond. 
ing  ndoB  of  a  triangle  drawn  perpendicular 
to  the  directions  in  which  they  act.  But 
IB  ia  perp.  to  the  force  acting  on  the  back, 
to  arge  the  wedge  forward  ;  and  the  sldea 
te,  BC  are  perp.  to  the  forces  acting  oa 
tbetD ;  therefore  the  three  forces  are  asAs, 

AC,  BO. 

81.  Cani.  The  force  o 
Its  effect  in  direct,  perp.  t 
And  its  efiect  parallel  to  a 

are  as  the  three  lines  ^whichareper.  tolhera. 

koA  therefbra  the  thinner  a  wedge  is,  the  greater  ia  its 
flfliBct,  in  splitting  any  body,  or  in  overcoming  any  resistance 
igainst  the  rides  of  the  wedge. 


jn  the  back  C  ai 
terp.  to  AC,  J  ai 
il  to  AB  ;  1  n< 
nes  (w 


A_DB 
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83.  Bat  it  must  he  observed,  that  the  resistance,  or  the 
forces  above-mentioned,  respect  one  side  of  the  wedge  only. 
For  if  those  against  both  aides  be  taken  in,  then,  in  the  fore- 
going proportions,  we  must  take  only  half  the  back  ad,  or 
else  we  must  take  double  the  line  ac  or  dc.  Various  other 
tbeoriea  of  the  wedge  are  given  by  difierent  authors,  but 
ibey  need  not  here  be  detailed,  on  account  of  the  irregulari* 
tiaa  iotroduced  by  friction. 

Vol.  B,  23       • 
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Id  the  wedge,  the  friction  against  the  aides  is  very  greatf 
at  least  equal  to  the  force  to  be  overcome,  because  the  wedn 
retains  any  position  to  which  it  is  driven  ;  and  therefore  tne 
resistance  is  doubled  by  the  friction.  But  then  the  wedft 
has  a  great  advantage  over  all  the  other  powers,  arisiog  from 
the  force  of  percussion  or  blow  with  which  the  back  is  struck, 
which  is  a  force  incomparably  greater  than  any  dead  weigkt 
or  pressure,  such  as  is  employed  in  other  machines.  And  ae^ 
cordingly  we  find  it  produces  effects  vastly  superior  to  thoie 
of  any  other  power  ;  such  as  the  splitting  and  raising  tbo 
largest  and  hardest  rocks,  the  raising  and  lifting  the  largeit 
ship,  by  driving  a  wedge  below  it,  which  a  man  can  dobj 
the  blow  of  a  mallet :  and  thus  it  appears  that  the  small  bknr 
of  a  hammer,  on  the  back  of  a  wedge  is  incomparably  great- 
er than  any  mere  pressure,  and  will  overcome  it. 


OF  THE  SCREW. 

83.  The  Screw  is  one  of  the  six  mechanical  powers,  cUafr 
ly  used  in  pressing  or  squeezing  bodies  close,  though  woam 
times  also  in  raising  weights. 

The  screw  is  a  spiral  thread  or  groove  cut  round  a  eyia* 
der,  and  every  where  making  the  same  angle  wiih  the  lenph 
of  it.  So  that  if  the  surface  of  the  cylinder,  with  this  spiiel 
thread  on  it,  where  unfolded  and  stretched  into  a  plane,  tht 
spiral  thread  would  form  a  straight  inclined  plane,  whosa 
length  would  be  to  its  height,  as  the  circumference  of  the 
cylinder,  is  to  the  distance  between  two  threads  of  the  screw : 
as  is  evident  by  considering  that,  in  making  one  round,  the 
spiral  rises  along  the  cylinder  the  distance  between  the  two 
threads. 

84.  Prop.  The  energy  of  a  power  applied  to  tarn  a  screw 
round,  is  to  the  force  with  which  it  presses  upward  or  dowii. 
ward,  setting  aside  the  friction,  as  the  distance  between  two 
threads,  is  to  the  circumference  where  the  power  is  applied. 

The  screw  being  an  inclined  plane,  or  half  wedge,  whoee 
height  is  the  distance  between  two  threads,  and  its  base  tiie 
circumference  of  the  screw ;  and  the  force  in  the  horizoatal 
direction,  being  to  that  in  the  vertical  one,  as  the  liaes  pcnr- 
pendicular  to  them,  namely,  as  the  height  of  the  plane,  or 
distance  of  the  two  threads,  is  to  the  base  of  the  plane,  or 
circumference  of  the  screw  ;  therefore  the  power  is  to  the 
pressure,  as  the  distance  of  two  threads  is  to  that  circom* 
ference.    But,  by  means  of  a  handle  or  lever,  the  gain  in 
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powor  N  nerauBd  in  the  proportion  of  the  radius  of  the  acrew 
to  Ae  nufine  of  the  powor,  or  length  of  the  handle,  or  aa 
their  eummferancea.  Therefore,  finally,  the  power  ia  to  the 
prewiiiu,  as  the  diatance  ofthe  ibreada,  is  to  the  circumft- 
nsea  described  by  the  power- 

85.  Carol.  When  the  screw  is  put  in  motion;  thea  the 
power  is  to  the  weight  which  would  keep  it  in  equilibrio,  as 
the  velocity  ofthe  Tatter  is  to  that  of  the  former;  and  hence 
dwir  two  momenta  are  equal,  which  are  pniduced  by  multi- 

Sying  each  weight  or  power  by  its  own  velocity.  80  that 
is  is  a  general  property  in  all  the  mochanical  powers, 
■unely,  that  the  momentum  of  a  power  is  equal  to  that  ofthe 
weight  which  would  balance  it  in  equilibrio ;  or  that  each  of 
Aam  is  reciprocally  proportional  to  its  velocity. 


8S.  HoDce  we  can  easily 
eompute  the  force  of  any  ma- 
ehine  tunted  hy  a  screw.  Let 
Ibe  annexed  figure  repreaent  a 
|iresB  driven  by  a  screw,  whose 
threads  are  each  a  quarter  of 
H  inch  asunder :  and  let  the 
screw  be  turned  by  a  handle 
of  4  feet  long,  from  a  to  b  ; 
then,  if  the  natural  force  of 
a  man,  by  which  he  can  lift, 
poll,  or  draw,  be  ISO  pounds ;  and  it  be  required  to  deter- 
mine with  what  force  the  screw  wilt  presa  on  the  hoard  at  o, 
when  the  man  turns  the  handle  at  a  and  u,  with  his  whole 
farce.  Then  the  diameter  ab  ofthe  power  being  4  feet,  or 
IB  inches,  its  circumference  ia  48  X  3-1416  or  150}  nearly; 
and  the  distance  ofthe  threads  being  j-  of  an  inch;  therefore 
the  power  is  to  the  pressure,  as  1  to  G03| ;  but  tlie  power  is 
equal  to  1501b;  theref.  as  1  :  BOSj  : :  150  :  90480;  and 
consequently  the  pressure  at  D  is  equal  to  a  weigtit  of  904B0 
pounds,  independent  of  friction. 

87.  Again,  if  the  endless  screw  ab  be  turned  by  a  handle 
ao  of  SO  inches,  the  threads  of  the  screw  being  distant 
baif  an  inch  each ;  and  the  screw  turns  a  toothed  wheel  f., 
whose  pinion  i.  turns  another  wheel  f,  and  the  pinion  h  of 
Ihia  ancAher  wheel  o,  to  tho  pinion  or  barrel  of  which  is  hung 
aweight  w  ;  it  is  required  to  determine  what  weight  the  mnn 
will  be  able  to  raise,  working  at  tho  handle  o ;  supposing 


ITS 

di«  diameteTB  of  the  vheels    B 
to  ba  IS  inches,  and  those 
of  the  pinioDB  and  banel  3 
inches ;   the  teeth  and  [n- 
nioDs  beins  all  ofa  size. 

Here  20  X  3-1416  X  2 
=  125-664,  is  the  ctrcuDi- 
fereace  of  the  power. 

And  125-664  to  j.  or 
261 -326  to  1,  is  the  force 
of  the  screw  done. 

Also,  16  to  2,  or  9  to  1, 
being  the  proportion  of  the 
wheels  (o  the  pinions ;  and 
as  there  are  three  of  them, 
therefore  9*  to  I',  or  729 
to  I,  ia  the  power  gained  by 
the  wheels. 

Con8equently2Sl-328  X 
720  to  1,  or  183218^  (o 
1  neariy,  is  the  ratio  of 
the  power  to  the  weight, 
arising  from  the  advantage 
both  of  the  screw  and  the 
wheels. 

But  the  power  is  ISOIb;  therefore  160  X  188318^ar 
27482716pounds,iB  the  weight  the  man  can  sustain,  which  is 
eqnnl  to  12269  tons  weight. 

But  the  power  has  to  overcome,  not  only  the  wwgfat,  htt 
also  the  friction  of  the  screw,  which  is  very  great,  in  aoDM 
cases  equal  to  the  weight  itself,  since  it  is  sometimes  sufficMOl 
to  sustain  the  weight,  when  the  power  is  taken  off. 

88.  Upon  the  same  principle  the  advantage  of  any  othv 
coDibioation  of  the  mechanicnl  powers  may  be  compoted  t 
nllowaoce,  however,  being  ntways  to  be  made  for  stifinesi  flf 
cords,  friction,  and  other  causes  of  resistance. 


ON  THE  CENTRE  OF  GRAVITY. 


80.  Tbb  Centbe  op  Gsavitv  of  abody,  or  ofaayatan 
of  bodies,  is  a  certain  point  within  it,  or  connected  with  it| 
oo  which  ths  body  being  freely  suspended,  it  wilt  rest  in  any 
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poaidoD,  and  ihat  centre  will  alwmya  tend  to  descend  to  the 
lowett  pUee  to  which  it  can  get,  when  it  is  not  the  point  of 

90.  Pmor,  If  a  perpendicular  to  the  horixon,  Iran  the 
centn  of  ^Tity  of  any  body,  fall  within  the  base  of  tho 
body,  it  will  rest  in  that  position ;  bat  if  the  perpendicular 
&11  out  of  the  base,  the  body  will  not  rest  in  that  position, 
but  will  fall  down. 

For,  if  en  be  the  perp. 
fioro  the  centre  of  gravity  c, 
witbia  the  base :  tfa«n  the 
body    cannot  fall   over  to- 
wds  a;  because,  in  turn- 
ing on  the  point  a,  the  cen- 
tre  of  gtavi^  c  would  des- 
cribe an  arc  which  would 
rise  from  c  to  E ;  contrary  to  the  nature  of  that  centre,  whjdi  '' 
i  cmly  reals  permanently  when  in  the  lowest  place.     For  the 
PMune  reason,  the  body  will  not  fall  towards  d.     And  ibere- 
fbn  it  will  Btand  in  that  position. 

But  if  tho  perpendicular  full  out  of  the  base,  as  eb  ;  then 
the  body  will  fall  over  on  that  side  :  because,  in  turning  on 
the  point  a,  the  centre  c  descends  by  describing  the  descend- 
ing arc  a, 

91.  Corol.  1.  If  a  perpendicular,  drawn  from  the  centre 
of  gravity,  fall  just  on  the  extremity  of  the  base,  the  body 
nay  stand  ;  but  any  the  least  force  will  cause  it  to  fall  that 
way.  And  the  nearer  the  perpendicular  is  to  any  side,  or 
Ae  narrower  the  base  is,  the  easier  it  will  be  made  to  fall,  or 
be  pushed  over  that  way ;  because  the  centre  of  gravity  has 
the  less  height  to  rise  ;  which  is  the  reason  that  a  globe  is 
made  to  roll  on  a  smooth  plane  by  any  the  least  force.  But 
the  nearer  the  perpendicular  is  to  the  middle  of  the  base,  or 
the  broader  the  base  is,  the  firmer  the  body  stands. 

92.  Coroi.  2.  Hence  if  the  centre  of  gravity  of  a  body  be 
supported,  the  whole  body  is  supported.  And  the  place  of 
the  centre  of  gravity  may,  in  many  inquiries,  be  accounted 
the  place  of  the  body ;  for  into  that  point  the  whole  matter 
of  the  body  may  be  supposed  lo  be  collected,  and  therefore 
all  the  force  also  with  which  il  endeavours  to  descend. 

93.  Carol.  3.  From  the  properly  which  the  centre  of 
gravity  has,  of  lending  to  descend  to  the  lowest  point,  is  de- 
rived on  easy  mechanical  method  of  finding  that  centre. 
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Thu8,  if  the  body  be  hung  up  by 
any  point  a,  and  a  plumb  lino  ab  be  hung 
by  the  same  point,  it  will  pass  through 
the  centre  of  gravity ;  because  that  cen- 
tre  is  not  in  the  lowest  point  till  it  fall 
in  the  plumb  line.    Mark  the  line  ab  on 
it.  Then  hang  the  body  up  by  any  other 
point  D,  with  a  plumb  line  de,  which  will 
also  pass  threugh  the  centre  of  gravity, 
for  the  same  reason  as  before;  and 
therefore  that  centre  must  be  at  o  where 
the  two  plumb  lines  cross  each  other. 


04.  Or,  if  the  body  be  suspended  by 
two  or  more  cords,  of,  oh,  to;  then  a 
plumb  line  from  the  point  o,  will  cut  the 
body  in  its  centre  of  gravity  c. 


95.  Likewise,  because  a  body  rests  when  its  centre  of 
gravity  is  supported,  but  not  else  ;  we  hence  derive  another 
easy  method  of  finding  that  centre  mechanically.  For,  if 
the  body  be  laid  on  the  edge  of  a  prism,  or  over  one  andtt 
of  a  table,  and  moved  backward  and  forward  till  it  rest,  or 
balance  itself;  then  is  the  centre  of  gravity  just  over  the  line 
of  the  edge.  And  if  the  body  be  then  shifted  into  another 
position,  and  balanced  on  the  edge  again,  this  line  will  alto 
pass  by  the  centre  of  gravity ;  and  consequently  the  inter- 
section of  the  two  will  indicate  the  place  of  the  centre  itself! 

The  place  of  the  centre  of  gravity  may  be  investigated, 
from  its  analogy  to  the  centre  of  parallel  forces ;  but  the 
following  method  is  adopted  here,  as  in  some  respects  easier 
of  comprehension. 

96.  Prop.  The  commo^  centre  of  gravity  c  of  any  two 
bodies  a,  b,  divides  the  line  joining  their  respective  centres, 
into  two  parts,  which  are  reciprocally  as  the  bodies. 

That  is,  AC  :  BC  : :  B  :  a. 

For,  if  the  centre  of  gravity  c  ^  .  ^ 

be  supported,  the  two  bodies  a  ^     7c  ? 

and  B  will  be  supported,  and  will  '^ 
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nit  in  eqailibrio.  But,  by  the  nature  of  the  lever,  when 
two  bodies  are  in  equilitirio  about  a  fixed  point  c,  they  are 
reciprocally  aa  their  dialancea  from  that  point ;  therefore 
A  :  1 : :  CB  ;  CA. 

97.  Carol.  1.  Hence  ab  :  ac  :  :  a  +  b  :  a  ;  or,  the  whole 
£alanco  between  the  two  bodies,  is  to  the  distance  of  either 
of  them  from  the  commoa  centre,  as  the  sum  of  the  t>odie8is 
to  the  other  body. 

98.  Carol.  3.  Hence  also,  ca  .  a  =  cb  .  b  ;  or  the  two 
products  are  equal,  which  are  made  by  multiplying  each  body 
into  its  distance  from  the  centre  of  gravity. 

99.  Carol.  3.  As  the  centre  c  ia  pressed  with  a  force  equal 
to  both  the  weights  a  sad  b,  while  the  points  a  and  b  are 
each  pressed  with  the  respective  weights  a  and  b  ;  therefore, 
if  the  two  bodies  be  both  united  in  their  common  centre  c, 
■nd  only  the  ends  a  and  r  of  the  line  ah  be  supported,  each 
will  still  bear,  or  be  pressed  by  the  same  weight  a  and  b  as 
before.  So  that,  if  a  weight  of  1001b.  be  laid  on  a  bar  at  c, 
■ipported  by  two  men  at  a  and  b,  distant  from  c,  the  one  4 
feet,  and  the  other  6  feet ;  then  the  nearer  will  bear  the 
weight  of  601b.  and  the  farther  only  401b.  weight.  This 
ihould  bo  noted  as  a  principle  of  extensive  application. 

100.  Corrf.  4.  Since  the 

effect  of  any  body  to  turn    ^ — ^ — i; 4P~^P~* 

a  lever  about  the   fixed      »  g       "         D      E    ^ 

point    c,  is  as  that  body 

■nd  as  its  distance  from  that  point ;  therefore,  if  c  be  the  com- 
non  centre  of  gravity  of  alt  the  bodies  a,  n,  n,  b,  f,  placed 
in  the  straight  line  af  ;  then  is  pa  .  *  +  cb  ,  b  =  co  .  n  + 
CI .  s  +  cr  .  r  ;  or,  the  sum  of  the  products  on  one  side, 
e^al  to  the  sum  of  the  products  on  the  other,  made  by  mul- 
tiplying each  body  into  its  distnnce  from  that  centre.  And 
if  several  bodies  be  in  equilibrio  on  any  straight  lever,  then 
the  prop  is  in  the  centre  of  gravity. 

101.  Corol.  5.  And  though 
the  bodies  be  not  situated  in 
e  straight  line,  but  scattered 
eboutinanypromiscuousman* 
ner,  the  same  property  as  in  the 
last  corollary  still  holds  true, 
if  pfirpendiculara  to  any  line 
whatevero^be  drawn  through 
the  several  bodies,  and  their  common  centre  of  gravity, 

'  f,  that  ca.A  +  c6.B=cd.D  +  cc.E-i-c/'.F.  For 
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the  bodies  hare  the  same  effect  on  the  line  of,  to  turn  it  aboaf 
the  point  c,  whether  they  are  placed  at  the  points  a,  ft,  d,  e^f^ 
or  in*  any  part  of  the  perpendiculars  Aa,  b&,  ik2,  £e,  f/1 

102.  Phop.  If  there  be  three  or  more  bodies,  and  if  a  line 
be  drawn  from  any  one  body  d  to  the  centre  of  gravity  of 
the  rest  c ;  then  the  common  centre  of  gravity  e  of  all  the 
bodies,  divides  the  line  cd  into  two  parts  in  e,  which  are  reci- 
procally proportional  as  the  body  d  to  the  sum  of  all  the  other 
bodies. 

That  is,  CE  :  ED  :  :  D  :  A  +  B,  dec. 

For,  suppose  the  bodies  a  and  b 
to  be  collected  into  the  common         ^      ^  ~ 

centre  of  gravity  c,  and  let  their        A       J^  B 

sum  be  called  s.  Then,  by  the  last  "^ 

prop.  CB  :  ED  : :  D  :  s  or  a  +  b, 
dec. 

CorA*  Hence  we  have  a  method  of  finding  the  common 
Qentre  of  gravity  of  any  number  of  bodies  ;  namely,  by  fini 
finding  the  centre  of  any  two  of  them,  then  the  centre  of 
that  centre  and  a  third,  and  so  on  for  a  fourth,  or  fifth,  dee. 

103.  Prop.  If  there  be  taken  any  point  p,  in  the  line 
passing  through  the  centres  of  two  bodies ;  then  the  sum  of 
the  two  products,  of  each  body  multiplied  into  its  distance 
from  that  point,  is  equal  to  the  product  of  the  sum  of  the 
bodies  muhiplied  into  the  distance^df  their  common  centre  of 
gravity  c  from  the  same  point  p. 

That  is,  PA  •  A  ±  PB  .  B  =  PC  .  A  +  B. 

For,  by  art.  08th,  ca  .  a  =cb  .  b, 

that  is,  (pa — pc) .  a=(pc±  pb)  .  b  ;  O ; 

therefore,  hy  adding,  A. 

PA  .  A±  PB  .  B  =  PC  .  (a  +  b). 

104.  Cwiii.  1.  Hence,  the  two  bodies  a  and  b  have  the 
same  fbree  to  turn  the  lever  about  the  point  p,  as  if  they  were 
both  placed  in  c  their  common  centre  of  gravity. 

Or,  if  the  line,  with  the  bodies,  move  about  the  point  p ;. 
the  sum  of  the  momenta  of  a  and  b,  is  equal  to  the  niomea« 
turn  of  the  sum  s  or  a  +  b  placed  at  tlie  centre  c. 

105.  Coral.  2.  The  same  is  also  true  of  any  number  of 
bodies  whatever,  as  will  appear  by  cor.  4,  art.  100.  namely* 
PA  .  A  +  PB  .  B  +  PD  .  D,  d&c=pc  .  (a+  b  +d,  &c.)  when 
p  is  in  any  point  whatever  of  the  line  ac. 

And,  by  cor.  5,  art.  101,  the  same  thing  is  true  when  the 
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bodies  ara  Dot  pisced  in  that  line,  hut  any  whore  in  the  per- 
penclicalan  passing  through  tlie  points  a,  b,  d,  &.c.  ;  narnely, 
xtt.±  +  rb  .  B  +pd  .It,  &c.  =  PC  .  (*  +  u  +  Dj  8ic0  ■ 

106.  Con^.  3.  And  if  a  plane  pnss  ihmugh  the  point  p 
perpendicutar  to  the  line  cp  ;  then  the  diHtance  of  the  coni> 
■MH  centre  of  gravity  from  that  plane,  is 

ra  .  A  +  rh  .  B-i-rd  .  D,  &c.     ,      .  ,       . 

10  =  — ; i — - ,  that  IS,  equal  to  the  mm 

A  +  B  +  n,  Aic. 
of  all  the  momenla  divided  by  ihe  sura  of  all  the  bodies.  Or, 
if  A|  B,  D,  &c.  be  the  aoversl  particles  of  one  mass  or  com-: 
found  body  ;  then  the  distance  of  the  centre  of  gravity  of 
Ae  body,  below  nny  given  point  r,  is  et^ual  to  the  forces  of 
iD  the  pnrticles  divided  by  the  whole  mass  or  body,  that  is, 
etpial  to  all  the  ra  .  a,  rh  .  b,  rd  .  d,  &c.  divided  by  the 
body  or  sum  of  particles  a,  n,  v,  &c. 

KT?.  Prop.  To  find  the  centre  of  gravity  of  any  body,  or 
t(  uiy  system  of  bodie. 


Through  any  point  p  draw 
aplane,  and  let  ra,rb,  vd,  &c. 
be  the  distance  of  the  bodies 
A,  B,  D,  &c.  from  the  plane ; 
dten,  by  the  last  cor.  the  dis. 
tmce  of  Ihecommon  centrr^of 
(mvity  from  the  plane,  will  be 

pq  ■  A  +  P*  ■  B  +  PI)  ■  P| 
"  ""  A  +  B  +  I),  &c. 

108.  Or,  if  6  be  any  body,  and  itPft  any  pli 
Ac  perpendicular  to  (tR,  and  through 
merablo  sections  of  ihc  body  b  parallel 
to  the  plane  aa.  Let  s  deoelc  any  one 
ofthese  sections,  and  ii=PA,  or  pH,&c. 
its  distance  from  the  plane  im.  Then 
will  the  distance  of  the  centre  of  grn.- 
nt^  of  the  body  from  the   plune  be 

sum  of  all  the  rf«        .     ,  ...   ,_ 
PC  = T .      And  )t  the 

B  be  thus  found  for  two  inier- 
planes,  they  will  give  the  point 
ID  which  the  centre  is  placed. 

109.  But  the  distance  from  one  plan 
ivgular  body,  because  it  is  evident  ihal 
(wntre  of  gravity  is  in  the  axis,  or  line 

IS  of  all  the  parallel 


E 


^A      I   OD   ^i 


draw  PAS 
dec.  draw  innu. 


I  is  sufficient  for  any 
,  in  such  a  figure,  the 
passing  through  the 
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Thus,  if  the  figure  be  a  pnnlletognm,  or  a 
cylinder,  or  any  priBm  whatever ;  then  the 
aiit  or  line,  or  plane  pb,  which  bisecta  all  the 
'  seciiuns  parallel  to  oh,  will  pasa  through  the 
centre  of  i^vity  of  all  those  aecliooa,  and 
coDaequenily  through  that  of  the  whole  figure 
c.  Then,  all  the  aeclions  a  being  equal,  and 
the  body  b  =■  vg  .  s,  the  dialance  of  the  cen> 
tre  will  he  pc  = 

pA.«  +  PB.»+&e.     PA+PB+ro&c. 


PA+f»-t-Ae. 

b  pa . «  "'  pa 

But  PA  +  ra  +  &C.  is  the  sum  of  an  arithmetical  pnk 

greasion,  beginDtng  at  0,  and  increasing  to  the  grealeat  tent 

PS,  the  number  of  the  tenna  being  also  equal  to  pa ;  lb«^ 

fore  the  sum  pa  -]-  pb  -|-  iic.  ^  {pb  ,  pa  ;  and  riiiiiiiinM<aill| 

PD  =  - — - —  =  Jpa  ;  that  is,  the  centre  of  grarity  t>  in  Hm 

middle  of  the  axis  of  any  figure  whose  parallel  sactiam  nt 
equal. 

110.  In  other  figures,  whose  parallel  sectiona  ape  aol' 
equal,  but  varjring  according  to  some  general  law,  it  will  aol 
be  easy  to  find  the  sum  of  ail  the  pa  .  *,  ps  .  t,  pd  .  «',  Jhu 
except  by  the  general  method  of  Fluxions  ;  which  oMa 
therefore  will  be  best  reserved  till  we  come  to  treat  of  that 
doctrine.  It  will  be  proper,  however,  to  add  here  some  •■■ 
amples  of  another  method  of  finding  the  centre  of  gravity  i^ 
a  triangle,  or  any  other  righl-linod  plane  figure. 

111.  Paop.     To  find  the  centre  of  gravity  of  a  triaurlB. 
From  any  two  af  the  angles  draw 

lines  AD,  cs,  to  biaect  the  opposite 
aides  ;  so  will  their  intersection  o  be 
the  centre  of  gravity  of  the  triangle. 
For,  becnuse  ad  bisects  bc,  it  bi- 
sects also  all  its  parallels,  namely,  all 
the  parallel  sections  of  the  figure  : 
therefore  ad  paBses  through  the  cen- 
tres of  gravity  of  all  the  parallel  sec- 
tions or  component  parts  of  the  figure  ;  and  co&seqneittly  tiM 
centre  of  gravity  of  (he  whole  figure  lies  in  the  line  ad.  ftt 
the  Home  reason,  it  nlao  lies  in  the  tine  c£.  Connqneady  it 
is  in  their  common  point  of  intersection  e. 

112.  Carol,  The  distance  of  the  point  o,  ia  ag  »  f  aB^ 
and  CO  =  |vf  :  or  ao  =  3ai>,  end  co  =  Sox. 

For,  draw  bf  parallel  to  ad,  and  produco  ca  to  moat  It 
in  F.     Then  the  triangles  axe,  bef  ore  similar,  and  alM 
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i^nd,  bactan  ai  »  bb  ;  consequently  ao  -ss  bf.  But  the 
tmaglet  odo,  cbv  are  alto  equiangular,  and  cb  being 
■B  Sc^f  therefore  bp  »  2od.  But  bf  is  also  =  ag  ; 
eooeequentlj  ao  =  2gd  or  |ad.    In  like  manner,  co  =  2gb 

lis.  Pbop.    To  find  the  centre  of  grarity  of  a  trapezium. 

Divide  the  trapezium  abcd  into  two  A p 

trianglee^  by  the  diagonal  bd,  and  find 

%  Py.the  centres  of  gravity  of  these 

two  triangles  :  then  shall  the  centre  of 

gravity  of  the  trapezium  lie  in  the  line 

IF  connecting  them.     And  therefore 

if  XF  be  divided,  in  o,  in  the  alternate 

tttio  of  the  two  triangles,    namely, 

Bb:  OP  ::  triangle  bod  :  triangle  abd,  then  o  will  be  the 

centre  of  gravity  of  the  trapezium. 

114.  Or,  having  (bund  the  two  points  s,  7,  if  the  trape- 
waua  be  divided  into  two  other  triangles  bag,  dac,  by  the 
ediar  diagonal  ac,  and  the  centres  of  gravity  h  and  i  of  these 
two  triangles  be  likewise  found  ;  then  the  centre  of  gravity 
of  the  trapezium  will  also  lie  in  the  line  hi. 

80  that,  lying  in  both  the  lines,  ef,  hi,  it  must  necessarily 
le  in  their  intersection  o. 

115.  And  thus  we  are  to  proceed  for  a  figure  of  any 
mater  number  of  sides,  findmg  the  centres  of  their  com- 
ponent triangles  and  trapeziums,  and  then  finding  the  com. 
mon  centre  of  every  two  of  these,  till  they  be  all  reduced 
into  one  only. 

pboblems  fob  exebcise. 

1.  Find,  geometrically,  the  centre  of  gravity  of  a  trape* 


2.  Find,  geometrically,  the  centre  of  gravity  of  a  trian. 
guhr  pyramid. 

3.  Infer,  thence,  the  centre  of  gravity  of  any  pyramid. 

4.  Find,  algebraically,  the  centre  of  gravity  of  the  frus. 
Hfli  of  a  pyramid. 

5.  Let  a  sphere  whose  diameter  is  4  inches,  and  a  cone 
Aldose  altitnde  is  8  inches,  and  diameter  of  its  base  3  inches, 
be  fastened  upon  a  thin  wire  which  shall  pass  through  the 
centre  of  the  globe  and  the  axis  of  the  cone  ;  let  the  vertex 
of  tbe  cone  be  toward  the  sphere,  and  let  its  distance  from 
Ao  sphere's  snrlaoe  be  12  inches.  Required  the  place  of 
dieir  comffiOB  oentfo  of  gravity. 
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6.  Demonstrats  lati  That  (he  mirfitce  produced  by  a  [tiaiw 
line  or  curve  by  ravolviag  about  an  axis  Id  iha  plane  of  t^t 
curre,  is  equal  to  the  product  of  the  generating  line  or  cam 
into  the  path  deacribed  by  ihe  centre  of  gravity. 

And  2dly.  That  (he  solid  produced  by  (he  revolutioo  of 
a  plane  figure  about  an  aiis  posited  in  the  plane  of  tint 
figure,  is  equal  (o  ibo  product  of  the  generating  surfaM  inU 
the  circumstance  described  by  the  centre  of  gravity. 


ON  Tllfi  EQUILIBRIUM  OF  ARCHES. 

110.  A  very  interesting  departnieat  of  the  vciinKe  of  8t^ 
tics,  is  that  which  relates  to  the  stability  of  u^fitis,  as  ialnt* 
duced  in  the  construction  of  bridges,  powdqj[^ugBzines,  dw. 
Every  such  structure  is  a  system  of  forces,  and  the  eiamlnar 
tion  of  its  firmness,  therefore,  requires  the  application  of  tlis 
genera]  principles  of  equilibrium.  We  shall  here  pressot  ( 
lew  useful  propositions  in  elucidation  of  the  more  receind 
theories. 

117.  Prop,  The  force  of  a  voussoir  depending  on  the 
magnitude  of  ttie  angle  formed  by  its  sides,  the  impelliii| 
force,  and  Ihe  resistance  to  he  overcome,  is  on  the  first  ac- 
count directly  us  the  radius  of  curvature  ofj^  arch  at  th^ 
point,  on  the  second  as  the  square  of  ^d|&s  of  the  anri*- 
included  between  the  tangent  of  the  ci!M|||t  the  given  poiitf 
and  the  vertical  passing  through  that  poinVaW  on  the  thif^ 
as  the  sine  of  the  samo  angle. 

1.  Let  EABF,  eob/',  be  two 
similar  concentric  curves, 
and  AB,  ab,  two  voussoirs  ' 
similarly  situated,  whose  sides 
|>e^ndiGular  to  the  curve 
converge  to  the  centre  c. 
The  forces  of  these  vous- 
soira  Considered  as  portions 
of  wedges,  are  inversely  as 
the  sines  of  the  half  vertical 
aagles    (schol.    art.  62.)  .or, 

because  each  wedge  occupies  an  equal  portion  of  its  le* 
epeciive  arch,  directly  as  the  radii  of  curvature. 

Sadly,  Let  nA  bo  the  invariable  broadth  of  the  voussoira  or 
the  arch  c^ibf,  oguk  the  incumbent  weight,  which,  since  oB 
is  supposed  given,  is  as  the  breadth  hk,  or  as  Ihe  sine  of  iha 
Wigla  hak  I  by  the  resolution  of  the  force  gu  into  two  kOt 
ttltt  the  latter  is  the  force  impelling  (he  voussoir  to  split  tfaa 


XQUXUBBXIIX  or  ABCHC8. 


181 


wnhf  whiehy  aiiice  gm  is  given,  varies  as  the  sine  of  h;^,  or 
knk:  wherefore,  the  force  impelling  the  vouaioir  is  as  Che 
square  of  the  sine  of  huk. 

3dly,  The  wedge  impelled  in  a  direction  perpendicular  to 
the  curve  endeavours  to  split  the  arch,  and  therefore  to  move 
one  segm&nt  about  the  fulcrum  e,  the  other  ahout  the  fulcrum 
/•  Hence  the  force  of  the  voussoir  acting  on  the  levers  uf, 
■e,  being  as  either  of  the  perpendiculars /p,  eo,  is  as  the  sine 
sf  the  angle /cF  or  hnk. 

We  have  supposed  the  centre  of  curvature  of  the  arches 
at  the  points  a,  a,  A,  h,  to  be  at  c  :  but  this  is  merely  to  pre- 
vent the  figure  from  being  too  complex,  and  makes  no  al* 
teration  in  the  nature  of  the  demonstration. 

Carol.  Hence,  if  the  height  of  the  wall  incumbent  on  any 

C'ot  H  of  the  intrados  is  inversely  as  the  cube  of  the  sine  of 
k  into  radius  of  curvature  at  that  point,  or  directly  as  cube 
of  the  secant  of  the  angle  formed  by  ha  and  the  horizon,  and 
inversely  as  the  radius  of  curvature,  all  the  voussoirs  will 
endeavour  to  split  the  arch  with  equal  forces,  and  will  be  in 
perfect  equilibrium  with  each  other. 

The  general  expression,  therefore,  for  the  thickness  on 
over  any  point  of  an  arch,  is 

QH  =  sec.^  elev". 


or 
at  H  X  — 

R 


where  r  ^=  rad.  of  curvature  at  the  vertex 
a  «:  thickness  of  material  there 
R  =  rad.  of  curvature  at  h. 

The  radii  of  curvature  for  the  different  curves  are  deter* 
Ittinable  by  the  method  of  duxions,  or  by  other  means :  they 
are  here  supposed  known. 

I.  Suppose,  for  example,  it  were  required  to  find  the  re* 
i|Disite  thickness  over  any  point  of  a  circular  arc,  to  ensure 
Bquilibration,  the  thickness  a  =  dk,  at  the  crown  of  the  arch 
being  given. 


Here,  rad.  of  curv.  at  tt 
'  =3  rad.  of  curv.  at  o 
that  is  R  =  r. 
ttod  sec.  RHf  =  sec.  arc.  dh. 


dr 
Gonseq.  oh  =  sec.^  dh  X  —  =  sec.^  db 


K  logarithinie  exprauhm  lor  oann 

'^'^^        ^.    ».  -  a  Ivf.  sec.  DH  =  log.  eH. 

«    «wt»i^  At  cune  of  equilibration,  gk«,  iwm  up 

I  ri;  ■  -■^•tt  jeer  ft,  the  springing  of  a  aemicirculir 

^     '-4k.    *w  -^  poftioo  of  .10°  or  35"   on  each  sido  tbm 

I !,,_    «..'i^  JM  curve  KG  of  the  extradoa  accordi  toij 

^  inmi  <>tfu  would  be  required  for  a  roadway, 

«.  :.  ^Mtannine  the  requisite  thickneH  for  equilifai«ti« 
.4*0^  (MiM  of  a  parabola.  ^ 


_i*'+p)^. 


.Ion  if  Ds  =  X,  KH  =  y,  H tt-^— 

tbtekt  at  the  verlei,  irtiere  s  vanishes 


It,  «H  =  y  =  i/pX,  TH  =  v'HR'  +  rt"  =  ^p«  +  ltf 

TK  _    ^w  +  4^         p  +  4» 


',  OH  =  sec.  TUB  . 


=  {P±*^ 


9o  that  the  exinidos  is  a  parabola  equal  to  the  intndoa, 
Ritd  every  where  vertically  equidistant  from  it. 

Ex.  3.  To  determine 
the  requisite  thickness 
over  any  point  of  a  cy- 
cloidal  arch. 

Hero,  putting  dk  =  a, 
D|C3x,  PC=rf;  wc  have, 
from  the  known  proper- 
ties of  the  cycloid,  the 
tangent  ht  parallel  to 
the  correRptmdiDg  chord 
au,     or    angle     thr  = 

an  ss  ^di-^^ : 

OM  to  9c)  =  BO  =  S»c  =  ayrf'— Jr;  r=2cD=3< ; 


aaviUBBiUM  or  abchss. 


811      ^  dx^oe^ 


OH  =  aec.^  THR  •  —  .a 


=• 


dx 


^ 


(d-xy 


2d. 


2(d'-dxy 
2da 


(d-x)*    2«l»(<I-r)*' 


^ 


-a  = 


oi^ 


DK  .  Cd' 


By  computiDg  the  vaiue  of  gh  for  several  corresponding 
nines  of  dr,  and  cr,  and  thence  constructing  the  extradoe 
by  points,  it  will,  as  in  the  figure,  appear  analogous  to  that 
m  the  circle,  but  rather  flatter  till  it  approach  the  extreroi- 
iltB  of  the  arch,  where  the  curve  runs  off  to  infinity,  as  in 
the  case  for  the  circle. 


ExAH.  4.  To  determine  the 
requisite  thickness  over  any 
point  of  an  elliptical  arch. 

Here,  taking  x,  y^  and  a,  as 
before,  take  ao  =  t,  dc  =  c. 
Ha  =  ^'f  being  perpendicular 
to  the  tangent  ht.  Then,  by 
the  property  of  the  ellipse, 


Dc^  :  AC^ :  :  cr  :  qr, 

OXy  &  I  f  '.  I  C «  :  --j(c  ar)  =  QR. 

Also,  sec  THR=sec.  hqr=: —  =  *  -f-  -^(c— x)  -•=  -r, ^r  . 

Badiiis  of  curvature  at  h  =  r  =  — ,  p  being  the  panune- 

tor  to  CD  =  — : 
c 

.*.  R  =  -73—  ==  "zr- ;  *^^  ^  (nul.  curv.  at  d)  »  — . 
4r  r  ^  '        e 


IM  STATICS. 


Wbenee,  lastly,  gh  s  seo.^  thb  .  —  .  a, 

B 


as  before,  a  convenient  expression  for  logarithmic  operation. 
Here,  again,  computing  values  of  gh  for  several  assumed 
values  of  cb,  the  curve  of  the  extrados  may  thence  be  coo- 
Btructed,  and,  like  that  for  the  cycloid,  it  will  be  found  rather 
flatter  than  that  for  the  circle,  but  still  analogous  to  it. 

ExAK.  5.  For  the  Catenary,     (See  the  fig.  to  Exam.  2.) 
Here,  put  dr  =  x,  gb  =  jT)  bo  =  2,  f  =  tension  at  the 
vertex  d  whwi  the  chain  hangs  from  a  and  b.    Then,  by 

Che  nature  of  the  curve  0?  ^  2tx  +  x^j  subtang.  tr  **^ 

Rad.  curv.  at  o  » =  r,  and  therefore  at  n  where  '« 

i 

vanishes  r  =  (. 


HT  =  •  HB»  +  BT»  ^sJv"  jjfy 


sec*  TUB 


:.  GH  =  sec'  THR  .  —  a  =  i — :r— ^  .  t .  3-7—;  .  a 

R  ^  /•+«* 

= -^ = j—^ —  [sub.«^  for  T  Its  value.j 

_  {<*  +  2£x  +  x*)«a       a(/+x)  .   ax 

i  t  ^  t 

Cord.    If  a  =  <,  or  the  thickness  at  the  crown  equal  to  a 
line  whose  weight  expresses  the  tension, 

then  GH  =i  a  +  X  =  KD  +  dr. 
Card*  2.    If  a  —  t,  the    exterior    curve  will    proceed 


{  dS^anls  (  ^*  ^^y«  fr^°^  ^• 


Ckmd.  3.  If  DK,  the  thickness  at  the  crown,  be  very  small 
compared  with  t,  then  will  the  thickness  over  h  be  nearly 
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the  same  thnraghput :  thu«,  suppose  a  =  ttttt^  <,  thep  gh  =5; 


10000 


tx 


^  "*"  lOOOOT  "^  **  "^  10000  ^  *  ^®'^  nearly.  Consequently, 
a  heavy  flexible  cord  or  chain^  left  to  adjust  itself  into  a  hang, 
jog  catenary,  and  inverted,  would  support  itself  upon  props 
perpendicular  to  the  tangents  at  a  and  b. 

0tWM^fl  +  9  —  {$^+^)  =ra;_^  =  (t  — 0)7;  which 

when  a  vanishes  becomes  =  x,  or  na  =  gh  =  a. 

118.  Prop.  To  point  out  the  construction,  and  investi- 
^te  the  chief  properties  of  the  plat-band,  or  "  flat  arch,"  as 
His  sometimes  called. 


DC      DC VB  AKA!  B  'C  'D'  Jf 


Let  rr'  be  the  pro- 
posed width,  and  k^ 
the  proposed  thickness 
of  a  plat-band.  As- 
same  a  point  p  in  the 
inferior  prolongation 
of  KJfc  the  middle  of  the 
structure  ;  and,  sup- 
posing  ady  a&,  5c,  cd, 
ifcc.  the  proposed  thicknesses  at  bottom,  of  the  truncated 
wedges  of  which  the  plat-band  is  to  be  constituted,  let 
itraight  lines  paV,  raA,  p5b,  pcc,  dfc.  be  drawn,  they  will 
respectively  show  the  directions  in  which  the  mutually  abut- 
ting faces  of  the  several  wedges  are  to  be  cut,  so  that  the 
whole  shall  bo  an  equilibrated  structure. 

Now,  1st,  If  ak  *==  ak,  be  taken  to  represent  half  tho 
plight  of  the  central  wedge,  then  vk  perpendicular  to  it  will 
represent  the  horizontal  thrust  throughout  the  plat-band^ 
and  consequently,  the  thrust^  shoot,  or  dri%  acting  at  a 
or  r'. 

2dly,  Therefore,  by  assuming  p  nearer  or  farther  from  rr'^ 
jtbe  thrust  may  be  diminished  or  increased  nt  pleasure. 

Sdly,  No  one  of  the  wedges  has  a  greater  tendency  to  fall 
downwards  than  another  ;  for  those  tendencies  are  through- 
put as  their  weights,  eoch  being  represented  by  the  successive 
)ines  a&,  5c,  cd,  dec.  on  both  sides  the  key.stone.  The 
former  are  as  the  differences  of  the  tangents  ka,  kh,  kd  &c. 
to  the  radius  vk ;  and  the  latter  are  as  the  areas  of  the  trape- 
zoids a^BA,  5ccB,  &c.  which  are  as  a6  +  ab  to  be  +  bc,  or 
as  a5  to  5c  ;  the  common  height  of  all  the  trapezoids  being 
equal  to  ikx. 

4thly,  The  pressure  on   each  joint  of  the  plat-band  i^ 
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proportional  to  the  surface  of  that  joint*  For,  pTesrore  on 
aA  to  pressure  on  6b,  as  pa  to  p6,  that  is,  as  oa  to  Ab  ;  tnd 
so  throughout.  The  pressures  beiog  exerted  perpenidieu* 
lariy  to  the  respective  surfaces,  are  evidently  measured  hf 
lines  in  the  directions  of  those  surfaces  (art.  32,)  when  we 
have  assumed  a  horizontal  line  for  the  measure  of  grayitjy 
and  a  vertical  line  to  measure  the  horizontal  thrust* 

5tlily,  Hence  also  it  follows  that  in  this  construction  the 
pressure  upon  each  square  inch  of  joint,  is  a  constant  qiianti* 
ty  throughout ;  being  the  same  upon  every  square  inch  of  the 
face  in  direction  oa-,  as  upon  every  square  inch  of  ikee  in 
direction  6b,  in  direction  cc,  &c.  to  the  extreme  abutments 
BT,  rV. 

These  properties  will  not  be  found  co-existent  in  any  other 
equilibrated  structure. 

119.  Scholium.  Yet  this  construction  has  a  limitilion 
which  it  is  highly  important  to  observe.  To  ensure  atabil^, 
the  distance  of  the  centre  of  gravity  of  the  semi-TauIt  Snitk 
the  vertical  fk,  must  exceed  kv,  the  distance  from  the  SMM 
vertical  to  the  intersection  of  kv  (a  perpendicular  to  Cbn 
abutment  tr)  with  the  top  nf  of  the  plat-band.  UnlMi 
this  condition  be  fulfilled,  perpendiculars  cannot  be  lei  fitll 
from  the  centre  of  gravity  upon  both  tr  and  xik ;  or,  in  other 
words,  the  semi-vault  cannot  be  sustained  by  means  of  the 
two  surfaces  tr,  and  Kk  alone. 

Let  Bk  ==  Jcb!  ^  hfKk^k,  and  ts  » I,  being  the  taynaH 
of  the  ulterior  angle  of  slope  to  the  radius  ns  =:  Jfc.  Thai 
the  distance  of  the  centre  of  gravity  of  the  semi-vault  Kbu 
from  the  middle,  Kk^  of  the  key-stone  will  be 

""**  +  126  +  6|- 

Farther,  we  have  <  :  i; : :  ik  :  dv  s=  — . 

t 

Therefore  kv  •=  kd  —  dv  =  6 = • 

Hence,  to  ensure  stability,  we  must  have 

1        lhA.^^+^  ^th  —  k^ 

^-    *'^ "*■  iSr+GT  ^  "T""  • 

Or,  taking  the  limit  of  tottering  equilibrium,  we  have 

2.    «^— 3(*>— Jfc«)<+6Aifc«=0  : 

from  which  when  two  of  the  three  letters  are  known  the  thiid 
may  be  found. 
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Buppoi<»  fiir  example,  that  a  plat-band  were  constructed 
non  an  equilateral  triangle,  or  such  that  angle  spr'  =  60''* 
Theo  n  =s  I  ss  tan.  30^  to  rad.  Kk.  Or,  if  kIe  ==  ik,  be 
taken  »  1,  then  I  ss  tan.  30"^  =  ^y/S. 

Hence  ^^i  —  (*«  —  1)  v/3  +  6A  =  0. 

From  this  equation  h^  in  the  case  of  the  limit  is  found 

=  4\/37  +  -/  3  =  3  7596. 

Consequently,  in  the  proposed  ease,  rr'  =  2h  must  be 
hss  than  7*5192,  or  than  7^  times  the  thickness,  kAt,  of  the 
key-stone. 

Of  the  Equilibrium  of  Vaults^  regarding  the  Tenacity  of 

Cements. 

ISO.  When  the  operation  of  cements  is  taken  into  the 
eooflideration,  the  conditions  to  ensure  equilibrium  are 
mdre  easily  Investigated  than  when  the  gravitating  tendency 
of  the  euperincumbent  matter  is  alono  regarded.  If  the  co- 
hesive energy  of  the  cement  were  insuperable,  the  arch  might 
Am  be  considered  as  one  mass,  which  would  be  every  ^here 
secure,  whatever  its  form  might  be,  provided  the  piers  or 
•botments  were  sufficiently  strong  to  resist  the  horizontal 
Arust.     And,  although  this  property  cannot  safely  be  im- 

Cted  to  any  cement  (strong  as  many  cements  are  known  to 
)f  yet,  ill  a  structure,  whose  component  parts  are  imited 
wilh  a  very  powerful  cement,  the  matter  above  an  arch  will 
M  yield,  as  when  the  whole  is  formed  of  simple  wedges,  or 
u  when  it  would  give  way  in  vertical  columns,  but  by  the 
separation  of  the  entire  mass  into  three,  or  at  most,  into  four 

C'eces  :  that  is,  either  into  the  two  piers,  and  the  whole  mass 
itween  them,  or  into  the  two  piers,  and  the  including  mass 
iplitting  into  two  at  its  crown.  It  may  be  advisable,  there- 
fere,  to  investigate  the 
conditions  of  equilibrium 
for  both  these  classes  of 
dislocations. 

121.  Prop.  Suppose 
that  the  arch  rjf'r  tend 
to  fall  vertically  in  one 
mass,  by  thrusting  out  the 
piers  at  the  joints  of  frac- 
ture, p/i  k/'  ;  it  is  requir. 
to  investigate  the  /  equa- 
tioQS  by  which  the  equili- 
briam  may  be  determin- 
edL  % 
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Let  2a  denote  the  whole  weight  of  the  ahsti  lying  M* 
Iween  f/*,  and  f/',  o  the  centre  of  gravity  of  one  hulf  6f  thai 
ahsh,  the  centre  of  gravity  of  the  whole  lying  oh  cV;  leti^ 
be  the  weight  of  one  of  the  piers,  reckoned  as  high  na  rf,  afttd 
Is'  the  place  of  its  centre  of  gravity. 

Now,  fVy  t\\  being  respectively  perpcindicular  to  pf,  wfi  tin 
Weight  2a  may  be  understood  to  act  from  v,  in  the  direcliona 
VF,  VF,  and  pressing  upon  the  two  joints  pf,  ¥'f\  The  hoiii* 
zbntal  thrust  which  it  exerts  on  f,  will  be  =  a  tan.  m  =s  ^ 

bot.  FCi  =  A  .  —  ;  and  at  the  same  time  the  vertical  bflbA 

FI 

will  =  A. 

Now,  the  first  of  these  forceisi  tendis  to  thrust  out  the  solid 
AF  horizontally,  an  effort  which  is  resisted  by  friction  ;  and 
isince  it  is  known  that,  caleris  paribus,  the  friction  vuries  m 
the  pressure,  that  is,  here,  as  the  weight,  we  shall  have  for 
the  resisting  force,/,  a +/•  p.     Equating  this  with  Ite 

above  expression^  a  .  — ,  we  obtain  for  the  first  equatiofti  djf 

Equilibrium 

Moreover,  the  horizontal  thrust  that  tends  to  overturti  thtt 
jjner  af  about  the  angle  a,  must  be  regarded  as  acting  tl 
the  arm  of  lever  fej  and,  therefore,  as  exerting  altogether 

the  energy,  a  .  —  •  fe.     This  is  counteracted  by  the  v«n 

FI  "^ 

tical  stress  a,  operating  at  the  horizontal  distance  aB)  mad 
by  the  weight  p,  acting  at  the  distance  ad  ;  dg'  being  the 
vertical  line  passing  thh)ugh  the  centre  of  gravity,  q\  of  the 
jpier.     Hence  we  have 

CI  j 

A.  —  .fe  =  a.ae+p.ad: 

FI 

t 

ieind,  kfteir  a  little  reductioh,  there  results  fo)r  the  seeoiMk 
Equation  of  equilibrium  : 

AD  /CI      ab\  _  .  - 

p  .  —  =5  A  ( )     .     .     .     ;     (n.) 

FK  \fi       fk/  ^     ' 

122.  Prop.  Suppose  that  each  of  the  two  halves  X-p,  ktf\ 
lof  the  iirch,  tEnd  to  turn  about  the  vertex  k,  removing  thU 
points  F,  and  f'  :  it  is  required  to  investigate  the  conditiMii 
^  isquilibrium  in  that  case^ 
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_  the  weight,  a,  of  the  semi-arch  ih>ni  its  centre 
bf  gravity  to  the  direction  of  the  vertical  joint  te|  its  energy 

is  represented  by  a  .  —  ;    and  the   resulting  horizontal 

w     PI  w      ___ 

thrust  at  a  is,  Evidently,  a  .  —  •  7-  =  a  .  r~*    The  Vertical 

stress  is  =  p  +  A ;  and  therefore  the  friction  is  represented 
by/ .  p  +/'.  A.  Equating  this  with  the  above  value  of  the 
horisontal  thrust,  that  the  pier  af  may  not  move  horizontally^ 
we  have 

/•i*  =  A(^-/)     ....    (I.) 

Then,  considering  the  arch  and  piers  as  a  polygon  capable 
bf  moving  about  the  angles  a,  f,  ky  f',  a',  we  must,  tn  order 
lo  equilibrium,  balance  the  joint  action  of  p  and  the  semi* 
irch  A"at  the  point  f,  with  the  horizontal  thrust  before-roen- 
tioned,  acting  at  the  arm  of  lever  ef.     Thus  we  shall  have 

FU 

^•Ai>  +  A.AE  =  A.r— .bf:  from  whiCh,  after  due  reduc* 

ki 

i^on,  there  results 

AD  /FH  AE\  .       - 

p  .  —  =  a(  ; I     .    .     .     .    (n.) 

BF  \kl  Bl^J  ^      ' 

123.  Carol.  Hence  it  will  be  easy  to  examine  the  stability 
of  any  arch .  whose  parts  are  cemented  ab  in  the  hjrpetheses 
tf  these  two  propositions.  Assume  difierent  points  such  as 
p,  in  the  arch,  for  which  let  the  numerical  values  of  the 
bquations  (1.)  and  (n.)  be  computed.  To  en)iure  stability, 
the  first  members  of  those  equations,  which  represent  the  re- 
iistance  to  motion,  must  exceed  the  second  members ;  the 
weakest  points  will  be  those  in  which  the  excess  of  the  first 
above  the  second  member  is  the  least. 

If  the  dimensions  of  the  arch  were  given,  and  the  thick* 
hess  of  the  pier  required,  the  same  equations  woiild  serve  for 
its  determination's 


*  The  princfples  adopted  in  the  two  last  propositions  are  due  to  De 
w  Hire,  and  €oalomb,  respectively.  For  a  more  comprehensive  view 
of  this  interesting  subject,  the  student  may  consult  Hutton*s  Tracts, 
vol.  i.,  the  Appendix  to  Bossut's  Mechanics,  and  Berard's  Treatise  oft 
the  Statics  of  Vaults  and  Domes.  The  pressure  of  earth,  and  the 
litrength  of  materials,  will  bo  treated  in  a  sobseqaeot  part  of  this  vo& 
Wme. 
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DYNAMICS. 

124.  That  department  of  mechanics  which  relates  to  the 
circumstances  and  effects  of  bodies  in  motion  (art.  5.)  is  of 
great  extent,  and  of  very  comprehensive  application.  A 
selection  of  its  most  interesting  topics  will  here  be  presented; 
but  numerous  other  problems  which,  whilo  they  fall  withia 
its  sco|»e,  require  the  aid  of  the  fluxional  analysis,  will  be 
solved  in  the  collections  in  a  subsequent  part  of  this  volume* 


GEiNERAL  LAWS  OF  MOTION,  &c. 

125.  Prop.  The  quantity  of  matter,  in  all  bodies,  is  ia  the 
compound  ratio  of  their  magnitudes  and  densities. 

That  is,  6  is  as  f?u2 ;  where  b  denotes  the  body  or  quuntily 
of  matter,  m  its  magnitude,  and  d  its  density. 

For,  by  art.  10,  in  bodies  of  equal  mngnitude,  the  mass  or 
quantity  of  matter  is  as  the  density.  But,  the  densities  re- 
maining, the  mass  is  as  the  magnitude ;  that  is,  a  double 
magnitude  contains  a  double  quantity  of  matter,  a  triple  mag- 
nitude a  triple  quantity,  and  so  on.  Therefore  the  mase  is 
in  the  compound  ratio  of  the  magnitude  and  density. 

Carol.  1.  In  similar  bodies,  the  masses  are  as  the  densities 
and  cubes  of  the  diameters,  or  of  any  like  linear  dimensions* 
— For  the  magnitudes  of  bodies  are  as  the  cubes  of  the  dia- 
meters, ^c. 

Carol.  2.  The  masses  are  as  the  magnitudes  and  specific 
gravities. — For,  by  art.  10  and  17,  the  densities  of  bodies 
are  as  the  specific  gravkies. 

126.  Scfiolium,     Hence,  if  b  denote  any  body,  or  the 
.  quantity  of  matter  in  it,  m  its  mngnitude,  d  its  density,  g  its 

specific  gravity,  and  a  its  diameter  or  other  dimension  ;  then, 
a  (pronounced  or  named  as)  being  the  mark  for  general 
proportion,  from  this  proposition  and  its  corollaries  we  hftve 
these  general  proportions : 

b  Oi  mdcn  mg  Oi  d'd^ 

h         b 
mCX  -J-  a  —  Oia\ 

^        8 
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d  a  —  cx  g  a  •^, 

fit  (T 

h  mg 

tf'a  -r  a  TO  a  -5. 

a  a 

IS7.  Prop.  The  momeDtum,  or  quantity  of  motion,  ge* 
Berated  by  a  single  impulse,  or  any  momentary  force,  is  as 
the  ^Derating  force. 

That  is,  m  is  as/;  where  m  denotes  the  momentum,  and 
/the  force. 

For  every  effect  is  proportional  to  its  adequate  cause.  So 
that  a  double  force  will  impress  a  double  quantity  of  mo* 
tion  ;  a  triple  force,  a  triple  motion  ;  and  so  on.  .That  is, 
the  motion  impressed,  is  as  the  motive  force  which  pro- 
duces  it. 

128.  Prop.  The  momenta,  or  quantities  of  motion,  in 
moving  bodies,  are  in  the  compound  ratio  of  the  masses  and 
velocities. 

That  is,  m  is  as  ln>* 

For,  the  motion  of  any  body'  being  made  up  of  the  mo- 
tions  of  all  its  parts,  if  the  velocities  bo  equal,  the  momenta 
will  be  as  ihe  masses ;  for  a  double  mass  will  strike  with  a 
double  force  ;  a  triple  mass  with  a  triple  force  ;  and  so  on. 
^gain,  when  the  ma^  is  the  same,  it  will  require  a  double 
force  to  move  it  with  a  double  velocity,  a  triple  force  with  a 
triple  velocity,  and  so  on  ;  that  is,  tho  motive  force  ia  as  the 
Telocity  ;  but  the  momentum  impressed,  is  as  the  force 
which  produces  it,  by  art.  127  ;  and  therefore  the  momen- 
tum is  as  the  velocity  when  the  mass  is  the  same.  But  the 
momentum  was  found  to  be  as  the  mass  when  the  velocity 
is  the  same.  Consequently,  when  neither  are  the  same,  the 
momentum  is  in  the  compound  ratio  of  both  the  mass  and 
▼elocity. 

Othendse :  m  :  m : :  b  :  h,  when  v  is  constant : 
and  m  :  ft : :  V  :  v,  when  b  is  constant : 
therefore,  m  :  ft : :  bv  :  ^,  when  both  vary. 

120.  Prop.  In  uniform  motions,  the  spaces  described  are 
in  the  compound  ratio  of  the  velocities  and  the  times  of  their 
deBcription. 

That  is,  s  is  as  Iv. 

m 

For,  by  the  nature  of  uniform  motion, 

s  :  «  :  :   T   :  t,  when  v  is  constant : 
and  9  :  (f  :  :   v   :  v,  when  t  is  constant : 
therefore  s  :  tf  :  :  tv  :  ^v,  when  both  vary. 
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Corol,  1.  In  uniform  motions,  the  time  is  as  the  spaea 
directly,  and  velocity  reciprocally  ;  or  as  the  space  divided 
by  the  velocity.  And  when  the  velocity  is  the  same,  the 
time  is  as  the  space.  But  when  the  space  is  the  same,  the 
time  is  reciprocally  as  the  velocity. 

CoroL  2.  The  velocity  is  as  the  space  directly  and  the 
time  reciprocally ;  or  as  the  space  divided  by  the  time.  And 
when  the  time  is  the  same,  the  velocity  is  as  the  space.  But 
when  the  space  is  the  same,  the  velocity  is  reciprocally  m 
the  time. 

Scholium, 

ISO.  In  uniform  motions  generated  by  momentary  inqpoliei 
let  b  ss  any  body  or  quantity  of  matter  to  be  moved, 
f  =  force  of  impulse  acting  on  the  body  6, 
V  =  the  uniform  velocity  generated  in  6, 
m  =  the  momentum  generated  in  b, 
9  =  the  space  described  by  the  body  6, 
t   s=  the  time  of  describing  the  space  s  with  the  veloc.  «• 

Then  from  the  last  three  propositions  and  corollaries,  we 
have  these  three  general  proportions,  namely,  y  oc  m,  m  oc 
^0,  and  8  cctfo;  from  which  is  derived  the  following  table  of 
the  general  relations  of  those  six  quantities,  in  uniform  no* 
tions,  and  impulsive  or  percussive  forces  : 

f  oc  m  cc  hv  oz  — -. 

^  t 

m  (X  f  oc  bv  oc  — . 

T        f      m       it      ml 

V  V  8  8 
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ha 
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JM 
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1 
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m 

i    a  — 

By  means  of  which,  may  be  resolved  all  questions  relating 
to  uniform  motions,  and  the  effects  of  momentary  or  impul* 
sive  forces. 

181.  Prop.  The  momentum  generated  by  a  constant  and 
uniform  force,  acting  for  any  time,  is  in  the  compound  r^o 
of  the  force  and  time  of  acting. 
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That  is,  m  is  aaji. 

For,  nipposiDg  lh«  time  divided  into  very  ainalt  parts,  by 
trt.  1^7,  the  momentum  in  each  particle  of  time  is  the  same, 
ud  therefore  the  whole  momentum  will  be  aa  the  whole 
tims,  or  sum  of  all  the  email  parts.  But  by  the  same  prop. 
Om  momentum  for  eacli  small  time,  is  also  aa  the  motive  force. 
Consequently  the  whole  moipentum  generated,  is  in  the  com; 
pound  ratio  of  the  force  and  tima  of  acting. 

Corel.  1,  The  motion,  or  momentum,  lost  or  destroyed  ip 
Biiy  time,  is  also  in  the  compound  ratio  of  the  force  and 
lime.  For  whaievor  momentum  nny  force  generatos  in  a 
given  time ;  the  same  momentum  will  an  equal  force  di>atroy 
m  the  same  or  equal  time  ;  acting  in  a  contrary  direction. 

And  the  aame  is  true  of  the  increase  or  decrease  of  motion, 
by  forces  that  conspire  with,  or  oppose  the  motion  of  bodiei, 

Carol.  2.  The  velocity  generated,  or  deotrgyed,  in  any 
time,  is  directly  as  the  force  and  time,  and  reciprocally  a« 
the  body  or  mass  of  matter. — For,  by  this  and  qrt.  128,  the 
compound  ratio  of  tho  body  and  velocity,  is  as  that  of  the 
force  and  time  ;  and  therefore  the  velocity  is  as  the  force  «nd 
time  divided  by  the  body.  And  if  the  body  apd  force  bo 
given,  or  constant,  the  velocity  will  be  as  the  lime. 

132.  Prop.  The  spaces  passed  over  by  bodies,  urged  by 
any  constant  and  uniform  forces,  acting  during  any  limes, 
aire  in  the  compound  ratio  of  tiic  forces  and  squares  of  the 
limes  directly,  and  the  body  or  mass  reciprocally. 

Or,  the  spaces  are  aa  the  squares  of  the  limeq,  when  (he 
Ibrce  and  body  are  given. 

■Riat  is,  »  is  as  -^,  or  as  C  when/and  b  are  given.     For, 

let  V  denote  tho  velocity  acquired  at  the  end  of  any  time  t, 
by  any  given  body  b,  when  it  has  passed  over  the  space  «■ 
^en,  because  the  velocity  is  aa  the  time,  by  the  last  corol, 
therefore  ^v  is  the  velocity  at  {t,  or  at  the  middle  point  of 
the  time  ;  and  as  the  increase  of  velocity  is  uniform,  the 
same  space  a  will  be  described  in  the  same  time  t,  by  the 
velocity  ^v  uniformly  continued  from  beginning  to  end. 
Bot,  in  uniform  motions,  the  space  is  in  the  compound  ratio 
of  the  time  and  velocity  ;  tliereiiire  sis  as  Jfr,  or  indeed  »  ^ 

^.  But,  by  the  last  corol.  the  velocity  d  is  as*'—,  or  as 
the  force  and  time  directly,  and  as  the  body  reciprocally. 
Therefore  *,  or  itv,  fa  as*^ ;  that  is,  the  space  is  as  the  force 
pod  square  ofthe  time  directly,  and  as  the  body  reciprocally, 
Vol.  II,  2« 
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Or  « is  as  <*,  the  square  of  the  time  onlyi^  when  b  and  /  are 
given. 

Cora!,  1.  The  space  s  is  also  as  ta,  or  in  the  compoHMl 
ratio  of  the  time  and  velocity ;  b  and  f  being  given.  FoTi 
s  =  {tviB  the  space  actually  described.  But  tv  is  the  aiMM^ 
which  might  be  described  in  the  same  time  l»  with  the  U0t 
velocity  v,  if  it  were  uniformly  continued  for  the  same  or  IB 
equal  time.  Therefore  the  space  «»  or  |<v,  which  is  adadjr 
described,  is  just  half  the  space  fv,  which  would  be  describew 
with  the  last  or  greatest  velocity,  uniformly  continued  for  an 
equal  time  f. 

CoroL  2.  The  space  «  is  also  as  t^,  the  square  of  the  f«- 
locity ;  because  the  velocity  o  is  aa  the  time  t. 

SchdiuM* 

183.  The  last  four  propositions  give  theorems  for  reaolT* 
ing  all  questions  relating  to  motions  uniformly  aeceleratod. 
Thus,  put  b  =s  any  body  or  quantity  of  matter, 
f  •=  the  force  constantly  acting  on  it, 
t  =  the  time  of  its  acting, 
V  S3  the  velocity  generated  in  the  time  f, 
s  =  the  space  described  in  that  time, 
m  =s  the  momentum  at  the  end  of  the  tiaie. 
Then,-  from  these  fundamental  relations,  m  oc  bif^m  ozft, 

s  octVy  and  v  oc  *^,  we  obtain  the  following  table  «f  iIm  §•• 

ner^  rejationp  of  uniformly  accelerated  motions  : 

mocbv  cc  ft    a  ---  a  ^^  a*^^ —  oc  \/^  oc  ^bftm. 

.     m       ft         mi'      je      yV        nf        n^       W 

0  oc  —  oc  s^    oc oc  ^ —  oc*^ a  -7;-  oc  -sr-  oc  «-s-» 

"^      ^       '^-      «^.    «w.    A^    >..    "^/y 

.    m       bv        mt        mi        nr        tnf       bif       b$^ 
fee  --  oc  _-    oc  «  -3--  a  — -  oc  -577-  oc oc  -^-^ 

'.    ■/■  i--  :'■■  >:"  >  JtJ^r 

©  oc  --  oc  ^   OC  -5—  a  -jrr-  a  2^  OC  -rx-  oc  v'^  oC^-r* 

^      y?        «tt        /«»'      mo       m*'      b^      wt^^ 
8  octo  oc^-   a  -T-  oc  '^ —  a  -y  oc  -rx  oc  —5-  oc  -3-. 

8       m        bv       ts  bs  -jw      mr^^ 

V       f        f        m       ^  f        ^  ft>        bfts 
134.  From  the  above  relations  those  quantities  are  to  h% 
lefl  out  which  are  given,  or  which  are  proportional  to  eaeh 
other.    Thus,  if  the  body  or  quantity  of  matter  be  alwaji 
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dM  iHM%  ikm  dM  apaee  deteribed  is  as  the  force  and  square 
of  the  tine.  And  it  the  body  be  propbnional  to  the  forcoi 
as  all  bodies  are  io  respect  to  their  gravity  ;  thea  the  spece 
deseribed  is  as  the  square  of  the  time,  or  square  of  the  velo. 

f 
mlj  ;  aod  in  this  case*  if  p  be  put  =  -^^  the  accelerating 

Ihree ;  then  will 

#    «   to   OC    FT   OC  — • 

F 

e  a  --»  oc  Ft  oc  ^fs. 

t  «  —  a  —  <x  */ — • 
e         F  F 


ON  THE  COLLISION  OF  BODIES. 

1S5.  PnoF.  If  a  body  strike  or  act  obliquely  on  a  plain 
surface,  the  force  or  energy  of  the  stroke,  or  action,  is  as  the 
sine  of  the  angle  of  incidence. 

Or,  the  force  on  the  surface  is  to  the  same  if  it  had  acted 
perpendicttlarly,  as  the  sine  of  incidence  Js  to  radius. 

Let  AB  express  the  direction  and 
fte  absolote  quantity  of  the  oblique 
ferce  on  the  plane  pn ;  or  let  a  given 
body  Ay  moving  with  a  certain  ve- 
keity,  impinge  on  the  plane  at  b  ; 
then  its  force  will  be  to  the  action 
en  the  plane,  as  radius  to  the  sine 

of  the  angle  abd,  or  as  ab  to  ad  or  bc,  drawing  ad  and  bo 
perpendicular,  and  ao  parallel  to  db. 
.  rar^  by  art.  29,  the  force  ab  is  equivalent  to  the  two 
forces  AC,  cb  ;  of  which  the  former  ac  does  not  act  on  the 
yhne,  because  it  is  parallel  to  it.  The  plane  is  therefore 
only  acted  on  by  the  direct  force  cb,  which  is  to  ab,  as  the 
sine  of  the  angle  bac,  or  abd,  t^  radius. 

Carol.  1.  If  a  body  act  on  another,  in  any  direction,  and 
be  any  kind  of  force,  the  action  of  that  force  on  the  second 
body,  i»  made  only  in  a  direction  perpendicular  to  the  sur- 
face on  which  it  acts.  For  the  force  in  ab  acts  on  de  only 
by  the  force  cb,  and  in  that  direction. 

CoroL  2.  If  the  plane  db  be  not  absolutely  fixed,  it  will 
moFSit  <^f  ^  ^>^1^^  u^  ^®  direction  4>eicpeDdicular  to  its 
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burfaCe.  For  it  is  in  that  direction  that  the  fbrce  ia  ^SbHk 
bd. 

136.  PkKot*.  If  one  body  a,  strike  another  body  b,  which' 
is  either  at  rest  or  moving  towards  the  body  a,  or  moyin^ 
from  it,  but  with  a  less  velocity  than  that  of  a  ;  then  the  mo- 
menta, or  quantities  pf  motion,  of  the  two  bodies,  estimated 
1n  any  one  diccction,  will  bo  the  very  same  after  the  strokat 
that  thiey  were  before  it. 

For,  because  action  akid  re-action  are  always  equal,  and 
in  contrary  directions,  art.  20,  whatever  momentum  the  one 
body  gains  one  way  by  the  stroke,  the  other  must  just  lose 
JEis  much  in  the  same  direction  ;  and  therefore  the  quantity 
of  motion  in  that  direction,  resulting  from  the  motions  of 
both  the  bodies,  remains  still  the  same  as  it  was  before  the 
stroke. 

137.  l^hus,  if  A  with  a  momentum 

bf  10,  strike  b  at  rest,  and  communi-  (^    ■  O  -^ 

tate  to  it  a  momentum  of  4,  in  the  A  B  ^ 

direction  ab.     Then  a  will  haVe  only 

ift  momentum  of  6  in  that  direction  ;  which,  togetheri^it|i  th^ 
thoDienlum  of  b,  viz.  4,  make  up  still  the  same  momentAim 
between  them  as  before,  namely  10. 

138.  If  B  were  in  motion  before  the  stroke,  with,  a  mo^ 
theiitum  of  5,  in  the  same  direction,  and  receive  from  a  an 
additional  momentum  of  2.  Then  the  motion  bf  ▲  aftef 
the  stroke  will  be  8,  and  that  of  b,  7  ;  which  betweeii  theqi 
tnake  15,  the  same  as  10  and  5,  tlib  motions  before  thl| 
stroke. 

139^  Lastly,  if  the  bodies  move  in  opposite  directionSi  iuid 
nieet  one  another,  namely,  a  with  a  motion  of  10,  and  b,  of 
5 ;  and  a  communicate  to  b  a  motion  of  6  in  the  directioo 
AB  of  its  motion.  Then,  before  the  stroke,  the  whole  bw- 
tion  from  both,  in  the  direction  of  ab,  is  10-^5  or  5.  Butt 
afler  the  stroke,  the  motion  of  a  is  4  in  the  direption  ab, 
and  the  motion  of  b  is  6 — 5  or  1  in  the  same  dirccition  ab  ) 
therefore  the  sum  4  +  1,  or  5,  is  still  the  same  motion  fioai 
both,  as  it  was  before. 

140.  Pkop.  The  motion  of  bodies  included  in  a  giyia 
Ispate,  is  the  same  with  regard  to  each  other,  whether  thai 
tptite  be  at  rest,  or  more  uniformly  in  a  right  line.  • 

For,  if  any  force  be  equally  impressed  both  on  the  body 
ahd  the  likie  on  which  it  moves,  this  will  cause  no  change  ill 
Ihfe  hiotion  of  the  body  along  the  right  line.  For  the  same 
treason,  the  motions  of  all  thie  other  bodies,  in  their  several 
diH?cliohB,  Will  still  remain  the  same.  Consequently  theit 
fbi^tidns  among  themselves  will  continue  the  same,  whetlief 
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fte  inctodiiig  space  be  at  rest,  or  be  moved  uniformly  fot^ 
Ward.  And  therefore  their  mutual  actions  on  one  anolher, 
must  also  remain  the  same  in  both  cases. 

141.  Prop.  If  a  hard  and  fixed  plane  bo  struck  by  either 
a  soft  or  a  hard'  unelnstic  body,  the  body  will  adhere  to  it. 
Bat  if  the  plane  be  sthick  by  a  perfectly  elastic  body,^  it  will 
rebound  from  it  again  with  the  same  velocity  with  which  it 
struck  the  plane. 

For,  since  the  parts  which  are  struck,  of  the  elastic  body, 
suddenly  yield  and  give  way  by  the  force  of  the  blow,  and 
as  suddenly  restore  themselves  again  with  a  force  equal  to 
the  force  which  impressed  them,  by  the  definition  of  elastic 
bodies  ;  the  intensity  of  the  action  of  that  restoring  force  on 
the  plane,  will  be  equal  to  the  force  or  momentum  with  which 
Uie  body  struck  the  plane.  And,  as  action  and  re-action  are 
equal  and  contrary,  the  plane  will  act  with  the  same  force  on 
the  body,  and  so  cause  it  to  rebound  or  move  back  again  with 
the  same  velocity  us  it  had  before  the  stroke. 

But'hard  or  sof\  bodies,  being  devoid  of  elasticity,  by  the 
definition,  having  no  restoring  force  to  throw  them  oiS*  again^ 
they  must  necessarily  adhere  to  the  plane  struck. 

142.  Corol.  1.  The  effect  of  the  blow  of  the  elastic  bodyj 
on  the  plane,  is  double  to  that  of  the  unelastic  one,  the  velo* 
city  and  mass  being  equal  in  each. 

For  the  force  of  the  blow  from  the  unelastic  body,  is  as 
its  mass  and  velocity,  which  is  only  destroyed  by  the  resist- 
Imce  of  the  plane.  But  in  the  elastic  body,  that  force  is  not 
only  destroyed  and  sustained  by  the  plane  ;  but  another  also 
equal  to  it  is  sustained  by  the  plane,  in  consequence  of  the 
restoring  force,  and  by  virtue  of  which  the  body  is  thrown 
back  again  with  an  equal  velocity.  And  therefore  the  inten- 
sity of  the  blow  is  doubled. 

143.  CoroL  2.  Hence  unelastic  bodies  lose,  by  their  col- 
lision, only  half  the  motion  lost  by  elastic  bodies ;  their  mass 
and  velocities  being  equal. — For  the  latter  communicate  dou- 
ble the  motion  of  the  former. 

144.  Paop.  If  an  elastic  body  A  impinge  on  a  firm  plane 
bB  at  the  point  b,  it  will  rebound  fVom  it  in  an  angle  equal 
to  that  in  which  it  struck  it ;  or  the  angle  of  incidence  will 
be  equal  to  the  angle  of  reflection  ;  namely,  the  angle  abd 
equal  to  the  angle  fhi^. 

Let  AB  express  the  force  of 
the  body  a  in  the  direction  ab  ; 
Which  let  be  resolved  into  the 
CWo  AC,  CB,  parallel  and  per- 
pendicular totheplane. — Take 
BB  and  CF  equal  to  ac,  and 
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draw  BF«  Now  action  and  re-action  being  equal,  the  (dand 
will  resist  the  direct  force  cb  by  another  so  equal  to  it,  aad 
in  a  contrary  direction ;  whereas  the  other  ac,  being  pa^ 
rallel  to  the  plane,  is  not  acted  on  or  diminished  by  it,  but 
still  continues  as  before.  The  body  is  therefore  reflected 
fVom  the  plane  by  two  forces  bc,  be,  perpendicular  and  fm* 
rallel  to  the  plane,  and  therefore  moves  in  the  diagonal  bf 
by  composition.  But,  because  ac  is  equal  to  be  or  gf,  and' . 
that  EC  is  common,  the  two  triangles  bca,  bcf  are  mutually 
similflCr  and  equal ;  and  consequently  the  angles  at  a  and  f 
are  equal,  as  also  their  equal  alternate  angles  abd,  fbb,  which 
are  the  angles  of  incidence  and  reflection. 

145.  Prof.  To  determine  the  motion  of  non-elastic  bodieSi 
when  they  strike  each  other  directly,  or  in  the  same  liM  of 
direction. 

Let  the  non-elastic  body  b,  mov- 
ing with  the  velocity  v  in  the  di- 
rection  b&,  and«  the  body  6  with 
the  velocity  v,  strike  each  other. 

Then,  because  the  momentum  of  any  moving  body  is  as 
the  mass  into  the  velocity,  bv  =  h  is  the  momentum  of 
the  body  b,  and  bv  =  m  the  momentum  of  the  body  h^ 
which  let  be  the  less  powerful  of  the  two  motions.  TheD| 
by  art.  136,  the  bodies  will  both  move  together  as  one  mass 
in  the  direction  bc  after  the  stroke,  whether  befbre  the 
stroke  the  body  6  moved  towards  c  or  towards  b.  NoW| 
according  as  that  motion  of  b  was  from  or  towards  B, 
that  is,  whether  the  motions  were  in  the  same  or  contraiy 
ways,  the  momentum  after  the  stroke,  in  direction  bo,  wiu 
be  the  sum  or  difference  of  the  momentums  before  Ihe 
stroke  ;   namely,   the   momentum  in  dii^ction    bc  will  be 

BV  +  ^''j  if  the  bodies  moved  the  same  way,  or 
bv  —  bt,  if  they  moved  contrary  ways,  and 
liv  only,  if  the  body  6  were  at  rest. 

Then  divide  each  momentum  by  the  common  mass  ef 
matter  b  +  b,  and  the  quotient  will  be  the  common  velocity 
afler  the  stroke  in  the  direction  bc  ;  namely,  the  comouNI 
velocity  will  be,  in  the  first  case, 

BV-|-6l7  BV  —  bv  BV 

—  r-r->  in  ^^e  2d — .-r-,  and  in  the  3d — r-;. 

B-ho  B+b  B+& 

,-,      .  Bv+hv     V — V  ,,  ,     ,         ,       ,       .^ 

Coral.  V r7-=  — tt  X  ^>  "^^  veloc.  lost  by  b. 

b4-6       B+b  ^ 

146»  For  example,  if  the  bodies,  or  weights,  b  and  6,  bo 
as  5  to  3,  and  their  velocities  v  and  v,  as  6  to  4,  or  as  3  to  3^ 
before  the  stroke  ;  then  15  and  6  will  be  as  their  moaee* 
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tains,  and  8  the  nioi  of  their  weights  ;  conntiusntly,  after 
the  elnike,  Ibe  common  velocity  will  be  u 

— 5 —  =—  or  3{  in  iho  first  case, 


147.  Prop.  If  two  perfectly  elnstic  bodies  imping  no  one 
another,  their  relative  velocity  will  be  the  same  bnth  beruro 
and  aAer  the  impulse  ;  that  is,  they  will  recede  from  each 
other  with  the  samo  velocity  with  which  they  approached 
sod  met. 

For  the  compressing  forrje  is  ns  the  intensity  or  the  stroke ; 
which,  in  givon  bodies,  is  as  the  relsiive  velocity  with  which 
they  meet  or  strike.  But  perfectly  elastic  bodies  restore 
themselves  to  their  former  figure,  by  the  same  force  by  which 
they  were  compressed  ;  that  is,  the  restoring  force  is  equal 
to  the  compressing  force,  or  to.  the  force  with  which  the 
bodies  approach  each  other  bp.fo're  the  impulse.  But  the 
bodies  are  impelled  from  each  oilier  by  tbia  restoring  force  ; 
and  therefore  this  force,  acting  on  the  same  bodies,  will  pro- 
duce a  relative  velocity  equal  to  that  wliich  they  had  before  : 
or  it  will  tnake  the  bodies  recede  froni  each  other  with  the 
same  velocity  with  which  they  before  approached,  or  so  as  to 
be  equally  distant  from  one  another  at  equal  times  before  and 
■Iter  the  impact. 

146.  Remark.  Tt  is  not  meant  by  this  proposition,  tJiat 
each  body  will  have  the  same  velocity  ai^cr  the  impulse  as  it 
had  before;  for  that  will  be  varied  according  lo  the  relation 
of  the  masses  of  the  two  bodies  ;  but  thai  the  velocity  of  the 
one  will  be,  afler  the  stroke,  so  much  increased,  and  the 
other  decreased,  as  to  have  the  same  difference  as  before,  in  ' 
one  and  the  same  direction.  So,  if  ihn  elastic  body  b  move 
with  a  velocity  v,  and  overtake  the  elastic  body  b  moving  the 
same  way  with  the  velocity  v  ;  then  their  relative  velocity, 
or  that  with  which  they  strike,  ia  v — v,  and  it  is  with  this 
same  velocity  that  they  separate  from  each  other  at^er  the 
stroke.  But  if  they  meet  each  otiier,  nr  the  body  6  move 
contrary  to  the  body  e  ;  then  they  meet  and  strike  with  the 
TflkKity  v+F,  and  it  is  with  the  same  velocity  that  they 
separate  and  recede  from  each  other  after  the  stroke.  But 
whether  Ihey  move  forward  or  backward  after  the  impulse, 
and  with  what  particular  velocities,  ere  circumstances  that 
dtpend  on  the  various  masses  and  velocities  of  the  bodiee 
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before  the  stroke,  and  which  make  the  subject  of  the  neH 
propositioit. — It  may  furthe/  b.e  remarked,  that  the  sums  df 
the  two  velocities,  of  each  bod^,  before  am}  {if'tcr  the  strokei 
are  equal  to  each  other.  Thus,  v,  v  being  the  velocitioa 
before  the  impact,  if  x  and  y  be  the  corresponding  ones  after 
it ;  since  v  —  ©  =  y  —  a;,  therefore  v  +  x  =  r  +  y, 

140.  Prop.  To  determine  the  motions  of  elastic  bodiea 
after  striking  each  other  directly. 

Let  the  elastic  body  b  aiove  in       ^ q 

the  direction  bc,  with  the  velocity       3  IS  G 

V  ;  and  let  the  velocity  of  the  other 

body  6  be  o  in  the  same  hne  ;  which  latter  velocity  v  will  be 
positive  if  6  move  the  same  way  as  b,  but  negative  if  b  move 
in  the  opposite  direction  to  b*.  Then  their  relative  velocity 
in  the  direction  bc  is  v  —  v  ;  also  the  momenta  before  the 
stroke  are  bv  and  6«,  the  sum  of  which  is  bv  +  bv  in  the 
diroctiop  bc. 

Again,  put  x  for  the  velocity  of  b,  and  y  for  that  of  5,  in 
the  same  direction  bc,  ader  the  stroke  ;  then  their  relative 
velocity  '\^y  - —  x,  and  the  sum  of  their  momenta  bx  +  ijf  ill 
the  same  direction. 

But  the  momenta  before  and  after  the  collision  estimated 
in  the  same  direction,  are  equal,  by  art.  136,  as  also  the  re* 
lative  velocities,  by  the  la^jt  prop.  Whence  arise  these  tWQ 
equations ; 

viz.  BV  +  ^  =  BJc  +  ^y, 
and   V  — •    t?  =    y  —   X  ; 

tlie  resolution  of  which  equations  gives 

(B-6)v+26tJ    ^        ,     .       ^ 
X  sz  i i—- the  velocity  of  b,    » 

_(b— 6)tj+2BV 
y  = jjT ,  the  velocity  of  b, 

2b                                       2b  ' 

Or,  X  =r  V  —  _-  (v— u),  and  y  =  i;  -1 ^-.(v^  c), 

B-t-O  B-pO 

26 
So  that  the  velocity  lost  by  b  is  — -Ta^^""^)' 

2b 
and  the  velocity  gained  by  6  is  — t-t(v  —  v)  ; 

which  two  velocities  are  in  the  ratio  of  b  to  b,  or  reciprocally 
as  the  two  bodies  themselves. 

Coral,  1.  The  velocity  lost  by  b  drawn  into  b,  and  the 
velocity  gained  by  b  drawn  into  6,  give  each  of  them 
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2b& 

~—  (v  —  v\  for  the  momentum  gained  by  the  one  an  J  lost 

by  the  other,  by  the  stroke  ]  which  increment  and  decrement 
bebg  equal,  they  cancel  one  another,  and  leave  the  same  mo; 
mentum  nv+ftf  after  the  impact,  as  it  was  before  it. 

Carol.  2.  Hence  also,  nv'  +  ^'  =  bz^  +  ^y\  or  the  sum 
of  the  vires  vivarum  is  always  preserved  the  same,  both  be- 
fore and  ai\er  the  impact.     For,  since 

BV  4"  6w  ==  Bz  +  6y, 

or  Bv  —  Bx  =  6y  —  ii, 

and    v  -(-    X  :=    y  +  v,  these  two  equas.  multiplied, 

give  Bv"  —  Bx"=  6y"—  ftr", 

or  Bv*  +  6i>"  =  Bx'+  6y', 

the  equation  of  the  so  called  living  forces. 

Carol.  3.  But  if  v  be  negative,  or  the  body  b  moved  ip  the 
eoQtrary  direction  before  collision,  or  towards  b  ;  thea,  chapg* 
ingthe  sign  of  o,  the  same  theorems  become 

(B-6)v— 26d    ,        ,    .       ^ 
X  = -r-T ,  the  velocity  of  b, 

y  »  ^ \  ■        t  the  veloc.  of  6,  in  the  direction  bc. 

'  B+6 

And  if  6  were  at  rest  before  the  impact,  making  its  velocity 
t  =s  0,  the  same  theorems  give 

B'—b  2b 

X  ^  —7-7^1  and  y  =  — r-rv,  the  velocities  in  this  case. 
B+b  B+b 

And,  in  this  case,  if  the  two  bodies  b  and  b  be  eqaal  to 

2b        2b 
each  other ;  then  b — 6=0,  and  --r-7-  =  --  i=  1 ;  which  give 

X  =  0,  and  y  =  v ;  that  is,  the  body  b  will  stand  still,  and  the 
^her  body  6  will  move  on  with  the  whole  velocity  of  the  for? 
mer ;  a  thing  which  wo  sometimes  see  happen  in  playing  at 
billiards ;  and  which  would  happen  much  oftener  if  the  balls 
were  perfectly  elastic. 

Scholium. 

150.  If  the  bodies  be  elastic  only  in  a  partial  degree,  the 
sum  of  the  momenta  will  still  be  the  same,  both  before  and 
after  collision,  but  the  velocities  after,  will  be  less  than  in  the 
ease  of  perfect  elasticity,  in  the  ratio  of  the  imperfection. 
Hence,  with  the  same  notation  as  before,  the  two  equation^ 
will  now  be  bv  +  6tJ  =  bx  +  by, 

and  V  —  »  =  — (y  —  x), 

n 
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where  m  to  n  denotes  the  ratio  of  perfect  to  imperfect  eTM- 
ticiiy.  And  ihe  resolution  of  these  two  equations,  gitea  tile 
following  values  of  x  and  y,  viz. 

m  ^n       h     ,  . 

for  the  velocities  of  the  two  bodies  after  impact  in  the  case  of 
imperfect  elasticity :  and  these  would  become  the  same  ae  the 
former  if  n  were  =  m. 
Hence,  if  the  two  bodies  b  and  6  be  equal,  then 

X  -  V  —  ^g^-(v  — ©),  and  y  =  ©  +  _-(v  — ©), 

where  the  velocity  lost  by  b  is  just  equal  to  that  gained  \rf  1. 
And  if  in  this  case  6  was  at  rest  before  the  impact,  or  v  ai  g^ 
then  the  resuhing  motions  would  be 

which  aro  in  the  ratio  of  m  —  n  to  m  +  n. 

Also,  if  m  =  ft,  or  the  bodies  perfectly  elastic,  then  «  »  0^ 
and  y  =  V  ;  or  b  would  be  at  rest,  and  6  go  on  with  the  firH 
motion  of  b. 

Further,  in  this  case  also,  the  velocity  of  b  before  the  inu 

pact,  is  to  that  of  h  after  it,  as  v  to  -^t —  v,  or  «8  Set  to 


m  +  n.  But,  if  the  bodies  be  now  supposed  to  vibrate 
circles,  as  pendulums,  in  which  case  the  chords  (o  and  e)  of 
the  arcs  described  are  known  to  be  proportional  to  the  velcH 
cities  ;  then  it  will  be  2fn  :  m  4-  n  : :  c  :  «  ;  hence  m  :  n  : ; 
c  :  2c  —  c.  So  that,  by  measuring  these  chords,  of  the  one 
thus  experimentally  described,  the  ratio  of  m  to  fi,  or  the 
degree  of  elasticity  in  the  bodies,  may  be  determined. 

J  51.  Pbop.  The  greatest  velocity  which  can  be  generated 
by  the  propagation  of  motion  through  a  row  of  contiguooa 
perfectly  elastic  bodies,  will  be  when  those  bodies  are  in 
geometrical  progression. 

First,  take  three  bodies,  a,  x,  and  c  :  then  (art.  140)  Ihe 

velocity  communicated  from  a  to  x  «  ~x~*  ^  ^^ft  ^ 

velocity  of  a  :  and  when  the  body  x  impinges  upon  c  at 
with  this  velocity,  the  vel.  communicated  to  c  will 

=  -^!L    -?f*  —         4Aax 
x+c  '  A+x  ""  (a+x)  (x+c) 
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4aii 
(a-*.x+1)(x+c) 


4x0 


A  +  X+(AC-rX)  -f-c 

This  fraction  is  evidently  a  max.  when  its  denofninator  is  a 
nin.  that  is,  since  a  and  c  are  given,  when  x'  =  ac,  or  when 
X  is  a  mean  proportional  between  a  and  c. 

For  the  same  reason  the  velocity  communicated  from  the 
■econd  body  throagh  c  the  third,  to  a  fourth,  d,  will  be 
greatest  when  c  is  a  mean  proportional  between  the  second 
and  fourth.  Like  reasoning  will  evidently  hold  for  a  scries 
of  {perfectly  elastic  bodies.  Further,  if  the  number  uf  bodies 
in  the  geometrical  progression  be  increased  without  limit,  the 
quantity  of  motion  communicated  to  the  last,  from  a  given 
Quantity  of  motion  in  the  first,  however  small,  may  also  be 
hicreased  without  limit 

152.  Pbop.  If  bodies  strike  one  another  obliquely,  it  is 
proposed  to  determine  their  motions  after  the  stroke^ 

Let  the  two  bodies  b,  6, 
move  in  the  oblique  directions 
Ba,  6a,  and  strike  each  other 
at  A,  with  velocities  which  are 
in  proportion  to  the  lines  ba, 
Aa  ;  to  find  their  motions  after 
Ihe  impact.  Let  cah  repre- 
sent the  plane  in  which  the 
bodies  touch  in  the  point  of 
eoBCOurse  ;  to  which  draw  the  perpendiculara  bc,  6d,  and 
complete  the  rectangles  cb,  df.  Then  the  motion  in  ba  is  re* 
•ohred  into  the  two  bc,  ca  ;  and  the  motion  in  6a  is  resolved 
into  the  two  6d,  da  ;  of  which  the  antecedents  itc,  6d,  nre 
the  velocities  with  which  they  directly  meet,  and  the ,  cunse- 
i|uent8  CA,  DA,  are  paraltel  ;  therefore  by  these  the  bodies 
do  not  impinge  on  each  other,  and  consequently  the  motions, 
according  to  these  directions,  will  not  be  changed  by  the  im* 
polae  ;  so  that  the  velodties  with  which  the  bodies  meet,  are 
as  bc  and  6d,  or  their  equals  ea  and  fa.  Tlic  motions  there. 
<fere  of  the  bodies  b,  6,  directly  striking  each  other  with  the 
velocities  ea,  fa,  will  be  determined  by  art.  145  or  149.  nc- 
cordtnff  as  the  bodies  are  elastic  or  non-elastic  ;  which  being 
done,  let  ao  be  the  velocity,  so  determined,  of  one  of  them, 
«B  A  ;  and  since  there  remains  also  in  the  body  a  force  of 
moving  in  the  direction  parallel  to  be,  with  a  velocity  as  br, 
make  ah  equal  to  be,  and  complete  the  rectangle  en  :  then 
the  two  motions  in  ah  and  ao,  or  iii,  are  compounded  into 
the  diagonal  ai,  which  therefore  will  be  the  path  and  velocity 
of  the  body  b  after  the  stroke.  And  after  the  same  manner 
li  the  motion  of  the  other  body  6  determined  afler  the  impact. 
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if  the  elasticity  of  the  bodies  be  imperfect  in  any  givM 
degree,  then  the  quantity  of  the  corresponding  lines  must  be 
diminished  in  the  same  proportion.  For  the  full  considenr 
tion  of  this  branch  of  the  inquiry  the  student  is  referred  td 
the  Treatises  of  Mechanics  by  Gregory  and  BridgL 

Problems  for  Exercise  on  Collision, 

Exam.  1.  A  cannon  ball  weighing  121b8«  moving  with  ft 
velocity  of  1200  feet  per  second,  meets  another  of  ISIbe. 
hiovine  with  a  velocity  of  1000  feet  per  second.  Required 
the  velocity  of  each  afler  impact,  supposing  both  to  be  noa- 
(9lastic. 

Exam.  2.  b  and  b  are  as  3  to  2,  and  the  velocity  df  b  ifl 
to  that  of  6  as  5  to  4.  They  are  perfectly  hard,  and  mof  d 
before  impact  in  the  same  direction ;  what  are  the  veldteitiea 
lost  by  B  and  gained  hy  bl 

Exam.  3.  b  and  6  are  perfectly  elastic,  and  move  in  op- 
posite directions,  b  is  triple  of  6,  but  b^8  velocity  is  double 
that  of  b.     How  do  those  bodies  move  afler  impact  ? 

Exam.  4.  A  body  whose  elasticity  is  to  perfect  elafltiei^ 
as  15  to  16,  falfs  from  the  height  of  100  feet  upon  ft 
perfectly  hard  horizontal  plane.  It  then  rebonnds  imI 
tails  again,  and  so  on,  always  in  a  vertical  directioo.  It 
is  required  to  find  the  whole  space  described  by  the  body 
before  its  motion  ceases,  as  well  as  the  entire  time  of  ita  mo^ 
tion. 

Exam.  5.  Investigate  what  must  be  the  force  of  ela8ticity» 
lb  that  the  sums  of  the  products  formed  by  muhiplying  each 
body  into  any  assumed  power,  n,  of  its  velocity,  may  not  be 
altered  by  the  impact  of  the  two  bodies. 


THE  LAWS  OF  GRAVITY  ;  THE  DESCENT  01* 
ttEAVY  BODIES  ;  AND  THE  MOTION  OF  PRO- 
JECTILES  IN  FREE  SPACE. 

153.  Prop.  All  the  properties  of  motion  delivered  in 
eH.  132,  its  corollaries  and  scholium,  for  constant  forces,  are 
\rUe  in  the  motions  of  bodies  freely  descending  by  their  own 
gravity ;  namely,  that  the  velocities  are  as  the  times,  and  the- 
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■pAcefl  as  the  squares  of  the  times,  or  as  the  squares  of  the 
velocities. 

For,  since  the  force  of  gravity  is  uniform,  and  constantly 
the  same,  at  all  places  near  the  earth's  siirface,  or  at  nearly 
the  same  distance  from  the  centre  of  the  earth ;  and  since  this 
is  the  farce  hy  which  bodies  descend  to  the  surface ;  they 
therefore  descend  by  a  force  which  acts  constantly  and  equal- 
ly ;  consequently  all  the  motions  freely  produced  by  gravity, 
are  as  above  specified,  by  that  proposition,  &c. 

SCHOLIUM. 

154.  Now  it  has  been  found,  by  numberless  experiments, 
that  gravity  is  a  force  of  such  a  nature,  that  all  bodies,  whether 
light  or  heavy,  fall  vertically  through  equal  spaces  in  the  same 
lime,  abstracting  from  the  resistance  of  the  air ;  as  lead  or 
gold  and  a  feather,  which  in  an  exhausted  receiver  fall  from 
the  top  to  the  bottom  in  the  same  time.     It  is  also  found  that 
the  velocities  acquired  by  descending,  are  in  the  exact  pro- 
portion of  the  times  of  descent :  and  further,  that  the  spaces 
descended  are  proportional  to  the  squares  of  the  times,  and 
therefore  to  the  squares  of  the  velocities.     Hence  then  it  fol- 
lows, that  the  weights  or  gravities,  of  bodies  near  the  surface 
of  the  earth,  are  proportional  to  the  quantities  of  matter  con- 
tained in  them ;  and  that  the  spaces,  times,  and  velocitieSy 
generated  by  gravity,  have  the  relations  contained  in  the 
three  general  proportions  before  laid  down.     Further,  as  it 
is  found,  by  accurate  experiments,  that  a  body  in  the  latitude 
of  London,  falls  nearly  16 1^^  feet  in  the  first  second  of  timO) 
and  consequently  that  at  the  end  of  that  time  it  has  acquire 
iftd  a  velocity  double,  or  of  32^  feet  by  corol.  1,  art  132 ; 
therefore,  if  jg  denote  16^1^  feet,  the  space  fallen  through  in 
one  second  of  time,  or  g  the  velocity  generated  in  that  time  ( 
then,  because  the  velocities  are  directly  proportional  to  the 
times,  and  the  spaces  to  the  squares  of  the  times  ;  therefore 
it  will  be, 

as  1"  :  /"  :  :    gt  :    gt  =v  the  velocity, 
and  1'  :  t^  >'  ig  -  igf  =  *  the  space. 
fSo  that,  for  the  descents  of  gravity,  we  have  these  general 
Equations,  namely, 

^^  =  ^*  =  7"  =  y/^8^ 
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g    "^  V    "^         g' 

Hence,  because  the  times  are  as  the  velucitiesy  and  tbi 
■paces  OS  the  squares  of  either,  therefore, 

if  the  times  be  as  the  numbs.  1,  2,  3,  4,  5,  &c. 
the  velocities  will  also  be  as  1,  2,  3,  4,  5,  dtc. 
and  the  spaces  as  their  squares  1,  4,  9,  16,  25,  &c. 
and  th^  space  for  each  time  as  1,  3,  5,    7,    9,  &c. 

namely,  as  the  series  of  the  odd  numbers,  which  are  the 
differences  of  the  squares  denoting  the  whole  spaces.  So 
that  if  the  first  series  of  natural  numbers  be  seconds  of  timet 
namelv,  the  times  in  seconds,  Vy  2",  2"^  4%  &€• 
the  velocities  in  feet  will  be  32^,  64^,  96^,  128|,  fce» 
the  spaces  in  the  whole  times  16^^^,  64^,  144|,  257|^,  fcc* 
and  the  space  for  each  second  IH^^^,  48|,  SOy'^j,  112|^,  &6* 
of  which  spaces  the  common  difference  is  32 j  feet,  the  oe^ 
tural  and  obvious  measure  of  g,  the  force  of  gravity. 

155.  These  relations,  of  tl^e  times,  ve. 
loctties,  and  spaces,  may  be  represented 
by  certain  lines  and  geometrical  figures. 
Thus,  if  the  line  ar  denote  the  time  of  any 
body's  descent,  and  bc,  at  right  angles  to  it, 
the  velocity  gained  at  the  end  of  that  time  ; 
by  joining  ac,  and  dividing  the  time  ab  into 
any  number  of  parts  at  the  points  a,  &,  c  ; 

then  shall  od^  be^  cf^  parallel  to  bc,  be  the  velocities  at  the 
points  of  time,  a,  6,  c,  or  at  the  ends  of  the  times,  ao,  a6, 
AC  ;  because  these  latter  lines,  by  similar  triangles,  are  pro- 
portional to  the  former  ad,  be,  cf,  and  the  times  are  proper* 
tioual  to  the  velocities.  Also,  the  area  of  the  triangle  abo 
will  represent  the  space  descended  by  the  force  of  gravity 
in  the  time  ab,  in  which  it  generates  the  velocity  bc  ;  be» 
cause  that  area  is  equal  to  ^ab  X  bc,  and  the  space  descended 
is  s  =  ^tv,  or  half  the  product  of  the  time  and  the  last 
velocity.  And,  for  the  same  reason,  the  less  triangles  Aod^ 
Abcy  Acf,  will  represent  the  several  spaces  described  in  the 
trorresponding  times  Aa,  a^,  ac,  and  velocities  ad,  66,  cf; 
those  triangles  or  spaces  being  also  as  the  squares  of  theif 
like  sides  ao,  a&,  ac,  which  represent  the  times,  oroCad^bet 
tff  which  represent  the  velocities. 

156.  But  as  areas  are  rather  unnatural  representations 
of  the  spaces  passed  over  by  a  body  in  motion,  which  ore 
liocsy  the  relations  may  better  be  represented  by  the  abscisses 
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SDd  ordiDHtM  of  ■  pariLboln.  Thus,  if  pq 
be  B  parabola,  pb  its  axia,  and  Ra  its 
ordinate  ;  and  pa,  rb,  re,  &c.  parallel  to 
RQ,  represent  the  times  fTum  tlie  begin- 
ning, or  the  velocities,  then  ae,  hf,  eg,  &c, 
parallel  to  the  axis  fh,  will  represent  the 
places  described  by  a  falling  body  in  those 
limes  ;  fur,  in  a  parabola,  the  abscinses  pA, 
ti,  rk,  &c.  or  ae,  bf,  eg,  &c.  which  are  the 
■paces  described,  are  as  the  squares  of  the 
ordiaales  ke,  if,  kg,  &c.  or  ra,  rb,  re,  &c.  which  repicMnt 
ths  limea  or  veiucilies. 

157.  And  because  the  laws  for  the  destruction  of  motion, 
'  are  the  same  as  those  for  the  generation  of  it,  by  equal  forcet, 
bul  acting  in  a  contrary  direction  ;  therefore, 

Isf,  A  body  thrown  directly  upward,  with  any  veloci^, 
will  lose  equal  velocities  in  equal  timet. 

2<I,  If  a  body  be  projected  upward,  with  the  velocity  it 
acquired  in  any  lime  by  descending  freely,  it  will  lose  all  its 
velociiy  in  an  equal  time,  and  will  ascend  just  to  the  same 
height  from  which  it  fell,  and  will  dcecribo  equal  spaces  in 
equal  times,  in  rising  and  falling,  but  in  an  inverse  order ; 
and  it  will  have  equal  velocities  at  any  one  and  the  same  point 
■  of  the  line  described,  both  in  ascending  and  descending. 

3^  If  bodies  be  projected  upward,  with  any  velocities,  the 
height  ascended  to,  will  be  as  the  squares  of  those  velocities, 
or  as  the  squares  of  the  times  of  ascending,  till  they  lose  all 
their  velocities. 

15S.  In  solving  problems,  where  a  body,  instead  of  being 
permitted  to  fall  freely,  is  projected  vertically  upwards  or 
downwards  with  a  given  velocity,  it  will  assist  the  compre* 
hension  of  what  lakes  place,  to  ascertain  what  results  fr<)m 
the  original  projection,  and  whnl  from  the  force  of  gravity. 
Thus,  if  B  body  be  projected  with  a  velocity  e,  it  will,  in  the 
time  (,  described  the  space  tv  (nrt.  121))  apnrt  from  the  opera- 
tion of  gravity  or  any  other  force.  Blending  this  wi  h  lie 
preceding  expression  for  the  space  described  by  a  falling 
body,  we  have 

8  =  (B  5:  JgC, 
in  which  the  lower  sign  must  be  employed  when  the  projec- 
tion is  vertically  dmcnwards,  the  upptr  when  the  projection 
is  vertically  upKordt. 
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EXBRCISE3  ON  RISING  AKD  TJlLLITSO  BODIES. 

1.  Find  the  space  descended  vertically  by  a  body  in  7 
seconds  of  time,  and  the  velocity  acquired  ? 

Ans.  788 1^,  space  ;  225 j,  velocity* 

2.  Requ'rrd  the  time  of  generating  a  velocity  of  100  feet 
per  second,  and  the  whole  space  descended. 

Ans.  3"^^,  time  ;  1^5|^/.  space. 

3.  Find  the  timo  of  descending  400  feet,  and  the  velocity 
at  the  end  of  that  time. 

Ans.  4"iff ,  time  ;  lOO^f ,  velodCy. 

4.  If  a  body  fall  freely  for  5",  how  far  will  it  descend 
during  the  last  second  of  its  motion  ? 

5.  If  an  arrow  be  propelled  vertically  upwards  from  e 
bow  with  a  velocity  of  96}  feet  per  second,  how  high  will 
it  rise,  and  how  long  will  it  be  before  it  returns  again  to  the 
ground  ? 

6.  If  a  ball  be  projected  vertically  downwards  with  a  ve- 
locity of  100  feet  per  second,  how  far  will  it  have  descended 
in  three  seconds  ? 

7.  If  a  ball  be  projected  upwards  with  a  velocity  of  100 
feet  per  second,  how  far  will  it  have  arisen  in  three  seconds  f 

8.  If  a  ball  be  projected  vertically  upwards  with  a  velo- 
city of  44  feet  per  second,  will  il  be  above  or  below  the  point 
of  projection  in  four  seconds,  the  force  of  gravity  teiidin| 
all  the  time  to  draw  it  downwards  ? 

9.  A  drop  of  rain  falls  through  176|^  feet  in  the  last 
second  ;  how  high  is  the  cloud  from  which  it  descended  t 

10.  A  body  falling  freely  was  observed  to  pass  through 
half  its  descent  in  the  last  second  ;  how  far  did  it  fall,  a|ii4 
how  long  was  it  in  falling  ? 

11.  Two  weights,  one  of  51bs.  the  other  of  Slbs.  hang 

(reely  over  a  pulley  :  after  motion  is  allowed  to  commence 

how  far  will  the  larger  weight  descend,  or  the  smaller  aripa^ 

in  four  seconds  7 

w—w 
N.  B.  The  theorem  for  operation  is  s  =  — ; — •Ig^- 

^  w+w     ° 

12.  Two  equal  weights  are  balanced  over  a  pulley.  A 
pound  weight  being  added  to  one  of  them,  and  motion  in 
consequence  taking  place,  the  preponderating  weight  de« 
scended  through  16  J^  feet  in  four  seconds.  Required  the 
measure  of  the  two  equal  weights  ? 
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F.  If  a  body  be  projected  in  free  spnco,  either  pa. 
horizoD,  or  in  an  oblique  direction,  by  the  force 


166.  Prof. 

ra)  el  to  the 

•  •  •    ^ 

of  gunpowder,  or  any  oil  er  impulse  ;  it   will,  by   tiiis  mo 
tion,  in  conjunction  with  the  action  of  gravity,  describe  the 
curve  line  of  a  parabjia. 


C     D 


~~^ 


Let  the  body  be  projected  from  the  point  a,  in  the  di. 
raction  ad,  with  any  uniform  velocity  :  then,  in  any  equal 
portions  of  time,  it  would,  by  art.  129,  describe  the  equal 
ipAces  AB,  Bc,  CO,  dec.  10  the  line  ad,  if  it  were  not  drawn 
continually  down  below  that  line  by  the  action  of  gravity. 
Draw  BR,  CF,  w^^  &c.  in  the  direction  of  gravity,  or  perpen- 
dicular  to  the  horizon,  and  equal  to  the  spaces  through 
which  the  body  would  descend  by  its  gravity  in  the  same 
tine  in  which  it  would  uniformly  pass  over  the  correspond, 
log  spaces  ab,  ac,  ad,  dec.  by  the  projectile  motion.  Then,' 
nnce  by  these  two  motions  the  body  is  carried  over  the  space 
AB,  in  the  same  time  as  over  the.  space  bk,  and  the  space  ac 
ill  the  same  time  as  the  space  cf,  and  the  space  ad  in  the 
tame  time  as  the  space  do,  ^c,  ;  therefore,  by  the  com- 
poaUion  of  motions,  at  the  end  of  those  times,  the  body  will 
be  found  respectively  in  the  points  r,  f,  g,  &c.  ;  nnd  con- 
sequently the  real  path  of  the  projectile  will  be  the  curve 
line  AKFG,  &c.  But  the  spaces  ah,  ac,  ad,  d:c.  described  by 
umform  motion,  are  as  the  times  of  description  ;  and  the 
spaces  BB,  CF,  do,  dec.  described  in  the  same  times  by  the 
accelerating  force  of  gravity,  arc  as  the  squares  of  the  times  ; 
consequently  the  perpendicular  descents  are  as  the  squares 
of  the  spaces  in  ad,  that  is  be,  cf,  dg,  &c.  are  respectively 
proportional  to  ab^  ac*,  ad^  dec.  ;  which  is  the  property  of 
the  parabola  by  theor.  8,  Con.  Sect.  Therefore  the  path  of 
the  projectile  is  the  parabolic  line  aefg,  dec.  to  which  ad  is 
a  tangent  at  the  point  a. 

150.  Corot.  1.  The  horizontal  velocity  of  a  projectile,  is 
always  the  same  constant  quantity,  in  every  point  of  the 
curve  :  because  the  horizontal  motion  is  in  a  constant  ratio 
to  the  motion  in  ad,  which  is  the  uniform  projectile  motion. 
And  the  projectile  velocity  is  in  proportion  to  the  constant 
horizontal  velocity,  as  radius  to  the  cosine  of  the  angle  dah, 
or  angle  of  elevation  or  depression  of  the  piece  above  or 
below  the  horizontal  line  ah. 
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160.  Carol.  2.  The  velocity  of  the  projectile  in  tho  direc- 
tion of  the  curve,  or  of  its  tan^^ent  at  any  point  a,  is  as  ih^ 
secant  of  its  angle  bai  of  direction  above  the  horizon.  For 
the  motion  in  the  horizontal  direction  ai  is  constant,  and  a1 
is  to  AR,  us  radius  to  the  secant  of  the  angle  a  ;  therefore  the 
motion  ut  a,  in  ab,  is  everywhere  as  the  secant  of  tlie 
an;;le  a. 

161.  Carol,  3.  The  velocity  in  the  direction  do  of  gravity, 
or  perpendicular  to  the  horizon,  at  any  point  o  of  the  curve, 
is  to  the  first  uniform  projectile  velocity  at  a,  or  point  of 
contact  of  a  tangent,  as  2od  is  to  ad.  For,  the  times  in  Aft 
and  D(i  being  equal,  and  the  velocity  acquired  by  freely  de* 
scending  through  dg,  being  such  as  would  carry  the  body 
uniformly  over  twice  do  in  an  equal  time,  and  the  spacee 
described  with  uniform  motions  being  as  the  velocities,  there* 
fore  the  space  ad  is  to  tho  space  2dg,  as  the  projectile  vehi* 
city  at  A,  to  the  perpendicular  velocity  at  o. 

162.  Prop.  The  velocity  in  the  direction  of  the  curve,  «t 
any  point  of  it,  as  a,  is  equal  to  that  which  is  generated  by 
gravity  in  freely  descending  through  a  space  which  is  equal 
to  one-fourth  of  the  parameter  of  the  diameter  of  the  {muv* 
bola  at  that  point. 

Let  pa  or  ar  be  the  height 
due  to  the  velocity  of  the  projec- 
tile at  any  point  a  in  the  direc- 
tion of  the  curve  or  tangent  ac, 
or  the  velocity  acquired  by  fall- 
ing through  that  height;  and 
complete  the  parallelogram 
ACDB.  Then  is  cd=ab  or  ap, 
the  height  due  to  the  velocity  in  the  curve  at  a  ;  and  cD  it 
also  the  height  due  to  the  perpendicular  velocity  at  d,  whieh 
must  be  equal  to  the  former  ;  but  by  the  last  corol.  the  vd6- 
city  at  A  is  to  the  perpendicular  velocity  at  d,  as  ac  to  Sc9  ; 
and  as  these  velocities  are  equal,  therefore  ac  or  bd  is  equal 
to  2cd,  or  2ab  ;'  and  hence  ab  or  ap  is  equal  to  ^bd,  or  j  of 
the  parameter  of  the  diameter  ab,  by  coroL  to  theor.  IS  ef 
the  parabola. 

163.  Carol.  1.  Hence,  and  from  cor.  2 
theor.  13  of  the  parabola,  it  appeare  that 
if  from  the  directrix  of  the  parabola  which 
is  the  path  of  the  projectile,  several  lines 
HE  be  drawn  perpendicular  to  the  direc- 
trix, or  parallel  to  the  axis  ;  then  the  ve- 
locity of  the  projectile  in  the  direction  of  the  curve,  at  any 
point  E,  is  always  equal  to  the  velocity  acquired  by  a  body 
falling  freely  through  the  perpendicular  line  be. 


HHHHH 
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164.  CaroL  2.  If  a  body,  after  fliDing  throngh  tho  height 
fA  (laiC  fig.  but  ooe),  which  is  equal  to  ab,  and  when  it 
arrives  at  a*  have  its  course  changed,  by  reflection  from  an 
elastic  plane  ai«  or  otherwise,  into  :uiy  direction  ac,  without 
akeriog  Ihe  velocity  ;  and  if  ac  be  taken  =  2ap  or  2au,  and 
the  parallelogram  be  completed  ;  then  the  body  will  describe 
the  parabola  passing  through  the  point  d. 

105*  Carol*  3.  Because  ac=2ab  or  2od  or  2ap,  therefore 
AcP  =  2ap  X  2cD  or  ap  .  4cd  ;  and,  because  all  the  perpen- 
dicalars  bf,  co,  gh,  are  as  ae,'  ac',  ao'  ;  therefore  also 
AP  .  4sp  =  AE^  and  ap  .  4gh  =  ao',  «kc.  ;  and  because  the 
rectangle  of  the  extremes  is  equal  to  the  rectangle  of  the 
■leans  of  four  proportionals,  therefore  always 


•a  • 


it  la  AP  :  AS 
and  AP :  AC 
and  AP :  AG 
aad  soon. 


AB  :  4ep, 
AO  :  4cDy 
A& :  4oH, 


106.  Prop.  Having  given  the  direction,  and  the  impetus, 
or  altitude  due  to  the  first  velocity  of  a  projectile  ;  to  dctcr- 
Bline  the  greatest  height  to  which  it  will  rise,  and  the  random 
or  horizontal  range. 

Let  AP  be  the  height  due  to  the 
projectile  velocity  at  a,  ao  the  di- 
lection,  and  ah  the  horizon.  On 
Ae  let  fall  the  perpendicular  pq, 
and  on  ap  the  perpendicular  or  ;  so 
aiiall  AR  be  equal  to  the  greatest  alti- 
tude cv,  and  4(IR  equal  to  the  hori- 
lootal  range  AH.  Or,  having  drawn 
fQ,  perp.  to  AO,  take  ao  =  4Aa,  and  draw  gh  perp.  to  ah  ; 
then  ah  is  the  range. 

For,  by  the  last  corollary,  ap  :  ao  :  :  ao  :  4gu  ; 

and,  by  similar  triangles,  ap  :  ao  :  :  aq  :   uh, 

or  •  •  -  AP  :  AG  : :  4Aa :  4gu  ; 

Aerefore  ao  ==  4Aa  ;  and,  by  similar  triangles,  ah  ==  4qr. 

Also,  if  T  be  the  vertex  of  the  parabola,  then  ab  or  ^ao 
ss  2Aq,  t)r  A<t  =  QB  ;  consequently  ar  ==  bv,  which  is  =  cv 
by  the  property  of  the  parabola* 

167.  Cord.  1  Because  the  angle  q  is  a  right  angle,  which 
ie  the  angle  in  a  semicircle,  therefore  if,  on  ap  as  a  diameter, 
«  semicircle  be  described,  it  will  pass  through  the  point  ci. 

168.  Cord,  2.  If  the  horizontal  range  and  the  projectile 
Telocity  be  given,  the  direction  of  the  piece  so  as  to  uit  the 

h«  wiU  be  thus  easily  found  :  Take  ad  =  |An«  draw 


i 


^ 

B 

V      i 

% 
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b4  (letpeadiculBr  to  ah,  meeting  the 
iemicireloi  deBcribetl  od  the  diameter 
Ar,  in  (t  and  q ;  then  aq  or  aj  will 
be  the  direction  of  the  piece.  And 
henCe  it  appenrst  that  there  are  two 
directions  ab,  a^,  which,  with  Ihe  same 

Erojeciile  velocity,  gire  the  very  eame 
nrizontal  range  ah.  And  tlketie  two 
directions  make  equal  angleu  ^ad,  oaf, 
with  AH  snd  AP,  because  the  arc  rtt  = 
the  arc  Af . 

160,  Corol.  3.  Or,  if  the  range  ah,  and  direction  ab,  bs 
giveii ;  to  find  the  altitude  and  velocity  or  impetus.  T«k» 
AD  ^  f  AH,  and  erect  the  perpendicular  uo,  meetin|[  ab  in 
Q  ;  BO  shall  Dft  be  equal  tn  the  greatest  altitude  cv.  AlwH 
erect  af  perpendicular  to  ah,  and  of  to  aq  ;  so  shall  Ar  ba 
the  height  due  to  the  velocity. 

170.  CwiA.  4.  When  the  body  is  projected  with  the  mHb 
Telocity,  hut  in  different  directions  \  the  horizontal  ranges 
AU  will  be  as  the  wnes  of  double  the  augles  of  elevation.  ■ 
Or,  which  is  the  same,  as  the  rectangle  of  the  sine  and  oo- 
nne  of  elevation.  For  ad  or  rq,  which  is  J  ah,  is  the  wmtt 
of  the  arc  aq,  which  measures  double  the  angle  gAO  of  «!«• 
valion. 

And  when  the  direction  is  the  same,  but  (he  velocitifli 
different ;  the  horizonial  ranges  are  an  the  square  of  the 
Velocities,  or  os  the  height  ap,  which  is  a^  the  square  of  tba 
velocity  ;  for  the  sine  ad  or  kq  or  Jah  is  as  the  radius  or  u 
the  diameter  ap. 

Therefore,  when  both  are  different,  the  ranges  are  in  the 
totnpound  ratio  of  the  squares  of  the  velocities,  and  the  sinea 
of  double  the  angles  of  elevation. 

171.  Corol.  5.  The  greatest  range  is  when  the  anglaof 
blevDtion  is  45^,  or  half  a  right  anglu  ;  for  the  double  of  4B 
is  DO,  which  has  tbe  greatest  sine.  Or  the  radius  os,  i^M^ 
is  ^  of  Ihe  range,  is  Ihe  greatest  sine. 

And  hence  the  greatest  range,  or  that  at  an  elevation  of 
45",  ii  Just  double  the  ahilude  af  which  is  due  to  the  valo- 
tity,  or  equal  to  4vc.  Consequently,  in  that  case,  c  is  the 
focus  of  Ihe  pti  raboU,  and  aii  its  pnrnineter.  Also  the  rangaa 
Are  equal,  at  angles  equally  above  and  bolow  45^. 

172.  Corol,  0.  When  ihe  elevation  is  15%  the  double  of 
Which,  or  30°,  has  its  sine  cqunl  to  half  the  radius  |  conse^ 
i^uenily  then  its  ran^o  will  be  equal  to  af,  or  half  the  greatest 
fattge  nt  the  elevation  of  45^  ;  that  is,  (he  range  at  15°,  fa 
«qual  to  the  impetus  or  height  due  to  the  projecdle  veloi»tfi 
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178.  CoroL  7.  The  gjeatest  altitude  <nr,  beilig  equal  to 
AB9  ifl  as  the  versed  sine  of  double  the  angle  of  elerationi  and 
also  as  AP  or  the  square  of  the  velocity.  Or  as  the  square 
of  the  sine  of  elevation,  and  the  square  of  the  velocity ;  (of 
the  square  of  the  sine  is  as  the  versed  sine  of  the  double 
angle. 

174.  Cord*  8.  The  time  of  flight  of  the  projectile,  which 
is  equal  to  the  time  of  a  body  falling  freely  through  oh  or 
4cv,  four  times  the  altitude,  is  therefore  as  the  square  root  of 
the  altitude,  or  as  the  projectile  velocity  and  sine  of  the  ele* 
valion. 

SGHOLIVH. 

175.  From  the  last  proposition  and  its  corollaries,  may  be 
deduced  the  following  set  of  theorems,  for  finding  all  the 
circumstances  of  projectiles  on  horizontal  planes,  having  any 
two  of  them  given.  Thus,  let «,  c,  /,  denote  the  sine,  cosine, 
and  tangent  of  elevation  ;  s,  v  the  sine  and  versed  sine  of 
the  double  elevation ;  b  the  horizontal  range  ;  t  the  time  of 
flight ;  V  the  projectile  velocity ;  h  the  greatest  height  of  the 
projectile  ;  f  =  32^  feet,  and  a  the  impetus,  or  the  altitude 
due  to  the  velocity  v.    Then, 

a-     2«=     4a«=     11:1  =  «*! -i^  =i£!!=l? 

g       jg  »  t         t 

*«V         rt       ^  a  ,tR         SR  rt    ^  H 

SR  __  s*v'  _  ev* 
4c""  2^""  4g 

And  from  any  of  these,  the  angle  of  direction  may  be 
fimnd.  Also,  in  these  theorems,  g  may,  in  many  cases,  be 
taken  =  32,  without  the  small  fraction  j,  which  will  be  near 
enough  for  common  use. 

176.  Prop.  To  determine  the  range  on  an  oblique  plane ; 
having  given  the  impetus  or  velocity,  and  the  angle  of  direc* 
tion. 

Let  AB  be  the  oblique  piano,  at  a  given  angle,  either  above 
or  below  the  horizontal  plane  ah  ;  ao  the  direction  of  the 
piece,  and  ap  the  altititude  due  to  the  projectile  velocity  at  a» 

*  thlf  time,  whh  30°  eleration,  is  just  eqoml  to  the  time  of  petpev 
*"  '~  aicent,  with  the  same  velocity  r. 


« 


.^  _«         t  ,^         '»         •^  ^^  I       m 

1  =«»=  |ao  =  ifii= -  =  —  =—  =  ter*. 
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By  the  last  proposition,  find  the  horizontal  ran^e  ab  to 
the  given  velocity  and  direction  ;  draw  he  perpendicular  lo 
AH,  meeting  the  obhque  plane  in  is ;  draw  ef  parallel  4o  AOf 
and  Fi  parallel  to  hk  ;  so 
shall  the  prr>jectile  pass 
through  I,  and  the  range  on 
the  oblique  plane  will  be  ai« 
As  is  evident  by  theor.  15  of 
the  Parabola,  where  it  is 
proved,  that  if  ah,  ai  be  any 
two  Hoes  terminated  at  the 
curve,  and  if,  he  parallel  to 
the  axis  ;  then  is  ef  parallel 
to  the  tangent  ag. 

1T7.  Otherwise^  without  the  Horizontal  Range. 

Draw  pa  perp.  to  ag,  and  qd  perp.  to  the  horisEoiiUd 
plane  af,  meeting  the  inclined  plane  in  k  ;  take  a£  ^  4AKt 
draw  ef  parallel  to  ag,  and  ri  parallel  to  ap  or  oa  ;  so  shall 
Ai  be  the  range  on  the  oblique  plane.  For  au  =  4aO| 
therefore  eh  is  parallel  to  fi,  and  so  on,  as  above* 

Oihertoise. 

178.  Draw  rq  making  the  angle  af^  =  the  angle  oai  ; 
then  take  ao  ==  4a^,  and  draw  gi  perp.  to  ah.  Or,  draw 
qk  perp.  to  ah,  and  take  ai  ~  4aA;.  Also  kq  will  we  eqoal 
to  cv  the  greatest  height  above  the  plane. 

For,  by  cor.  2,  art.  164,  af  :  ag  : :  ag  :  4gi  ; 
and  by  siiri.  triangles,  ap  :  ag  : :  kq  \  oi, 
or        .-         >»  •    -  AP  :  AG  :  :  4\q  :  4oi; 

therefore  ao  =  Ahq ;  and  by  sim.  triangles,  ai  =  4Ai;* 
Also,  qky  or  ^Gi,  is  »  to  co  by  theor.  13  of  the  Parabola» 


179.  Corel,  1.  If  AO  be  drawn  perp.  to  the  plane  ai,  and 
AP  be  bisected  by  the  perpendicular  sto  ;  then  with  the  cen- 
tre o  describing  a  circle  through  a  and  p,  the  same  will  also 
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pats  through  f  ,  beeause  the  nngle  oai,  formed  by  the  tangent 
Aland  10,  is  equal  to  the  angle  Aig,  wLich  will  therefore 
stand  on  the  same  arc  Aq, 

180.  Coroi*  2.  If  there  he  given  the  range  ai  and  the  ve- 
locity,  or  the  impetus,  the  direction  will  hence  he  easily 
finind  thus  :  Take  aIc  =■  ^ai,  draw  kq  pcrp.  to  ah,  meeting 
the  circle  described  with  the  radius  ao  in  two  points  q  and 
0 ;  then  a^  or  vq  will  be  the  direction  of  the  piece.  And 
Moce  it  appears  that  there  are  two  directions,  which,  with 
the  same  impetus,  give  the  very  same  range  ai.  And  these 
two  directions  make  equal  angles  with  ai  and  ap,  because 
the  arc  rq  is  equal  the  arc  a^.  They  also  make  equal  angles 
with  a  line  drawn  from  a  through  s,  because  the  arc  ^q  is 
equal  the  arc  sq, 

181.  Cord,  3.  Or,  if  there  be  given  the  range  ai,  and  the 
direction  a^;  to  find  the  velocity  or  impetus.  Take  aA- = 
4Aiy  and  erect  hq  perp.  to  a»,  meeting  the  line  of  direction 
m  q\  then  draw  ^r  making  the  I.  Aqv  =-  Z.  Akq;  so  shall 
AF  be  the  impetus,  or  the  altitude  due  to  the  projectile 
velocity. 

182.  Corel.  4.  The  range  on  an  oblique  plane,  with  a 
given  elevation,  is  directly  proportional  to  the  rectangle  of  the 
cosine  of  the  direction  of  the  piece  above  the  horizon,  and  the 
sine  of  the  direction  above  the  oblique  pinne,  and  reciprocally 
to  the  square  of  the  cosine  of  the  angle  of  the  plane  above  or 
below  the  horizon. 

For,  put  c  =  sin.  Z.qAi  or  Avq, 

c  =  cos.  Z.f  AH  or  sin,  PAq,      ^^/^ 

c  =  COS.  Z.rAU  or  sin.  aM  jtf  J^ff'or  Aq^T" 

Then  in  the  triangle  ap^,  c  is  :  'pfA^  :  Aq ; 
and  in  the  triangle  Akq,    ci^  ifK^^  •  ^^  i 

theref.  by  composition,     ^^cf T:  af  :  ak  =  ^ai. 

^. 
'  '  cs 

So  that  the  oblique  range  ai  =  -,  X  4Ar. 

183.  The  range  is  the  greatest  when  Ak  is  the  greatest ; 
that  is,  when  kq  touches  the  circle  in  the  middle  point  s ;  and 
then  the  line  of  direction  passes  through  s,  and  bisects  the 
angle  formed  by  the  oblique  plane  and  the  vertex.  Also,  the 
nuagea  are  equal  at  equal  angles  above  and  below  this  direc- 
lion  for  the  maximum. 

184*  Coroi.  5.  The  greatest  height  ev  or  kq  of  the  pro- 

jectile,  above  the  plane,  is  equal  to  ---t  X  ap.     And  therefore 

c^ 

it  is  as  the  impetus  and  square  of  the  sine  of  direction  above 
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the  pUoe  directly,  and  square  of  the  cosine  of  the  plane's  tii« 
dioatioa  reciprocally. 

For  -  c  (sin.  a^p)  :  $  (sin.  Avq)  : :  ap  :  a^, 
and  c  (sin.  aIp^)  :  ^(sin.  kkq)  ii  Aqikq^ 
theref.  by  comp.  c' :  «^ : :  ap  :  A^. 

185.  CortiU  6.  The  time  of  flight  in  tho  curve  avi  is  « 

2f        AP 

—  v^r-*  where  4/?  ^i  16iV  feet.     And  therefore  it  is  as  the 

Telocity  and  sine  of  direction  above  the  plane  directly,  and 
cosine  of  the  plane's  inclination  reciprocally.  For  the  tinM 
of  describing  tho  curve,  is  equal  to  the  time  of  falling  freely 

through  01  or  Akq  or  ~  X  ap.     Therefore,  the  time  being . 

c 

as  the  square  root  of  the  distance, 

2^  2*    AP 

v/J^ :  —  \/ap  : :  1"  :  — \/7-»  the  time  of  flight. 

SCHOLK  M.  ^< 

160.  From  the  foregoing  corollaries  may  be  collected  the 
following  set  of  theorems,  relating  to  projects  made  on  any 
given  inclined  planes,  either  above  or  below  the  horizontal 
plane.     In  which  the  letters  denote  as  before,  namely, 

c  =  COS.  of  direction  above  the  horizon, 

c  =  COS.  of  inclination  of  the  plane, 

9  =  sin.  of  direction  above  the  plane, 

R  SB  the  range  on  the  oblique  plane, 

T      the  time  of  flight, 

V       the  projectile  velocity, 

H      the  greatest  height  above  the  plane, 

a      the  impetus,  or  alt.  due  to  the  velocity  v, 

^  =  32^  feet.    Then, 

C9  ^.        2cs    ^      gc    ^      4c 

B  = -r-X4a  =  -T- V«  =^  T*  =  — H. 

c»  c*^  2*  * 

c»  2^0*  4c  8 

And  from  any  of  these,  the  angle  of  direction  may  be  found. 
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187.  Geometrical  constructions  of  the  principal  cases  in 
jprojectiles  in  a  non-resisting  medium,  flow  readily  from  the 
properties  of  the  parabola  ;  and  in  many  cases  those  con. 
stnictions  suggest  simple  modes  of  computation.  The  fol- 
(owing  problems  will  serve  by  way  of  exercise. 

1.  Given  the  impetus  i^nd  plevation ;  to  find,  by  construe^ 
tioD,  the  range,  on  a  horizontal  plane,  the  greatest  heigh^ 
^d  thence  the  time  of  flight. 

2.  Given  the  impetus,  and  the  range,  on  a  horizontal 

Slane  ;  to  find,  by  construction,  the  elevation,  and  the  greatest 
weight. 

3.  Given  the  elevation^  and  the  range  on  a  horizontal 
plane ;  to  find,  by  construction,  the  impetus,  the  greatest 
Jieight,  and  thence  by  computation,  the  time. 

4.  Given  the  impetus,  the  point  and  direction  of  projection, 
4o  find  the  place  where  the  ball  will  fall  upon  any  plane  given 
io  position. 

5.  Given  the  impetus  and  the  point  of  projection,  to  find 
fiM  elevation  necessary  to  hit  any  given  point ;  and  to  show 
fthp  limits  of  possibility.  Both  construction  and  mode  of 
.cornputation  are  required. 
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188,  We  have  now  given  the  whole  theory  of  projectiles^ 
with  theorems  for  all  the  cases,  regularly  arranged  for  use, 
both  for  oblique  and  horizontal  planes.  But,  before  they 
'  can  be  applied  ia  resolving  the  several  cases  in  the  practice 
iof  gunnery,  it  is  necessary  that  some  more  data  be  laid  down, 
as  derived  from  good  experiments  made  with  balls  or  shells 
discharged  from  cannon  or  mortars,  by  gunpowder,  under 
difierent  circun^stances.  For,  without  such  experiments  and 
data,  those  theorems  can  be  of  very  little  utility  in  real 
practice,  on  account  of  the  imperfections  and  irregularities 
in  the  firing  of  gunpowder,  and  the  expulsion  of  balls  from 
gans,  but  more  especially  on  account  of  the  enormous  ror 
■istance  of  the  air  to  all  projectiles  made  with  any  velocities 
that  are  considerable.  As  to  the  cases  in  which  projectiles 
are  made  with  small  velocities,  or  such  as  do  not  exceed  200, 
or  300,  or  400  feet  per  second  of  time,  they  may  be  re- 
aolved  tolerably  near  the  truth,  especially  for  the  larger 
jhells,  by  the  parabolic  theory,  laid  down  above.     But,  iq 

uses  of  great  projectile  velocities,  that  theory  is  quite  in- 

Vol..  IL  29 
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adeqiifite,  without  ibe  aid  of  several  dnta  dmwo  frnm  imny 
nnd  fitwd  eNperimcnts.  For  8o  great  in  the  effect  of  the  rc- 
siHtanre  of  the  nir  to  projectiles  of  considerable  velocity,  that 
some  of  those  which  in  the  air  range  only  between  2  and  9 
miles  fit  the  most,  would  in  vacuo  range  aboul  ten^tiniail  M 
far,  fir  between  CO  nnd  80  miles. 

'I  he  eifoctM  of  this  resistance  are  also  various,  according  to 
the  velocity,  the  dinmeter,  and  the  weight  of  the  prcjeclile. 
So  that  Jie  experiments  made  with  one  nize  of  hall  or  Miell, 
will  nr.r  8er\o  for  another  size,  though  the  velority  should  ho 
the  H  tmu ;  iieither  will  the  experiments  made  with  uno  vo« 
locity,  9crve  for  other  velocities,  though  the  ball  be  the  same* 
And  lherer)re  it  is  plain  that,  to  form  proper  rules  for  prac- 
tical gunnery,  we  ought  to  have  good  ex|>erimentM  made  with 
each  size  of  mortar,  and  with  every  variety  of  charge,  fmm 
the  least  to  the  greatest.  And  not  only  so,  but  these  ought 
also  to  be  repeated  at  many  different  angles  of  elevatioiB, 
namely,  for  every  single  degree  between  30^  and  GO-'  elevAtioR, 
and  at  intervals  of  5°  above  tiO"  and  below  30\  fmm  the  ver- 
tical direction  to  point  blank.  By  such  a  course  of  experi^ 
ments  it  will  be  found,  that  the  greatest  range,  inaleed  of 
being  constantly  that  at  an  elevation  of  45**,  as  in  the  pambo- 
lie  theory,  will  be  at  all  intermediate  degrees  between  45  and 
30,  being  more  or  less,  both  according  to  the  velocity  and  the 
weight  of  the  projectile  ;  the  smaller  velocities  and  larger 
shells  ranging  farthest  when  projected  almost  at  an  elevation 
of  45" ;  while  the  greatest  velocities,  especially  with  the 
smaller  shells,  range  farthest  with  an  elevation  of  about  80^, 
or  little  more. 

189.  There  have,  at  different  times,  been  made  certaia 
snuU  parts  of  such  a  course  of  experiments  as  is  hinted  at 
above.  Such  as  the  experiments  or  practice  carried  on  in 
the  year  1773,  on  Woolwich  Common  ;  in  which  all  the  aiaee 
of  mortars  were  used,  and  a  variety  of  small  chargea  of 
powder.  But  they  were  all  at  the  elevation  of  45°  ;  cooie* 
quently  these  are  defective  in  the  higher  charges,  and  in  all 
the  other  angles  of  elevation. 

Other  experiments  were  also  carried  on  in  the  same  phiee 
in  the  years  1784,  and  178G,  with  various  angles  of  elevatioa 
indeed,  but  with  only  one  size  of  mortar,  and  only  one 
charge  of  powder,  and  that  but  a  small  one  too  ;  so  that  all 
those  nearly  agree  with  the  parabolic  theory.  Other  experi* 
ments  have  also  been  carried  on  with  the  ballistic  pendulum,  at 
different  times  ;  from  which  have  been  obtained  some  of  the 
laws  for  the  quantity  of  powder,  the  weight  and  velocity  of 
the  ball,  the  length  of  the  gun,  dec.  Namely,  that  the  velo- 
city of  the  ball  varies  as  the  square  root  of  the  charge  direct* 
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ly«  und  M  the  tqnira  mot  oT  the  weight  of  bi^]  reciprocnily  ; 
iud  Ihil,  901110  roundii  heinfir  fired  uiih  u  medium  lrtt«iih  of 
one-pounder  gtm,  at  15®  and  45^  oli*vnlioii.  find  uiih  *2.  4,  6, 
and  15  ounceii  of  |»owder.  gave  nearly  ^he  veNiciiit  s,  r.in^rpji, 
ind  dmeii  of  flight,  w$  they  are  here  set  down  in  the  lollowing 
fable.  But  giNid  experimenia  are  wanted  with  large  UilU 
and  shelle. 


Powder. 

Elevation 
of  gun. 

Velocity 
of  ball 

1 
Kange. 

1  tme  fit 
flight. 

OS. 

feet. 

1 

/tot. 

2 

15^ 

860 

4100 

0" 

4 

li> 

V^'30 

51  (!0 

12 

8 

15 

l(UO 

6000 

14} 

12 

15 

1680 

O'^OO 

ir»i 

2 

45 

860 

5100 

21 

190.  But  as  we  arc  not  yet  provided  with  a  RufTicient 
miinber  and  variety  of  experiments,  on  which  to  estiililiiih 
tlue  rules  for  practical  gunnery*  independent  of  the  parabolic 
theory,  we  must  at  present  content  oiu-huIvos  with  *.«ie  data  of 
some  one  certain  ex|ierimental  range  and  time  of  flight,  at  a 
given  angle  of  elevation  ;  and  then,  hy  help  ofthr.se,  and  the 
culesin  the  parabolic  theory, determine  the  like  circumstances 
fcr  other  elevations  that  are  not  greatly  difn^reni  /rom  the 
fimner,  assisted  by  the  following  practical  ritfes.-— 

191.  SOME  PRACTICAL  RULES  IN  GUNNERY. 

I.  To  find  the  VelocUy  of  any  Shot  or  Sheil. 

RoLV.  Divide  double  the  weight  of  the  charge  of  powder 
hy  the  weight  of  the  shot,  both  in  lbs.  Extract  the  square 
lAdC  of  the  quotient.  Muhiply  that  root  by  IGOO,  and  the 
prodoct  will  bo  the  velocity  in  feet,  or  the  number  of  feet  the 
shot  pastes  over  per  second,  nearly. 

Or  8ay — As  the  root  of  the  weight  of  the  shot,  is  to  the 
foot  of  double  the  weight  of  the  powder,  so  is  1600  i'eul,  to 
the  velociiy*. 


*  In  more  recent  experiments  carried  on  et  Woolwich,  liy  tbe  Editor 
ef  the  present  edition,  in  coiijunittion  with  ttie  select  coinmit!«?f  of 
artUlary  officers,  it  has  been  found  iliHt  a  chance  of  a  Ikint  of  the 
w«i|(lltof  the  ballt  gives,  at  a  mediam,  a  yelocily  of  IHOO  f^et ;  gun- 
^wdsr  being  macb  improved  in  its  mauufaciure  since  tLe  time  wliea 
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it.  Gwen  the  Range  at  One  ElevaHm  ;  to  find  the  AaHfi  flf 

Anoiher  Elevation. 

m 

Rule.  As  the  sine  of  double  the  Hrat  elevation,  it  to  to 
hmge  ;   80  ia  the  sine  of  double  another  elevation,  to  its 

hinge; 

UI;  Giten  tAe  Range  for  one  Charge  ;  to  find  the  Range  felt 
Another  Charge^  or  the  Charge  for  Another  Range. 

RcLE.  The  ranges  have  the  same  proportion  as  tltf| 
\:harges ;  that  is,  as  one  range  is  to  its  charge,  so  is  any  other 
range  to  its  charge :  the  elevdtibn  of  the  piece  being  the  semi 
in  both  catos. 

l92.  JSxAX^LE  1. .  If  a  ball  of  lib.  acquire  a  veioGitjof 
JL600  feet  per  second,  when  fired  with  8  ounces  of  powder  i 
it  is  required  to  find  with  what  velocity  each  of  the  several 
kinds  bf  shells  will  be  discharged  by  the  full  charges  of  pow* 
diar,  viz; 


Nature  of  the  shells  in  incheli  '•  13 
Their  weieht  in  lbs.  .  .  196 
t>harge  ofpowder  in  lbs.  •  9 


Ans.  Thd  v^iocitieb  are        -     485 


10 


477 


8\ 


90     48 
4 


2 


462566 


16 
1 


4| 

8 


t 


566 


Exam.  2.  If  a  shell  be  found  to  range  1000  yards  when 
^discharged  at  an  elevation  of  45® ;  how  far  will  it  ranse 
when, the  elevation  is  30<^  16',  the  charge  of  powder  being  the 
"nwAQ  \  Ahs.  2612  fe^t,  or  871  yards. 

Ex^.  3.  The  range  of  a  shell,  at  45^  efeVation,  being 
Found  to  be  3750  feet ;  at  what  elevation  must  the  piece  be 
set,  to  strike  an  object  at  the  distance  of  2810  feist,  with  the 
bame  charge  of  powder  ?         Ans.  at  24°  16',  or  at  65^  44^ 

Ex  Alt.  4.  With  what  impetus,  velocity,  and  charge  of  pow» 
\ier,  must  a  13.inch  sh^^U  be  fired,  at  an  elevation  of  32^  12'^ 
\o  strike  an  object  at  the  distance  of  3250  fe^t  7 

Ans.  impetus  1802,  Veloc.  340,  change  41b.  7^os> 

ExaJi.  5.  A  shell  being  found  to  range  3500  feet,  wheA 


l3ir  Thi^.  Blodofiold  Hod  Dr.  tlulton  made  (heir  eiperimenta.    Putttiii 
&  f5f  the  Weight  of  the  ball,  and  c  for  that  of  the  charge,  v  =  leOOv-^ 
^&ow  foviDd  a  good  approximative  theorem  for  the  initial  veloeH^. 
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ditditirged  at  an  elevation  of  25°  12' ;  how  far  th^n  will  it 
fanga  at  an  elevation  of  36^  15'  with  the  same  charge  of 
|>owder  7  Ana.  4332  feet. 

Exam.  6.  If,  witti  a  charge  of  91b.  of  powder,  a  shell 
irange  4000  feet ;  what  charge  will  suffice  to  throw  it  3000 
bet,  the  elevation  being  45^  in  both  cases  ? 

Akis.  6}lb.  of  powder. 

Exam.  7.   What  will  be  the  tittle  df  flight  for  any  given 
nngOi  at  the  elevation  of  45^,  or  for  the  greatest  range  ? 
Ana.  the  time  in  sees,  is  i  the  sq.  root  of  the  range  in  feet« 

Exam.  8.  In  what  time  will  a  shell  range  3250  feet,  at  an 
devation  of  32°  ?  Ans.  11^  sec.  nearly. 

Exam.  0.  How  far  will  a  shot  range  on  a  plane  which 
ascends  8°  15%  and  another  which  descends  8°  15' ;  the  im. 
peCitt  being  3000  feet,  and  the  elevation  of  the  piece  32°  SO'  ? 

Ans.  4244  feet  on  the  ascent, 
and  6745  feet  on  the  descent. 

l^XAM.  10.  How  much  powder  will  thfow  a  13.incti  shell 
4344  feet  on  an  inclined  plane^  which  ascends  8°  15',  the 
elevation  of  the  mortar  being  32°  30'  ? 

Ans.  7-37e5lb.  or  Tib.  6o& 

Exam.  11.  At  what  elevation  must  a  13.inch  mortar  be 
t>ointed,  to  range  6745  feet,  on  a  plane  which  descends  8^ 
15' ;  the  charge  7}lb.  of  powder  ?  Ans.  32°  41'^. 

Exam.  12.  In  what  time  will  a  13-inch  shell  strike  a  plane 
Which  rises  8°  30',  when  elevated  45°,  and  discharged  with 
lb  itnpetas  of  2304  feet  ?  Ans.  14|  secottds» 


^E  DESCENT  OF  BODIES  ON  INCLINiED  PLANES 
AND  CURVE  SURFACES.  —  THE  MOTION  OP 
PENDULUMS. 

193.  Prop.  If  a  weight  w  be  sustained  on  an  inclined 
platte  AB,  by  a  power  p,  acting  in  a  direction  wp,  parallel  to 
Uie  plane.     Then 


The  weight  of  the  body,  w, 
^The  sustaining  power  p,  and 
the  pressure  on  the  plane,  p, 
mre  respectively  as 


The  length  AB, 
The  height  bc,  and 
The  base  ao, 
of  the  planew 
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For,  draw  cd  perpendicular 
to  the  plane.  Now  here  nre 
three  forces,  keeping  one  an- 
eiher  in  equilibrio;  namely, the 
weight,  or  force  of  gravity,  act* 
ing  peipcndiciilar  to  ac,  or  pa- 
nllel  to  Bc  ;  the  power  acting 
parallel  to  dr;  and  the  prenRure 

terpendicular  to  ab,  or  parallel  to  do  :  but  when  three  forcee 
eep  one  another  in  equilibrio,  they  are  proportional  to  the 
•idea  of  the  triangle  cud,  made  by  line**  in  the  direcMon  of 
those  forces,  by  art.  80 ;  therefore  th(.^  forces  are  to  one 
another  as  bc,  bd,  cd.  Rut  the  two  triangles  abc,  cbd,  are 
equiangular,  and  have  their  like  sides  proportional ;  there* 
fere  the  three  bo,  rd,  cd,  arc  to  one  another  respfctively  as 
the  three  ab,  bc,  ac  ;  which  therefore  are  as  the  three  fbrcea 
w,  p,p. 

Cord.  1.    Hence  the  weight  w,  power  p,  and  pressure  p, 
are  respectively  as  radius,        sine         and  cosine,  of 

the  plane's  elevation  rac  above  the  horizon. 

For,  since  the  frides  of  triangles  are  as  the  sines  of  their 
opposite  angles,  therefore  the  three  ab,  bc,  ac, 
are  respectively  as  -        •        sin.  c,  sin.  a,  sin.  a, 
or  as      •        -        •        -        radius,  sine,  cosine, 

of  the  angle  a  of  elevation. 

Cond.  2.  The  power  or  relative  weight  that  ut^s  a  body 

BC 

w  down  the  inclined  plane,  is  =  —  X  w ;  or  the  force  with 

AB 

which  it  descends,  or  endeavours  to  descend,  is  as  the  sine 
cf  the  angle  a  of  inclination. 

Cord.  3.  Henco,  if  there  be  two 
planes  of  the  same  height,  and  two 
bodies  be  laid  on  them  which  are 
proportional  to  the  lengths  of  the 
planes;  they  will  have  an  equal  ten« 
dency  to  descend  down  the  planes. 
And  consequently  they  will  mutu- 
ally sustain  each  other  if  they  be 
connected  by  a  string  parallel  to  the  pianos. 

CoroL  4.  In  like  manner,  when 
the  power  p  acts  iu  any  other  di- 
rection  whatever,  wp ;  by  draw- 
ing cde  perpendicular  to  the  di- 
rection WP,  the  three  forces  in 
equilibrio,  namely,  the  weight  w, 
the  power  r,  and  the  pressure  on 
the  plane,  will  still  be  respectively 
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M  AC«  CD,  AD,  drawn  peqiendicular  to  the  direction  of  those 
ferret. 

191.  Pitoi*.  The  velocity  acquired  hy  a  l>ody  descending 
freeJy  dii\m  an  incl*iied  plane  ar,  iti  to  the  velocity  acquired 
by  a  body  lalliii*;  pt'r|>cndirnlarly.  in  the  same  time  ;  as  the 
height  ol*  the  ]il<ine  bc,  \»  to  nn  length  ab. 

For  the  force  of  gravity,  tnith  per- 
pendicularly  and  on  the  p!<u)c,  is  cDn* 
slant ;  and  the.sH  two,  by  coml.  2,  art. 
1SI3,  are  to  each  o!h«r  ns  ad  to  bc. 
But,  by  art.  131,  the  veloct'fs  gcne- 
r.iied  by  any  conntHnt  firccM,  m  the  ^ 
sume  time,  are  ti«  thofU!  fcirccM.  Tiierefore  the  velocity  down 
BA  w  i«>  the  velocity  dotvn  bc,  in  (he  snrne  time,  as  the  force 
00  DA  to  the  force  on  bc  :  that  in,  ds  bc  to  ba. 

Coro!,  1.  Hunce,  ns  :hc  mr/ion  down  an  inclined  plane  is 
produced  by  a  cocstunt  force,  it  will  be  a  mfition  uniformly 
accelerated ;  and  therefore  the  laws  before  laid  C'lwn  for 
accelenited  mottuns  in  genenil,  hold  ^«kk1  for  motions  on 
inclined  planes;  such,  for  imnance,  hii  tho  following:  That 
the  velocities  are  ns  the  times  of  descending  from  rc^st ;  that 
the  spacesi  descended  are  ns  the  squares  of  the  velocities,  or 
equares  of  the  times ;  and  that  if  a  body  be  thrown  up  an 
inclined  plane,  with  the  velocity  it  acquired  in  descnndmg, 
it  will  lose  all  its  motion,  and  ascend  to  the  same  height,  in 
the  same  time,  and  will  repose  any  point  of  the  plane  .with 
the  same  velocity  as  it  passed  it  in  descending. 

CoroL  2.  Hence  also,  the  snace  descended  along  an  in- 
clined plane,  is  to  the  space  descended  perpendicularly,  in 
the  same  time,  as  the  height  of  the  plane  cr,  to  its  length 
AS,  or  as  the  sine  of  inclination  to  radius.  For  the  spaces 
described  by  any  forces,  in  the  same  time,  are  as  the  forces, 
or  as  the  velocities. 

Cord.  3.  Consequently  the  velocities  and  spaces  descended 
by  bodies  down  different  inclined  planes,  are  as  the  sines  of 
elevation  of  the  planes. 

CoroZ.  4.  If  CD  be  drawn  perpendicular  to  ab  ;  (hen, 
while  a  body  falls  freely  through  the  perpendicular  space 
BC,  another  body  will,  in  the  same  time,  descend  down  the 
part  of  the  plane  bd.  For,  by  similar  triangles,  .  .  • 
bc  :  bd  : :  BA  :  bc,  that  is,  as  the  space  descended,  by 
Corel.  2. 

Or,  in  any  right-angled  triangle  bdc,  having  its  hypnthe- 
BUte  BC  perpendicular  to  the  horizon,  a  body  will  descend 
down  any  o^  its  three  sides,  bd,  bc,  dc,  in  the  same  time. 
And  therefore,  if  on  the  diameter  bc  u  circle  be  described,  the 


time  of  descendiiig  down  any  chorda  bpi 
nS)  BP,  DC,  sv,  Fv,  &c.  will  be  all  equal, 
■nd  each  equal  to  the  time  of  fHlling  free- 
ly through  the  perpendicular  dinraeler 
Bc.  Aim  (he  Telocities  acquired  in  de- 
scending down  the  chords  bo,  be,  bf,  bc, 
are  to  one  another  as  the  lengths  of  those 
chorda. 


195.  Pkqp.  The  time  of  descending  down  the  inclinsd 
plane  BA,  is  to  the  time  of  falling  through  the  height  of  tht 
plane  BC,  as  the  length  ba  is  to  the  height  bc. 

Praw  CD  perpendicular  to  ab. 
Then  the  times  of  deecribing  no  and 
bc  are  equal,  by  the  last  corol.  Call 
that  lime  1,  and  the  time  pf  describ- 
ing BA  ctvll  T- 
Now,  because  thespacea  described 
ty  constant  ibrcea,  are  aa  the  squares  of  the  tifnee ;  Iharafim 
I*  i  T*  ; :  BD  !  BA.      - 

But  the  three  bd,  bci  ba,   are  in  continual  propoftioo| 
tfaerefere  bd  :  ba  : :  bc*  :  ba'  ; 
hence,  by  pqvality,  (*:  t*;  :  bc*:  ba'. 


the 


CortH,  Hence  the  times  of  deaconding  different  planet,  of 
height,  are  to  one   another  as  the  lengthe  of  tin 


196.  Piop.  A  body  acquires  the  same  velocity  in  descend- 
ing down  any  inclined  plane  ba,  aa  by  falling  perpendiculaB 
through  the  height  of  the  plane  bc 

For,  the  velocities  generated  by  any  constant  fbreea,  am 
in  the  compound  ratio  of  the  forces  and  times  of  octiDg, 
But  if  we  put 

t  to  denote  the  whole  force  of  gravity  in  bc, 

^(he  force  on  the  plane  ab, 

1  the  time 'of  describing  bc,  and 

T  the  time  of  deacending  down  ab  ; 

then  by  art.  103,  p  :/  : :  ba  :  bc  ; 

and  by  art,  195,  t  ;  t  : ;  bo  ;  ba  ; 

(heref.  hycorop.  Ft  ;/t::  1    : 1. 

That  is,  (be  compound  ratio  of  the  forcea  and  timoBi  0( 
the  ratio  of  (he  velocities,  ia  a  ratio  of  equality. 

Coral.  I-  Hence  the  velocities  acquired,  by  bodiaa  de*> 
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pending  down  any  planes,   from  the  sarqe   height,   to  the 
ffame  horizontal  line,  are  equal. 

Cord.  2.  If  the  velocities  be  equal,  at  any  two  equal 
altitudes,  d,  e  ;  they  will  bo  equal  at  all  other  equal  alti^ 
tudes  A>  p. 

Corol*  3.  Hence  also,  the  velocities  acquired  by  de- 
scending  down  any  planes  are  as  thi9  square  roots  of  the 
heights. 

PCHOLIUM, 

197.  We  may  here  introduce  some  useful  formulae,  re- 
lative to  motions  along  inclined  planes,  analogous  to  thosQ 
already  given  for  bodies  falling  freely  (art.  154, 158.) 

I.  Let  gy  as  before  =  32^  feet,  g  the  space  along  an  ipi 
clined  plane  whose  inclination  is  t,  t  the  time,  v  the  velocity  \ 
then 

*•  *"=.i^«n.  %  =  -^ — : — :  =  lit) 
■*'  ^sm.  t       ' 

2.  D  ■=•  gt  sin.  i  =  \/(2g*  sin.  i)  =  —. 

_  2j      _2* 

^  g  sm.  t        V 

ir.  Suppose  V  to  be  the  velocity  with  which  a  body  i^ 
projected  up  or  down  the  plane  ;  then,  we  have 

4.  ©  =  V  q:  ^  sin.  t  _ 

5.  9^yi^\gi  sin.  %  =  j5 — T-r-r. 

°  2g  mn.  % 

Making  v  =  o,  in  equa.  4,  and  the  latter  member  of  equa. 
6 ;  the  first  will  give  the  time  at  yvhich  the  body  will  cease 
to  rise,  the  latter  the  space. 

III.  If  R  be  a  coi^stant  resistanpe  to  motion  pn  a  horizon- 
(«1  plane,  then 

6.  1?  =  y  —  R.< 

v^— «■ 

7.  »  =  w  ^  4itf' « -^jp, 

vrliere,  making  v  c=  o,  we  find  when  the  motion  ceases, 

106.  The  first  eight  of  the  following  problems  i^ill  serve 
to  exemplify  these  theorems. 

1.  How  far  will  a  body  descend  from  quiescence  in  4 
seconds,  along  an  inclined  plane  whose  length  is  4^0  an() 
(Might  300  feet  ? 

Vqi,  JI.  30 
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2.  What  velocity  will  such  a  body  have  acquired  when  h 
had  reached  tho  bottom  a  of  the  plane  ?  (fig.  to  art.  184.) 

3.  Suppose  au  ^  DB,  ID  what  time  will  the  body  paas  over 
each  of  those  portious  ? 

4.  How  lon^  would  a  body  be  in  falling  down  100  feet  of 
a  plane  whose  length  ab  is  150  feet,  and  height  bc  60t 

5.  If  AB  =  90,  and  bc  =  25  feet,  what  velocity  would  a 
body  acquire  in  falling  through  70  feet? 

6.  A  body  is  projected  up  an  inclined  plane,  whose  length 
'is  10  times  its  height,  with  a  velocity  of  30  feet  per  second  ; 
in  what  time  will  its  velocity  be  destroyed,  and  it  ceaae  to 
ascend  ? 

7.  Suppose  that  at  the  moment  a  body  is  projected  op  ab 
with  the  velocity  acquired  by  falling  down  it,  another  body 
begins  to  fall  down  it,  where  will  &ey  meet^  tho  length  ojp 
AB  being  given  ? 

8.  Given  ab  =  90,  bc  =*•  60  feet  And  suppose  two  ho* 
dies  to  be  lot  fall  the  same  moment,  one  vertically,  tho  othor 
down  the  plane  ba  ;  what  distance  bd  will  the  latter  hnvo 
moved,  when  the  former  has  descended  to  c  ? 

9.  Ascertain,  geometrically,  the  position  of  tho  right  liao 
of  quickest  descent,  from  a  given  point  to  a  given  piano. 

10.  Find,  geometrically,  the  slope  of  a  roof,  down  whidi 
rain  may  descend  quickest. 

190.  Pkop.  If  a  body  descend  down  any  number  of  gob- 
tiguous  planes,  ab,  bc,  cd  ;  it  will  at  last  acquiro  tho  Muno 
velocity,  as  a  body  falling  perpendicularly  through  tho  Muno 
height  ED,  supposing  the  velocity  not  altered  by  fhrnging 
from  one  plane  to  another. 

Produce  the  planes  dc,  cb,  to 
meet  the  horizontal  line  ea  pro- 
duced  in  f  and  o.  Tlien,  by  cor. 
1,  last  art.  the  velocity  at  b  is  the 
same,  whether  the  body  descend 
thorugh  AB  or  fb.  And  therefore 
the  velocity  at  c  will  be  the  same» 
whether  the  body  descend  through  abc  or  through  rC|  which 
is  also  again  the  same  as  by  descending  through  gc  Con* 
sequently  it  will  have  the  same  velocity  at  d,  by  descondiDy 
through  the  planes  ab,  bc,  cd,  as  by  descending  throiigli  tho 
plane  gd  ;  supposing  no  obstruction  to  the  motion  by  tho  bod^ 
impinging  on  the  planes  at  b  and  o :  and  this  again,  m  tho 
same  velocity  as  by  descending  through  tho  same  porpomiion* 
lar  height  ed. 
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CanL  1.  ir  the  linen  abcd,  &c.  be  supposed  indefinitely 
Mnall,  they  will  form  a  curve  line,  wliirh  will  be  the  path  of 
the  body ;  firoin  which  it  appears  that  a  body  acquireH  also 
the  same  velocity  in  descending  nlon^any  curve,  as  in  falling 
perpendicularly  through  the  same  height. 

Conl.  2n  Hence  al^w,  bodies  acquire  the  same  velocity  by 
desoeoding  from  the  same  height,  whether  they  dencund 
perpendicularly,  or  down  any  planes,  or  down  any  curve  or 
curves.  And  if  the  velocities  be  equal,  at  any  one  height, 
they  will  be  equal  at  all  other  equal  heights.  Therefore  the 
velocity  acquired  by  descending  down  any  lineft  or  cuives, 
mre  as  the  square  roots  of  the  perpendicular  heights. 

CoroL  8.  And  a  body,  after  its  descent  through  any  curve, 
will  acquire  a  velocity  which  will  carry  it  to  the  same  height 
thiough  an  equal  curve,  or  through  any  other  curve,  either 
bj  running  up  the  smooth  concave  side,  or  by  being  retained 
in  the  curve  by  a  string,  and  vibrating  like  a  pendulum : 
Abo*  the  velocities  will  be  equal,  at  nil  equal  altitudes ;  and 
the  ascent  and  descent  will  be  performed  in  the  same  time, 
if  the  curves  be  the  same. 

200.  Prop.  The  times  in  which  bodies  descend  through 
■imilar  parts  of  similar  curves,  abc,  a6c,  placed  alike,  are  as 
the  square  roots  of  their  lengths. 

That  isy  the  time  in  ac  is  to  the  time  in  ac,  as  y^  ac  to 

For,  as  the  curves  are  similar,  they  may 
be  considered  as  made  up  of  an  equal 
munber  of  corresponding  parts,  which  are 
•very  where,  each  to  each,  proportional  to 
die  whole.  And  as  they  are  placed  alike, 
dM  corresponding  small  similar  parts  will 
also  he  parallel  to  each  other.  But  the 
time  of  describing  each  of  these  pairs  of  corresponding  pa- 
lallel  parts,  by  art.  104,  ear.  1,  are  as  the  square  roots  of 
their  lengths,  which,  by  the  suppositions,  are  as  y^  ao  to  y^  oc, 
the  roots  of  the  whole  curves.  Therefore,  the  whole  times 
are  in  the  same  ratio  of  v^  ac  to  v^  ac. 

Carol.  1.  Because  the  axes  dc,  dc,  of  similar  curves,  are 
is  the  lengths  of  the  similar  parts  ac,  ac ;  therefore  the  times 
ef  descent  in  the  curvee  ac,  oe,  are  as  y^  dc  to  y^  dc,  or  the 
stpuura  roots  of  their  axes. 

Card.  2.  As  it  is  the  same  thing,  whether  the  bodies  run 
down  the  smooth  concave  side  of  the  curves,  or  be  made  to 
describe  those  curves  by  vibrating  like  a  pendulum,  the 
IsBgths  being  DCv  dc;  therefore  the  times  of  the  vibration 
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of  pendulums,  in  similnr  nrcs  of  any  curves,  are  as  the  s^uarit 
roots  of  the  lengths  of  the  pendulums. 

6CH0LIUM. 

.  201.  Having,  in  the  last  col^ollafy^  tnentioned  the  pendo* 
lum,  it  may  not  be  improper  here  to  add  some  remarks  con^ 
cerning  it. 

A  simple  pendulum  consists  of  a  small 
ball,  or  other  heavy  body  b,  hung  by  a 
fine  siring  or  thread,  moveable  about  a 
centre  a,  and  describing  the  arc  Ubd  ;  by 
which  vibration  the  same  motions  hap* 
pen  to  this  heavy  body,  as  would  happen 
to  any  body  descending  by  its  gravity 
along  the  spherical  superl^cics  cbu,  if 
that  superficies  were  perfectly  hard  and  smooth.  If  the 
pendulum  be  carried  to  the.  situation  ac^  and  then  let  fidl| 
the  ball  in  descending  will  describe  the  arc  cb  ;  and  in  tbe 
point  B  it  will  have  that  velocity  which  is  acquired  by  dd* 
iBcending  through  cb,  or  by  a  body  falling  freely  through  ■■• 
This  velocity  Will  be  sufficient  to  cause  the  ball  to  ascend 
through  an  equal  arc  bd,  to  the  same  height  d  from  whence 
it  fell  at  0  ;  having  there  lost  all  its  motion,  it  will  again  be^ 
gin  td  descend  by  its  own  gravity  ;  and  in  the  lowest  point  m 
it  will  acquire  the  same  velocity  as  before  ;  which  will  causa 
U  to  re-ascend  to  c  :  and  thus,  Ijy  ascending  and  descendingp 
it  will  perform  continual  vibrations  in  the  circumference  cbd. 
and  if  the  motions  of  pendulums  met  with  no  teiristanee 
from  the  air,  and  if  there  were  no  friction  at  the  cenrre  of 
hiotion  A,  the  vibrations  of  pendulums  would  never  ceastt* 
But  from  these  obstructions,  though  small,  it  happens,  that 
the  velocity  of  the  ball  in  the  point  b  is  a  little  diminished 
in  every  vibration  ;  and  consequently  it  does  iifyi  return  pre- 
cisely to  the  same  points  c  or  d,  but  the  arcs  described  ton* 
tinually  become  shorter  and  shorter,  till  at  length  they  are 
insensible  ;  Unless  the  motion  be  assisted  by  a  mechanical 
tontrivance.  as  in  clocks,  called  a  maintaining  power. 

Our  present  investigations  relate  to  the  simple  pendulunii 
kbove  described  :  the  consideration  of  compound  pendulums 
requires  the  previous  knowledge  of  the  centre  of  oscillatiom 

202.  Prop.  M^hen  a  pehdulum  vibrates  in  a  circular  arc^ 
the  velocities  acquired  in  the  lowest  point,  are  as  the  chords 
of  the  semi-arcs  described. 

For,  the  velocity  at  v  of  a  body  that  has  descended  ttirougtk 
iany  arc  ap,  is  equal  to  the  velocity  at  p  of  a  body  that  hai 
fallen  freely  through  the  versed-sine  nf  (art.  19^,  cor.  2w) 
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HoDccy  velocity  at  r  after  descent 
through  arc  ap,  is  to  velocity  ht  p 
tiAer  descent  through  arc  a'p,  as 
y/nv  to  v^n'p,  that  is  (Geom.  ih. 
87}  as  chord  ap  to  chord  a'p. 

Carol,  Ify  therefore,  we  would  im- 
part  to  a  body  a  given  velocity,  i?,  we  have  only  to  compute  th^ 

height  KP,  such  that  np  =  —  =  •  — ^  and    through    tho 

point  N  draw  the  horizontal  line  na  ;  then  aa'p  an  arc  (of  any 
\circle  passing  through  p)  is  one,  through  which  when  a  body 
has  fallen  it  will  have  acquired  the  proposed  velocity.  This  \t 
extremely  useful  in  experiments  on  collision. 

^203.  Prop.  To  investigate  ihe  time  of  vibration  of  a  pen* 
dulum  of  given  length,  in  an  indefinitely  small  arc. 

Now,  in  estimating  the  tirne  of 
an  oscillation  in  an  indefinitely 
■mall  circular  arc,  let  it  be  re- 
eollected  that  the  excess  of  such 
ta  arc  above  its  chord,  being 
iocomparably  less  than  itself,  may 
he  neglected  ;  so  that  we  may 
consider  the  square  of  such  an 
arc  (like  that  o^  its  chord,  Geom. 
Itb.  87)  an  equal  to  the  rectan- 
gle under  the  versed-sine  and  the 
diameter. 

Indeed,  if  instead  of  indefinitely  siliall  arcs  we  look  arctf 
of  40'  or  50*,  and  compared  the  respective  differences  of  theif 
squares  and  those  of  their  chords,  we  should  6nd  that  the 
error  would  not  exceed  the  2900(>dth  part  of  either  results. 

Thus,  arc=»  50'  —  arc»  40'  =  145444'  —  1 16356" 
^  261799  X  29089 

while  chord'  50'  —  oho^d"40'  =  145442'—  116354" 
a  261796  X  29088. 

Let,  then,  dp»  represent  such  a  very  short  oscillation  of  a 
pendulum  whose  length,  ^  is  sp,  s  being  the  point  of  suspen- 
sion. 

Then,  versin.  kp  =  arc"  dp  4-  2/ 
versin.  iNi»  =  al^c"  ap  -4-  2t. 

Their  difT.  kn  = — ;  which  is  the  altitude  through 

Which  a  body  must  fnll  to  acquire  the  velocity  at  a.     Putting 
Ibis  value  of  the  altitude  in  the  usual  expression  for  falling 


^ies,  tj  =  \/(*2^*),  it  becomes  t  =  ^  (2g  • 


dp"  —  AP^ 
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IS  v^  f  .  ^/(vp'  —  aO.    This  will   be  the  velociiy  wUk 

which  the  pendulum  will  describe  an  exceedingly  mioiilt 
portion  of  the  arc,  such  as  aa'« 

Draw,  horizontally,  dp  =  arc  dp  ;  with  rip  as  radius  im» 
scribe  the  quadrilateral  arc  dcci^ ;  make  da  •»  da,  «f  «  aa'i 
and  draw  oc,  dc\  parallel  to  pq. 

Then,  vel.  at  a 

=  v/f  •  v/(DF'-AP»)  =v/i^  .  v^(dP»^P«)=rac  v^f . 
But,  since  time  of  describing  a  space  as  aa'  =  oa ,  is  i^ 
venely  as  the  velocity,  or  <  =s  — ,  we  have 

V 

time  through  aa  (or  aa )  =  —  4/  —  =  —  a/  — • 
**        ^         ^      ae  ^  g       ep  ^    g 

(because  by  Sim.  tri.  —  = — )• 

ac       cp 

The  same  reasoning  applies  for  every  minuto  aqccwif 

Crtion,  such  as  a  a',  of  the  semi -arc  described  by  the  deodtt* 
n  :  and  when  the  ball  has  descended  from  d  to  p,  the  cor- 
responding arc  to  dp  its  equal  is  the  quadrant  dcc'n  :  the  es* 
pression  for  the  time,  therefore,  becomes,  in  that  easot 

Jca        /        scmicircum.        I         ,       .  I 

PQ  ^    g  diam.  g  g 

The  time  of  ascending  through  pb  ^  pd  is,  rotnifeidy, 
eqoal  to  the  above  :  therefore,  ultimately,  the  time  of  ooai» 
(ilete  oscillation  through  dpb,  is, 

tssfe^ — (1). 

Consequently,  the  timet  of  aaciUaium  are  as  the  eqvmt  rml$ 
of  the  lengthn  of  the  penatdumSy  the  force  of  gravity  remuA* 
Ing  the  same. 

204:  For  the  same  reason  that  we  have  the  above  eqittu 
when  I  is  the  length  of  the  pendulum,  and  g  the  lineal  metp 

mire  of  the  force  of  gravity,  we  have  <*  =  r  ^  -t»  in  •oj 

other  place  where  g'  measures  the  force  of  gravity,  and  f  is 
the  length  of  the  pendulum. 

Consequently,  in  general, 

/        r 

till',  tk/  — —  S  </  — r.       •       .       .       •   («)• 

g         E 
tf  the  force  of  gravity  be  the  same,  we  have 
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il<  ll^/lly/t (8). 

If  the  nma  pendulum  be  actuated  by  diflTereot  gravitating 
fbrceay  we  have 

When  pendulums  oscillate  in  equal  times  in  diflTerent  places, 
we  have 

gig  III:  I (5). 

Other  theorems  may  readily  be  deduced. 
205.  If  either  g  or  Z  be  determined  by  experiment^  the 

ana.  1  fen  will  give  the  oiher.  Thus,  if  ^g^  or  the  space 
lep  through  by  a  heavy  body  in  1"  of  time,  be  found,  then 
this  theorem  will  give  the  length  of  the  seconds  pendulum. 
Or,  if  the  leneih  of  the  secxinas  pendulum  be  observed  by 
eiperiment,  which  is  the  easier  way  ;  this  theorem  will  give 
#•  Now,  in  the  latitude  of  Liondon,  the  length  of  a  pendu- 
nun  which  vibrates  seconds,  has  been  found  to  be  39^  inches  ; 

and  this  being  written  for  I  in  the  theorem,  it  gives  r  y/  — S- 

8 
at  r  :  and  hence  is  found  \g  =  j«^  ^\^  X  8  ^f  »  193-07 
iiiehes  ==  IH^  feet,  for  the  descent  of  gravity  in  V  ;  which 
it  has  also  been  found  to  be  very  exactly,  by  many  accurate 
experiments,  IssjgX  •20264 ;  ^g  s^l  x  4«9848.     . 

SCHOUUK. 

206.  Hence  is  found  the  length  of  a  pendulum  that  shall 
make  any  number  of  vibrations  in  a  given  time.  Or,  the 
Bomber  of  vibrations  that  shall  be  made  by  a  pendulum  of 
a  given  length.  Thus,  suppose  it  were  required  to  find  the 
length  of  a  half-seconds  pendulum,  or  a  quarter-seconds 
pendulum  ;  that  is,  a  pendulum  to  vibrate  twice  in  a  second, 
er  4  times  in  a  second.  Then,  since  the  time  of  vibration  is 
ae  the  square  root  of  the  length, 

therefore  1  :  ^  : :  v^  39}  :  v^  /, 

391 
or  1  :  f  : :       39(  :  —  —  9}  mches  nearly,  the 

length  of  the  half-seconds  pendulum. 

And  1 :  ^  : :  d9| :  2^  inches,  the  length  of  the  quarter- 
seconds  pendulum. 

Again,  if  it  were  required  to  find  how  nuny  vibrations  a 
peoiHilian  of  80  inches  long  will  make  in  a  minute.    Here 

V'SO :  v^  S9| : :  60"  or  r  :  60  v^  ^i  =fi  7}  v^  31-8  =  -  - 

41*95087,  or  almost  42  vibrations  in  a  minute. 
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207.  Fop  military  mpn  it  is  a  good  praclice  to  have  a 
portable  pendulum,  n^ade  of  painted  tapn  with  a  brass  bob 
at  the  end,  so  that  the  whole,  except  the  bob,  may  be  rolle4 
up  within  a  box,  and  the  whole  enclosed  in  a  shagreen  casn. 
The  tape  is  marked  200,  190,  180,  170,  hO,  6:,r.  80,  76,  70, 
65, 60,  at  points,  which  being  assumed  respectivf^ly  ns  points 
of  suspension,  the  pendulum  will  make  200,  190,  6lc,  down 
to  60  vibrations  in  a  minute.  Such  a  purtnble  pendulum  is 
highly  useful  in  experiments  relative  to  falling  bodies,  the 
velocity  of  sound,  &c. 

For  the  comparison  of  the  tiroes  of  oscillation  in  indefinite* 
ly  small  arcs  of  circles,  in  finite  arcs  of  circles,  and  in  cy. 
cloidal  arcs,  the  student  may  turn  to  prubs.  13  and  14,  in 
Practical  Exercises  on  Forces,  and  prob.  42,  in  Promiscuons 
JBxercises  near  the  end  of  this  volume. 


CENTRAL  FORCES, 

208.  Def.  1.  Centripetal  force  is  a  force  which  tends  con-> 
stantly  to  solicit  or  to  impel  a  body  towards  a  certain  fixed 
point  or  centre, 

2-  Centrifugal  force  is  that  by  which  it  would  recede 
from  such  a  centre,  were  it  not  prevented  by  the  centripetal 
force. 

3.  These  two  forces  are,  jointly,  called  central  forces. 

209.  Prop.  If  a  body,  m,  drawn  continually  towards  i| 
fixed  point,  c,  by  a  constant  force,  (p,  and  projected  in  a  di- 
rection, MB,  perpendicular  to  cv,  describe  the  circumference 
of  a  circle  about  the  centre  o,  the  central  force  ^,  is  to  the 
weight  of  the  body,  as  the  altitude  due  to  the  velocity  of  pro- 
jection, is  to  half  the  radius  ex. 

Let  V  be  the  velocity  of  pro- 
jection in  the  tangent  mb,  and 
r  the  radius  cm.  Independently 
of  the  action  of  the  central  force, 
the  body  would  describe,  along 
MB,  during  the  very  small  time 
I,  a  space  mn  =  /o,  and  would 
recede  from  the  point  c  by  the 
quantity  in,  which  may,  without 

error;  be  regarded  as  equal  to  on,  when  the  arc  mi  is  ex- 
ceedingly small.  If,  therefore,  the  body,  instead  of  movinff 
in  the  tangent,  were  kept  in  the  circumference  by  the  ceqlrt3 
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force  9,  its  operation  in  the  time  f,  would  (nrt.  130}  be  equal 
to  ^^y  and  at  the  same  time  =  mg.     But  by  the  nature  of  the 

circle  MO  =*,t-=  -; —  (in  an  extremely  small  arc)  =  — ,  by 

the  above. 

Making,  therefore,  |9^  =  -^  ,  it  reduces  to 

9  =  —     •     .     •     .     (1). 
Putting  a  for  the  altitude  due  to  the  velocity  v,  since  (by 
ait.  154)  d'  =  2ag^  we  have  9  =  — ^  ;   whence  there  re- 
sults. 

9  :  ^  :  :  tf  :  |r. 

Thus  far,  we  have,  in  reality,  considered  only  the  unit  of 
mass  ;  but,  if  we  multiply  the  finit  two  terms  of  the  above 
proportion  by  the  mass  of  the  body,  the  whole  will  still  re- 
main a  correct  proportion,  and  the  general  result  may  be 
thus  enunciated  :  viz. 

The  centripetal  force  of  any  body,  if  it  be  free,  or  its 
centrifugal  force,  if  it  be  retained  to  the  centre  c,  by  a  thread 
(or  otherwise),  is  to  the  weight  of  that  body,  as  the  height 
due  to  the  velocity  v,  is  to  the  half  of  the  radius  cm. 

210.  Hence,  it  appears  that,  so  long  as  9  and  r  remain 
constonty  the  velocity  v  will  be  constant 

211.  If  both  members  of  the  equation  1  be  multiplied  by 
the  mass  m  of  the  body,  and  we  put  f  to  represent  the  cen- 

trifugal  force  of  that  mass,  we  shall  have  f  = .  In  like 

manner,  if  f'  is  the  centrifugal  force  of  another  body  which 
revolves  with  the  velocity  v  in  a  circle  whoso  radius  is  r,  we 
fliiallhave 

p  ;  f'  :  :  —  :  -7     •     •     •     •     (2). 
r        r 

212.  If  T  and  t  denote  the  times  of  revolution  of  the  two 

2«'r  ,      2rr' 

bodies,  because  t)  =  — -,  and  v  =  -~j-,  we  have 

T  T 

r       / 

F  •  F    .5  •""   !   "~7T      •      •      •       a       v^J* 

218.  If  the  times  of  revolution  are  equal,  we  shall  have 

F  :  f'  : :  r  :  r^ (4). 

Vol.  IL  31 
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214.  Aod,  if  we  assume  t*.  :  t**  :  :  r" :  r^»  as  in  the  plane* 
tary  motions,  the  proportion  (3)  will  become 

F  :  f'  :  :  f^' :  r" (6). 

SCHOUUM. 

215.  The  subject  of  central  forces  is  too  extensiTe  and 
momentous  to  be  adequately  pursued  here.  The  stndeift 
may  consult  the  treatises  of  mechanics  by  Gregory  and 
PotMOfi,  and  those  on  fluxions  by  Simptonf  De^Ury^  dee. 
We  shall  simply  present  in  this  place,  one  example  connsd^ 
ed  with  practical  mechanics. 

Exam.  Inrestigate  the  characteristic  property  of  m  conical 
pendulum  appli^  as  a  regulator  or  governor  to  sleam-en* 
gines,  &tC* 

This  contrivance  will  he 
readily  comprehended  from  j^ 

the  marginal  figure^  where  Aa 
is  a  vertical  shaft  capable  of 
turning  freely  upon  the  sole 
a.  CD}  cFt  are  two  bars  which 
move  freely  upon  the  centre 
c«  and  carry  at  their  lower 
extremities  twoequal  weights, 
p,  q:  the  bars  en,  cf,  are 
united,  by  a  proper  articula- 
tion,  to  the  bars  g,  h,  which 
latter  are  attached  to  a  ring, 
I,  capable  of  sliding  up  and 
down  the  vertical  shaft,  ao.  When  this  shaft  and  cooneded 
apparatus  are  made  to  revolve,  in  virtue  of  the  ceatrifiigal 
force,  the  balls  p,  q,  fly  out  more  and  more  from  ao,  as  die 
rotatory  velocity  increases :  if,  on  the  contrary,  the  lolatoiy 
velocity  slackens,  the  balls  dei9cend  and  approach  AOm  IM 
ring  I  ascends  in  the  former  case,  descends  in  the  latter :  ml 
a  lever  connected  with  i  may  be  made  to  correct  appropri- 
ately, the  energy  of  the  moving  power.  Thus,  in  the 
engine,  the  ring  may  be  made  to  act  on  the  valve  by 
the  steam  is  admitted  into  the  cylinder ;  to  augment  its 
ing  when  the  motion  is  slackening,  and  reciprocally  dim^nih 
it  when  the  motion  is  accelerated. 

Hie  construction  is,  often,  so  modified  that  the  flying  CMt 
of  the  balls  causes  the  ring  i  to  be  depressed,  and  vke  verm  ; 
but  the  general  principle  is  the  same.  If  fq  =  fi  ss  mp 
=s  H,  then  I,  p,  Q,  are  alwajrs  in  some  one  horizontal  plane : 
but  that  is  not  essential  to  the  ocmstruction. 
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Ndtr,  let  I  denote  the  time  of  one  revolution  of  the  shaft, 
X  the  rariable  horizontal  distance  of  each  ball  from  that 
shaft,  4r  as  usual  =»  3-14150^  :  then  will  the  velocity  of  each 

baU  be  «  -— ,    and     (art.    209.)    its    centrifugal    force 

— —  J  -y-  «  =s  — JJ-.     The  balls  being  operated  upon  si- 

mnltaneously  by  the  centrifugal  force  and  the  force  of  gravity, 
of  which  one  operates  horizontally,  the  other  vertically,  the 
resultant  of  the  two  forces  is,  evidently,  always  in  the  actual 
position  of  the  handle  cd,  cf.  It  follows,  therefore,  that  the 
ratio  of  the  gravity  to  the  centrifugal  force,  is  that  of  cos. 
loa  to  sin.  ico,  or  that  of  the  vertical  distance  of  q  below  o 
to  its  horizontal  distance  from  Aa.  Call  the  former  d,  the 
htter  being  x : 

then  a:  x::  gi  —^i 

theref.    ^^  =  -  and  f  =  2^y/^  =  1-10784^(2. 
4**x       X  ^  g  ^ 

Hence,  the  periodic  time  varies  as  the  square  root  of  the 
altitude  of  the  conic  pendulum,  let  the  radius  of  the  base  be 
what  it  may. 

Hence,  also,  when  ica  ss  icp  ■=>  45^,  the  centrifugal  force 
of  each  ball  is  equal  to  its  weight. 


ON  THE  CENTRES  OF  PERCUSSION, 
OSCILLATION,  AND  GYRATION. 

816.  The  Centre  ofPercueeim  of  a  body,  or  a  system  of 
bodies,  revolving  about  a  point,  or  axis,  is  that  point,  which 
striking  an  immoveable  object,  the  whole  mass  shall  not  in- 
cline to  either  side,  but  rest,  as  it  were,  in  equilibrio,  without 
acting  on  the  centre  of  suspension. 

217.  The  Centre  of  OseiUation  is  that  point,  in  a  body 
▼ibrating  by  its  gravity,  in  which  if  any  body  be  placed,  or 
if  the  whole  mass  be  collected,  it  will  perform  its  vibrations 
in  the  same  time,  and  with  the  same  angular  velocity,  as  the 
whole  body,  about  the  same  point  or  azis  of  suspension. 

218.  The  Centre  cf  Gyration  is  that  point,  in  which  if 
the  whole  mass  be  coUected,  the  same  angular  velocity  will 


be  f[eDeratetI  in  the  same  time,  by  a  givea  force  actiOg  Kt  tJ*f 
place,  a^  in  the  bndy  or  ayatem  ilself, 

219.  The  orr^ujar  mofKm  of  a  body,  or  system  of  bodies, 
is  the  motion  of  a  line  connecting  any  point  and  the  centre 
or  axis  of  motion  ;  and  is  the  some  in  all  parts  of  the  aame 
revolving  body-  And  in  ditTerent  unconnecled  bodies,  each 
revolving  about  a  centre,  the  angular  veiodty  \a  as  the  flb> 
solute  velocity  directly,  and  uh  [be  dislHnce  from  the  centre 
inversely  ;  so  that,  if  Ibeir  nbsolute  velncilies  be  as  their  radii 
or  distances,  the  angular  velocities  will  \ie.  equal. 

320.  Proi'.  To  find  the  centre  of  percussion  of  m  bodj  or 
aystem  of  bodies. 

Let  the  body  revolve  about  an  axis 
passing  through  any  point  s  io  the  line 
SCO,  passing  through  the  centres  of  gra. 
vity  and  percussion,  o  and  o.  Ijel  mr 
be  the  section  of  the  body,  or  the  plane 
in  which  the  axis  suo  moves.  And  con> 
.  ceivo  all  the  particles  of  the  body  to  bo 
reduced  to  this  plane,  by  perpendiculars 
let  fall  from  them  to  the  plane  :  a  sup- 
position which  will  not  affect  the  centres 
0,  o,  nor  the  angular  motion  of  (he  body. 

Lei  A  be  the  place  of  one  of  the  particles,  so  reduced  ; 
join  RA,  and  driiw  Ar  perpendicular  to  ab,  and  \a  perpcndi- 
cular  to  SCO  :  then  ap  will  be  the  direction  of  a's  motion  aj 
it  revolves  about  s  ;  and  the  whole  mass  being  stopped  at  o, 
the  body  a  will  urge  ihe  point  p,  forward,  with  a  forctt  pro- 
portional to  ils  quantily  of  matti;r  and  velocity,  or  to  its  mat* 
ler  and  distance  from  the  poin;  of  suspension  s  ;  that  is,  aa 
A  .  8A  ;  and  the  efficacy  of  this  force  in  a  direction  perpen- 
dicular to  so,  at  the  point  p,  is  bs  a  .  aa,  by  similar  triangles  ; 
also,  the  effect  of  this  force  on  the  lever,  to  turn  it  about  o, 
being  as  the  length  of  l!     ' 


jp)  = 


.  SP  = 


;,  to  turn  the  syatem 


(so  - 

In  tike  manner,  the  forces  of  a 

about  o,  are  as 

»  .  Ki  .  so  —  B  .  SB*,  and 

C  .  BC  .  so  —  c  .  sc",  &c. 

Bui,  since  the  forces  on  the  conlniry  tides  of  o 

one  unolher,  by  the  deliintion  of  this  furce,  the  sum  of  tlie 

positive  parts  of  these  (juunlities  must  be  equal  to  the  sudk^ 

-the  negative  parts, 

that  is,  A  .  sa  .  so  +  D  .  si  .  so  +  c  .  DC  .  so,  &c.  s=     •     • 
A  .  sa"+  n  .  sb"  +  u  .  8c',  &c ;  and 

1.'  4-  «  ■  sn'  +  (i  .  Bc',  &;c. 

A.sa  +B.afr  -^c.sc,   itc' 


faenco  so  = 
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^ieh  it  the  distance  of  the  centre  of  percussion  below  the 
Bjds  of  motion. 

And  here  it  must  be  observed  that,  if  any  of  the  points  a, 
hf  &c.  fall  on  the  contrary  side  of  s,  the  corresponding  pro- 
iliict  A  •  so,  or  B  •  86,  &c.  must  be  made  negative. 

221.  Coral.  1.  Since,  by  art.  105,  a  +  b  +  o,  d^.  or  the 
body  b  X  the  distance  of  i\\e  centre  of  gravity,  so,  is  ^  a  • 
sa  -|-  B  .  s6  4*  c  .  sc,  dfc.  which  is  the  denominator  of  the 
Value  of  so  ;  therefore  the  distance  of  the  centre  of  percus- 

A  .  Sa'  +  B  .  SB^  +  C  .  sc'  dec. 

■ion,  18  so  => ■ r-T-T • 

so  X  body  6 

222.  Carol.  2.  Since,  by  Geometry,  theor.  36, 37, 
it  is  sa'  =  8G*  +  ga'  —  280  .  oa, 

and  sb'  =  so'  +  ob'  +  2sg  .  g6, 

and  sc*  =  sg'  +  oc?  -f-  2sg  .  oc,  dec. ; 

and,  by  cor.  5,  art.  101,  the  sum  of  the  last  terms  is  nothing, 

namely,  —  2sg  .  ca  +  2so  .  o6  +  2sg    .    gc  dec  »  0  ; 

therefore  the  sum  of  the  others,  or  a  .  sa'  +  b  •  sb*  dec. 

is  =  (a  +  B  dcc.J  .  so'  +  A  .  ga'  +  b  .  ob'  +  c  *  oc'  &c. 

or  =  0  .  so'  +  A  .  ga'  +  B  •  gb"  +  c  .  oij"  dec ; 

which  being  substituted  in  the  numerator  of  the  foregoing 

value  of  so,  gives 

6  .  so'  +  A  .  ga'  +  B  .  gb'  4-  &c. 


so  =: 


or  SO  =  8G  + 


b.BQ  ' 

A  .  ga'  +  B  .  Ob'  +  C  .  Gc"  &C. 
6  .  SG 


223.  Coroi.  3.    Hence  the  distance  of  the  centre  of  per* 
cuflsion  always  exceeds  the  distance  of  the  centre  of  gravity, 

.     ,  A  .  ga'  +  B  .  gb'  &c. 

and  the  excess  is  always  go  = 1 . 

''  o  •  so 

_^  .       .      ,    ,  ,  A  .  ga'  +  B  .  gb"  dbC. 

224.  And  hence  also,  so  .  go  =  — 


the  body  b  ' 

that  is  SG  .  GO  is  always  the  same  constant  quantity,  where* 
ever  the  point  of  suspension  s  is  placed  ;  since  the  point  o 
and  the  bodies  a,  b,  &c.  are  constant.  Or  go  is  always 
reciprocally  as  so,  that  is  go  is  less,  as  so  is  greater ;  and 
consequently  the  point  o  rises  upwards  and  approaches  to- 
wards the  point  o,  as  the  point  s  is  removed  to  the  greater 
distance  ;  and  they  coincide  when  so  is  infinite^  But  when 
a  coincides  with  g,  then  go  is  infmite,  or  o  is  at  an  infinite 
distance. 

225.  Pbop.    If  a  body  a,  at  the  distance  sa  from  an  axis 
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pamng  through  s,  perpendicular  to  the  plane  of  the  paper, 
be  made  to  revolve  about  that  axis  by  any  force  acting  at  f 
in  the  line  sp,  perpendicular  to  the  axis  of  motion  :  it  is  re- 
quired to  determine  the  quantity  or  matter  of  another  body, 
Q,  which  being  placed  at  p,  the  point  where  the  force  actS|  it 
•hall  be  accelerated  in  the  same  manner,  as  when  a  revolved 
at  the  distance  sa  ;  and  consequently,  that  the  angular  velo- 
city of  A  and  Q  about  s,  may  be  the  same  in  both  caseii. 
By  the  nature  of  the  lever,  sa  :  sp  : :  ^ :  ^ 

8P  ^ 

—  .  /,  the  effect  of  the  force  /,  acting  at  p, 

on  the  body  at  a  ;  that  is,  the  force/ acting  at 
p,  will  have  the  same  effect  on  the  body  a,  as 

SP 

the  force  — /,  acting  directly  at  the  point  a. 

8A 

But  as  A8P  revolves  altogether  about  the  axis  at  s,  the  abso- 
lute velocities  of  the  points  a  and  s,  or  of  the  bodies  ▲  and 
Q,  will  be  as  the  radii  sa,  sp,  of  the  circle  described  by  them. 
Here  then  we  have  two  bodies  a  and  a,  which  being  urged 

SP 

directly  by  the  forces  /  and  — /,  acquire  velocities  which  are 

as  sp  and  sa.  And  since  the  motive  forces  of  bodies  are  as 
their  mass  and  velocity  :  therefore 

— -/  :  /  :  :  A  •  SA  :  Q  .  SP,  and  sp"  :  sa'  :  :  A  :  a  =   —r^ 

SA"'         "^  SP" 


which  therefore  expresses  the  mass  of  matter  whicht  _ 
placed  at  p,  would  receive  the  same  angular  motion  from  the 
action  of  any  force  at  p,  as  the  body  a  receives.  So  that  the 
resistance  of  any  body  a,  to  a  force  acting  at  any  point  p,  is 
directly  as  the  square  of  its  distance  sa  from  the  axis  of  mo- 
tion, and  reciprocally  as  the  square  of  the  distance  sp  of  the 
point  where  the  force  acts. 

226.  Card.  1.  Hence  the  force  which  accelerates  the  point 

f ,  SP^ 

p,  is  to  the  force  of  gravity,  as  -- ^ — •    to  1,  or  as  f  •  sp* 


A  .  sa' 


to  A  .  SA^ 

227.  CoroL  2,  If  anv  number  of  bodies 
A,  B,  c,  bo  put  in  motion,  about  a  fixed 
axis  passing  through  s,  by  a  force  acting 
at  p ;  the  point  p  will  be  accelerated  in 
the  same  manner,  and  consequently  the 
whole  system  will  have  the  same  angular 
velocity,  if  instead  of  the  bodies  a,  b,  c, 
placed  at  the  distances  sa,  sb,  sc,  there  be  substituted  the 


AKflDI^H  XOTIOII. 


sn 


bodi«i — -.  A,— =B,  — .c;  these  beinir  collected  into  the  point 
aH     Bp"     BP* 

p.     And  hence,  the  moving  forco  being  /,  and  the  matter 

, ,    ,        A  .  ba'  +  B  .  bb'  +  c  .  9c'      ,,       , 
mend  being -5 :  therefore 

^r~. — ^  '■  i.—.- .—  is  the  accoleratins  force ;  which 

A .  ai"  +  B  .  as*  +  c  .  8c'  ^ 

therefore  ia  to  the  accelerating  force  of  gravity,  as/,  ap*  to 
A  .  BA*  +  B  .  sb'  +  c  .  ac*. 

338.  Carol.  3.  I'he  angular  velocity  af  the  whole  eyatem 


of  bodiea,  is  a 


For  the  1 


e  centre  of  oacillnlion  of  any 
r  of  any  system  of  bodies  a,, 


.*  +  B  .  SB*  +  c  .  BC*  ' 

lute  velocity  of  the  point  p,  is  as  the  accelernting  force,  or 

directly  aa  the  motive  force  /,  and  inversely  as  the  maaa 

— — 3 — - :  but  the  angular  velocity  ia  aa  the  abablute  velc 

cily  directly,  and  the  radius  sf  inversely ;  therefore  the  an- 
gular velocity  of  f,  or  of  the  whole  system,  which  is  the  same 

thing,  is  as j— ; — '^'—r—, -=. 

^  A  .  sa"  +  B  .  bb'  +  c  .  so* 

239.  Paop.  To  determii 
compound  mass,  or  body  m 
B,  c,  Ac. 

Let  UN  be  the  plane  of  vibration,  to  which  let  all  the 
matter  be  reduced,  by  letting  foil  perpendiculars  from  every 
particle,  to  Ihia  piano.  Let 
■B  be  the  centre  of  gravity, 
ud  o  the  centre  of  oBcilU- 
tioD ;  through  the  axis  a 
-draw  soo,  and  tho  horizon- 
tal line  eq ;  then  from  every 
particle  a,  a,  c,  &c.  let  fall 
perpendiculara  as,  Ap,  b&,  b^, 
cc,  or,  to  these  two  lines ;  and 
join  aA,  SB,  so  ;  also,  draw 
en,  on,  perpendicular  to  aq. 
Now  the  forcea  of  the  weights 
A,  B,  c,  to  turn  the  body 
about  the  axis,  are  a  .  sp,  b  . 
Eq,  —  c  .  ir  ;  therefore,  by 
cor.  8,  ait.  338,  the  wigular 

aotioB  generated  by  all  these  forces  is  - 


■V  +  ' 


240  DTNAMIC8. 

AlaOyfhe  angular  veloc.  any  particle  j?,  placed  in  o,  generates 

10  the  system,  by  its  weight,  is   • -^or  — :;,  or ,  be. 

•^  ^     -      p  .  s<r     80-        so  .  so 

cause  of  the  similar  triangles  sum.  son.  But,  by  the  pro* 
blem«  the  vibrations  arc  pcrfonneJ  uliko  in  both  cases,  and 
therefore  these  two  expressions  must  by  c^qual  to  each  others 

sm      A  .  s/i  +  B  .  sr/  —  c  .  sr 

8G  .  so         A    .    SA^    4-    B    .    SB^  +  C    .    8C^ 


that  18, ssz 1— L.    . ;.  and  hence 


sm  ^^  A  .  8a'  +  b  .  SB*  +  r  .  s<.^ 

go  =  —  X . 

so         A  .  sp  +  b  .  89  —  c  .  fir. 

But,  by  cor.  2,  art,  105,  the  sum  a  .  sp  +  b  .  ey  —  c  . 

(a  +  B  +  c)  .  sm  ;  therefore  the  distance  so  =      -      -     • 

A  .  Sa'  +  B  .  SB*  +  C  .  SC'  __  A  •  SA*  +  B  .  SB*  +  C  .  8C^ 
so  .  (a  +  B  +  C)  A  .  Sa  +    B  .  86  +  C  -  8C 

by  art.  107,  which  is  the  distance  of  the  centre  of  oscillatioo 
o,  below  the  axis  of  suspension  ;  where  any  of  the  products 
A  •  sa,  B  .  s&,  must  be  negative,  when  a,  6,  &c.  lie  on  the 
other  side  of  s.  So  that  this  is  the  same  expression  as  that 
for  the  distance  of  the  centre  of  percussion,  found  in  art.  220. 
Hence  it  appears,  that  the  centres  of  percussion  and  of 
oscillation,  are  in  the  very  same  point.  And  therefore  the 
properties  in  all  the  corollaries  there  found  for  the  former, 
are  to  be  here  understood  of  the  latter ;  and  it  will  be  necea* 
sary  to  mark  them  carefully,  as  they  are  of  great  practical 
utility. 

230.  Coral,  1.  If  p  be  any  particle  of  a  body  &,  and  d 
its  distance  from  the  axis  of  motion  s  ;  also  o,  o  the  centres 
of  gravity  and  oscillation.  Then  the  distance  of  the  centre  of 
oscillation  of  the  body,  from  the  axis  of  motion,  is      -     -     - 

sum  of  all  the  viP 
SO  X  the  body  b 

231.  Cord.  2.  If  b  denote  the  matter  in  any  compound 
body,  whose  centres  of  gravity  and  oscillation  are  o  and  o  ; 
the  body  p,  which  being  placed  at  p,  where  the  force  acts  ns 
in  the  last  proposition,  and  which  receives  the  same  raotioa 

from  that  force^as  the  compound  body  6,  is  p  = ^ —  •  fr. 

For,  by  corol.;2,  art.  222,  this  body  p  is  =      -     -    -     • 

A    .    8A'   +    B   .    SB*    +    C    .    SC^ 


8P* 


But,  by  corol.  1,  art  221, 


8CBo&nniL 

882.  By  tba  method  of  Floxions,  thb  centre  «f  aedRatidls 
for  a  regular  body,  will  l)o  found  from  cor.  1.  But  for  aa 
irregular  one  ;  saspend  it  at  the  giTen  point ;  and  hang  up 
mlao  a  aimple  pendulum  of  such  a  length,  that  making  &em 
^th  vibrate,  they  may  keep  time  together.  Then  the 
length  of  the  simple  pendulum  »  eiquar  to  the  distance  of 
the  oentre  of  osciilation  a£  the  body,  below  the  poiht  of  aua. 
pension. 

288.  Or  it  will  be  Mill  better  found  thus  :  fiosp^nd  IM 
tody  very  freely  by  the  given  point,  and  make  it  vibrate  in 
veiy  sthall  arcs,  counting  the  number  of  vibratioffs  it  makes 
JB«ny  time,  as  a  minute,  by  a  good  stop  watch  ;  and  let  that 
vumber  of  vibrations  made  in  a  minute  bo  called  n  :   Then 

•hall  the  distance  of  the  t^entre  of  oscillation»be  so  » 

nn 

inches.  For,  th^  length  of  the  pendulaih  vibrating  aeconds^ 
-or  60  times  in  a  minute,  being  39|  inches ;  and  the  lengths 
t>f  pendulums  being  reciprocally  as  the  square  of  the  number 
t>f  vibrations  made  in  the  same  time  ;  therefore     .    .    •    • 

^    ims      •«.    ^^  X  ^H       140850       ^     ,        .    ^  .^ 
!!■  :  60" : :  89i  : i  = 5    the  length  of  Ul^e 

pendulum  which  vibtates  n  times  in  a  minute,  or  the  distance 
of  the  centre  of  oscillation  below  the  axis  of  motion. 

Or,  so  =■  89|  t*,  in  inches,  t  being  the  time  of  one  oscilla^ 
•lion  in  a  very  small  arc. 

234.  The  foregoing  determination  of  the  potnt  into  which 
sU  the  matter  of  a  body  being  collected,  it  shall  oscillate  itt 
the  same  manner  as  before,  only  respects  the  case  in  which 
the  body  is  put  in  motion  by  the  gravity  of  its  own  particles, 
and  the  point  is  the  centre  of  oscillation  :  but  when  the  body 
is  put  in  motion  by  some  other  extraneous  force,  instead  of 
its  gravity,  and  made  to  rotate  instead  of  oscillate,  then  the 
point  is  different  from  the  former,  and  is  called  the  Centre  of 
^Gyration  ;  which  is  determined  in  the  following  manner  : 

235.  Phof.  To  determine  the  centre  of  gyration  of  a  com- 
pound body  or  of  a  system  of  bodies. 

Vol.  n.  82 


Let  B  be  tht  epatn  of.gyntion,  or 
die  point  ipto  wUch  sli  tfas  puticloB  \, 
B,  e,  iic.  hnag  coII«c(ed,  it  ihall  re- 
ceive the  uiDe  angular  motion  frora  s 
force  ^  acting  at  r,  aa  the  whole  aya- 


Now,  by  cor.  3,  art.  ^8^  the  angu- 
lar velocity  generated  in  the  ayatem  by 

end  by  the  aamei  the  angular  velocity  of  the  systeai  placed 

preniona  equal  to  each  other,  the  equation  gives  | 

A.***+B.>B*+o-ec',  ,.       i 

m^t/ r r — ' 1  lor  the  disianoe  oftM    I 

*'  A  +  n  +  o 

centre  of  gyration  below  the  exia  of  motion. 
.  386.  Carol.  I.  Becauae  a  .  ba*  +  b  .  bb*  &c.  =ss  .  so  .  w,    I 
where  a  ia  the  centre  of  gravity,  a  the  centre  of  osciiUtioo,    | 
'  utd  W  the  weight  of  body  a  +  b  +  c  &c.  ;  therefore  sb*  »    I 
M  .  eo  ;  that  is,  the  didaoee  of  the  centre  of  gyration,  from 
dte  point  of  auBpenaion,  ia  a  mean  proportional  between  those 
of  gravity  and  oacillation. 

9S7.  CoroL  2.     If  p  denote  any  pnrticle  of  a.  body  w,  at 
d  dtitance  from  the  axis  of  motion  ;  iheti  sa' 
turn  of  all  the  pd' 
body  V        '■ 
Or, if  {be put  Tor  SR,  the  distance  of  the  cenfre  of  gyre.   ' 
lion  from  the  point  of  auaponaion,  wf'  =  a  .  ba*  +  b  .  as^  ' 
+  e  ,  ec*  +  &C.  mm  of  all  ibapd'. 


238.  By  means  of  the  theory  of  the   centre   nf  gyration, 
end  the  values  of  f  thence  deduced  in  the   note  in  prop.S, 
under  the  heading  "  Maximum  ia  Mnrhinea"  in  a  eubnequeiA  y 
partof  this  volume,  the  pbvnomena  of  rotatory  motion  beonan 
connected  with  those  of  accelerating  ftirces  :  for  then,  if  ■  j 
weight  or  other  moving  power  e  ucl   iit  u  nidiu*  r  to   give    ' 
rotation  to  a  body,  weight  w,  and  diat.  of  centre  uf  gvraiioa    , 
from  uaii  of  motion  =  j,  we  shall  havt  for  die  accelerating 
force,  the  expression 

and  cooKiiueiltly  for  tbe  ipace  deicended  by  the  acnu 


tBnttBB  Xfl^  WUATW$lf  MS 

tN^Hi  m  "femw  ^  ia  a  giv«n  tiiM  l,  w%  jhtU  haft  ibe  amal 
Ifuftuida 

aatroducing  the  above  value  off. 

299.  For  applications  of  these  formulEP  and  their  obvious 
■■ipdifications,^  as  they  are  exceedingly  useful  in  rotatory  mo-   ' 
^LioiMy  the  student  may  solve  the  following  problems. 

ProUem  iUustraiieeof  the  Principfeof  the  Ceairt  qf 

1.  Suppose  a  cylinder  that  weij^hs  lOOlbs.  to  turn  upon  a 
Siorizootal  axis,  and  imagine  motion  to  be  communicated  by 
«a  weight  of  JOlfaa.  attached  to  a  cord  which  coils  upon  the 
surface  of  the  cylinder  :  how  far  will  that  weight  descend  in 
XX)  seconds  ?  Ana.  208  065  f. 

•^    2.  Required  the  actuating  weight  such  that  when  attached 
the  same  way  to  the  same  cylinder,  it  shall  descend  1 61^1 

in  3  seconds.  p  =  — \ =:  61. 

gH—  s 

8.  Another  cylinder,  which  weighs  2001b9,  is  actuated  in 
Vlke  manner  by  a  weight  of  301b9.  How  fir  wiU  the  weight 
'^descend  in  6  seconds  7  Ans.  133*6  feet. 

4.  Suppose  fhe  actuating  weight  te  be  30  pounds ;  and 

"^^at  it  descends  through  48  feet  in  2  seconds,   what  fs  the 

^^ireight  of  the  cylinder  7  Ans.  20^^  lbs. 

5.*  Suppose  a  cylinder  that  weighs  20lbs.  to  have  a  weight 
^)f  SOlbs.  actuating  it,  by  means  of  a  cord  coiled   about  the 
^nirface  of  the  cylinder  ;  what  velocity  will  the  descending 
'veight  have  acquired  at  the  end  of  the  first  second  7 

Ans.  24}. 

6.  Of  what  weight  will  the  axis  be  relieved  in  the  case  of 
4be  last  example,  when  the  system  is  completely  in  motion  7 

Ans.  22|lbs« 

7.  A  sphere,  w,  whose  radius  is  three  feet,  and  weight 
dOOlbs.  turns  upon  a  horizontal  axis,  being  put  in  motion 
by  a  weight  of  201bs.  acting  by  means  of  a  string  that  goes 
over  a  wheel  whose  radius  is  half  a  foot.  How  long  will  the 
weight,  p,  be  in  descending  50  feet  7  Ans.  33^". 

8.  Of  what  weight  will  the  axle  be  relieved  as  soon  as 
motion  is  C(  minenced  7  Ans.  ffylbsp 

9.  If  in  example  seventh  the  radius  of  the  wheel  be  equal 
to  that  of  the  sphere,  what  ratio  will  the  accelerating  force 

Jbear  to  that  of  gravity  7 


U)r  A.  pKralwlwd,  w,  wiatfi  night  is  SOOlbs.  and  radint 
of  IwM  80  inches,  ia  put  in  motion  npon  a  horizontal  axia 
by  a  woight  r  of  151b».  acting  by  a  cord  that  passes  over  a 
iriwel  vhoaa  radius  ia  6  incbea,  Ai^er  f  hss  descended  foi 
10  seconds,  suppose,  it  to  reach  a  homunial  plane  and  i^ease 
to  act,  thon  now  many  ravolutions.  would  ihe  psrabolout 
make  in  a.  mijiuto  1 


e  velocity  witk 


BAlIiSTIC  PENDULUM. 

340.  Prop.  To  explain  the  construciion  of  the  BBllistie- 

pMidnlnm,  and  show  its  use  in  determining  (he  velocity  witk 

which  a  cannoB  or  other  ball  strikes  it. 
Tha  ballistic  pendulum  is  a  heavy  block 

ef  wood  HH,  suspended  vertically  by  a  strong 

borizoolal^n  azia  at  s,  to  which  it  is  con. 

BBcted  by  a  firm  iron  atem.     This  problem 

ia  the  application  of  the  preceding  articles, 

and  was  invented  by  Mr,  Robins,  to  deter- 

mine  the  inilial  velocities  of  military  pro- 
jectiles; a  cireumstance  very  useful  in  that 

science ;  and  it  is  the  best  melliod  yet  know  n 

fiir  determining  them  with  any  degree  of 

accuracy. 
Z/et  G,  R,  o,  be  the  centres  of  gravity-,  gyration,  and  oacil- 

ktion,  as  determined  by  the  foregoing  propositions  ;  and  let 

T  be  the  point  where  the  ball  strikes  tlic  face  of  the  pendu- 

Tum;  the  momentum  of  which,  or  the  product  of  its  weight 

and  velocity,  is  expressed  by  the  force/,  acting  ^t  n,  in  tha 

ibregoing  propositions.     Now, 

Put  p  =  the  whole  weight  of  the  pendulum, 
b  =  the  weight  of  the  ball, 
g  =  aa  the  distance  of  the  centre  of  gravity, 
o  =  80  the  distance  of  the  centre  of  oscillation, 
*!  ^SR=  ^^o  the  distance  of  centre  of  gyration, 
t  =  sp  the  distance  of  the  point  of  impact, 
»  =  the  velocity  of  the  ball, 
u  =  that  of  the  point  of  impact  p, 
c  =  chord  of  the  arc  described  by  o. 
By  art.  235,  if  the  mass  p  be  placed  all  at  s,  the  psndB* 

bin  will  Keceive  tha  tame  motion  ftom  the  blow  in  th«  poM 


t 

F  r  and  t»  w*  J  rf  ; :  jr  :  -5  .  p  or  — p  or  £rp,  (art.  286Jy 

air  *  •• 

the  maiB  which  being  placed  at  p,  the  pendulum  will  alill 
foeeife  the  aame  motioa  aa  before.     Here  then  aia  two 

fwntitiea  of  matter,  namely^  2^  and  ~p,  the  former  moving^ 

irith  the  velocity  v,  and  striking  the  latter  at  rest ;  to  deter- 
nine  their  common  velocity  u>  with  which  they  will  jointljir 
uoceed.  forward  together  after  the  stroke.^  bi  which  case,* 
by  the  law  of  the  impact  o£  non-elastic  bodies,  we  haive 

go  ha  *4~  £op 

~p  +  b  :  o  ::v  :Uf  andthevofbre  v  =  — t}^^^  tha  vei 
n  OH 

locity  of  the  ball  in  terms  of  u,  the  velocity  of  the  point  p^ 
and  the  knowa  dimensions  and  weights  of  the  bodies. 

But  now  to  determine  the  value  of  ir,  we  must  have  re^. 
course  to  the  an§^e  through  which  the  pendulum  vibratesf 
tor  when  the  pendulum  descends  again  to  the  vertical  posi* 
tion,  it  will  have  acquired  the  same  velocity  with  which  ii 
began  to  ascend,  and  by  the  laws  of  falling  bodies,  the  velo» 
city  of  the  centre  of  oscillation  is  such  as  a  heavy  body 
would  acquire  by  freely  falling  through  the  versed  sine  of 
the  arc  described  by  the  same  centre  o.  But  the  chord  of 
that  arc  is  c,  and  its  radius  is  o ;  and,  by  the  nature  of  the 
circle,  the  chord  ia  a  mean  proportional  betweea  the  versed 

cc 
sine  ami  diameter,  therefore  2o  :  c  i:  e  ;  zr-,  the  versed  sine- 

2o 

ef  the  are  described  by  o^    Then,  by  the  laws  of  ftdling  bodies- 

^16|^  :  v'  —  : :  92}  :  c^ — ,  the  velocity  acquired  by  the 

point  o  in  descending  through  the  arc  whose  chord  is  o^ 

"where  a  =  16A  feet :  and  therefore  o :  i  :  ic  */ —  :  —  ^ — . 

*  ^00^  o 

which  is  the  velocity  «,  of  the  point  p. 
Then,  by  substituting  this  value  for  u^  the  velocity  of  the 

"ball,  before  found,  becomes  v  =■  — r.-^-^  X  c  -1/ — .      So 

bw  ^    o 

that  the  velocity  of  the  ball  is  directly  as  the  chord  of  the  arc 
described  by  the  pendulum  in  its  vibration*. 


241.  Id  the  foregoing  solution,  the  change  in  the  centre 
of  oecillatioa  is  omitted,  which  is  caused  by  the  ball  lodging 
in  the  point  p.  But  the  allowance  Tor  that  small  changn, 
and  that  of  some  other  email  quantiliee,  mny  be  seen  in  my 
TncU,  where  &11  the  cite  u  instance  a  of  this  method  sre  treat, 
ed  at  full  length. 

For  an  example  in  numbers,  suppose  the  weights  and  di« 
menaiona  to  be  as  follow  :  namely, 
p  =  5701b.         '  Then 

'>{+SOp       _1131Xfl4-3'+78|X84IX5'r0 
bio         *'  l-131X94i^x"8*I 

X  '-^  =  656-5G. 


*  =  78ii, 


=  7  065  lee 
=  94,^  inc. 

=  18-73  inc 


.„u      2<i_        3-21  _        103 


=  8-1 3S7. 


Therefore  656:i6X  2-1337,  or  1401  feet,  is  the  velocity,  per 

Becond,  with  which  the  ball  moved  when  it  struck  the  pen- 

diilum. 

24'3.  When  [he  impact  is  mnde  upnn  the  centre  of  oacU- 
latioR,  the  compuiaiion  becomes  simiitified. 

in  that  case,  since  tho  while  mass,  p,  of 
the  pendulum,  may  be  regarded  as  concen- 
tered pt  o,  and  the  ball,  6,  strikes  that  point, 
W«  shall  have  Lv  =  [b  +  p)v  ;  c  being  the 
velocity  of  the  bull  before  ihe  iinpaci,  and 
v'  that  of  the  ball  and  pendulum  together, 
afler  the  impact.  Nnw,  if  the  cpnire  of 
oacillatinn  o,  after  the  blow,  describes  the 
arc  oo',  before  the  motion  is  destniyed,  the 
velocity  o'  will  be  equal  to  ihat  acquired  by 


falling  througii  ihe  versed  si. 
arc  no'  or  angle  s  to  the  radius  so, 
very  minute  oscillmion  of  iho  penduli 
from  ihat  in  an  iiscertained  arc,  w< 
9&l£'  inches  =  3^1'  feet. 

Hence  vo  =  so  nat.'ver 


Cotinq.  V 


and  (art.  154)  o'  =  v''(64^  X  3U604it'  versin  e) 

=  14-48--i86/ ^versin  s. 


of  the 
But,  if  the  time  (  of  a 
ni  be  known  or  inferred 
I  have  (art.  233;,  bo  =» 


.  14-483e6(  v'verto  «. 


BTDSOSTATMi. 


Tbis  mode  of  compuCalion,  with  3  iligbt  bdiI  obvioui  chuua, 
applioi  10  qu.  4S  ol'  the  Praclical  Ezercufli  in  Natural  Pu> 
\oaopby- 


OF  HYDROSTATICS. 

243.  HYDROSTATICS  is  ihe  science  which  treaia  of  the  pru. 
■ure,  or  weight,  and  equilibrium  of  water  and  other  fluidtt 
especially  those  that  are  nan-elastic> 

544.  A  Buid  is  elastic,  when  it  can  he  reduced  into  aleai 
bulk  by  compression,  and  which  reatorei  itself  to  ita  fomwr, 
bulk  again  when  the  pre^ure  is  removed;  as  air.  Audit 
is  noo-elastic,  when  it  is  not  compressible  or  expansible,  aa 
Water,  S,e. 

545.  Pbop.  If  nny  pari  of  a  l!uid  be  raised  higher  ihan 
the  rest,  by  aoy  force,  and  then  led  to  itself;  the  higher 
parts  will  descend  to  thu  lower  places,  and  the  fluid  will  not 
real,  till  ila  surface  be  quite  even  and  level. 

For,  the  parts  of  a  fluid  being  easily  moveable  everjr  way, 
the  higher  parts  will  descend  by  their  superior  gtavitVt  and 
raise  the  lower  parts,  till  the  whole  come  to  rest  ia  a  level  or 
IkorizoDial  plane. 

Carol.  1.  Hence,  water  that  conimun> 
cates  with  other  water,  by  meeos  of  a  cFose 
«anal  or  pipe,  will  ataod  at  the  ssme  height 
sn  both  places.  Like  as  water  in  the  two 
legs  of  a  syphon. 


Carol  2.  For  I 

he  same  res 

1800,  if  a  fluid 

^raviinte  townrd,- 

L  a  centre  ;  i 

1  will  dispose 

ilself  into  a  spherical  figure, 

ihe  centre  of 

vhich  is  the  cemi 

re  of  force. 

Like  the  Eea 

in  respect  of  the 

earth. 

? 


240.  Prof.  When  a  fluid  is  at  rest  In  a  vessel,  the  base 
of  which  is  parallel  to  the  horizon  ;  equal  parts  of  the  base 
are  equally  pressed  by  the  fluid.' 

For,  on  every  equal  part  of  this  base  theie  ia  an  equal 

column  of  [he  fluid  supported  by  it.     And  a>  all  the  columns 

-.  we  of  equal  height,  by  the  Inst  proposition  they  are  of  oqud 


weighty  and  therefore  they  press  the  base  ecpmlly  ;  ft 
•equal  parts  of  the  base  sustain  an  «qual  pressure. 

Cord.  1.  All  parts  of  the  fluid  press  equally  at  the 
^eptb.  For,  if  a  plane  parallel  to  the  horizon  be  eonceifed 
to  be  drawn  at  that  depth  ;  then  the  pressure  being  the  Mune 
In  4iBy  part  of  that  plane,  by  the  proposition,  therefore  the 
parts  of  the  fluid,  instead  of  the  plane,  sustain  the  laflM  pree* 
•eure  at  the  same  depth. 

• 

Coral.  2.  Tho  pressure  of  the  fluid  at  any  depth,  is  ••  the 
depth  of  the  fluid.  For  the  pressure  is  as  the  weight,  and! 
4he  weight  is  as  the  height  of  the  fluid. 


Corol.  3.  The  pressure  of  the  fluid  on  any  borizoiitel 
Taee  or  plane,  is  equal  to  the  weight  of  a  colnma  of  the  flnd^' 
whose  base  is  equal  to  that  plane,  and  altitude  ie  ili  iippth 
bel9w  the  upper  surface  of  the  fluid. 

247.  Pbop.  When  a  fluid  is  pressed  by  its  ewn  weight, 
er  by  any  other  force  ;  at  any  point  it  presses  eqnalfy,  ia  dD 
directions  whatever. 

This  arises  from  the  nature  of  fluidity,  by  which  it  yieUb 
to  any  force  in  any  direction.  If  it  cannot  recede  frota  anj 
force  applied,  it  will  press  against  other  parts  of  the  fluid  m 
the  direction  of  that  force.  And  the  pressure  in  all  diree- 
tions  will  be  the  same  :  for  if  it  were  less  in  any  part,  tfie 
fluid  would  move  that  way,  till  the  pressure  be  equal  every 
way. 

CoroL  1.  In  u  vessel  containing  a  fluid  ;  the  preacure  ie 
the  same  against  the  bottom,  as  against  the  sides,  or 
upwards  at  the  same  depth. 

CcroL  2,    Hence,  and  (rom  the 
last    proposition,     if    abcd    be    a 
vessel  of  water,  and  there  be  taken, 
in  the  base  produced,   de,  to  repre- 
sent the   pressure  at  tho   bQttom ; 
joining  ak,  and  drawing  any  pa- 
rallels to  the  base,  as  fg,  hi  ;  then 
shall  Fo  represent  tho  pressure  at 
the  depth  ag,  and  hi  the  pressure  at  the  depth  at,  and  ee 
on ;  because  the  parallels         .         fo,  hi,  ed, 
by  sim.  triangles,  are  as  the  depths  ag,  ai,  ad  : 
which  are  as  the  pressures,  by  tho  proposition. 

And  hence  the  sum  of  all  the  fo,  hi,  dec.  or  the  area  of  the 
triangle  adb,  is  as  the  pressure  against  all  the  points  e,  t. 


|pBMtu»i  or  ntnoa,  tj$ 

&c.  that  is,  agninat  (he  lino  40.  But  as  erery  point  in  t)|e 
line  CD  is  jtressed  with  a  force  as  db,  and  that  thence  the 
pressure  on  the  whole  line  cd  is  as  the  rectangle  ed  .  do, 
white  that  against  ibe  side  is  as  the  triangle  ade  or  ^da  .  dh  ; 
thererore  th<^  prcsHiirc  on  the  horizontal  line  dc,  is  to  the 
prcMure  against  the  vertcal  line  da,  as  nctoJnA.  Anc) 
hence,  if  the  ve!«iel  be  an  upright  rectangular  one,  the  pres. 
auro  on  the  boitom,  or  whole  weight  of  tlie  fluid,  is  to  the 
^essure  against  one  sidA,  as  the  base  is  lo  half  that  side* 
Thcrefure  the  wt^ight  of  the  fluid  is  to  the  presnire  against 
all  the  four  upright  sides,  as  the  base  is  to  half  ilie  upright 
surface.  And  (he  same  holds  true  also  in  any  upright  veuel, 
whatever  the  sides  be,  or  iti  a  cylindrical  vessel.  Or,  in  the 
cylinder,  the  Height  of  the  fluid  is  to  the  pressure  ag^aat 
the  upright  surface,  aa  the  radius  of  the  base  is  to  doublis  Utt 
altitude. 

Also,  when  Iho  rectangular  prism  becomes  a  cube,  it  ap- 
pears that  the  weight  of  the  Ruid  on  the  base,  is  double  tba 
pressure  agninst  one  of  the  upright  sides,  or  half  the  pressure 
against  the  whole  upright  surface. 

Carol.  3.  The  pressure  of  a  fhiid  against  any  upright 
■urface,  as  the  gato  of  a  sluice  or  canal,  is  equal  to  half  the 
freight  of  a  coluinn  of  the  fluid  whose  base  is  equal  to  the 
surface  pressed,  and  its  altitude  the  same  as  the  altitude  of 
thai  surfttco.  For  the  pressure  on  a  horizontal  base  equal 
Vo  the  upright  surface,  is  equal  to  that  column;  and  the 
pressure  on  ihe  upright  surface,  is  but  half  that  on  the  base, 
4)f  the  same  area. 

So  that,  if  b  denote  the  breadth,  and  d  the  depth  of  sucl) 
a  gate  or  u|)ri|;ht  surface  ;  then  the  pressure  against  it,  i) 
equal  to  the  weight  of  the  fluid  whose  magnitude  is  |M>  = 
JAB.AD^  Hence,  if  the  fluid  be  water,  a  cubic  foot  of 
which  weighs  1000  ounces,  or  GSj  pounds  ;  and  if  the  depth 
AD  be  12  feol,  the  breadth  ab  ^0  feet ;  then  the  content, 
or  ^AB  .ad',  is  1440  feet  ;  and  the  pressure  is  1440000 
ounces,  or  90000  pounds,  or  40i  tons  weight  nearly, 

348.  Peop.  The  pressure  of  a  fluid  on  a  surface  any  way 
immersed  in  it,  whether  perpendicular,  or  horizontal,  or  ol^ 
lique,  is  equal  to  the  weight  of  a  column  of  the  fluid,  whose 
~  base  ia  equal  to  the  surface  pressed,  and  its  altitude  equal  to 
the  depth  of  the  centre  of  gravity  of  the  surface  pressed  be- 
low the  top  or  surface  of  the  fluid. 

For,  conceive  the  surface  pressed  to  be  divided  into  innur 

merable  sections    parallel  to  the  horizon ;  and  let  3  denote 

any  one  of  those  horizontal   sections,  also  d  its  distance  of 

dwifa  below  the  top  surface  of  the  fluid.    T))ea,  by  9rt,  3^ 
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<«r.  3,  the  prvMura  nrthe  Suid  nn  ihn  seclioo  ii  equal  to  ifaft 
-  weiffbt  ofdt ;  cmxequenily  the  t<iial  preMure  on  the  whirfs 
■urnce  is  equal  lu  nil  Die  weiglils'  tU.  Bui,  if  6  denote  ika 
whole  Mirroce  preued,  and  ^  the  dcplh  of  its  centre  ofgn^ 
rily  heldw  ihe  top  of  the  fluid ;  ihen,  hy  nrt  lOB.  ig  Uf^iual 
lo  ihe  sum  iif  all  ibe  (/«.  CoDKquenlly  the  whole  prenure 
or  \lii:  Huid  on  the  body  or  surface  b,  is  equal  lo  the  wei|^t 
orilicliulk  i;  of  the  fluid,  that  is,  of  the  column  whose  bm 
is  ihp  pvcn  surface  b,  and  its  height  is  g  the  depth  of  Uw 
centre  of  ^rarity  in  the  fluid. 

S40.  pRtfF.  The  pressure  of  k  fluid,  on  the  base  of  the 
Teasel  in  which  it  is  contained,  is  as  the  base  and  perpendi. 
oubr  allilude  i  whatever  be  the  figure  of  the  veGscl  that  eoa< 

ir  the  sides  of  the  base  be  tipiighl,  so  that 
it  bo  a  prists  of  a  uniform  width  ibroughoul, 
ihen  Ihs  cn^e  is  evident ;  for  (hen  the  base 
supports  the  whole  fluid,  and  the  pressure  is 
jusi  eiiiinl  [a  the  weight  of  the  fluid. 

But  if  the  vessel  be  wider  at  top  than  bot- 
tom ;  then  ibe  bottom  sustains,  or  is  pressed 
by,  only  the  part  contained  wilbio  the  up- 
right lines  ac,  ba  ;  becuuse  the  parts  aco, 
BD&  ar'i  supported  by  the  sides  ac,  bd  ; 
sad  those  parls  have  no  other  effect  on  the 
part  aboc  than  keeping  it  in  its  position,  by 
the  Interal  pressure  a^juitist  ac  and  ^d,  which 
does  not  alter  its  perpendicular  pressure  downwards.  And 
thus  the  pressure  on  the  bottom  is  less  Eban  the  weight  of 
the  contained  fluid. 

And  if  (he  vessel  be  widest  at  bottom  ;  then 
the  bottom  is  elill  pressed  with  a  weight  which 
is  equal  to  that  of  the  whole  upright  column 
obttc-  For,  as  the  parts  of  the  fluid  are  in 
oquilibrio,  all  the  purts  have  an  equal  pressure 
at  the  same  depth  ;  en  that  the  parts  within  cc 
and  da  press  equally  as  those  in  cd,  and  (here- 
fore  equally  the  same  as  if  the  sides  of  the  veaael  had  gone 
npright  to  a  and  b,  the  defect  of  fluid  in  the  pans  Aca  and 
vob  being  exactly  compensated  by  the  downward  pressure 
or  resistance  of  the  sides  ac  and  bd  against  the  contiguous 
fluid.  And  thus  the  pressure  on  the  base  may  be  made  to 
exceed  the  weight  of  ihe  contained  fluid,  in  any  proportion 
whatever. 

So  that,  in  general,  be  the  vessels  of  any  figure  whalevar, 
regular  or  irregular,  upright  or  sloping,  or  varioualy  vid« 
and  narrow  in  diflerent  parts,  (f  the  bases  and  perpendkndor 


jtAB  h 
C   cOl 
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altitudes  'be  but  equal,  ihe  bases  always  Bustain  rlie  same 
pressure.  And  na  ihat  preastire,  in  ihe  mgulnr  upright 
V«3s«l,  u  the  wfanle  columD  ol'  ttie  fluid,  which  ih  an  the  buae 
•od  alttltide ;  iherefora  tbe  pressure  in  all  figarea  ia  in  that 
«UM  -ratio. 

Ami.  1.  Henen,  when  the  heights  an  equal,,  tbe  praa- 
tanm  are  as  the  baaes.  And  when  the  buses  am  equal,  the 
preaaure  iaasthe  height.  But  when  both  the  heights' and  ~ 
MMs  are  equal,  the  pressures  are  oqunl  ia  all,  thoiqjh  their 
eonienls  be  ever  so  different. 

Carol.  2.  The  pressure  on  the  base  of  any  vessel  la  ihe 
.  same  aa  on  thu  of  a  cylinder,  of  an  equal  base  and  height. 

Carol.  3.  If  there  be  an  inverted  syphoD, 
^>r  bent  tube,  abc,  containing  two  ditTerent 
■Aiids  CD,  iBD,  that  balance  each  other,  or 
vest  in  equilibrio;  then  their  heights  in  (he 
two  legs,  AS,  CD,  above  ihe  point  of  meeiing, 
Vill  be  reciprocally  as  their  densities. 

For  if  they  do  not  meet  at  the  bottom,  the 
^it  8D  balances  the  part  be,  and  therefore 
tbe  part  cd  balances  the  part  ae  ;  that  is,  the 
might  of  CD  ia  equal  to  the  weight  of  ae. 
And  as  the  surface  at  d  is  the  same,  where 
they  act  against  each  other,  therefore  ab  :  cd  :  ;  density  of 
CD  :  density  of  ak. 

''  So,  if  CD  be  Water,  and  ax  quicksilver,  which  is  near 
14  times  heavier  ;  then  cd  will  be  =  I4ak  ;  that  is,  if  as 
hA  1  inch,  CD  will  be  14  inches ;  if  ae  be  3  inches,  cd  will 
be  S8  inches  ;  and  so  on. 

S50.  Paop.  If  a  body  be  immersed  in  a  fluid  of  the  aame 
density  or  specific  sravity  ;  it  will  rest  tn  any  place  where 
it  is  put.  But  a  body  of  greater  density  will  sink  ;  and  one 
of  •  less  density  will  rise  to  the  top,  and  Hoal. 

ne  body  being  of  the  same  den- 
■tf,  or  of  the  same  weight  with  the 
Hu  bulk  of  the  fluid,  will  press  the 
ftlid  under  it,  just  aa  much  aa  if  its 
Mce  were  filled  -with  the  fluid  itself. 
The  preanre  then  all  around  il  will 
Iw  the  same  as  if  the  fluid  were  in 
ita  place  ;  cimaequently  there  is  no 
Ibrce,  neither  upward  nor  down- 
wwd,  to  put  the  body  out  of  its 
|lae«.  And  therefore  it  will  remain 
whererer  it  is  put. 

Bat  if  tbe  body  be  lightnr ;  iU 


bressure  downward  will  be  less  than  before  ;  ahd  tedi  tliaii 
the  water  upward  at  the  same  depth  ;  therefore  the  greatei^ 
force  will  overcome  the  less,  and  push  the  body  upward 

to  A. 

And  if  the  body  be  heavier  than  the  fluid,  the  pressure 
downward  will  bn  i^reater  than  the  fluid  at  the  same  depth  ; 
therefore  the  greater  force  will  prevail,  and  carry  the  body 
down  to  the  bottom  at  c. 

Corol.  ].  A  body  immersed  in  a  fluid,  loses  as  much 
iKreight,  as  an  equal  bulk  of  the  fluid  weighs.  And  the  fluid 
gains  the  same  weight.  Thus,  if  the  body  be  of  equal  den- 
sity with  the  fluid,  it  loses  all  its  weight,  and  so  requires  no 
force  but  the  fluid  to  sustain  it.  If  it  be  heavier,  its  weight 
In  the  water  will  be  only  the  difl!erence  between  its  own 
itreight  and  the  weight  of  the  same  bulk  of  water  ;  and  it  re- 
quires a  force  to  sustain  it  just  equal  to  that  difierence.  Bill 
If  it  be  lighter,  it  requires  a  force  equal  to  the  same  difl^reooe 
bf  weights  to  keep  it  from  rising  up  in  the  fluid. 

Card.  2.  The  weights  lost,  by  immerging  thd  same  body 
in  different  fluids,  are  as  the  speciflc  gravities  of  the  fluids. 
And  bodies  of  equal  weight,  but  different  bulk,  load,  in  thd 
liable  fltiid,  weights  which  are  reciprocally  as  the  specific 
gravities  of  the  bodies,  or  directly  as  their  bulks. 

C<Hvl.  3.  The  whole  weight  of  a  body  which  will  float  in 
ii  fluid,  is  equal  to  the  weight  of  as  much  of  the  fluid,  as  the 
immersed  part  of  the  body  displaces  when  it  floats.  For  the 
pressure  under  the  floating  body,  is  just  the  same  as  so  much 
of  the  fluid  as  is  equal  to  the  immersed  part ;  and  therefore 
the  weights  are  the  same. 

Cord.  4.  Hence  the  magnitude  of  the  whole  body,  is  to 
tti^  magnitude  of  the  part  immersed,  as  the  speciflc  grayity 
bf  the  fluid,  is  to  that  of  the  body.  For,  in  bodies  of  equal 
Weight,  the  densities,  or  specific  gravities,  are  reciprocally  as 
their  magnitudes. 

CdrdL  5.  And  becftuse,  when  the  weight  of  a  body  takeU 
ill  a  fluid,  is  subtracted  from  its  weight  out  of  the  fluids  the 
difference  is  the  weight  of  an  equal  bulk  of  the  fluid  ;  thii 
Ihttlfeforie  is  to  its  weight  in  the  air,  as  the  specific  gravity  of 
the  fluid  is  to  that  of  the  body. 

TheJrefore,  if  w  be  the  weight  of  a  body  in  air, 

w  its  weight  in  Water,  or  any  fluid, 
8  the  specific  gravity  of  the  body,  atid 
5  the  specific  gravity  of  the  fluid ; 
Infett  W  =-=•  te  :  W  : :  5  :  s,  which  proportion  will  give  either  of 
IH^^  ftpebific  gmvities,  the  one  from  the  other. 
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ttliii  ■  SB  — : Sf  the  specific  gravity  of  the  body  ; 

and  «  3=:  — ' Sy  the  specific  gravity  of  the  fluid. 

flo  that  the  specific  gravities  of  bodies,  are  as  their  weighti 
10  the  air  directly,  aod  their  loss  in  the  same  fluid  inversely. 

Corel*  6.    And  hence,  for  two  bodies  connected  togethery 
iHt  mixed  together  into  one  compound,  of  different  specific 
gravities,  we  have  the  following  equations,  denoting  their 
weights  and  specific  gravities,  as  below,  viz. 
H  =  Weieht  of  the  heavier  body  in  air,    )  ^  ..    ^^^  __  .^ 
*  =  weight  of  the  same  in  water,  \  "  '^  "P^^*  «^''^  5 

&  =  weight  of  the  lighter  body  in  air,    i    .  -«vitv  . 

I  =  weight  of  the  same  in  water,  I '  ^  "P*^*  ^^^^  » 

c  s=  weight  of  the  compound  in  air,        /  /. ..   _^^ .. 

€  «  weiiht  of  the  same  in  water,  ^  '^  "P^'  «^^*^ » 

«  ^  the  seciflc  gravity  of  water.    Then^ 


1st,  (h  —  A)  8  =  HtO, 
a^,  (L  —  Z)  #  =  LIP, 
^  (c  -c)/=cw, 
4th,  H  +     L  =  c, 
^h,  h  +     2  s  c, 

6th. -+     j=j. 


From  which  equations  may  be 
found  any  of  the  above  qoantitiea, 
in  terms  of  the  rest. 

Thus,  from  one  of  the  first  three 
equations,  is  found  the  specific  gnu 

vity  of  any  body,  as  «  = v,  by 

dividing  tho  absolute  weight  of  the 
body  by  its  loss  in  water,  and  multiplying  by  the  specific 
gravity  of  water. 

But  if  the  body  l  be  lighter  than  water  ;  then  I  will  be 
hegative-,  and  we  must  divide  by  l  +  ^  instead  of  l  —  Z,  and 
to  find  I  wo  must  have  recourse  to  the  compound  mass  c ;  and 

because,  from  the  4th  and  5th  equations,  l-»Z  =  c  — c  — 

B  —  A,  therefore  s  "=  (c  —  c)  -  (  h  —  A) '    ^^*^    ***    divide 

the  absolute  weight  of  the  light  body,  by  the  diflTerence  be- 
tween the  losses  in  water,  of  the  compound  and  heavier  body, 
tod  multiply  by  the  specific  gravity  of  water.     Or  thus, 

s/l 
t  ss  — =. — .  ,  as  found  from  the  last  equation. 

cs  —  h/ 
Also  if  it  were  required  to  find  the  quantities  of  tWo 
ingredients  mixed  in  a  compound,  the  4th  and  6th  equations 
would  give  their  values  as  follows,  viz. 

H  =  ^ (".€,  and  L  =•• ) s^-i-  c, 

the  quantities  of  the  two  ingredients  h  and  l,  in  the  com^* 
pound  c.     And  so  for  any  other  demand. 


P]io#.  To  find  the  specific  gravity  of  a  body. 

251.  Case  i. — When  the  body  is  heavier  than  water  :  weigh 
tt  both  in  water  ^and  out  of  water,  and  take  the  difierencei 
which  will  be  thid  Weight  lost  in  water.     Then,  by  corol.  fl» 

mpt.  260,  *  = r  ,  whef  e  b  Is  the  weight  of  the  body  out  of 

B  —  0 

water,  h  its  weight  in  wiater,  s  its  specific  gravity,  and  to  the 

specific  gravity  of  water.     That  is, 

As  the  weight  lost  in  water. 
Is  to  the  whole  or  absolute  weight. 
So  is  the  specific  gravity  of  Water, 
To  the  sf^ecific  gravity  of  the  body.* 

ExAicPLii.  If  a  piece  of  stone  weigh  lOib,  but  in  water 
onlv  Bjfib,  reijuired  its  specific  gravitv,  that  of  water  being 
1000?  "  An8.3077. 

252.  Casr  it. — When  the  body  is  lighter  than  leater^  so  thai 
U  wUl  not  sink :  annex  to  it  a  piece  of  another  body,  heavier 
than  water,  so  that  the  mass  compounded  of  the  two  may 
sink  together.  Weigh  the  denser  body  and  the  compmind 
mass,  separately,  both  in  water,  and  out  of  it ;  then  find  how 
much  each  loses  in  water,  by  subtracting  its  weight  in  water 
from  its  weight  in  air ;  and  subtract  the  less  of  these  remain* 
tiers  from  the  greater.     Then  say,  by  proportion, 

As  the  last  remainder. 
Is  to  the  weight  of  the  light  body  in  air» 
So  is  the  specific  gravity  of  water, 
To  the  specific  gravity  of  the  body. 

That  is,  the  specific  gravity  is  *  =  -r ; ; r-, 

^  ^        ^  (c  -c)  —  (h  —  A)' 

fcy  cor.  6,  art.  2S^ 

Example.  Suppose  a  piece  of  elm  weighs  151b.  in  air; 
and  that  a  piece  of  copper,  which  weighs  181b.  in  air  and 
iGlb.  in  water,  is  alBxed  to  it,  and  that  the  compound  weighs 
6lb.  in  water ;  required  the  specific  gravity  of  the  elm  1 

Ans.  600. 

253.  Case  hi. — For  a  fluid  of^any  sort, — Take  a  piece  of 
a  body  of  known  specific  gravity  ;  weigh  it  both  in  and  out 
of  the  fluid,  finding  the  loss  of  weight  by  taking  the  differ* 
ence  of  the  two  \  then  say^ 


*  In  the  Lectures  on  Natural  Philosophy,  in  the  Royal  Mil.  Academy, 
Coates's  Hydrostatic  slttlyard  is  employed  for  this  purpose.  It  U  aS 
improvement  upon  the  one  described  in  Gregory's  Matbematict  Ibf 
jhractlcai  Meo^ 


SPECIFIC  OUJLVtTY.  9M 

As  the  whole  or  absolute  weight, 
Is  to  the  loss  of  weighty 
So  is  the  specific  gravity  of  the  solid, 
To  the  specific  gravity  of  the  fluid. 

B  — 6 

That  is,  the  spec.  grav.  w  » s,  by  cor.  6,  art.  250. 

B 

Example.  A  piece  of  cast  iron  weiirhed  34*61  ounces  in 
a  fluid,  and  40  ounces  out  of  it ;  of  what  specific  gravity  is 
Chat  fluid  ?  Ans.  1000. 

254.  Piioi*.  To  find  the  quantities  of  two  ingredients  in  a 
^ven  compound. 

Take  the  three  difiTerences  of  every  pair  of  the  three  spe« 
^fic  gravities,  namely,  the  specific  gravities  of  the  compound 
mnd  each  ingredient ;  and  multiply  each  specific  gravity  by 
^e  diflTerence  of  the  other  two.     Then  say,  by  proportion/ 
As  the  greatest  product, 
Is  to  the  whole  weight  of  the  compound. 
So  is  each  of  the  other  two  products, 
To  the  weights  of  the  two  ingredients. 

That  IS,  H  =  )^ -TiC  =  the  one,  and  l  =  \ =^-^A 

the  other,  by  cor.  6,  art.  250. 

Example.  A  composition  of  112)b.  being  made  of  tin 
and  copper,  whose  specific  gravity  is  found  to  be  8784  ;  re- 
quired  the  quantity  of  each  ingn^dienf,  the  specific  gravity  of 
tin  being  7320,  and  that  of  copper  0000  ? 

Answer,  there  is  lOOIb.  of  copper  )  .    ^, 

and  consequently  181b.  of  tin.     }  '"  *''«  composition. 

SCHOLIUM. 

255.  The  specific  gravities  of  several  sorts  of  matter,  aa 
fiiUDd  from  experiments,  are  expressed  by  the  numbers  an* 
tiexed  to  their  names  in  the  following  Tables. 

TABLES  OF  SPECIFIC  GRAVITIES. 

SOLIDS. 

l^latina         .  -    20,722 1  Rhodium         -        ;     11,000 


CSold,  pure,  hammered  19,362 
Ci^uinea  of  George  III.  17,-620 
Tungsten       -  -     17,600 

Mercury,  at  32«  Fahr.  13,598 
I^ead  .  -     11,352 

¥mlladium     *  .     11,300 


Virgin  Silver  -     10,744 

Shilling  of  George  III.  10,534 
Bismuth,  molten  .  9,822 
Copper,  wiredrawn  8,878 
Red  Copper,  molten  8,788 
Molybdenii      »        •      8,611 


aw 


pyDKOSTlTICd 


8.308 

Nickel,  roollen        ,      8,279 
Uranium  .         -      8,100 

Steel    •  from  7,767  lo  7,{ 


Cobalt,  molten 

Bar  Iron 

Pure  Comiah  Tia 

Do.  hardeited 

Cut  Iron 

Zinc 

Anlimony 

Tellurium 

Chromium 

Spar,  heavy    . 

Jargoa  of  CeyltMi 

Orienlal  Ruby 

Sapphire,  Oriental 

Do.  Brazilian 

Oriental  Tupaz 

Oriental  Beryl 

Diamond  from  8,601  to  3,531 

Engliah  FlinUGIaaa        3,329 

Tourmalin     -        -        3,155 

Aabeatua 

Marble,  ereen,  Campan.  2,742 

Parian  -      2,837 

Norwegian  .       2,728 

green,  Egyptian  2,668 

Emerald  -         -       2,775 

Pearl     -        -        -      2,752 
Chalk.  Briliah         .       2,784 


7,813 

7,788 
7,291 
7,29l> 
7,207 
6,862 
8,712 
6,115 
5,900 
4,430 
4,416 
4,283 
3,994 
3,131 
4,019 
3,540 


Jaapcr 
Coral    - 
Rock  Cr3'stal 
English  Pebble 
Limpid  FclJspar 
Glaas,  green 

botlJe    - 

Porcelaiiic,  China 

• Limoges 

Native  Sulphur 

Alabbsier 

Alum 

Copal,  opaque 

Sodium 

Oak,  iiearl  of, 

Ciuapowdcr,  about 

Ice 

Poiasiiiiim 

Beech 

Ash 

Apple-Tree    - 

Ornnpe.Wood 

Penr-Tree      - 

Lind«ii.Tree 

Cypress 

Cedar 

Fir 

Poplar 

Coik 


Sulphuric  Acid  -     1,841 

Nitrous  Acid  ■     1,550 
WaierfromlheDead  Sea  1,240 

Nitric  Acid       ■  -     1,218 

Sea- Water       •  -1,036 

Milk         -        •  .     1,030 

Distilled  Water  -     1,000 

Wine  of  Bourdeaux  994 

Burgundy  Wine  -        991 

*^''  Since  a  cubic  fool  of  water  at  ibe  lemperatua 
Fahrenheit,  weighs  1000  ounces  avoirdupois,  or  32|  po 
the  numben  in  the  preceding  Tables  exhibit  very  nsuj 


Olive  Oil 
Murialic  Etiier 
Oil  of  Turpentine 
Liquid  Bitumen 
Alcohol,  absolute 
Sulphuric  Ether 
Air  at  the  Earth's  SurfM 
about 
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nspectWe  weighta  of  a  cubic  foot  of  Iho  several  aubttances 
tabulated. 

S56.  Paor.  To  find  the  magnitude  of  any  body,  from  ita 
weighl. 

As  the  tabular  Bpecific  gravity  of  the  body, 
1b  to  its  weight  in  avuirdupois  ounces. 
So  is  one  cubic  foot,  or  172H  cubic  inches. 
To  its  content  in  feet,  or  inches,  respectively. 
Exam.  1.     Required  the  content  of  an  irregular  block 
of  green  marble,  which  woigha  1  cut.  or  1 121b  T 

Ana.  1160'G  cubic  inches. 
GxAH.  2.  How  many  cubic  inches  of  gunpowder  are  there 
in  lib.  weight  1  Ana.  20j  cubic  inches  nearly. 

ExAX.  3.  How  many  cubic  feet  are  there  in  a  ton  weight 
of  dry  oak  7  Spec.  grav.  925.  Ans.  38{Jf  cubic  feet. 

257.  Fkof.  To  find  the  weight  of  a  body  from  its  mag- 
nitude. 

As  one  cubic  fool,  or  1728  cubic  inches, 
Is  to  the  content  of  the  body, 
So  Is  the  tabular  specific  gravity, 
To  the  weight  of  the  body. 
ExAU.  1.    Required   the   weight  of  a   block  of  mnrblc, 
"Whoso  length  is  U3  feet,  and  breadth  and  thickness  each  12 
feel ;  being  the  dimensions  of  one  of  tlie  stones  in  the  walls 
orBalbeck ; 

Ana.  Q83f*s  ton,  which  is  nearly  equal  to  the  burden  of 

an  Kast-India  ship. 

Exam.  2.  What   is  the  weight  of  1  pint,  ale  measure,  of 

gunpowder  ?  Ana.  10  oz.  nearly. 

Exam.  3.  What  is  the  weight  of  a  block  of  Jry  oak,  which 

ntcasures  10  feel  in  length,  3  feet  broad,  and  2i  feet  deep  or 

thick?  Ans.  4335)-jlb. 


BUOYANCY  OF  PONTOONS. 


258.  The  principles  established  In  art.  350  have  an  in- 
'^Wsting  applicntiun  to  military  men,  in  the  use  of  ponioons, 
**id  the  buoyancy  by  which  they  become  serviceable  in  the 

Vol..  11.  34 
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eofistruction  of  temporary  bridges.  When  the  dimenrioai^ 
magnitude,  and  weight  of  a  pontoon  are  known,  that  weigbl 
can  readily  be  deducted  from  the  weight  of  an  equal  bulk  of 
water,  and  the  remainder  is  evidently  the  weight  which  lb# 
pontoon  will  carry  before  it  will  sink. 

Pontoons  as  usually  constructed,  are  prisms  whose  vertieftl 
sections  are  equal  trapezoids,  as  exhibited  in  the  marginal 
figure. 

Suppose  AB  =  I. 
CD  =  1 

ai=kb=|(l— Z)==i 

CI  =  D 

Uniform  width  of  the  pontoon  =  6 :  tdl  in  feet  and  parts. 
Suppose  also  ol  »  d,  depth  of  the  part  immersed  ;  w  ss 
weight  in  avoirdupois  pounds  of  the  water  displaced  ;  and  o 
=  62^.  lbs.  weight  of  a  cubic  foot  of  rain  water.  Tlieii,  by 
the  following  expressions,  which  are  led  for  the  atodent  to 
investigate,  d  may  be  found  when  to  and  the  rest  are  given, 
and  10  may  be  found  when  d  and  the  rest  are  given ;  abo  the 
maximum  value  of  to. 

8*  m  when  a  max.  s  ben  (2  +  ^)  =  ^  &cd  (l  +  0 

Ex.  h  Given  ab  =  21^  feet,  cd  =  17^  feet,  ci  «  2^  fiMt, 
(  ^  4J  feet*  Required  the  weight  of  the  pontooa  and  il* 
load,  when  it  is  immersed  to  the  depth  cl,  of  H  feet. 

Ana.  82S7{lbs.  nearlj. 

Ex.  2.  Suppose  the  weight  of  such  a  pontoon  to  be  90(Hba. 
what  is  the  greatest  weight  it  will  carry  ?    Ans.  ]2014^lbi. 

Ex.  3.  Suppose  the  weight  of  the  above  pontoon  and  its 
load  to  be  GOOOlbs,  how  deep  will  it  sink  in  water  7 

Ans.  1*08872/  =>  18064  inches. 


HYDRAULICS  OR  HYDRODYNAMICS. 

259.  Hydraulics  or  Hydrodynamics  is  that  part  of 
chanical  science  which  relates  to  the  motion  of  fluids,  and  the 
forces  with  which  they  act  upon  bo^w  against  which  they 
strike,  or  which  move  in  them» 
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This  it  a  very  exteiuive  subject :  bat  we  ahall  here  give 
cdly  a  few  eleineotafy  propositions. 

^  960.  PlK>p.  If  a  fluid  run  through  a  canal  or  river,  or 

Eof  Yarioos  widths,  always  filling  it ;  the  velocity  of  the 
in  different  parts  of  it,  ab,  cd,  will  be  reciprocally  as  the 
transverse  sections  in  those  parts. 

That  is,  veloc.  at  a  :  veloc. 
at  c  : :  CD :  AB  ;  where  ab  and 
CD  denote,  not  the  diameters 
at  A  and  n,  but  the  areas  or 
sections  there. 

For,  as  the  channel  is  always  equally  full,  the  quantity  of 
water  ninninfi  through  ab  is  equal  to  the  quantity  ruDoiog 
through  CD,  in  the  same  time  ;  that  is,  the  column  through 
AB  is  equal  to  the  column  through  cd,  in  the  same  time ; 
er  ab  X  length  of  its  column  =  cd  X  length  of  its  column  ,* 
therefore  ab  :  cd  : :  length  of  column  through  cd  :  length 
of  column  through  ab.  But  the  uniform  velocity  of  Uie 
water,  is  as  the  space  run  over,  or  length  of  the  columns  ; 
therefore  ab  :  cd  : :  velocity   through  cd  :  velocity  through 

AB. 

361.  Carol,  Hence,  by  observing  the  velocity  at  any  place 
AB,  the  quantity  of  water  discharged  in  a  second,  or  any 
other  time,  will  be  found,  namely,  by  multiplying  the  section 
AB  by  the  velocity  there. 

But  if  the  channel  be  not  a  close  pipe  or  tunnel,  kept 
Mways  full,  but  an  open  canal  or  river ;  then  tho  velocity  in 
idl  parts  of  the  section  will  not  be  the  same,  because  the 
velocity  towards  the  bottom  and  sides  will  be  diminished  by 
€he  friction  against  the  bed  or  channel ;  and  therefore  a  me. 
^un  among  the  three  ought  to  be  taken.  So,  if  the  velo* 
«ity  s(t  the  top  be  -  100  feet  per  minute, 
akst  at  the  bottom  dO 

and  that  at  the  sides    -        50 


3)210  sum  ; 
dividing  their  sum  by  3,  gives  70  for  the  mean  velocity, 
which  IS  to  be  multiplied  by  the  section,  to  give  the  quan- 
tiCy  discharged  in  a  minute  :  and  in  many  cases  still  greater 
accuracy  will  be  necessary  in  determining  the  mean. 

283.  Prop.  The  velocity  with  which  a  fluid  runs  out  by 
a  hole  in  the  bottom  or  side  of  a  vessel,  is  equal  to  that  which 
is  generated  by  gravity  through  the  height  of  the  water  above 
the  hole  ;  that  is,  the  velocity  of  a  heavy  body  acquired  by 
ftUing  ireely  through  the  height  ab. 


M 
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Divide  the  altitude  ab  into  a  great 
numberof  very  small  porlx,  eovli  being  1, 
their  number  a,  or  o  =  the  altitude  ab. 
Now,  by  art.  240,  the  pressure  of  the 
fluid  H^ainst  the  hole  r,  by  which  the 
tnoiioQ  is  gcnuratcJ,  is  equal  to  the 
wHght  of  the  coluniii  of  fluid  above  it, 
Ihnt  isihc  column  whose  height  is  ab 
'  or  0,  and  base  ilie  urea  of  the  hole  n. 
Therefure  the  prcasurc  on  the  hole,  or 
email  part  o(  the  fluid  1,  is  to  its  wei^t,  or  the  natural 
force  of  gravily,  ax  u  to  1.  But,  by  art.  127,  the  velociliea 
generated  in  the  same  body  iti  any  time,  are  as  ihone  for- 
ces ;  and  because  gravily  gciicrnleB  the  velociiv  3  in  del- 
cending  through  the  small  space  1,  therefore  1  ;  a  :  :  S  :  3tf, 
the  velocity  generated  by  the  pressure  of  (he  column  of  fluid 
in  the  same  time.  But  2a  is  also,  by  corel.  1,  art.  132.  th« 
velocity  gcneraied  by  gravity  in  descending  through  a  or  ab. 
Thul  is,  the  velocity  of  the  issuing  water,  Js  equal  to  that 
which  is  acquired  by  a  body  in  falling  through  the  height  ab. 

The  same  othcrwiie. 
The  momenta,  or  quantities  of  motion,  generated  in  two 
given  bodies,  by  the  some  force,  acting  during  the  tame  or 
sn  equal  time,  are  equal.  And  the  force  in  this  cue,  ia  iha 
weight  of  the  superincumbent  column  of  the  fluid  over  thfl 
hole.  Let  then  the  one  body  to  be  moved,  be  that  column 
itsulf,  expressed  by  ah,  where  a  denotes  the  altitude  ab,  and 
Zi  the  area  of  the  hole  ;  and  tlie  other  body  is  the  column  of 
the  fluid  that  runs  out  uniformly  in  one  second  nippoae,  with 
the  middle  or  medium  velocity  of  that  interval  of  time,  which 
is  \kv,  if  D  be  the  whole  velocity  required.  Then  the  mnn 
^hv,  with  the  velocity  v,  gives  the  quantity  of  motion  JieXv, 
or  \ho*,  generated  in  one  second,  in  the  spouting  water  :  also 
g,  or  32^^  foot,  is  the  velocity  generated  in  tho  maai  ah,  dur< 
ing  the  same  interval  of  one  second  ;  consequently  ah  X  g, 
or  akg,  is  the  motion  generated  in  the  column  ah  in  the 
same  time  of  one  second.  But  as  these  two  momenta 
must  be  equiil,  Ihia  gives  \hj?  =  dhg  :  hence  then  t^  =  Sag» 
and  V  =  -i/'^iog,  for  the  value  of  the  velocity  sought ;  which 
therefore  is  exactly  the  same  as  the  velocity  generated  by  the 
gravity  in  falling  through  the  space  a,  or  the  whole  height  of 
^e  fluid*. 


■  In  tills  invMtigKtiaa  ihe  anllior  awn  tlis  whole  mnmrntom  «&  X  ^, 
wliich  M  gMBoraleil  In  one  Kcuad  by  the  gravity  of  Ilia  mats  oA ;  bui  ha 
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For  ozample,  if  the  fluid  were  air,  of  the  whole  height  of 
the  atmosphere,  supposed  UDiform,  which  is  almut  5|  milesy 
or  27720  feet  =  a.  Then  ^2ag=2  y/(21T20  X  16^^)  = 
1335  feet  =  v  the  velocity,  that  is,  the  velocity  with  which 
CM>fiiinoD  air  would  rush  into  a  vacuum. 

268.  Card,  1.  The  velocity,  and  quantity  ruQ  out,  at  dif« 
lerent  depths,  are  as  the  square  roots  of  the  depths.  For  the 
velocity  acquired  in  falling  through  ab,  is  as  ^ab. 

264.  Cord.  2.  The  fluid  spouts  out  with  the  same  velocity, 
^Mrhether  it  be  downward  or  upward,  or  sideways ;  because 
^he  pressure  of  fluids  is  the  same  in  all  directions,  at  the 
same  depth.  And  therefore,  if  an  adjutage  be  turned  up- 
^^Kfnrd,  the  jet  will  ascend  to  the  height  of  the  surface  of  the 
crater  in  the  vesseK  And  this  is  confirmed  by  experience, 
l>y  which  it  is  found  that  jets  reuily  ascend  nearly  to  the  height 
of  the  reservoir,  abating  a  small  quantity  only,  for  the  frie- 
tioo  against  the  sides,  and  some  resistance  from  the  air  and 
iioro  the  oblique  motion  of  the  fluid  in  the  hole. 

2G5.  Cord.  3.  The  quantity  run  out  in  any  time,  is  equal 
ao  a  column  or  prism,  whose  base  is  the  area  of  the  hole,  and 
its  length  the  space  described  in  that  time  by  the  velocity 
acquired  by  falling  through  the  altitude  of  the  fluid.  And 
the  quantity  is  the  same,  whatever  be  the  figure  of  the  ori- 
fice, if  it  is  of  the  same  area. 

Therefore,  if  a  denote  the  altitude  of  the  fluid, 
and  h  the  area  of  the  orifice, 
also  ^g  =^  IG-Jj  feet,  or  103  inches  ; 
then  2h  y/lag  will  be  the  quantity  of  water  discharged  in  a 
second  of  time  ;  or  nearly  8^^  hy/a  cubic  foet,  when  a  and  h 
are  taken  in  feet. 

So,  for  example,  if  the  height  a  be  25  inches,  and  the 
orifice  h=^\  square  inch  ;  then  2A  ^^ag  =  2  v/25  X 103  = 
130  cubic  inches,  which  is  the  quantity  that  would  be  dis- 
charged  per  second. 


does  not  use  the  whole  momentum  ^9  X  Vt  which  is  also  generated  hy 
the  same  force  in  thn  same  time,  instead  of  which  he  uses  only  half  the 
tlie  latter  momentum:  on  this  account  his  solution  appears  to  he  more 
erroneous.  The  two  momenta ahX^ii and  hv  X i?»  pmdnced  in  one  se- 
cond by  the  same  force,  ought  to  be  equal,  which  gives  iif^=.2ag,  instead 
of  the  equation  to^  =  4ag  as  found  by  Dr.  Uutlon.  Ed. 
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266.  When  the  orifice  is  in  the  side  of  the  vesBol,  then  the 
velocity  is  difTcrent  in  the  difTercnt  parts  of  the  hole,  being 
less  in  the  upper  parts  of  it  than  in  the  lower.  Howeveri 
when  the  hole  is  but  small,  the  difference  is  inconsiderable, 
and  the  altitude  may  be  estimated  from  the  centre  to  obtain 
the  mean  velocity.  But  when  the  orifice  is  pretty  large,  then 
the  mean  velocity  is  to  be  more  accurately  computed  by  other 
principles,  given  in  the  next  proposition. 

2C7.  It  is  not  to  be  expected  that  experiments,  as  to  the 
quantity  of  water  run  out,  will  exactly  agree  with  this  theory, 
both  on  account  of  the  resistance  of  the  air,  the  resistance  of 
the  water  against  the  sides  of  the  orifice,  and  the  oblique 
motion  of  the  particles  of  the  water  in  entering  it.  For,  it 
is  not  merely  the  particles  situated  immediately  in  the  column 
over  the  hole,  which  enter  it  and  issue  forth,  as  if  that  column 
only  were  in  motion  ;  but  also  particles  from  all  the  sur- 
rounding parts  of  the  fluid,  which  is  in  a  commotion  quite 
around  ;  and  the  particles  thus  entering  the  hole  in  all  direc- 
tions, strike  aj^ainst  eacli  other,  and  impede  one  another** 
motion  :  from  which  it  happens,  that  it  is  the  particles  in  the 
centre  of  the  hole  only  that  issue  out  with  the  whole  velo- 
city due  to  the  entire  height  of  the  fluid,  while  the  other 
particles  towards  the  sides  of  the  orifices  pass  out  wilit  de-  • 
creased  velocities ;  and  hence  the  medium  velocity  through 
the  orifice,  is  somewhat  less  than  that  of  a  single  body  only, 
urged  with  the  same  pressure  of  the  superincumbent  column 
of  the  fluid.  And  experiments  on  the  quantity  of  water 
discharged  through  aperaturcs,  show  that  the  quantity  must 
be  diminished,  by  those  causes,  rather  more  than  the  fourth 
part,  when  the  orifice  is  small,  or  such  as  to  make  the  mean 
velocity  nearly  equal  to  that  in  a  body  falling  through  ^  the 
height  of  the  fluid  above  the  orifice.  If  the  velocity  be  taken 
as  that  due  to  the  whole  altitude  above  the  orifice,  then  in- 
stead of  the  area  of  the  oriiicc,  the  area  of  the  contracted 
vein  at  a  small  diiitanco  from  it  must  be  taken.  See  Gre- 
gory's Mechanics  and  Bossut's  Hydrodynamique. 

268.  Experiments  ha\c  also  been  made  on  the  extent  to 
which  the  spout  of  water  ranges  on  a  horizontal  plane,  and 
compared  with  the  theory,  by  calculating  it  as  a  projectile 
discharged  with  the  vc'locily  acquired  by  descending  through 
the  height  of  the  fluid.  For,  when  the  aperture  is  in  the 
sioe  of  the  vessel,  the  fluid  spouts  out  horizontally  with  a 
uniform  velocity,  which,  combined  with  the  perpendicular 


•roBTise  or  fluids.  2SS 

velocity  firom  the  action  oi*  gravity,  causes  tlie  jet  to  form 

the    curre  of  &  parabola.     Then 

the  diataocei  to  which  ihe  jet  will 

■pout  on  the  horizontal    pluue  m;, 

will  be  aa  the   ntota  of  the   rect- 

anglea  of  the   aegmtjnta   ac   •  cb, 

AD  .  DB,  AC  •  EB.     For  ihe  apaces 

BTt  B«,  are  as  the  tiniea  and  liori> 

zontal  velocities  ;  but  the  vclocily 

ia  u   y'Ac ;  and  the  lime  of  the 

&\\,  which  iathe  same  as  the  linto 

of    mnving,  ia  as  ^cb  ;  therefore    the    diatnnce  nr  is  na 

v^AC  .  cb;  and   the  distance  bo  aa  y/io  .  un.     And  hence, 

if  two  holes  are  made  equidistaiit  from  thu  lop  and  bottom, 

they  will  project  the  water  to  tlic  Mnmc  distance  ;  fur  if  ac=i 

BB,  then  the  rec'nngle  ac  .  ch  ia  equal  (he  rcctungle  ab  .  eb  : 

which  mokes  bp  the  same  for  both.     Or,  if  on  tlie  diameter 

AB  a aemicircle  be  described;  then,  because  the  si|iiares  of 

Ihe  ordinales  ck,  di,  ks  are  equal  to  the  rectangles  au  .  xb, 

dec. ;  therefore  the  distances  bf,  bu  are  as  the  ordinate!)  cR, 

DI.     And  hence  also  it  follows,  (hat  the  projection  from  (ha 

middle  point  u  will  be  farthest,  for  di  is  the  greatest  ordi* 

Date- 

Then  are  the  proportions  of  the  distances  ;  but  for  th« 
absolute  dislsnces,  it  will  bo  thus.  The  vclociiy  through 
any  hole  c,  is  such  as  will  carry  the  wnler  horizimtally 
through  a  space  equal  to  2ac  in  the  time  of  falling  tbrorigh 
AC :  but,  afler  quitting  the  hole,  it  describes  a  pnrabola,  and 
comes  to  v  in  the  time  a  body  will  full  through  cb  ;  and 
to  find  this  distance,  since  the  times  are  as  the  roots  of 
the  spaces,  therefore  ^ac  :  %/cb  :  ;  2ac  :  S^ao  .  en  = 
2cB  ^  BF,  the  space  ranged  on  the  horizontal  plane.  Aod 
the  greatest  range  so  =  2ni,  or  2ad,  or  equnl  to  ab. 

And  as  these  ranges  answer  very  nearly  to  the  ezperi. 
nwDts,  this  coafirras  the  theory,  aa  to  the  velocity  assigned. 

289.  Prop.  If  a  uotch  or  slit  eh  in  form  of  a  parallelo- 
giain,  be  cut  in  the  side  of  a  vessel,  full  of  water,  ad  ;  the 
quantity  of  water  flowing  through  it,  will  be  \  of  (he  quantity 
flowing  through  an  equal  orifice,  placed  at  the  whole  depth 
E«,  or  at  the  base  ou,  in  tlie  same  lime  ;  it  being  supposed 
that  the  vesael  is  always  kept  full. 

For  the  velocity  at  gh  is  to  the  velocity  at  il,  as  ^te 
to  v^Ei ;  that  is,  as  ou  or  il  to  ik,  the  ordinate  of  a  para* 
bola  EKH,  whose  axis  is  eo.  Therefore  theeum  of  the  velo- 
cities at  all  the  points  i,  is  to  as  many  times  the  velociy  at  o. 


atr  the  sum  nf  all  the  ordinalce  ik,  to  the 
sum  uf  ntl  the  il's  ;  namely,  ns  the  area 
of  the  jiarnbulaiKiH,  is  to  [lie  sren  kiiiif;  Ai 
that  is,  the  quantity  running  through  the 
notch  EH,  is  to  the  quuntity  runtiinjj 
through  an  equal  horizontal  urea  placed 
at  on,  as  xgiike,  tn  kghf,  or  us  3  to  3  ; 
the  area  of  a  parabola  being  |  of  its  dr- 
cumscribing  parallologrum.  ^ 

Carol  1.  The  mean  velocity  of  the  water  m  the  notch,  is 
equal  to  }  of  that  at  Gii. 

Corol.2.  The  qiinntity  flowing  through  the  hole  iohf,,  is 
to  that  which  would  flow"  ihntugh  nn  pquiil  orifice  placed  as 
low  as  GH,  as  the  parabolic  rrusium  ichk,  is  to  the  rectangle 
loiiL.    This  appears  rrom  the  dumonstralion. 


OF  PNEUMATICS. 


270.  PrtRUMATica  is  the  RCicnre  which  treats  of  the  pro- 
perties of  air,  or  clasiic  fluids. 

371.  Pnop.  Air  is  n  fluid  body ;  which  surrounds  the  earth, 
and  gravitntes  on  all  parts  of  its  surfiice.    ^^ 

These  properties  of  air  nre  proved  by  e\"(?e"'ience. — That 
it  iii  a  fluid,  is  evident  from  its  easily  yiel'J:.Og  totmy  the 
least  force  impressed  on  it,  without  making  a  s'BUsible  rests* 

Hut  when  it  is  moved  biiskly,  by  any  mesns,  if  hy  a  fan 
or  a  pair  of  bellows  j  or  when  any  body  19  mV'^''  ^^""y 
briskly  through  it ;  in  these  cases  we  become  sciisV'^  °'  '^ 
as  a  body,  by  the  resistance  it  makes  in  such  moti(\^>  •'™ 
also  by  its  impelling  or  blowin)(  away  any  light  Rulisr^'i''"' 
So  that,  being  capable  of  resisting  or  moving  other  ' 
by  its  impulse,  it  must  itself  be  a  body,  and  be  hea>_, ,  . 
ell  other  bodies,  in  proportion  to  the  matter  Jl  contains;  I*)™ 
therefore  it  will  press  on  all  bodies  that  are  placed  undpil't- 

Also,  as  it  is  a  fluid,  it  spreads  itself  all  over  on  the  enrfrh  t 
and,  like  other  fluids,  it  gravitates  and  presses  every  whF^i* 
on  the  earth's  surface. 
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272.  The  gravity  and  pressure  af  the  air 
sre  also  evident  from  many  experiments. 
Titus,  for  instance,  iX  water,  or  quicksilver, 
be  poured  into  the  tube  ack,  and  the  air  be 
sufierod  to  press  on  it,  in  both  ends  of  the 
lube,  the  fluid  will  rest  at  tlie  same  height  in 
both  legs:  but  if  the  air  be  drawn  out  of  one 
end  as  b,  by  any  means  ;  then  the  air  pross- 
iDg  on  the  other  end  a,  will  press  down  the  ^ 
fluid  in  thia  leg  at  a,  and  raise  it  up  in  the  other  to  d,  a> 
much  higher  than  at  u,  as  the  pressure  of  the  air  is  equal 
lo.  From  which  it  appears,  not  only  thai  the  air  doea 
really  press,  but  also  how  much  the  intonsity  of  that 
pressure  is  equal  to.  And  this  is  the  principle  of  the  baro- 
meter. 

273.  Prof.  The  air  is  also  an  elastic  fluid,  b«in^  con- 
dcosiblo  and  expansible  :  and  t!ie  law  ii  ob^rves  is  thiB,  that 
iu  density  and  elasticity  are  proporlinnal  to  the  force  or 
weight  which  compresses  it, 

"niis  properly  of  the  air  is  proved  by  many  experiments. 
Thus,  if  the  handle  of  a  syringe  be  pushed  inward,  it  will 
condense  the  inclosed  air  into  less  space,  thereby  showing 
its  condensibility.     But  the  included  air,  thus  condensed,  is 

'  felt  to  act  strongly  against  the  hand,  resistirig  the  force  com. 

;pressiog  it  more  and  more  ;  and,  on  withdrawing  the  hand, 
the  handle  is  pushed  back  agaio  lo  where  it  was  at  firsL 
Which  shows  that  the  air  is  elastic, 

274.  Again,  fill  a  strong  bottle  half  full  of 
■rater  ;  then  insert  a  small  glass  tube  into 
it,  putting  its  lower  end  down  near  in  the 
bottom,  and  cementing  it  very  close  ruiind 
the  mouth  of  the  boRlc,  Then,  il'  air  be 
strongly  injected  through  the  pipe,  as  by 
blowing  with  the  mouth  or  otherwise,  it 
will  pass  through  the  water  from  the  lower 
end,  ascending  into  the  parts  before  occu. 
pied  with  air  at  a,  and  the  whole  mass  of 
air  become  there  condensed,  because  the 
water  is  not  compressible  into  u  less  space.  But,  on  removing 
the  force  which  injected  the  air  at  a,  the  water  will  begin 
to  rise  from  thence  in  a  jet,  being  pushed  up  the  pipe  by  the 
increased  elasticilv  of  the  air  b,  by  which  it  presses  on  the 

~  "^e  of  the  water,  and   forces  il  through  the  pipe,  till  as 
be  expelled  as  there  was  air  forced  in  ;  when  the  air  at 
be    reduced   lo  the   same  density  as  at  first,  and,   the 
;e  being  restored,  the  jet  will  cease. 
L.  II.  S5 
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276.  likewiie,  if  into  k  jar  of  wator 
AB,  be  iavertod  an  emp^  glaai^unbler 
CR,  or  nch4ike,  the  mouth  downward  ; 
the  water  will  enler  il,  and  pattiy  fill 
it,  but  not  near  ao  high  ofl  the  water  in 
the  jar,  comprosstog  and  condensing  the 
air  into  a  less  apace  In  the  upper  parts  c, 
and  causing  the  glass  to  make  a  sensible 
resistance  to  the  hand  in  poahiug  it  down. 
Then)  on  removing  the  hand,  the  elasticity  of  the  internal 
condensed  air  throws  the  glass  up  again.  All  these  alwn^ag 
that  the  air  is  condensible  and  elastic. 

S76.  Again,  to  show  the  relation  of  the 
elBBticity  to  the  condensation  :  take  a  long 
erookedglasstube,  equally  wide  throughout, 
or  at  least  in  the  part  an,  and  open  at  a,  but 
dose  at  the  other  end  b.    Pour  in  a  little 

Snickaitrer  at  a,  just  to  cover  the  bottom  to 
le  bend  at  on,  and  to' stop  the  communica- 
tion between  the  eztemal  air  and  the  air  in 
BD.  Then  pour  in  more  quicksilver,  and 
mark  the  corresponding  heights  at  which  it 
stands  in  the  two  legs  :  so,  when  it  rises  to 
H  in  the  open  leg  ac,  let  it  rise  to  e  in  the 
close  one,  reducing  its  included  air  from  the 
natural  bulk  bd  to  the  contracted  apace  be,  by  tlie  pressure 
of  the  column  ue  ;  and  when  the  quicksilver  stands  ut  i  and 
K,  in  the  open  leg,  let  it  rise  to  f  and  o  in  the  other,  reducing 
the  air  to  the  respective  spaces  bf,  ug,  hj  the  weights  of  the 
cohunna  if,  Kg.  Then  it  is  always  found,  within  moderato 
limiMl^that  the  condensations  and  elasticities  are  as  the  com- 
preaiibg  weights  and  columns  of  the  quicksilver,  and  ths 
atmosphere  together.  So,  if  the  natural  bulk  of  the  air  bs 
bo  compressed  into  the  spaces  be,  bf,  bo,  which  are  J,  f,  f 
of  bd,  or  as  the  numbers  3,  2,  1  ;  then  the  atmosphere, 
together  with  the  corresponding  columns  ae,  if,  -Kg,  are  alio 
found  to  be  in  the  same  proportion  reciprocally,  viz.  as  \,  j, 
I,  or  as  the  numbers  2,  3,  6.  And  then  ue  =  ja,  \f,  =  a, 
and  K^  =  3a  ;  where  a  is  the  weight  ofthe  atmosphere.  Which 
■how  that  the  condensations  are  directly  as  ihe  compreasing 
forces.  And  the  elasticities  are  in  the  same  ratio,  since  the 
columns  in  ac  are  sustained  by  the  elasticities  in  bd. 

From  the  foregoing  principles  may  be  deduced  many  nse- 
fiil  remarks,  as  in  the  following  corollaries,  viz. 

377.  Carol.  1.  The  space  in  which  any  quantity  of  air  is 
confined,  is  reciprocally  as  the  force  that  compresses  it.   So, 


mariciTX  or  AH. 

«he  ibrew  whkh  confine  a-quan- 
dty  of  air  in  the  cylindiioal  spa- 
ces AO,  Bs,  00,  are  redfitlUiiy 
«a  the  aame,  or  reciprocally  as 
th»  heights  AD,  BD,  CD.  Aod 
therefore  if  lo  the  two  perpendi- 
cular lines  DA,  DH,  aa  asymp- 
totes, the  hyperbola  ikl  be  de- 
scribed, and  the  ordinates  ai,  bk,   . 

CI,  be  drawn ;  then  the  forces  which  confine  the  air  la  tfaa 
spaces  AO,  bq,  cs, 

'wfll  be  directly  as  the  corresponding  ordinates  ai,  bk,  ci, 
since  these  are  reciprocally  as  the  luiscisses  ad,  bv,  en, 
by  the  nature  of  the  hyperbola. 

Carol.  2.  All  the  air  near  the  earth  is  in  a  state  of  com. 
pression,  by  the  weight  of  the  incumbent  atmosphere. 

Carol.  3.  The  air  is  denser  near  the  earth,  than  in  faigk 
places  ;  or  denaer  at  the  foot  of  a. mountain,  than  at  the  top 
of  h.     And  the  higher  above  the  earth  the  less  dense  it  is. 

Corol.  4.  The  spring  or  elasticity  of  the  air,  is  equal  to 
the  weight  of  the  atmosphere  above  it ;  and  they  will  prD< 
4uce  the  same  effects ;  since  they  always  sustain  and  hahuice 
each  other. 

Cord.  5.  If  the  density  of  the  air  be  increased,  preserviDg 
the  same  beat  or  temperature,  its  spring  or  elasticity  is  also 
increased,  and  in  the  same  proportion. 

Coral.  6.  By  the  pressure  and  gravity  of  the  atmosphere, 
«n  the  sur&ce  of  fluids,  the  fluids  are  made  to  rise  in  any 
pipes  or  vessels,  when  the  spring  or  pressure  within  is  de- 
«reaBed  or  taken  ofi*. 

378.  Pbop.  Heat  increases  the  elasticity  of  the  dt,  aad 
cold  diminishes  it.  Or,  heat  expands,  aod  cold  condenses 
the  air. 

This  property  is  also  proved  by  experience. 

Thus,  tie  a  bladder  very  close  with  some  air  in  it ;  and 
lay  it  before  the  tire  :  then  aa  it  warms  it  will  more  and  mors 
distend  the  bladder,  and  at  last  burst  it,  if  Ibe  heat  be  con- 
tinued, and  increased  high  enough.  But  if  the  bladder  be 
removed  from  the  fire,  as  it  cools  it  will  contract  again,  u 
before.  And  it  was  on  this  principle  that  the  first  air-bal- 
loons were  made  by  Monlgoltier :  for,  by  heating  the  air 
within  Ihem,  by  a  fire  beneath,  the  hot  air  distends  them  to 
asize  which  o<;cupies  a  space  in  the  almoapbere,  whose  weight 
of  common  air  exceeds  that  of  the  balloon. 

Also,  if  a  cup  or  glass,  with  a  little  air  in  it,  be  inTerted 
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into  a  veflBel  of  water ;  and  the  whole  be  heated  over  Ae  fife, 
or  otherwise;  the  air  in  the  top  will  expand  till  it  fill  the 
glass,  and  expel  the  water  out  orit ;  and  part  of  the  air  itself 
will  folfoWy  by  continuing  or  increasing  the  heat. 

Many  oiher  experiments,  to  the  same  effect,  might  be  ad* 
duced,  all  proving  the  properties  mentioned  in  the  proposi- 
tion. % 

SCHOLIUM. 

2?9.  So  that,  When  the  force  of  the  elasticity  of  air  is  ^|B- 
sidered,  regard  must  be  had  to  its,  heat  or  temperature ;  m& 
same  quantity  of  air  being  more  or  less  elastic,  as  its  heat  is 
more  or  less.  And  it  has  been  found,  by  experiment,  that 
the  elasticity  Is  increased  by  the  435th  part,  for  each  degree 
of  heat,  of  which  there  are  180,  between  the  freezing  and 
lK)iling  heat  of  water,  in  Fahrenheit's  thermometer. 

N*  B,  Water  expands  about  the  ^ ^f  77  P<^  ^^  each 
degree  of  heat.  (Sir  Geo.  Shuckburgh,  Philos.  Trans.  1777, 
p.  560,  d^c.) 

Also,  the 
Spec.  grav.  of  air  1*201  or  1|  ^  when  the  barom.  is  29*5, 

water      1000    >  and  the  therm,  is     55^ 
mercury  13592  }  which  are  their  mean  heights 

in  this  country. 

Or  thus,  air  1 -222  or  U )     .       ,.     .  .    oa  ^ 

water       1000   \  ^^^n  the  barom.  is  30,  -- 

mercury  13600  )  ^""^  ^^^^^^^^^     ^- 

280*  Prop.  The  weight  or  pressure  of  the  atmospherd, 
on  any  base  at  the  earth's  surface,  is  equal  to  the  weight  of 
a  column  of  quicksilver,  of  the  same  base,  and  the  height  of 
which  is  between  28  and  31  inches. 

This  is  proved  by  the  barometer,  an  instrument  which 
measures  the  pressure  of  the  air,  and  which  is  described 
below  (art.  302).  For,  at  some  seasons,  and  in  some  places, 
the  air  sustains  and  balances  a  column  of  mercury,  of  about 
28  inches  :  but  at  other  times  it  balances  a  column  of  29,  or 

30,  or  near  31   inches  high  ;  seldom  in  the  extremes  28  or 

31,  but  commonly  about  the  means  29  or  30.  This  varia. 
tion  depends  partly  on  the  different  degrees  of  heat  in  the 
air  near  the  surface  of  the  earth,  and  partly  on  the  commo- 
tions and  changes  in  the  atmosphere,  from  winds  and  other 
causes,  by  which  it  is  accumulated  in  some  places,  and  de- 
pressed in  others,  being  thereby  rendered  denser  and  heavier, 
or  rarer  and  lighter  ;  which  changes  in  its  state  are  almost 
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tOQtiuuaUy  happening  in  any  one  place.    Bat  the  mediam 
state  is  commonly  aboat  S9^  or  30  inches. 

281.  Cord.  1.  Hence  the  pressure  of  the  atmosphere  on 
every  sqaare  inch  at  the  earth's  surface,  at  a  medium,  is  very 
near  15  pounds  avoirdupois,  or  rather  14}  pounds.  For,  a 
cubic  foot  of  mercury,  weighing  13600  ounc^  nearly,  an  inch 
of  it  will  weigh  7*866  or  almost  8  ounces^^'6r  nearly  half  a 
pound,  which  is  the  weight  of  the  atmosphere  for  every  inch 
of  the  barometer  on  a  base  of  a  square  inch  ;  and  therefore 
30  inches,  or  the  medium  height,  weighs  very  near  14| 
^unds. 

282.  Corol.  2.  Hence  also  the  weight  or  pressure  of  the 
atmosphere,  is  equal  to  that  of  a  column  of  water  firom  32 
to  35  feet  high,  or  on  a  medium  33  or  34  feet  high.  Fori 
water  and  quieksilver  are  in  weight  nearly  as  1  to  13*6 ;  so 
that  the  atmosphere  will  balance  a  column  of  water  13*6  times 
as  high  as  one  of  quicksilver ;  consequently 

13*6  times  28  inches  =  381  inches,  or  31|  feet, 
13*6  times  29  inches  =  394  inches,  or  32f  feet, 
13*6  times  30  inches  =  408  inches,  or  34  feet, 
13*6  times  31  inches  =  422  inches,  or  35|  feet.- 

And  hence  a  common  sucking  pump  (art.  292)  will  not 
raise  water  higher  than  about  33  or  34  foot.  And  a  siphon 
will  not  run,  if  the  perpendicular  height  of  the  top  of  it  be 
more  than  about  33  or  34  feet  (art.  291). 

283.  Coroi.  3.  If  the  air  were  of  the  same  uniform  density 
at  every  height  up  to  the  top  of  the  atmosphere,  as  at  the 
surface  of  the  earth  ;  its  height  would  be  about  5^  miles  at 
a  medium.  For,  the  weights  of  the  same  bulk  of  air  and 
water,  are  nearly  as  1-222  to  1000  ;  therefore  as  1*222 : 
1000  : :  33}  feet :  27600  feet,  or  5^  miles  nearly.  And  so 
high  the  atmosphere  would  be,  if  it  were  Jiomogeneousy  or 
ail  of  uniform  density,  like  water.  But,  instead  of  that,  from 
its  expansive  and  elastic  quality,  it  becomes  continually  more 
and  more  rare,  the  farther  above  the  earth,  in  a  certain  pro- 
portion, which  will  be  treated  of  below,  as  also  the  method 
of  measuring  heights  by  the  barometer,  which  depends  on  it. 

284.  CoroL  4.  From  this  proposition  and  the  last  it  £oU 
lows,  that  the  height  is  always  the  same,  of  a  homogeneous 
atmosphere  above  any  place,  which  shall  be  all  of  the  uni. 
form  den^ty  with  the  air  there,  and  of  equal  weight  or 
pressure  with  the  real  height  of  the  atmosphere  above  that 
place,  whether  it  be  at  the  same  place,  at  different  times, 
or  at  any  different  places  or  heights  above  the  earth ;  and 
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thai  height  is  always  about  5^  milesi  or  27600  feet,  as  above 
found.  For,  as  the  density  varies  in  exact  proportion  to  the 
weight  of  the  column,  therefore  it  requires  a  column  of  the 
same  height  in  «11  cases^  to  make  the  respective  weights  or 
pressures.  Thus,  if  w  and  w  be  the  weights  of  atmosphere 
above  any  places,  d  and  d  their  densities,  and  h  and  h  the 
heights  of  the  uniform  columns,  of  the  same  densities  and 

weights ;  then  h  X  d  =  w,  and  h  X  d  =  to;  therefore  — 

eM 

or  tfis  equal  tOj-oth:  the  temperature  being  the  same* 
.  **  # 

285.  Pbop.  With  regard  to  the  atmosphere,  at  different 
heights  above  the  earth,  this  law  obtains  that  when  the  heights 
increase  in  arithmetical  progression,  the  densities  decrease  in 
geometrical  progression. 

Let  the  indefinite  perpendicular  line  ap, 
erected  on  the  earth,  be  conceived  to  be  divided 
into  a  great  number  of  very  small  equal  parts, 
A,  B,  c,  D,  ^c.  forming  so  many  thin  strata  of 
air  in  the  atmosphere,  all  of  different  density, 
gradually  decreasing  from  the  greatest  at  a  : 
then  the  density  of  the  several  strata  a,  b,  c, 
p,  dec.  will  be  in  geometrical  progression  de- 
creasing. 

For,  as  the  strata  a,  b,  c,  &c,  are  all  of  equal 
thickness,  the  quantity  of  matter  in  each  of  them,  is  as  the 
density  there  ;  but  the  density  in  any  one,  being  as  the  com- 
pressing force,  is  as  the  weight  or  quantity  of  all  the  matter 
from  that  place  upward  to  the  top  of  the  atmosphere ;  there- 
fore the  quantity  of  matter  in  each  stratum,  is  also  as  the 
whole  quantity  from  that  place  upward.     Now,  if  from  the 
whole  weight  at  any  place  as  b,  the  weight  or  quantity  in  the 
stratum  b  be  subtracted,  the  remainder  is  the  weight  at  the 
next  stratum  c  ;  that  is,  from  each  weight  subtracting  a  part 
which  is  proportional  to  itself,  leaves  the  next  weight ;  or, 
which  is  the  same  tliing,  from  each  density  subtracting  a  part 
which  is  proportional  to  itself,  leaves  the  next  density.     But 
when   any  quantities  arc    continually  diminished  by  parts 
which  are  proportional  to  themselves,  the  remainders  form  a 
series  of  continued  proportionals  :  consequently  these  den- 
sities are  in  geometrical  progression. 

Thus,  if  the  first  density  be  d,  and  from  each  be  taken 

71-— \  m 

its  nth  part ;  there  will  then  remain  its part,  or  the  — 

n     *^  n 

part,  putting  m  tor  n  —  1 ;  and  therefore  the  series  of  den- 
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sities  wol  be  D,  —  D,  -r-  D,  -r  B,  --  D,  &c.  the  common  ratio 

It      n*     II'     n* 

of  the  series  being  that  of  it  to  m. 

SCHOLIUM. 

286.  Because  the  terms  of  an  arithmetical  aeriesy  are  pro* 
portional  to  the  logarithms  of  the  terms  of  a  geometrical 
series :  therefore  different  altitudes  above  the  earth's  surface, 
are  as  the  logarithms  of  the  densities,  or  of  the  weights  of 
air,  at  those  altitudes. 

So  that,  if  o  denote  the  density  at  the  altitude  a, 
and  d  -  the  density  at  the  altitude  a  ; 
then  A  being  as  the  log.  of  d,  and  a  as  the  log.  of  d^ 

the  dif.  of  alt.  a  —  a  will  be  as  the  log.  d  —  log.  J,  or  log.  3. 

a 

And  if  A  =  0,  or  D  the  density  at  the  surface  of  the  earth  ; 
then  any  altitude  above  the  surface  a,  is  as  the  log.  of  -^. 

Or,  in  general,  the  log.  of  -^  is  as  the  altitude  of  the  one 

place  above  the  other,  whether  the  lower  place  be  at  the  sur- 
face of  the  earth,  or  any  where  else. 

And  from  this  property  is  derived  the  method  of  deter- 
mining the  heights  of  mountains  and  other  eminences,  by  the 
barometer,  which  (art.  302)  is  an  instrument  that  measures 
the  pressure  or  density  of  the  air  at  any  place.  For,  by  taking, 
with  this  instrument,  the  pressure  or  density,  at  the  foot  of 
a  hill  for  instance,  and  again  at  the  top  of  it,  the  difference 
of  the  logarithms  of  these  two  pressures,  or  the  logarithm 
of  their  quotient,  will  be  as  the  difference  of  altitude,  or  as 
the  height  of  the  hill ;  supposing  the  temperatures  of  the  air 
to  be  the  same  at  both  places,  and  the  gravity  of  air  not  al- 
tered by  the  different  distances  from  the  earth's  centre. 

287.  But  as  this  formula  expresses  only  the  relations  be- 
tween different  altitudes  with  respect  to  their  densities,  re- 
course must  be  had  to  some  experiment,  to  obtain  the  real 
altitude  which  corresponds  to  any  given  density,  or  the 
density  which  correspontis  to  a  given  altitude.  And  there 
are  various  experiments  by  which  this  may  be  done.  The 
first,  and  most  natural,  is  that  which  results  from  the  known^ 
specific  gravity  of  air,  with  respect  to  the  whole  pressure  ef 
the  atmosphere  on  the  surface  of  the  earth.  Now,  as  the  alii-* ' 

tude  a  is  always  as  log.  -= ;  assume  h  so  that  a  =  h  X  log.  -^, 
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vrberfl  h  wilt  be  of  one  conslual  value  Tor  all  allitudca  ;  and 
todetenniDe  that  value,  let  a  caec  betaken  in  which  we  know 
the  altitude  a  corresponding  la  a  known  density  d;  as  for 
jnitaoce,  take  a  =  J  foot,  or  1  incb,  or  some  such  small  al- 
tittide  ;  ihen,  because  the  density  n  may  be  measured  by  the 
preoBure  of  the  atmoaphere,  or  the  uniform  column  of  27600 
feet,  when  the  temperature  is  55-  ;  therefore  271)00  feet  will 
denote  the  density  d  at  the   lower  place,  and  '27599  the  less 

density  £  at  1  foot  above  it ;  consetiuently  1  =Axlog.      ,^  ; 


which,  by  the  nature  of  logarithms,  is  nearly  =  AX — gmof^ 

!=  (»«l  "Oariy ;    and  hence  A  =  C355!  feet ;  which  gives, 

for  any  altitude  in  general,  this  theorem,  vis.  a  =  63551  X 

log.  2>  Of  =  63551    X  log.  ~   feet,    or   10692    X    log.  — 

&thomfl :  where  ir  is  the  column  of  mercury  which  is  equal 
to  the  pressure  or  weight  of  the  atmosphere  at  the  bottom, 
and  m  that  at  the  top  of  the  altitude  a  ;  and  wheie  X  and  in 
may  be  taken  in  any  measure,  either  feel  or  inches,  dec. 

368.  Note,  that  this  formula  is  adapted  to  the  mean  tem- 
perature of  the  air  55*^.  But,  for  every  degree  of  tempe- 
rature different  from  this,  in  the  medium  between  the  tern* 
peratures  at  the  top  nnd  bottom  of  the  altitude  a,  that  alti. 
tude  will  vary  by  its  435(h  part ;  which  must  be  added,  when 
''that  medium  exceeds  55°,  otherwise  subtracted. 

Note,  also,  that  a  oolumn  of  30  inches  of  mercury  varies 
its  length  by  i^Kiut  the  j^^  part  of  an  inch  for  every  degree 
of  heat,  or  rather  ^^ij,  of  the  whole  volume. 

380.  But  the  formula  may  be  rendered  much  more  cod. 
venient  for  use,  by  reducing  the  factor  10592  to  10000,  by 
changing  the  temperature  proportionally  from  55°;  tbns, 
as  the  diff.  592  is  the  18lh  part  of  the  whole  factor  10593  ; 
and  as  18  is  the  24th  part  of  435  J  therefore  the  correspond- 
ing change  of  temperature  is  24°,  which  reduces  the  55°  t* 

31°.     So  that  the  formula  is,  a  ~  10000  X  log.  —  fathoms, 

when  the  temperature  is  31  degrees ;  and  for  every  degi«« 
above  that,  the  result  is  to  be  increased  by  so  many  times  its 
'  435th  part. 

390.  Taking,  instead  of  the  logarithms,  the  first  term  of 
the  logarithmic  series,  wo  have  55000  .  ^^,  for  the  altitude 

B+6 
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ia  fe*t :  s  mai  i,  beiog  tfae  heights  of  the  bimnetrical  coi 
luiaM  obMmd  Kt  the  bottooi  and  lop  of  the  hill.  Thit 
fomlulti  if  fiir  the  roeui  temperature  55°,  and  is  easily  n. 
HMmlMnd  because  the  effective  figurti  of  the  co-efficieut  ara 
•Iflo  AS.  'fbe  raductioos  for  any  other  temperaturo  are  the 
Mnis  aa  in  the  logarithmic  rule. 

ExAK.  1.  To  find  the  height  of  a  hill  when  the  pressure 
of  the  Btniosphere  is  equal  to  39-08  incite^  of  mercury  at  the 
bottom,  and  26-38  at  the  top  ;  the  mean  temperaturp  being 
fiO°1  '.  Ana.  43Ta  feet,  or  730  fathoms, 

EsAV.  3.  To  find  the  height  of  a  hill  when  the  aU 
moi^bere  weighs  29-45  inches  of  mercurj'  at  the  hottopi| 
and  36-83  at  the  top,  the  mean  temperature  being  33^  T 

Aaa.  3885  feet,  or  3^^  fathom*. 

Ex&H.  3.  At  what  altitude  is  the  density  of  the  atmosphere 
only  the  4th  part  of  what  it  is  at  the  earth's  surface  T 

Ans.  6020  fathoms, 

By  the  weight  and  pressure  of  tbe  atmosphere,  the  eSecf 
mnd  operations  of  pneumnlic  engines  may  be  accounted  for, 
and  explained  ;  such  as  siphons,  pumps,  bnmmeters,  itc. ; 
»r which  it  will  be  proper  hereto  give  a  brief deacriptioo. 


OF  THE  SIPHOiV. 

29}.  A  Siphon,  or  Syphon,  is  trny 
beni  tube,  having  its  two  Legs  either  of 
eqgai  or«f  uopaoal  length. 

If  it  be  filled  with  water,  and  then 
inverted,  with  the  two  open  ends 
downward,  and  held  level  in  that  po- 
sition; the  water  will  remain  suBpended 
in  il,  if  the  two  tegs  be  equai.  For 
the  atmoephare  will  press  equally  on 
the  surface  of  the  water  in  chcIi  end, 
and  support  them,  if  they  are  not  more  than  34  feet  high ; 
and  the  legs  being  equal,  the  water  in  them  is  an  exact 
counterpoise  by  their  equnl  weights  ;  so  that  the  one  has  no 
power  to  move  more  than  the  other ;  and  they  are  both  sup- 
ported by  the  atmosphere. 

But  if  now  the  siphon  be  a  little  inclined  to  one  aide,  so 
that  the  orifice  of  one  end  be  lower  than  that  of  the  other ; 
mt  if  the  legs  be  of  w>equal  length,  which  is  the  same  thing ; 
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tfasn  Ihn  equilibrium  is  deitroyed,  and  the  wMer  wiU  M  -i*- 
acend  out  by  the  lower  end,  end  riee  up  in  the  higbw*' 
For,  the  air  preMing  equally,  but  the  two  end*  wei^iing 
unequally,  a  motion  muM  commence  where  the  powar  M 
createat,  and  no  continue  till  all  the  water  haa  ran  out  fey  A» 
lower  end.  And  if  the  shorter  leg  be  immeracd  into  a  wmmat- 
of  water,  and  the  siphon  be  set  running  as  above,  it  will 
continue  to  run  till  alt  the  water  be  exhausted  froin  th« 
Teaael,  or  at  least  aa  low  at<  thnt  end  of  the  eipboa.  Ch*,  it 
may  be  aet  running  without  filling  the  siphon  as  above,  hf 
only  inverting  it,  wiih  its  shorter  leg  inio  the  veaael  of  water ; 
then,  with  the  mouth  applied  to  the  lower  orifice  a,  auek 
out  the  air ;  and  the  water  will  presently  follow,  being  fbrood 
up  into  the  siphon  by  the  pressure  of  the  air  on  tb«  water  in 
the  vessel. 

If  a  siphon  be  fixed  in  a  vessel  of  water  capable  of  rota- 
lion  upon  a  vertical  axis,  and  the  orifice  he  lateral  instead  of 
at  the  bottom  of  the  pipe,  the  reaction  may  be  adnolageaaalT 
employed  as  a  motive  force.  This  is  the  prindpis  of  Mr. 
Busby's  Hydrmilic  Ontrg. 


OF  THE  PUMP. 

293.  TainE  are  three  sorts 
of  pumps ;  the  Sucking,  the 
UlUng,  and  the  Forcing  Pump, 
By  the  first,  water  can  be 
niaed  only  to  about  33  feet, 
Tiz.  by  the  pressure  of  the  Bt> 
moqphere  ;  but  by  the  others, 
to  any  height ;  but  then  they 
require   more   apparatus    and 

The  annexed  figure  repre- 
sents a  rommon  sucking  pump. 
AB  is  the  barrel  of  the  pump, 
being  a  hollow  cylinder,  made 
of  metal,  and  smooth  within, 
or  of  wood  for  very  common 
purposes,  cd  is  the  handle, 
movenble  about  the  pin  e,  hy 

moving  the  end  c  up  and  down. 

PF  an  iron  rod  turning  about  a  pin  d,  which  wHuweta  it 
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%Bd  of  dw  Iwndle*    Thit  rod  i»  fixed  to  the  pifton,  bucket, 

or  eocfcar,  re,  by  which  this  ie  moved  up  and  down  wiihia 

the  berrely  which  it  must  fit  very  tight  and  dose,  that  no  air 

orimieir  iMiy  paaa  between  the  piston  and  the  sides  of  the 

fcartPSl ;  and  for  this  purpose  it  is  commonly  armed  with 

leather.     The  piston  is  made  hollow,  or  it  has  a  perforation 

through  it,  the  orifice  of  which   is  covered  by  a  valve  h 

opening  upwards*     i  is  a  plug  fiimly  fixed  in  the  lower  part 

"W  the  barrel,  also  perforated,  and  covered  by  a  valve  k 

icqpening  upwards. 

293.  When  the  pump  is  first  to  be  worked,  and  the  water 
im  below  the  plug  i  ;  raise  the  end  c  of  the  handle,  then  the 
|>istoa  descending,  compresses  the  air  in  hi,  which  by  its 
spring  shuts  fast  the  valve  k,  and  pushes  up  the  valve  h, 
nDd  so  enters  into  the  barrel  above  the  piston.  Then  put- 
^Jng  the  end  c  of  the  handle  down  again,  raises  the  piston 
^r  sucker,  which  liAs  up  with  it  the  column  of  air  above  it, 
^iie  external  atmosphere  by  its  pressure  keeping  the  valve  h 
mhui :  the  air  in  the  barrel  being  thus  exhausted,  or  rarefied, 
mm  DO  longer  a  counterpoise  to  that  which  presses  on  the  sur- 
face of  the  water  in  the  well  ;  this  is  forced  up  the  pipe,  and 
'trough  the  valve  k,  into  the  barrel  of  the  pump.    Then 

Euehing  the  piston  down  again  into  this  water,  now  in  the 
arrel,  its  weight  shuts  the  lower  valve  k,  and  its  resistance 
forces  up  the  valve  of  the  piston,  and  enters  the  upper  part 
€>f  the  barrel,  above  the  piston.    Then,  the  bucket  being 
raised,  lifts  up  whh  it  the  water  which  had  passed  above  its 
iralve,  and  it  runs  out  by  (he  cock  l  ;  and  taking  off  the 
freight  below  it,  the  pressure  of  the  external  atmosphere  on 
the  water  in  the  well  again  forces  it  up  through  the  pipe  and 
lower  valve  close  to  the  piston,  all  the  way  as  it  ascends, 
thus  keeping  the  barrel  always  full  of  water.     And  thus,  by 
repeating  the  strokes  of  the  piston,  a  continued  discharge  is 
made  at  the  cock  l. 

294.  There  is  a  farther  limitation  of  the  operation,  than 
that  which  relates  to  the  33  feet.  If  the  elastic  force  of  the 
air  within  the  tube  joined  to  the  weight  of  water  in  the  tube 
equal  the  pressure  of  the  atmosphere,  the  water  cannot  rise 
in  the  pump.  To  prevent  this,  the  product  of  the  stroke  of 
the  piston  into  33  must  always  exceed  the  square  of  half  the 
greatest  altitude  of  the  piston  above  the  surface  of  the  water 
Uk  the  well.  Otherwise  diminish  the  diameter  of  the  sucking* 
|npe  proportionally. 
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OF  THE  AItUPUMI<. 

^95.  ksAJEtLT  on  the  same  principleji  as  the  imMt^pmii^ 
ii  the  ioTeDtioii  of  the  air-pump,  by  which  the  air  ia  4mvtf 
<mt  of  any  reaaet,  like  as  water  is  drawn  out  by  the  CmmMm 
A  brass  barrel  is  bored  and  polished  truly  cylindrical,  and 
bxactly  fitted  with  a  turned  piston,  so  that  no  air  can  pass  bj 
the  sides  of  it,  and  furnished  with  a  proper  valve  opeaiog 
tipward.  Then,  by  lifting  up  the  piston,  the  air  in  the  cloaa 
vessel  below  it  follows  the  piston,  and  fills  the  barrel ;  and 
being  thus  diflTiised  through  a  larger  space  than  before,  when 
it  bbtsufired  the  vessel  or  receiver  only,  but  not  the  barrel, 
it  is  niade  rarer  than  it  was  before,  in  proportion  as  the  ta* 
pacity  of  the  barrel  and  receiver  together  exceeds  the  re* 
tciver  alone.  Another  stroke  of  the  piston  exhabsts  aoochef 
barrel  of  this  now  tarer  air,  which  again  rarefiM  it  in  tbe 
iKime  proportion  as  before.  '  And  so  on,  for  any  number  of 
ktrok^s  of  the  piston,  still  exhausting  in  the  same  geometric 
bal  progression,  of  which  the  ratio  is  that  which  the  capacity 
bf  the  receiver  and  barrel  together  exceeds  the  receiver,  tin 
this  is  exhausted  to  any  proposed  degree,  or  as  far  as  the  iia- 
ture  of  the  machine  is  capable  of  performing  ;  which  happeni 
When  the  elasticity  of  the  included  air  is  so  far  diminished, 
by  rarefying,  that  it  is  too  feeble  to  push  up  the  valve  of  the 
piston,  and  escape. 

296.  From  the  nature  of  this  exhausting,  in  geometrical 
)>irogression,  we  may  easily  find  how  much  the  air  in  the  re- 
ceiver is  rarefilDd  by  any  number  of  strokes  of  the  piston  :  or 
what  ilumber  of  such  strokes  is  necessary,  to  exhaiist  the  re- 
beiver  to  any  giveii  degree.  Thus,  if  the  .capacity  of  the 
Veceiver  ana  barrel  together,  be  to  that  of  the  receiver  alone, 
^s  c  to  f'f  and  1  denote  the  natural  density  of  the  air  at  firat ; 
then. 

t 
t :  r  : :  1  :  — ,  the  density  after  1  stroke  of  the  piston, 

r      r^ 
fc  :  r  : :  — :  -j^  the  density  after  two  strokes, 

fe  :  r  : :  -y :  -j  >  the  density  After  three  strokes^ 


i&c.)  and  — -,  the  density  after  n  strokes. 


•  1  » 
Bof  if  ih^  barrel  be  equal  to  i of  the  receiver  ;  then  e:  r  i\ 

4* 
6t  4 ;  vid^  =s  O'S**  is  =  d  the  density  after  n  turns.    Axd 


bF  THB  DIVDlti  JIB&L,  ftc*  877 

if  «  1m  90^  tbeli  0-J9^  »  -OllS  is  the  den^ty  of  th6  ineluded 
%ir  aAtr  90  atokea  of  Ike  piston  ;  which  being  the  86^  part 
<»r  It  or  the  first  density,  it  follows  that  the  air  is  86|^  timea 
rarefied  by  the  20  strokes. 

i97.  CN*,  if  it  were  re()uired  to  find  the  number  of  strokes 
ii^ctMary  to  rarefy  the  air  any  number  of  times ;  because 

-^  is  ^  the*  proposed  density  d ;  therefore,  taking  the  logii* 

srithms,  n  X  log-  —  =  log.  4,  and  n  =  -r-^-i — ,  thenamber 

^>f  strokes  required.    So  if  r  be  ^  of  c,  and  it  be  required 

50  Hinfy  the  air  100  times :  then  d  =  7^7  ^^  '^^  9  ^^^  hettce 

51  m  ^jJ^^  =  20}  neariy.    So  that  in  90f  stn^ee  th4 
^mit  #tt  iNf  farefied  fOJ  times. 


OP  TttE  DIVING  BELL  AND  CONDENSING 

MACHINE. 

266.  On  the  same  principles  too  depend .  the  operatiotii 

and  efTeet  of  the  Condensing  Engine,  by  which  air  may  be 

Condensed  to  any  degree,  instead  of  rarefied  as  in  the  Hit* 

pump.     And,  like  as  the  air-pump  rarefies  the  air,  by  ex- 

thicting  always  one  barrel  of  air  after  another  ;  so,  by  thi^ 

other  machine,  the  air  is  condensed,  by  throwing  in  of 

adding  always  one  barrel  of  air  after  another  ;  which  it  is 

Evident  may  be  done  by  only  turning  the  valves  of  the  pis- 

ktoo  and  barrel,  that  is,  making  them  to  open  the  contrary 

Way,   and  working  the  piston  in  the  same  tnanner  ;  so  that* 

^8  they  both  open  upward  or  outward  in  the  air-pump,  of 

ararefier,  they  will  both  open  downward  or  inward  in  the  Goa« 

denser. 

290.  And  on  the  same  principles,  namely^  of  the  com- 
pression  and  elasticity  of  the  nir,  depends  the  use  of  the 
x>ivirtg  Belly  which  is  a  large  vessel,  in  which  a  person  de* 
scends  to  the  bottom  of  the  sea,  the  open  end  of  the  vessel 
being  downward  ;  only  in  this  case  the  air  is  not  condensed 
i>y  forcing  more  of  it  into  the  same  space,  as  in  the  condens- 
ing engine  ;  but  hy  compressing  the  same  quantity  of  air  in^ 
I0  a  Im  space  in  the  bell,  by  increasing  always  the  force 
Wki  A  compresses  it^ 


:ed  to  the  spiM 

I 
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30&  If  %  VMSri  of  any  sort  be  inven»<l  into  watar,  aid 
piwhed  or  let  down  to  nny  depth  ;  then  by  the  pressore  of 
ibe  wnter  Bonie  of  it  will  ascend  into  lh«  veasel,  bnt  not  Mt 
high  u  the  water  without,  and  will  compresa  iho  air  iqto  lew 
■pace,  Bccnrdin;;  to  the  difference  between  the  height*  of  th« 
iolemal  and  external  water  ;  ond  the  density  and  elastic  force 
of  the  air  will  bo  incrensed  in  the  same  proportion  aa  ila 
■pace  in  the  vessel  is  diminished. 

So,  if  the  tube  ce  be  inverted,   nnd  pushed   down  ioU 
water,  till  the  external  wnier  exceed  the  internal,  by  tlw 
height   AS,  and  the  air  of  the  lube  be  reduced  to  the  spaM 
CD  ;  then  that  air  is  pressed  both  by  a  co- 
luinn  of  water  of  the  height  ab,  and  by  the 
whole  almnsphere  which  prefses  on  ihe 
upper  surface  of  the  water  ;  conscqucDtly 
the  apace  cd  ia  tn  [he  whole  apace  CE,  us  ^h 

Ihe  weight  of  Ihe  atmbaphcre,  is  to  the  ' 

weights  both  of  the  atmosphere  nnd  the 
column  of  water  ab.     So  that,  if  ar  be 
about  34  feel,  which  is  equal  lo  the  force 
of  the  atmosphere,  then  cd  will  be  cquul 
to  JcB ;  but  if  AB  be  double  of  thai,  or 
68  feet)  then  cd  will  be  ^cu  i  and  bo  on.     And  hence,  by 
knowing  the  depth  af,  to  which   the  vessel  is  sunk,  we  caa 
easily  find  the  point  a,  to  which  the  water  will  rise '  within  it 
at  any  time.     Fur  let  the  weight  of  ihs  atmosphere  at  that 
lime  be  equal  to  that  of  34  feet  of  water ;  also,  let  the  depth 
af  be  20  feet,  and  the  length  of  the  lube  ck  i  feet ;  then, 
putting  the  height  of  the  internal  water  ue  =  f, 
it  is      34  -f  AB  :  34  :  :  c-E  :  cd, 
that  is  34  +  af —  de  :  34  : :  ck  :  ce  —  de, 
or         64-«:34::4:4  —  a; 
hcoce,  multiplying  e:ilremcs  and  menns,  316  —  56t  4*  >* 
=a  ISS,  and  Ihe  root  is  x  =  v^  2  ver\-  nearly  =  1-4U  of  a 
foot,  or  17  inches  nearly  ;  being  the  height  de  to  which  tha 
water  will  rise  within  the  lube. 

SOI.  But  if  ihe  veaael  be  not  equally 
wide    throughout,  but    of   any    other 
shape,*a8  of  a  bell. like  form,  such  ns   . 
ia  used  in  diving;  then  the  alliludes  ^1 
will  nut  abBer\-e  Ihe  proportiun  above,  Ol 
but  the  spaces  or  bulks  only  will  ac-  pfl 
cord  wilh  that  proportion,  namely,  34      I 
+  Alt  ;  34  : ;  capacity  ckl  :  capacity  pS 
CHI,  if  it  be  comniun  or  fresh-water  ; 
and  S8  +  AB  :  33  : :  capacity  ckl  : 


nearly  =  l-4Uof  i 
eight  de  to  which  tb 


Mpaehy  <mi,  if  it  b«  aea-water. 

the  btti^  m  may  be  TouDd,  when  the  lutare  wad  stiape  «C 

th«  reM«I  or  bell  cxi  are  known. 


OF  THE  BAROMETER. 

802.  Tiix  Barometer  is  an  inslruraem  for  meaaarlag  the 

fsresaum  of  the  atmosphere,  and  elaAticjty  of  ihe  air,  at  any 

ftime.     It'is  commonly  made  of  a  f{lass  tube,  of  near  8  feet 

long,  cloae  at  one  end,  and  filled  ivilh  mercury.     When  ths 

^ube  ia  futi,  by  stopping!  Ihe  open  end  with  the  fiuger,  then 

"fi  nvening  the  tube,  and  tmmerBin({  thai  end  with  ihe  finger 

Aotn  a  baaon  of  quicksilver,  on  removinfi  the  finger  from  the 

«9ri(ice,lbe  fluid  in  the  tubo  will  descend  into  the  basuo,  till 

'^hat  remaina  in  the  lube  be  of  Ihe  same  weight  with  a  co- 

Sumn  of  the  almosphere,  which  ia  commonly  between  38  and 

SI  inches  of  quickaiher  ;  and  leaving;  an  entire  vacuum  in 

4be  upper  end  of  the  tubo  above  the  mercury.     For,  aa  the 

vipper  end  of  (he  tube  ia  quite  void  of  air,  there  ia  no  pressure 

-^ofrnwarda  but  from  the  colunm  of  quicksilver,  and  there- 

4br«  that  will  be  an  exact  balnnce  lo  ihe  counlar  pretsure  of 

'Un  whole  column  of  atmosphere,  acting  on  ihe  orifice  nf  the 

Vube  by  the  quicksilver  in  tho  bason.     The  upper  8  Inchea 

of  the  lube,  namciy,  fmm  28  to  31  inches,  have  a  scale  at 

'Cached  to  (hem,  divided  into  inchea, 

tenths,  and   hundredths,  for  moa- 

■uring  the   length  of  the    column 

at  all  limes,  by  observing  which 

dinaion  of  the  scale  the  lop  of  the 

quicksilver   !s  opposite  lo  ;  as  it 

a«cends  and  descends  within  these 

limits,  according  to  the  state  of  the 

atmosphere. 

The  weight  of  the  quicksilver 
in  the  tube,  above  that  in  the  ba- 
aon, is  at  all  times  equal  lo  iho 
weight  or  pressure  of  the  column 
of  atmosphere  above  it,  and  of  the 
same  base  with  the  tube  ;  and  hence 
Ihe  weight  of  it  may  at  all  times 
be  conipitted  ;  being  nearly  at  the  : 
rate  of  half  a  pound  avoirdupois  < 
ftir  every  inch  of  quicksilver  in 
the  tube,  on  every  square  inch  ot 
baae;  of  more  exactly  it  is  /,%  of 
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n,  fttnnd  on  the  iqaare  inch,  for  every  inch  in  the  eltitirie  ef 
tkb  ^bkeilfer  weighs  juel  iVw  ^^''tv  nearly  ^  a  pound,  ia  the 
mean  temperature  of  SS**  of  heat.  And  coneequenlly.  when 
the  barometer  standa  at  30  inchen,  or  2}  feet  high,  which  k 
nearly  the  medium  or  standard  height,  the  whole  pressure  of 
the  atmosphere  is  equal  to  14}  pounds,  on  every  square  inoli 
of  the  base  :  and  so  iq  proportion  for 'other  heights. 

Barometers  are  now  constructed  so  as  to  he  susceptible  of 
convenient  motion  from  place  to  place  without  derangement ; 
thus  fiicilitating  the  pneumatic  method  of  detenni|iii|g  thft 
heights  of  hill^  dte*  • 


I'-i' 


OF  THE  THERMOMETER. 

908.  Tbs  Thermometer  is  an  instrument  ibr 
the  Cemperature  of  the  air,  as  to  heat  and  cold. 

It  is  round  by  experience,  that  all  bodies  ttpand  by  heat, 
and  contract  by  cold :  and  since  the  expansion  is,  to  a  eeitnin 
extent,  uniform,  the  degrees  of  expansion  become  the  men 
sore  of  the  degrees  of  heat.  Fluids  are  more  convenieni  foe 
this  purpose  than  solids :  and  quicksilver  or  mercury  is  nom 
most  commonly  used  for  it.  A  very  fine  glMs  tube,  having 
a  pretty  large  hollow  ball  at  the  bottom, 
is  Ailed  about  half  way  up  with  quick, 
silver :  the  whole  beins  then  heated 
very  hot  till  the  quicksilver  rise  quite 
to  the  top,  the  top  is  then  hermetically 
sealed,  so  as  perfectly  to  exclude  all 
comnM)nication  with  the  outward  air. 
Then,  in  cooling,  the  quicksilver  con. 

tracts,  and  consequently  its  surface  de- 
scends in  the  tube,  till  it  come  to  a 

certain  point,  correspondent  to  the  tem- 
perature or  heat  of  the  air.     And  when 

jthe  weather  becomes  warmer,  the  quick. 

silver  expands,  and  its  surface  rises 

in  the  tube  ;  and  again  contracts  and 

descends  when  the  weather  becomes 

coole^.     So  that,  by  placing  a  scale  of 

any  divisions  against  the  side  of  the 

tube,  At  will  show  the  degrees  of  heat 

by  the  expansion  and  contraction  of 

the  qijiieksilver  in  the  tube  ;  observing 

at  whgt  4ivinon  of  the  scal.e  the  top  of 


Ike  quiekflilver  stands*    The  method  of  preparing  the  scale, 

as  used  tn  England,  is  thus  : — Bring  the  thermometer  into 

the  temperature  of  freezing,  by  immersing  the  ball  in  watei^ 

just  freezing,  or  in  ice  just  thawing,  the  latter  is  best,  and 

marie  the  scale  where  the  mercury  then  standb,  for  the  point 

of  freezing.  ^  Next,  immerge  it  in  boiling  water ;  and  the 

quicksilver  wilt  rise  to  a  certain  height  in  the  tube ;  which 

marlr  also  on  the  scale,  for  the  boiling  point,  or  the  heat  of 

boiling  water.    Then  the  distance  between  these  two  points, 

IS  divided  into  180  equal  divisions,  or  degrees  ;  and  the  like 

equal  degrees  are  also  continued  to  any  extent  below  the 

freezing  point,  and  above  the  boiling  point.     The  divisions 

are  then  numbered  as  follows,  namely,  at  the  freezing  point 

is  set  the  number  33,  and  consequently  212  at  the  boiling 

point ;  and  all  the  other  numbers  in  their  order. 

This  division  of  the  scale  is  commonly  called  Fahrenheit's. 
According  to  this  division,  55  is  at  the  mean  temperature  of 
^he  air  in  this  country  ;  and  it  is  in  this  temperature,  anJ  in 
mn  atmosphere  which  sustains  a  column  of  30  inches  of  quick- 
SBilver  in  the  barometer,  that  all  measures  and  specific  gravi- 
ties are  taken,  unless  when  otherwise  mentioned ;  and  in  this  . 
temperature  and  pressure,  the  relative  wnighis,  ur  npecific 
gravities  of  air,  water,  and  quicksilver,  are  as 

1}  for  air,  ( these  also  are  the  weights  of  a  cubic 

1000  for  water,       <  foot  of  each,  in  aVbirdupois  ounces,  in 

1.3600  for  mercury ;  ( that  state  of  the  barometer  and  ther* 

mometer.   For  other  states  of  the  thermometer,  each  of  these 

liodies  expands  or  contracts  according  to  the  following  rale, 

with  each  degree  of  heat,  viz. 

Air  about    -       j^-g  part  of  its  bulk, 

Water  about     ^^Vf  P^^  ^^  ^^  ^"^^ 

Mercury  about  ^Vinr  part  of  its  bulk. 
Another  division  is  that  of  100  equal  degrees  between  the 
freezing  and  the  boiling  points,  thQ  0  or  zero  being  at  the 
former.  This  is  called  the  centigrade  thermometer.  It  is 
now  very  common  to  put  Fahrenheit's  division  on.  the  lefl  of 
the  tube,  and  the  centigrade  division  on  the  right. 


ON  THE  MEAStJREMENT  OF  ALTITUDES  BY 
THE  BAROMETER  AND  THERMOMETER. 

304.  From  the  principles  laid  down -in  arts.  266  to  289) 
concerning  the  measuring  of  altitudes  by  the  barometer,  and 
the  foregomg  descriptions  of  the  barometer  and  thermometer. 

Vol.  II.  37 


m  may  now  collflct  together  the  precepts  for  the  practiee  of 
Mich  meuuremeDts,  which  are  as  foUow  ; 

First.  Observe  the  height  of  the  buometer  at  the  bottom 
of  any  height,  or  depth,  intended  to  be  measured  ;  with  (hs 
temperature  of  the  quicksilver,  by  means  of  a  thermometer 
attached  tp  the  barometer,  and  also  tho  temperature  of  the 
air  in  the  ehadc  by  a  detatched  theraxuneler. 

Secondly.  Let  the  same  thing  be  done  atso  at  the  top  of 
the  said  height  or  depth,  and  at  the  same  time,  or  as  n«ar 
the  same  time  as  may  be.  And  let  thoae  altitudes  of  baro- 
meter be  reduced  to  the  same  temperature,  if  it  be  thoa^t 
necessary,  by  correcting  either  the  one  or  the  other,  that  is, 
augment  the  height  of  the  mercury  in  the  colder  tempwm- 
ture,  or  diminish  that  in  the  warmer,  by  its  ^^^w  P"^  ^ 
every  degree  of  diSerence  of  the  two. 
•  Thirty,  Take  the  difference  of  the  <^oiiunon  logarithms 
of  the  two  heights  of  the  barometer,  corrected  as  above  if 
necessary,  cutting  off  3  figures  next  the  right  hand  for 
decimals,  when  the  log-tables  go  In  T  figures,  or  cut  off  only 
2  figures  when  the  tableis  go  lo  6  phir.cs,  .ind  ao  on  ;  or  in 
general  remore  the  decimal  point  1  places  more  towanls  the 
right  hand,  thoee^  on  the  left  hand  being  fathoms  in  whole 
numbers. 

Fourtldt/.  Correct  the  number  last  found  for  the  diSbrettce 
of  temperature  of  the  air,  as  follows  :  take  half  the  sum  criT 
the  two  temperatures,  for  the  mean  one  ;  and  for  eTory  de- 
gree which  this  differs  irom  the  temperature  31°,  take  so 
many  times  the  j^j  part  of  the  fathoms  above  found,  and 
add  them  if  the  mean  temperature  be  above  31°,  but  subtract 
them  if  the  mean  temperature  be  below  31^  ;  and  the  sum  or 
difference  will  be  the  true  altitude  in  fathoms  :  or,  being 
multiplied  by  6,  it  will  be  the  altitude  in  feet. 

ExAJi.  1.  Let  the  state  of  the  barometers  and  theimome' 
ters  be  as  follows ;  to  find  the  altitude,  viz. 

Barom. 
I.ower'i9-68 
Upper25-28 

EzAH.  S.  To  find  the  altitude,  when  the  state  of  the  ba- 
rometers and  thermometers  is  as  follows,  viz. 

Barom.           .."^IITj*""-  u    I  .         .      ,     ■ 

attach.  I  detach.  I  Ans.  the  all.  la 

Lower29-45        38            31       t  409A  fathrans^ 

I]Epper36>8!t       41      |      85      |  or  2458  ftel 


Thermoro. 
attach.  I  detach. 


Ana.  Iho  alL  is 

TSOfathoma. 


THE  RIfflBTAlfOB  OF  FLUIDS,  &C.  28B 

This  is  9()iighly  useful  method  within  certaia  limits;  but 
is  by  no  means  susceptible  of  that  degree  of  accuracy  which 
many  have  imputed  to  it. 


ON  THE  RESISTANCE  OF  FLUIDS,  WITH  THEIR 
FORCES  AND  ACTIONS  ON  BODIES. 

305.  Prop.  If  any  body  move  through  a  fluid  at  rest,  or 
the  fluid  move  against  the  body  at  rest ;  the  force  or  resist, 
ance  of  the  fluid  against  the  body,  will  be  as  the  square  of 
the  velocity  and  the  density  of  the  fluid.     That  is,  k  oc  d$^. 

For,  the  force  or  resistance  is  as  the  quantity  of  matter  or 
particles  struck,  and  the  velocity  with  which  they  are  struck. 
But  the  quantity  or  number  of  particles  struck  in  any  time^ 
^are  as  the  velocity  and  the  density  of  the  fluid.  Therefore  the 
resistance,  or  force  of  the  fluid,  is  as  the  density  and  square 
of  the  velocity, 

306.  CordL,  1.  The  resistance  to  any  plane,  is  also  more 
or  less,  as  the  plane  is  greater  or  less ;  and  therefore  the  re- 
sistance on  any  plane,  is  as  the  area  of  the  plane  a,  the  den* 
sity  of  the  medium,  and  the  square  of  the  velocity*  That 
is,  R  oc  adt\ 

307.  Cord.  2.  If  the  motion  be  not  perpendicular,  but 
oblique  to  the  plane,  or  .to  the  face  of  the  body;  then  the 
r-esistance,  in  the  direction  of  motion,  will  be  diminished  in 
the  triplicate  ratio  of  radius  to  the  sine  of  the  angle  of  in. 
clination  of  the  plane  to  the  direction  of  the  motion,  or  as 
the  cube  of  radius  to  the  cube  of  the  sine  of  thi^t  angle.  So 
that  R  ex:  adv^s^  putting  1  =  radius,  and  s  =  sine  of  the  angle 
%}f  inclination  cab. 

For,^  if  AB  be  the  plane,  ac  the 
direction  of  motion,  and  bc  perpen- 
dicular to  AC ;  then  no  more  particles 
meet  the  plane  than  what  meet  the 
perpendicular,  bc,  and  therefore  their 
number  is  diminished  as  ab  to  ila,  or 
as  1  to  s.  But  the  force  to  each  par- 
ticle, striking  the  plane  obliquely  in  the  direction  ca,  is  also 
diminished  as  ab  to  bc,  or  as  1  to  « ;  therefore  the  resistance, 
which  is  perpendicular  to  the  face  of  the  plane  is  as  1'  to  <•• 
But  again,  this  resistance  in  the  direction  perpendicular  to 
the  face  of  the  plane,  is  to  that  in  the  direction  ac,  by  the 
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paralielogrtUQ  of  forces,  as  ab  to  bc,  or  as  1  to  s.  Coiim*  ' 
quently,  on  all  these  accounts,  the  resistance  to  the  pl«ie 
when  moving  perpendicular  to  its  face,  is  to  that  when  moving' 
obliquely,  as  1^  to  x',  or  1  to  «^.  That  is,  the  resistance  in 
the  direction  of  the  motion,  is  diminished  as  1  to  s',  or  in  the 
triplicate  ratio  of  radius  to  the  sine  of  inclination. 

308.  Prop.  The  real  resistance  to  a  plane,  from  a  fluid 
acting  in  a  direction  perpendicular  to  its  face,  is  equal  to  the 
weight  of  a  column  of  the  fluid,  whose  base  is  the  plane,  and 
altitude  equal  to  that  which  is  due  to  the  velocity  of  the  mo* 
lion,  or  through  which  a  heavy  body  must  fall  to  acquire  that 
velocity. 

The  resistance  to  the  plane  moving  through  a  fluid,  is  the 
same  as  the  force  of  the  fluid  in  motion  with  the  same  velo- 
city, on  the  plane  at  rest.  But  the  force  of  the  fluid  in  mo^ 
lion,  is  equal  to  the  weight  or  pres£Lure  which  generates  that 
motion ;  and  this  is  equal  to  the  weight  or  pressure  of  a 
column  of  the  fluid,  whose  base  is  the  area  of  the  plane,  and 
its  altitude  that  which  is  due  to  the  velocity. 

809.  Coroh  1.  If  a  denote  the  area  of  the  plane,  o  the 
velocity,  n  the  density  or  specific  gravity  of  the  fluid,  and 
\g  =^  16^  feet,  or  193  inches.     Then,  the  altitude  diue  to 

the  vebcity  v  being  ;r-,  therefore  a  X  n  X  rr-  =  -3r—  ^wH 

be  the  whole  resistance,  or  motive  force  r. 

310.  CoToh  2.  If  the  direction  of  motion  be  not  perpen- 
dicular to  the  face  of  the  plane,  but  oblique  to  it,  in  any 
an^Ie,  whose  sine  is  8,    Then  the  resistance  to  the  plane  will 

be  -^— . 

311.  Coroh  3.  Also,  if  w  denote  the  weight  of  the  body, 
whose  plane  face  a  is  resisted  by  the  absolute  force  r  ;  then 

R  OMtjx 

the  retarding  force/,  or  —  will  be  -^ — . 
®  -^         w  2gw 

312.  CoroL  4.  And  if  the  body  be  a  cylinder,  whose  face 
or  end  is  a,  and  radius  r,  moving  in  the  direction  of  its  axis; 
because  then  «  =  1,  and  a  =  *j^y  where  r  =  3*141593 ;  then 

-^ —  will  be  the  resisting  force  r,  and  -^ —  the  retarding 

force/. 

813.  CoroL  6.  This  is  the  value  of  the  resistance  when 
the  end  of  the  cylinder  is  a  plane  perpendicular  to  its  axis» 
or  to  the  direction  of  motion.    But  were  its  face  an  elliptic 
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section,  or  m  conical  surface,  or  any  other  figure  every  where 
equaHy  hieliiied  to  the  axis,  or  direction  of  niotiony  the  aiBe 
of  inclioation  being  s ;  then,  the  number  of  particles  of  the 
fluid  striking  the  face  being  still  the  same,  but  the  force  of 
each,  opposed  to  th^  direction  of  motion,  diminished  in  the 
duplicate  ratio  of  radius  to  the  sine  of  inclination,  the  resist* 

^tf^#s  ^'*v%^'' 

ing  force  r  would  be  — - —  • 

314.  Prop.  The  resistance  to  a  sphere  moving  through  a 
fluid,  is  but  half  the  resistance  to  its  great  circle,  or  to  tiie 
end  of  a  cylinder  of  the  same  diameter,  moving  with  an  equal 
velocity. 

Let  AFEB  be  half  the  sphere,  moving 
in  the  direction  ceo.     Describe  the  para- 
boloid AiBKB  on  the  same  base.    Let  any 
particle  of  the  medium  meet  the  semicir- 
cle in  F,  to  which  draw  the  tangent  fg, 
the  radius  fc,  and  the  ordinate  fih.    Then 
the  force  of  any  particle  on  the  surface  at 
F,  is  to  its  force  on  the  base  at  h,  as  the 
square  of  the  sine  of  the  angle  6,  or  its 
equal  the  angle  fch,  to  the  square  of  ra- 
dius, that  is,  as  hf'  to  cr*.     Therefore  the  force  of  all  the 
particles,  or  the  whole  fluid,  on  the  whole  surface,  is  to  its 
fbf ce  on  the  circle  of  the  base,  as  all  the  hf*  to  as  many  times 
C3F*.     But  OF*  is  =  ca'  =  AC  .  CB9  sud  HF*  •==  AH .  HB  by  the 
nature  of  the  circle  :  also,  ah  .  hb  :  ac  .  cb  : :  hi  :  cb  by  th* 
S,  parabola ;  cons<3quently  the  force  on  the  spherical  surface 
is  to  the  force  on  its  circular  base,  as  all  the  hi's  to  as  many 
ce's,  that  is,  as  the  content  of  the  paraboloid  to  the  content 
of  its  circumscribed  cylinder,  namely,  as  1  to  2  (th.  18, 
parab.) 

315.  Carol.  Hence*,  the  resistance  to  the  sphere  is  r  as 


^ 


,  being  the  half  of  that  of  a  cylinder  of  the  same  dia- 


meter. For  example,  a  91b.  iron  ball,  whose  diameter  is 
4  inches,  when  moving  through  the  air  with  a  velocity  of 
1600  feet  per  second,  would  meet  a  resistance  which  is  equal 
to  a  weight  of  132f  lb.  over  and  above  the  pressure  of  the 
atmosphere,  for  want  of  the  counterpoise  behind  the  balL 
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OP  THE  WEIGHT  AND  DIMENSIONS  OF  BALLS 

AND  SHELLS. 

'  The  weight  and  dimensions  of  Balls  and  Shells  might  be 
fimnd  from  the  problems  given  under  the  head  of  specific 
gravity.  But  they  may  be  found  still  easier  by  means  of  the 
experimental  weight  of  a  ball  of  a  mven  size,  from  the  knowb 
proppftion  of  similar  figures,  namely,  a»  tl\e  cubes  oi  their 
4Upietef8,  or  like  Uiiear  dimensions. 

PKOHLKH  I. 

k 

% 

I  ' 

To  find  the  Weight  of  an  Iron  BaU^  from  Us  Diameter. 

An  iron  ball  of  4  inches  diameter  weighs  91b.  and  the 
weights  being  as  the  cubes  of  the  diameters,  it  will  be,  as  64 

2tiich  is  the  cube  of  4)  is  to  9  its  weight,  so  is  the  cube  of 
diameter  of  any  other  baU,  to  its  weight.  Or,  take  ^  of 
the  cube  of  the  diameter,  for  the  weight.  Or,  take  f  of  the 
cube  of  the  diameter,  and  j  of  that  again,  add  the  two  to* 
gether,  for  the  weight. 

ExAX.  1.  The  diameter  of  an  iron  shot  being  6*7  inches^ 
required  its  weight  ?  Ans.  42-294lb. 

Exam.  2.  What  is  the  weight  of  an  iron  ball,  whose  dia- 
meter is  5*54  inches?  Ans.  241b.  ^ewrly• 

PBOBLEM  II. 

To  find  the  Weight  of  a  Leaden  BaU. 

A  leaden  ball  of  1  inch  diameter  weighs  -^  of  a  lb, ;  there- 
fore as  tjie  cube  of  1  is  to  t\,  or  as  14  is  to  3,  so  is  the  cube 
of  the  diameter  of  a  leaden  ball,  to  its  weight.  Or,  take  ^ 
of  the  cube  of  the  diameter,^  for  the  weight,  nearly. 

Exam.  1.  Required  the  weight  of  a  leaden  ball  of  6*6 
inches  diameter  ?  Ans.  61 -6061b. 

Exam.  2.  What  is  the  weight  of  a  leaden  ball  of  5*30 
inches  diameter  ?  Ans.  321b.  nearly. 

Exam.  3.  How  many  shot,  each  ^^  of  an  inch  diameter^ 
may  be  made  out  of  lOIb.  of  lead  ?  Ans.  2986667. 

« 

PROBLEM  II. 

Ku        To  find  the  Diameter  of  an  Iron  BaU, 

Multiply  the  weight  by  7j,  and  the  cube  root  of  the  pro- 
duct will  be  the  diameter. 
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ExiiM.  1.  Required  the  diameter  of  a  421b.  iron  bail  ? 

Ans.  6-666  inchaa. 

Exam.  2.  What  is  the  diameter  of  a  241b.  iron  ball  ? 

Ans.  5*54  inches. 

PROBLEM  lY. 

To  find  the  Diameter  of  a  Leaden  Ball. 

Multiply  the  weight  by  14,  and  divide  the  product  by  8  ; 
then  the  cube  root  of  the  quotient  will  be  the  diameter. 

ExAH.  1.  Required  the  diameter  of  a  641b.  leaden  ball  1 

Ans.  6-684  ineMH. 

Exam.  2.  What  is  the  diameter  of  an  81b.  leaden  ball  ? 

Ans.  3-348  inchtts. 

PROBLBM  V. 

To  find  the  WeigM  of  an  Iron  Shdl. 

Take  /^  of  the  difference  of  the  cubes  of  the  external  and 
internal  diameter,  for  the  weight  of  the  shell. 

That  is,  from  the  cube  of  the  external  diameter,  take  the 
cube  of  the  internal  diameter,  multiply  the  remainder  by  0, 
and  divide  the  product  by  64. 

.   Exam.  1.  The  outside  diameter  of  an  iron  shell  beinff  12*8, 
and  the  inside  diameter  9-1  inches  ;  required  its  weight  ? 

Ans.  18d-94llb. 

Exam.  2.  What  is  the  weight  of  an  iron  shell,  whose  ex- 
ternal and  internal  diameters  are  0*8  and  7  inches  ? 

Ans.  84|lb. 

PROBLEM  VI.  . 

To  find  haw  much  Powder  mil  fill  a  SheiL 

Divide  the  cube  of  the  internal  diameter,  in  inches,  by 
57-3,  for  the  lbs.  of  powder*. 

Exam.  1.  How  much  powder  will  fill  a  shell  whose  in- 
ternal diameter  is  0-1  inches  ?  Ans.  IS^^lb.  nearly. 


*  This  and  the  following  are  only  approximative  rules,  founded 
upon  the  sappositSon  that,  at  a  medium,  30  cubic  inches  of  gunpowder 
weigh  a  pound.  Of  18  different  kinds  of  gunpowder  used  in  the  Royid 
Laboratoiy,  Woolwich,  the  weights  vary  from  S8Ib.  loz.  to  491b.  13oz. 
per  cubic  foot,  and  the  specific  gravities,  consequently,  from  939  to  727. 
The  specific  gravity  of  French  gunpowder  usually  lies  between  narrower 
limits ;  viz.  those  of  944  and  897. 
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Exam.  2.  How  much  powder  will  fill  a  shell  whose  ia« 
ternal  diameter  is  7  inches  ?  Ans.  6lb# 

PROBLEM  vu. 

Jh  find  how  much  Powder  will  fill  a  Rectangular  Box. 

Find  the  content  of  the  box  in  inches,  by  multiplying  the 
length,  breadth,  and  depth  altogether.     Then  divide  by  90 
-   for  the  pounds  of  powder. 

.  Exam.  1.  Required  what  quantity  of  powder  will  fill  a 
box,  the  length  being  15  inches,  the  breadth  12,  and  the 
depth  10  inches  ?  Ans.  601b. 

Exam.  2.  How  much  powder  will  fill  a  cubical  box  whoee 
aide  is  12  inches  ?  .  Ans.  57|lbr 

PROBLEM  VUI. 

To  find  how  much  Powder  willfiR  a  CyUnder. 

Multiply  the  square  of  the  diameter  by  the  length,  then 
divide  by  38*2  for  the  pounds  of  powder. 

Exam.  1.  How  much  powder  will  the  cylinder  hold^ 
whose  diameter  is  10  inches,  and  length  20  inches  ? 

Ans.  52|lb.  nearly. 

Exam.  2.  How  much  powder  can  be  contained  in  Ihe 
cylinder  whose  diameter  is  4  inches,  and  length  12  inchea  f 

Ans.  5T(j1b. 

PROBLEM  IX. 

To  find  the  Size  of  a  Shell  to  contain  a  given  Weight  of 

Powder. 

Multiply  the  pounds  of  powder  by  57*3,  and  the  cube 
root  of  the  product  will  be  the  diameter  in  inches. 

Exam.  1.  What  is  the  diameter  of  a -shell  that  ^  will  hold 
13ilb.  of  powder  ?  Ans.  0-1  inchei. 

Exam.  2.  What  is  the  diameter  of  a  shell  to  contain  M. 
of  powder  ?  Anar.  7  mches. 

PROBLEM  X. 

To  find  ihe  Size  of  a  Cubical  Box,  to  contain  a  given  Weight 

of  Powder. 

Multiply  the  weight  in  pounds  by  30,  and  the  cube  iwt 
of  the  product  will  be  the  side  of  the  box  in  inches. 
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H^ 


fizAii.  1.  Required  the  side  of  a  cubist  box,  to  If o^<lS6l^ 
f  gunpowder?  Ans.  11 '44  iiicbe»i 

Exam.  2.  Required  tlie  side '  of  a  cubical  box,  to  hoUl 
001b.  of  gunpowder  ?  Ans.  23-8B  incbes.' 


PROBLEM  XI. 


To  Jmd  what  Length  of  a  CyUnder  teia  be  JSkd  by  «  gicen 

WeigU  of  Gunpowder. 

Multijdy  the  wei^  ia  pounds  by  98*2,  and  <fi?id6the 
^yroduct  bj  the  square  of  the  diameter  in  iwehtSi  kff'^ 
^"length. 


•  (.'«/ 


Exam.  1.  What  length  of  a  86.pounder^n»  of  6|  indies 
-^diameter,  will  be  fflled  with  120>.  of  gunpowderl 

Ans.  ib-sU  nidiiis. 

Exam.  2.  What  length  of  a  cylinder,  of  S  inches  diameter* 
^ma;  be  fflled  with  2eib.  of  powder  ?  A  tis.  1 1  ff  Inches. 


OF  THE  PILING  OF  BALLS  AND  SHELLS. 

Irov  Balls  and  Sh^ls  are  commonly  piled  b^  horizontsl 
courses,  either  in  a  pyramfdical  or  lH  a  Weage-lfte  form.;  f!^^ 
base  being  either  an  equilateral.  triangle/,or  a  sqif'ajn?,,  or 'a' 
rectangle.    In  the  triangle  and  sqjuare,  &e  pile  finishes, in,' a  • 
single  ball ;  but  in  the  rectangle,  it  finishes  in  a  single  row 
of  Dalls^  Uke  an  edge. 

In  teianguilar  and  square  piles,  the  number,  of  honzoiita! 
TOWS,  or  courses,  is  always  equal  to  tlie  number  of  balls'  in  . 
one  side  of  the  bottom  row.    And  in  rectangular  piles,  the' 
immber  of  rows  is  equal  to  the  number  of  balls  in  the  breadtt',' 
of  the  bottom  row.    Also,  the  number  m  the  top  row,'  oi^* 
t^dge,  -is  one  more  than  the  difference  between  the  length  a^d 
Itreadth  of  the  bottom  row.    A  rule  or  two  on'  this  subject 
Have  been  given  in  the  first  volume :  the  substance  of  tbtak' 
is  ropeated  here,  with  a  few  additional  rules.. 

PROBLXH  I. 

To  find  the  Number  of  BaUs  in  a  Triangular  PUe. 

Multiply  continually  together  the  number  of  balls  in  one 
^de  of  the  bottom  row,  and  that  number  increased  by  1, 
%l80  the  same  number  increased  by  2 ;  then  J  of  the  last 
.product  will  be  the  answer. 
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That  ifly  111  •  (ft  +  1)  •  (n  +  2)  is  the  numher  or 
wfaers  ar  is  uie  namher  in  the  bottom  row. 

'Exam*  1«  Required  the  number  of  balls  in  a  triangular 
pile,  eaci?  aide  of  the  base  containing  30  ballis  ?    Ans.  4flO0L 

Exam*  2.  How  many  baOs  are  in  the  triangular  pile,  each 
side  rf  the  base  containing  20 1  Ans.  1540.. 

FSOBLBHn. 

Til  find  the  Ntanber  of  Balls  m  a  Square  Pile* 

MtthtpKy  continually  together  the  number  in  one  side  of 
tke  beHom  course,  thik  number  increased  by  1,  aad  doable 
the  same  number  increased  by  1 ;  then  \  of  the  last  prodtid 
will  be  the  answer. 

That  is,  ^  n  •  (n  +  I)  •  (2n  -f  1)  is  the  number. 

Exam.  1.  How  many  balls  are  in  a  square  pile  of  30  rows? 

Ans.  9456* 

EzAM.  2.  How  many  balls  are  ina  square  pile  of  20  rows  t 

Ans.  2870. 

FSOBLEX  ni* 

To  find  ike  Number  of  Balls  in  a  Bectangtdar  PUe. 

Prom  3  times  the  number  in  the  length  of  the  base  roWy 
subtract  one  less  than  the  breadth  of  the  same,  multiply  the 
remainder  by  the  same  breadth,  and  the  product  by  one  moro 
than  the  same  ;  and  divide  by  6  for  the  answer. 

That  is,  ^  6  .  (6  +  1) .  (3;  -  6  +  1)  is  the  number; 
where  I  is  the  lengUi,  and  h  the  breadth  of  the  lowest  course. 

Note* — ^In  all  the  piles  the  breadth  of  the  bottom  is  equal 
to  the  number  of  courses.  And  in  the  oblong  or  rectangular 
pile,  the  top  row  is  one  more  than  the  difference  between  Horn 
length  and  breadth  of  the  bottom. 

ExAX.  1.  Required  the  number  of  balls  in  a  rectangular 
pile,  the  length  and  breadth  of  the  base  row  being  40  and 
15 1  Ans.  49001 

ExAK.  2.  How  many  shot  are  in  a  rectangular  complelo 
pile,  the  length  of  the  bottom  course  being  59,  and  itsbreaddi 
20?  Ans.  11000. 

FBOBLBM  lY. 

7b  yiiid  the  Number  of  BaBs  in  an  Incompleie  PHe. 
From  the  number  in  the  whole  pile,  considered  as  com* 


fikSbe,  aobtfaet  the  number  in  the  upper  p9e  which  is/w«ol- 
Ing  at  the  top,  both  computed  by  the  rule  for  their  prosper 
form ;  lUid  the  remainder  will  be  the  number  in  Ihe  frustum, 
<Nr  incomplete  pile* 

ExAic  1.  To  find  the  number  of  shot  in  the  incomplete 
triangular  pile,  one  side  of  the  bottom  course  being  40,  and 
the  t^  courae  20  ?  '  Ans.  10160. 

Exam.  2.  How  many  shot  are  in  the  incomplete  triangular 
pile,  the  «ide  of  the  base  being  24,  and  of  the  tq>  8 1 

Ana.251f. 

ExAii*  3.  How  many  balls  are  in  the  incomplete  Sfoare 
pile,  the  side  o£  the  base  being  24,  and  of  the  top  8  ? 

4760. 


EzAx •  4.  How  many  shot  are  in  the  incomplete  rectang*. 
far  pile,  of  12  courses,  the  length  and  breadth  of  the  baas' 
being  40  and  20 1  Ins.  8140. 


OF  DISTANCES  BY  THE  VELOCITY  OF 

SOUND. 

Fbom  yarious  experiments  recently  made,  with  great  care, 
by  the  present  editor  of  this  volume,  it  has  been  found  that 
sound  files  through  the  air  uniformly  at  the  rale  of  about 
1110  feet  per  second,  when  the  air  i§  quiescent,  and  at  a 
medium  temperature.  At  the  temperature  of  freezing,  or  a 
little  below,  the  velocity  is  1100  feet ;  at  the  temperature  of 
75°,  on  Fahrenheit's  thermometer,  the  velocity  is  about  1120. 
The  approximate  velocity  under  dififerent  temperatures  may 
be  found,  by  adding  to  1100,  halfafooit  for  every  degree,  on 
Fahrenheit's  ^ermoraeter,  above  the  freezing  point*  The 
mean  velocity  may  be  taken  at  370  yards  per  second ;  or  a 
mile  in  4}  seconds. 

Hence,  multiplying  any  time  employed  by  sound  in  mov- 
iogy  hy  370,  will  give  the  correspondine  space  in  yards.  Or, 
divi<fing  any  space  in  yards  by  370,  will  givet  the  time  which 
sound  wiU  occupy  in  passing  uniformly  over  that  space. 

If  the  wind  blow  briskly,  as  at  the  rate  of  from  20  to  OOT 
feet  per  second,  in  the  direction  in  which  the  sound  moves, 
the  velocity  of  the  sound  will  be  proportionably  augmented : 
if  the  direction  of  the  wind  is  opposed  to  that  of  Uie  sound, 
ihe  difference  of  their  velocities  must  be  employed. 

Noie. — ^The  time  for  the  passage  of  sound  in  the  interval 
between  seeing  the  flash  of  a  gun,  or  lightning,  ^d  hearing 
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the  report,  (nay  be  observed  by  a  watcht  or  a  small  pendafapir 
Or,  it  Btojr  b6  observed  by  the  beats  of  the  pulse  in  the  wrim^ 
coutttuig;  on  an  ayerage,  about  70  to  a  minute  for  persont  m 
moderate  healthier  &|  pulsations  to  a  mile ;  and  more orlee^ 
according  to  circumstances. 

BzAX*  1.  After  observing  a  flash  of  lightning,  ft  was  12^ 
seconds  before  the  thunder  was  heard  ;  required  the  dbtmce 
'df  tke  cloud  ^m  whence  it  came  ?  Ans.  2*52  miles* 

Exam.  2l  How  long,  after  firing  the  Tower  guns,  may  the 
report  be  heard  at  Snooter's*HiD,  supposing  the  distance  ia 
he  8  miles  in  a  straight  line  ?  Ans*  88}  seconds* 

Exam.'  8.  After  observing  the  firing  of  a  large  cuuum  at 
a  distance,  it  was  7  seconds  before  the  report  was  heard ; 
what  was  its  distance  t  Ans*  1*47  mfle*. 

Exam*  4*  Perceiving  a  man  at  a  distance  hewing  down  a 
trde  with  an  axe,  I  remariced  that  4  of  my  pulsations  passed 
between  seeing  him  strike  and  hearing  the  report  of  the  blow ; 
what  was  the  distance  between  us,  allowing  70  pulses  to  a 
minute  ? 

Exam.  5.  How  far  off  was  the  cloud  firom  which  thunder 
issued,  whose  report  was  5  pulciations  after  the  flash  of  light- 
ning ;  counting  75  to  a  minute  ? 

Exam.  6.  If  I  see  the  flash  of  a  cannon,  fired  by  a  ship  inr 
distress  at  sea,  and  hear  the  report  38  seconds  after,,  how  fiur 
IS  she  off? 


KIACTICAL  EXERCISES  IN  MECHANICS,  STATICSr 
HYPOSTATICS,  SOUNB,  MOTION,  GRAVlTr, 
PROJECTILES,  AND  OTHER  BRANCHES  OF  NA- 
TURAL PHILOSOPHY* 

« 

Question  I.  Required  the  weight  of  a  east  iron  ball  of 
3  inches  diameter,  supposing  the  weight  of  a  cubic  inch  of 
ihe  metal  to  be  0*2581b.  avoirdupoise.  Ans*  3»G4710lk. 

Quest.  2.  To  determine  the  weight  of  a  hollow  spherioal 
iron  shell,  5  inches  in  diameter,  the  thickness  of  the  metal 
being  one  inch.  Ans.  13*78R>*. 

Quest.  3^  Being  one  day  ordered  to  observe  how  fiur  m 
battery  of  cannon  was  from  roe,  I  counted,  by  my  watch,  17 
seconds  between  the  time  oT  seeing  the  flash  and  hearing  the* 
lepeit ;  what  then  was  the  distance  ?  Ans.  df  mSm^ 
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QmBiT.  4*  It  IB  proposed  to  detennioe  U|e  prop<^itioiii(I 
^fnotiti^  dr  JBatter  lo  toe  earth  apd  moon  ;  tbe  denaitY  cf 
vne  former  feeing  to  that  of  the  latter,  as  10  to  7,  and  UMlr 
diameteis  b»  70M  to  21M«  Ans^  aa  71  to  1  nearly. 

QvsflT.  5.  !What  £fierenee  isthere,  in  point  of  weight, 
between  a  hlpek  of  marble,  containing  1  cubic  foot  aijd  > 
hal^  and  another  of  brasa  of  the  same  dimennona  1 

Ana.  4901b.  ]140!B^ 
.  ^raar.  6.  In  the  walls  of  Bidbeck  in  Turkey,  the  ancient 
Heliopolis,  there  are  three  stones  laid  end  to  end,  now  in- 
sight, that  measure  in  length  61  yards ;  one  of  which  in  jMur* 
ticiilar  is  81  yards  or  6S  feet  long,  18  feet  thick,  ajad  IS^fttl 
broad  :  now  if  this  block  be  marble,  what  power  would  Ita^^ 
laoee  it,  so  as  to  prepare  it  for  moving  ? 

Ans.  663^  tons,  the  burden  of  an  Elast-India  ship. 

QlDwr.  7.  The  battering.ram  of  VespastanVweighed,  «ipi» 

.f»O0e  10,000  poonds;  and  was  moved,  let  us  aihmt,  wMr 

^mich  a  velocity,  by  strength  of  hand,  as  to  pass  throng  M 

»ftet  in  one  second  of  time  ;  and  this  was  found  sofficieot  to 

demolish  the  walls  of  Jerusalem.    The  question  is,  with  what 

Telocity  a  321b.  ball  must  move,  to  do  the  same  execution  ? 

Ans.  6250  feel. 
Quest.  8.  There  are  two  bodies,  of  which  the  one  coiu 
tains  25  times  the  matter  of  the  other,  oi  is  25  times  heavier : 
but  the  less  moves  with  1000  times  the  velocity  of  the 
greater ;  in  what  proportion  then  are  the  momenta,  or  forces 
with  which  they  move  ? 

Ans.  the  less  moves  with  a  force  40  tiroes  greater. 

Q:uBST.  9.  A  body,  weighing  201b.  is  impelled  by  su^  m 
force,  aa  to  send  it  through  100  feet  in  a  second ;  with  what 
velocity  Uien  would  a  b<Kiy  of  81b.  weight  move,  if  it  were 
impelled  by  the  same  force  ?  Ans.  250  feet  per  seconds 

Quest.  10.  There  are  two  bodies,  the  one  of  which  weigha 
lOOlb.  the  other  60 ;  but  the  less  body  is  impelled  by  a  forao' 
8  times  greater  than  the  other ;  the  proportion  of  the  velo^ 
cities,  with  which  these  bodies  move,  is  required? 
Ans.  the  velocity  of  the  greater  to  that  of  the  less,  as  3  to4D. 

Quest.  11.  There  are  two  bodies,  the  greater  contains  S' 
times  the  quantity  of  matter  in  the  less,  and  is  moved  with 
a  force  48  times  greater :  the  ratio  of  the  velocities  of  these 
two  bodies  is  required  ? 

Ana.  the  greater  is  to  the  less,  aa  6  to  l.r 

Quest.  12.  There  are  two  bodies,  one  of  which  move* 
40  times  swifter  than  the  other ;  but  the  swifter  body  ha» 
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moTod  oaij  one  mmute,  whereas  the  other  has  been  in  nto. 
den  8  hwin  :  the  lalio  of  the  spaces  described  by  these  two 
botKea  is  required  T 

Ans.  the  swiflei  ie  to  ihe  Blower,  as  1  to  8. 

Qvaar.  IS.  Supposing  one  body  lo  movu  30  times  swifter 
than  another,  as  also  the  swifter  lo  move  12  minutes,  th? 
other  only  1  :  what  difference  will  tfa«ro  be  between  the  spacea 
deocribed  by  them,  supposing  the  last  has  moved  6  feet  T 

Ans.  1795  feet. 

QncsT.  14.  There  are  two  bodies,  the  one  of  which  has 

paned  over  50  miles,  the  other  only  5;  and  the   first  had 

nwved  with  5  times  the  celerity  of  the  second  ;    what  is  the 

ratio  of  the  times  they  have  been  in  describing  tbosc  spaces  T 

Ans.  as  2  to  1. 

QmasT.  IS.  What  weight  will  a  man  be  able  (o  raise,  who 
presses  with  the  force  of  a  hundred  and  a  half,  oa  the  end 
of  an  equipoised  handspike,  100  inches  long,  meeting  with 
a  convenient  prop  exactly  7^  inches  I'rom  the  lower  end  of 
the  machine  1  Ans.  20721b. 

(tuEST.  16.  A  weight  of  Ij  lb.  laid  on  the  Bbouldcr  of  ft 
nnn,  is  DO  greater  burden  to  him  than  its  absolute  weight, 
or  34  ounces  :  what  difference  will  he  feel  between  the  said 
weight  applied  near hiselbow,  at  12  inches  from  the  shoulder, 
and  in  the  palm  of  his  hand,  2S  inches  I'rom  (he  same  ;  and 
how  much  more  must  his  muscles  then  draw,  to  support  it 
at  right  angles,  that  is,  having  bis  arni  stretched  right  out  T 
Ans.  241b.  avoirdupois. 

Quest.  17.  What  weight  hung  on  at  70  inches  from  the 
centre  of  motion  of  a  steel-yard,  will  balance  a  small  gtm  of 
9^  cwt.  freely  suspended  at  2  inches  distance  from  the  aaid 
centre  on  the  contrary  side  ?  Aos.  IM^Ib. 

Quest.  18.  It  is  proposed  to  divide  the  beam  of  a  iteel- 
yard,  or  to  find  the  points  of  division  where  the  weights,  of 
1, 3,  3, 4,  &i:.  lb.  on  the  one  side,  will  Just  balance  a  cooslani 
weight  of  951b.  at  the  distance  of  2  inches  on  the  other  aide 
of  the  fulcrum  ;  the  weight  of  the  beam  being  lOlb.  nod  ill 
whole  length  36  inches  ? 

Ans.  30,  15,  10,  7|,  6, 5,  4<f ,  3^  3},  3,  2^^ ,  S},  dco. 

Qdkst.  19.  Twn  men  carrying  a  burden  of  SOOIb.  weighl 
between  them,  hung  on  a  pole,  the  ends  of  which  rest  ob 
their  shoulders  ;  how  much  of  this  load  is  borne  by  each 
nan.  the  weight  hanging  6  iuches  from  the  middle,  and  tb» 
vbolt  length  of  (he  pole  being  4  feet  T 

Ans.  1351b.  ud  7Slb. 
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QuBST.  20.  I^  io  a  pair  of  scales,  a  body  weigh  OOlb.  in 

one  scale,  aod  only  40ib.  in  the  other ;  required  its  troe 

weight,  and  the  proportion  of  the  lengths  of  the  two  arms  of 

the  balance  beam,  on  each  side  of  the  point  of  suspension  f 

Ans.  the  weight  601b.  and  the  proportion  3  to  2. 

Quest.  21.  To  Rnd  the  weieht  of  a  beam  of  timber,  or 
other  body,  by  means  of  a  man^s  own  weight,  or  any  other 
weight.  For  instance,  a  piece  of  tapering  timber,  24  feel 
long,  being  laid  over  a  prop,  or  the  edge  of  another  beam, 
is  found  to  balance  itself  when  the  prop  is  13  feet  from  the 
less  end ;  but  removing  the  prop  a  foot  nearer  to  the  said 
end,  it  takes  a  man's  weight  of  2101b,  standing  on  the  less 
end,  to  bold  it  in  equilibrium.  Required  the  weight  of  the 
tree  ?  Ans.  25201b. 

Quest.  22.  IfAsbe  a  cane  or  walking-stick,  40  inches 
long,  suspended  by  a  string  sd  fastened  to  the  middle  point 
]> :  now  a  body  being  buns  on  at  e,  6  inches  distance  from  d, 
is  balanced  by  a  weight  of  21b,  hung  on  at  the  larger  end  a  ; 
but  removing  the  body  to  f,  one  inch  nearer  to  d,  the  21b, 
weight  on  the  other  side  is  moved  to  o,  within  8  inches  of  n, 
before  the  cane  will  rest  in  equilibrio.  Required  the  weight 
of  the  body  ?  Ans.  241b. 

Quest.  23.  If  ab,  bg  be  two  inclined  planes,  of  the  lengths 
of  30  and  40  inches,  and  moveable  about  the  joint  at  b  ; 
what  will  be  the  ratio  of  two  weights  p,  a,  in  equilibrio  on 
the  planes,  in  all  positions  of  them :  and  what  will  be  the 
altitude  bd  of  the  angle  b  above  the  horizontal  plane  ac, 
when  this  is  50  inches  long  ? 

Ans.  BD  =  24 ;  and  p  to  a  as  ab  to  bc,  or  as  3  to  4. 

Quest.  24.  A  lever,  of  6  feet  long,  is  fixed  at  right  angles 
to  a  screw,  whose  threads  are  one  inch  asunder,  so  that  the 
lever  turns  just  once  round  in  raising  or  depressing  the  screw 
one  inch.  If  then  this  lever  be  urged  by  a  weight  or  force 
of  &Olb.  with  what  force  will  the  screw  press  ? 

Ans.  22619ilb. 

Quest.  25.  If  a  man  can  draw  a  weight  of  150ib.  up  the 
«ide  of  a  perpendicular  wall,  of  20  feet  high ;  what  weight 
ivill  he  be  able  to  raise  along  a  smooth  plank  of  30  feet  long, 
laid  aslope  from  the  top  of  the  wall  ?  Ans.  2251b. 

Quest.  26.  If  a  force  of  1501b.  be  applied  on  the  head  of 
a  rectangular  wedge,  its  thickness  being  2  inches,  and  the 
length  of  its  side  12  inches;  what  weight  will  it  raise  or  ba- 
lance perpendicular  to  its  side  ?  Ans.  9001b. 

Quest.  27.  If  a  round  pillar  of  30  feet  diameter  be  raised 
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<M  a  plane^  inclined  to  the  horizon  in  an  angle  of  75*,  or  Am 
shaft  incUaing  15  degrees  out  of  the  perpendicular;  what 
length  will  it  bear  before  it  overset  1 

Ans.  30(2  +  v^)  or  111-M15  feet 


QvBST.  28.  If  the  greatest  angle  at  which  a  bank  of 
tilral  earth  will  stand,  be  45^ ;  it  is'  proposed  to  detenidMi 
whaf  thickness  an  upright  wall  of  stone  must  be  nauSi 
throughout,  just  to  support  a  bank  of  12  feet  high :  the  ipe- 
cific  gravi^  of  the  stone  being  to  that  of  earth,  as  5  to  4. 

Ans.  V  \/h  or  4-2932S  feet 

QinBST.  29.  If  the  stone  wall  be  made  like  ir  wedge»  er 
baving  its  upright  section  a  triangle,  tapering  to  a  poinf  at 
top,  but  its  side  next  the  bank  of  earth  perpendicular  to  the 
horizon ;  what  is  its  thickness  at  the  bottom,  so  asto.suraoit 
the  same  bank  ?  Ans.  12  ^},  or  5-M6S6  feel. 

QussT.  30.  But  if  the  earth  will  only  stand  at  an  angle  of 
30  decrees  to  the  horizontal  line ;  it  is  required  to  dderimno 
the  thickness  of  wall  in  both  the  preceding  cases  ? 

Ans*  the  breadth  of  the  rectangle  12  ^|,  or  5*30956. 

b«l  the  base  of  the  triangular  bank  12  ^y^,  or  6*57M7. 

Quest.  31.  To  find  the  thickness  of  an  upright  rectan- 
gular wall>  necessary  to  support  a  body  of  water;  the  wAler 
being  10  feet  deep,  and  the  wall  12  feet  high ;  also  the  spo« 
cific  gravity  of  the  wall  to  that  of  the  water,  as  1 1  to  7. 

Ans.  4-204374  feet. 

Quest.  32.  To  determine  the  thickitess  of  the  wall  at  the! 
bottom,  when  the  section  of  it  is  triangular,  and  the  altitodei 
as  before^  Ans.  5-1402865  feeU 

Quest.  33.  Supposing  the  distance  of  the  earth  from  the 
sun  to  be  95  millions  of  miles  ;  I  would  know  at  what  diirtaoce 
from  him  another  body  must  be  placed,  so  as  to  receiTe  light 
and  heat  quadruple  to  that  of  the  earth. 

Ans.  at  half  the  distance,  or  47|^  millioni. 

Quest.  34.  The  distance  between  the  earth  and  the  son 
beine  accounted  95  millions  of  iqiles,  and  between  Jupiler 
and  me  sun  495  millions  ;  the  degree  of  light  and  heat  re- 
ceived by  Jupiter,  compared  with  that  of  the  earth,  is  required? 
Ans.  VVVt>  ^r  nearly  ^  of  the  earth's  light  and  he^ 

Quest.  35.  A  certain  body  on  the  surface  of  the  earth 
weighs  a  cwt.,  or  1121b. ;  the  question  is,  whither  this  body 
must  be  carried,  that  it  may  weigh  only  101b.  ? 

Ans.  either  at  3*3406  semi-diameters,  or  fyj>f  a 

semi.diameter,  from  the  centre. 


Qmnr.  S6»  If  a  body  weigh  1  pound,  of  16  ouiiee%  on 
^he  Burlace  of  the  earth ;  what  will  its  weight  be  at  50  miles 
4iboTe  it,  taking  the  earth's  diameter*  at  7930  miles  ? 

Aqs.  15  oz.  9f  dr.  nearly. 

QuasT*.  37.  Whereabouts,  in  the  line  between  the  earth 
and  moon,  is  their  common  centre  of  gravity ;  supposing  the 
earth's  diameter  to  be  7930  miles,  and  the  moon's  2160 ;  also 
the  density  of  the  former  to  that  of  the  latter,  as  99  to  68,  or 
ss  10  to  7  nearly,  and  their  mean  distance  30  of  the  earth's 
diameters  ? 

Ans.  at  llf  parts  of  a  diameter  from  the  earth's  centre, 
or  7V7  parts  of  a  diameter,  or  648  miles  below  dMi 
surface. 

Quest.  88.  Whereabouts,  between  the  earth  and  moon,  are 
their  attractions  equal  to  each  other  ?  Or  where  must  an- 
other body  be  placed,  so  as  to  remain  suspended  in  equili- 
brio,  not  being  more  attracted  to  the  one  than  to  the  other,  of 
Saving  no  tendency  to  (all  either  way  1  Their  dimensions 
being  as  in  the  last  question. 

Ans.  From  the  earth's  centre  26^  >  of  the  earth's 
From  the  moon's  centre    3/1-  \    diameters. 

Quest.  39.  Suppose  a  stone  dropped  into  an  abyss  should 
be  stopped  at  the  end  of  the  11th  second  after  its  delivery  t 
what  space  would  it  have  gone  t|irough  ?    Ans.  1946^  feet« 

Quest.  40.  If  a  heavy  body  be  observed  to  fall  through 
100  feet  in  the  last  second  of  time,  from  what  height  did  it 
fair,  and  how  long  was  it  in  motion  7 

Ans.  time  3|f  |  sec.  and  height  209f  f }}  feet* 

Quest.  41.  A  stone  being  let  fall  into  a  well,  it  was  ob- 
served that,  after  being  dropped,  it  was  ten  seconds  before 
the  sound  of  the  fall  at  the  bottom  reached  the  ear.  What 
as  the  depth  of  the  well  ?  Ans.  1270  feet  nearly* 

Quest.  42.   It  is  proposed  to  determine  the  length  of  a 

fiendulum  vibrating  seconds,  in  the  latitude  of  London,  where 

4k  heavy  body  falls  through  16^  feet  in  the  first  second  of 

time  ?  Ans.  39'11  inches. 

By  experiment  this  length  is  found  to  be  39|  inches. 

Quest.  43«  What  is  the  length  of  a  pendulum  vibrating 
in  2  seconds ;  also  in  half  a  second,  and  in  a  quarter  second  ? 

Ans.  the  2  second  pendulum  156| 
the  i  second  pendulum      9}| 
the  I  second  pendulum     2yy^  inches. 
Vol.  II.  39 


Qsmt.  44.  What  difiereuce  wilt  there  be  ia  Ae  b 
of  vUnMioiu,  n^fl  by  a  pendulum  of  6  inches  loag,  Nui  ib. 
other  of  13  iaohee  loog,  in  an  bDur*!  time  ?         Ana.  209!^ 

Qvaar.  45.  Observed  that  vliilo  a  stone  was  descending, 
to  oeaaure  the^pth  of  a  wall,  a  string  and  plummeT,  that 
from  fte  point  of  suapennon,  or  the  place  where  it  waa  hehl, 
to  the  centre  of  oscillMion,  measured  Jitst  18  inches,  had 
Made  8  vihrationfl,  when  the  eound  from  the  bottom  teturned. 
What  was  the  depth  of  the  well  f  Ans.  412-61  feet. 

Q,CTn-.  46.  If  a  ball  vibrate  in  the  arch  of  a  circle,  10  de. 
gMei  on  each  wde  of  the  perpendicular ;  or  a  hall  roll  down 
die  lowest  10  degrees  of  the  arch  ;  required  ihe  velocity  at 
the  lowest  point  f  the  radios  of  the  circle,  or  length  of  the 
pendidinn,  being  SO  feet.  Ans.  4-4213  feet  per  second. 

dvuT.  47.  If  a  boll  descend  down  a  smooth  inclined 
plane,  whose  length  is  100  feel,  and  altitude  10  feet ;  bow 
long  will  it  be  in  descendiig,  and  what  will  be  the  last  velo* 
city  7 

Ans.  the  reloc  SS'SM  feet  per  sec.  and  time  7-8853  sec 

Qccrr.  4S.  If  a  cannon  boll,  of  lib.  weight,  be  fired 
Bgainat  a  pendulous  block  of  wood,  and,  striking  the  centre  (^ 
oscillation,  cause  it  to  vibrate  an  arc  whose  choni  is  30  inches ; 
the  radius  of  that  are,  or  distan  ce  from  the  axis  to  Ihe  lowest 
point  of  the  pendulum,  being  i  IB  inches,  and  the  pendulum 
vibrating  in  small  arcs  40  oacillaiion.s  per  minute.  Required 
dieveloci^ofthe  ball,  and  the  velocity  of  the  centre  of  osctU 
lation  of  the  pendulum,  at  Ihe  lowest  point  of  the  arc  ;  the 
whole  weight  of  the  pendulum  hcing  5001b. 

Ans.  veloc.  ball  l!)50-CO54  feet  per  sec. 
and  veloc  cent,  oscil.  3-9054  feet  per  aec 

Q,VKST.  40.  How  deep  will  a  cube  of  oak  sink  in 

"'      *     '" ".Spec.™ 

Ans.  11 1*1  u 

QrssT.  60.  How  deep  will  a  g;lobe  of  oak  sink  in  wator; 
the  diameter  being  1  foot  ?  Ans.  9-086T  inebas. 

QimsT.  51.  If  a  cube  of  wood,  floating  in  common  walerr 
have  three  inches  of  it  dry  above  the  water,  and  4|~(  j  inctos 
dry  when  in  ssa-water  ;  it  is  proposed  to  determine  the  SU^- 
nitude  of  the  cube,  and  what  Bort  of  wood  it  is  made  oTT 

Ans.  the  wood  is  oak,  and  each  side  40  indies. 

QonsT.  5S,  An  irregular  piece  of  lead  ore  wmghs,  in  air 


water;  each  side  of  the  cube  being  1  foot.  Spec.  gnv-nSStST 
'  IB.  Ili>T  inches. 
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JIS  onDOMi  batio  water  only  7 ;  and  another  fiagment  weighs 
~»a  ak  14}  eunees,  but  in  water  onl^  9 ;  required  their  com* 
fl>arati?e  denaitiee,  or  specific  gravities  ? 

Ans.  as  145  to  132. 

QmsT.  53.  An  irregular  fragment  of  glass,  in  the  scale^ 

^weighs  171  grains,  and  another  of  magnet  102  grains  ;  bht 

in  water  the  first  fetches  up  no  more  than  120  grains,  and 

the  other  79  :  what  then  wil]  their  specific  gravities  turn  out 

to  be  ?  Ans.  glass  to  magnet  as  3983  to  5202, 

or  nearly  as  10  to  13. 

CirBST*  54.  Hiero,  king  of  Sicily,  ordered  his  jeweller  to 
make  him  a  crown,  containing  03  ounces  of  gold.  The 
workmen  thought  that  substituting  part  silver  was  only  a 
proper  perquisite  :  which  being  suspected,  Archimedes  was 
appointed  to  examine  it ;  who,  on  putting  it  into  a  vessel  of 
water,  fimnd  it  raised  the  fluid  8*2245  cubic  inches :  and 
having  discovered  that  the  mch  of  gold  more  critically 
weighed  10*36  ounces,  and  that  of  silver  but  5*85  ounces,  he 
found  by  calculation  what  part  of  the  kins's  gold  had  been 
changed.     And  you  are  desired  to  repeat  me  process. 

Ans.  28*8  ounces. 

Quest.  55.  Supposing  the  cubic  inch  of  common  glass 
Weigh  1*4921  ounces  troy,  the  same  of  sea-water  -59542,  and 
of  brandy  -5368  ;  then  a  seaman  having  a  gallon  of  this 
liquor  in  a  glass  bottle,  which  weighs  3*841b.  out  of  water, 
and,  to  conceal  it  from  the  officers  of  the  customs,  throws  it 
overboard.  It  is  proposed  to  determine,  if  it  will  sink,  how 
anuch  force  will  just  buoy  it  up  ^  Ans.  14*1496  ounces. 

Quest.  56.  Another  person  has  half  an  anker  of  brandy, 
«f  the  same  specific  gravity  as  in  the  last  qostion  ;  the  wood 
of  the  cask  suppose  measures  |  of  a  cubic  foot ;  it  is  proposed 
to  assign  what  quantity  of  lead  is  just  requisite  to  keep  the 
cask  and  liquor  under  water  ?  Ans.  89*743  ounces. 

Quest.  57.  Suppose,  by  measurement,  it  be  found  that  a 
man-of-war,  with  its  ordnance,  rigging,  and  appointments, 
sinks  so  deep  as  to  displace  50000  cubic  feet  of  fresh  water ; 
what  is  the  whole  weight  of  the  vessel  ?    Ans.  1395j^  tons. 

Quest.  58.  It  is  required  to  determine  what  woukl  be  the 
height  of  the  atmosphere,  if  it  were  every  where  of  the  same 
density  as  at  the  surface  of  the  earth,  when  the  quicksilver 
in  the  barometer  stands  at  30  inches  ;  and  also,  what  would 
be  the  height  of  a  water  barometer  at  the  same  time  ? 

Ans.  height  of  the  air  28636|V  foot,  or  5*4235  miles, 
height  of  water  35  feet 
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Qcvn.SO.  With  what  velocity  would  each  of  4HMr 
three  fluids,  viz.  quicksilver,  water,  and  air,  issue  thidiyh 
a  small  erifice  in  the  bottom  of  vessels,  g^  the  respectiv* 
heights  of  80  inches,  35  feet,  and  5-5240  miles,  estimaliDg 
the  pressure  hy  the  whole  altitudes,  and  the  ur  nishiag 
mb  a  vacuum  1 

Ana.  the  veloc.  of  quicksilver  l4«081  feet* 
the  veloc.  of  water    -    47*447 
the  veloc.  of  air         -    1369*8 

Quest.  00.  A  very  large  vessel  of  10  feet  high  (no  mat- 
ter  what  shape)  being  kept  constantly  full  of  water,  by  a 
large  supplying  cock  at  the  top  ;  if  9  small  drcular  holes, 
each  \  of  an  inch  diameter,  be  opened  in  its  perpendicular 
side  at  every  foot  of  the  depth  :  it  is  required  to  determine 
the  several  distances  to  which  they  will  spout  oa  the  bori* 
sontal  plane  of  the  base,  and  the  quantity  of  water  dischaiged 
by  all  of  them  in  10  minutes  ? 

Ans.  the  distances  are 

-    v^36  or  600000 

V^64  -   800000 

V^84  .    9-16515 

V^96  .    9-79796 

^100  - 1000000 

v^96  -  9-79796 

-^84  -  916515 

V64  -  800000 

V'SO   .6  00000 

and  the  quantity  discharged  in  10  min.  123*8849  gallons. 

« 
Nate*  In  this  solution,  the  velocity  of  the  water  is  mxp^ 
posed  to  be  equal  to  that  which  is  acquired  by  a  heavy  bo^ 
in  falling  through  the  whole  height  of  the  water  abo?e  the 
orifice,  and  that  it  is  the  same  in  every  part  of  the  holes. 

Quest.  61.  If  the  inner  axis  of  a  hollow  globe  of  copper, 
exhausted  of  air,  be  100  feet ;  what  thickness  must  it  be  o( 
that  it  may  just  float  in  the  air  1 

Ans.  -02688  of  an  inch  thidu 

.  Quest.  62.  If  a  spherical  balloon  of  copper,  of  yjj  of  an 
inch  thick,  have  its  cavity  of  100  feet  diameter,  and  be  filled 
with  inflammable  air,  of  ^\  of  the  gravity  of  common  air, 
what  weight  will  just  balance  it,  and  prevent  it  from  rising 
up  into  the  atmosphere  ?  Ans.  2127SIb. 

Quest*  63.  If  a  glass  tube,  36  inches  long,  close  at  top» 
be  sunk  perpendicukrly  into  water,  till  its  Ichver  or  open 
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eod  be  80  inehea  below  the  surface  of  the  water ;  how  hiffh 
will  the  water  rise  within  the  tube,  the  qutcksilvto  in  me 
common  barometer  at  the  same  time  standing  at  29^  inches  ? 

Ans.  2*265415  inches. 

Quest.  64.  If  a  diving  bell,  of  the  form  of  a  parabdic 
oonoidy  be  let  down  into  the  sea  to  the  several  depths  of 
5,  lOy  1 5,  and  20  fathoms ;  it  is  required  to  assign  the  re* 
spective  heights  to  which  the  water  will  rise  within  it :  its 
axis  and  the  diameter  of  its  base  being  each  8  feet,  and  the 
quicksilver  in  the  barometer  standing  at  30*9  inchest 

Ans;  at    5  fathoms  deep  the  water  rises  2*08546  feeL 
at  10  .  3*06308 

at  15  .  .  .  3-70267 

at  20  .  .  .  4-14658 


THE  DOCTRINE  OF  FLUXIONS. 


DEFINITIONS  AND  PRINCIBLES. 

Art*  1.  In  the  Doctrine  of  Fluxions,  magnitudes  or  quan* 
titles  of  all  kinds  are  considered,  not  as  made  up  of  a  number 
of  small  parts,  but  as  generated  by  continued  motion,  by 
means  of  which  they  increase  or  decrease.  As,  a  line  by 
the  motion,  of  a  point ;  a  surface  by  the  motion  of  a  line ; 
and  a  solid  by  the  motion  of  a  surface.  So  likewise,  time 
may  be  considered  as  represented  by  a  line,  increasing  uni- 
formly by  the  motion  of  a  point.  And  quantities  of  all 
kinds  whatever,  which  are  capable  of  increase  and  decrease, 
may  in  like  manner  be  represented  by  geometrical  magni- 
tudes, conceived  to  be  generated  by  motion.  Indeed,  not- 
withstanding all  that  has  been  advanced  to  the  contrary,  thi* 
seems  the  most  natural,  as  well  as  the  simplest,  way  of  con- 
ductings  the  higher  investigations;  since  it  is  impossible  to 
conceive  a  geometrical  magnitude  to  be  brought  into  exist- 
ence, or  to  change  its  magnitude,  figure,  or  place,  without 
motion. 

2.  Any  quantity  thus  generated,  and  variable,  is  called  a 
Fluent,  or  a  Flowing  Quantity.  And  the  rate  or  proportion 
according  to  which  any  flowing  quantity  increases,  at  any 
position  or  instant,  is  the  Fluxion  of  the  said  quantity,  at  that 
position  or  instant :  and  it  is  proportional  to  the  magnitude 
by  which  the  flowing  quantity  would  be  uniformly  increatfed 
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»  ft  giveo  time,  with  the  generating  celerity  unifbrmfy 
thnied  dtfring  that  time. 

3.  The  small  quantities  that  are  actaally  generated,  pMK 
docedy  or  described,  in  any  small  given  time,  and  by  any  con* 
tioaed  motion,  either  uniform  or  ¥ariable,are  called  Inerementv.^ 

4.  Hence,  if  the  motion  of  increase  be  nniform,  by  wfaick 
inerements  are  generated,  the  increments  will  in  that  ease  be 
Moportional,  or  equal,  to  the  measures  of  the  fluxiooB :  bvrt 
if  the  motion  of  increase  be  accelerated,,  the  inerenieDt  sc^ 
generated,  in  a  given  finite  time,  will  exceed  the  fltndoa : 
and  if  it  be  a  decreasing  motion,  the  increment,  so  gen^rated^ 
will  be  less  than  the  fluxion.  But  if  the  time  be  indefinitely 
small,  so  that  the  motion  be  considered  as  miiform  for  that 
instant ;  then  these  nascent  increments  will  always  be  pro* 
portional,  or  equal,  to  the  fluxions,  and  may  be  substituted! 
instead  of  them,  in  any  calculation* 

5.  To  illustrate  these  definitions  :  Sup- 
pose a  point  m  be  conceived  to  move  from    ^ 

the  position  a,  and  to  generate  a  line  ap,  ji^  T    "^^F 

by  a  motion  any  how  regulated ;  and  sup- 
p€»8e  the  celerity  of  the  point  m,  at  any 
position  p,  to  be  such  as  would,  if  from  thence  it  should 
become  or  continue  uniform,  be  suflicient  to  cause  the  point 
to  describe,  or  pass  uniformly  over,  the  distance  pp,  in  the 
given  time  allowed  for  the  fluxion  :  then  will  the  said  line  rp 
represent  the  fluxion  of  the  Quent,  or  flowing  line,  ap,  at  thiut 
position. 

^  6.  Again,  suppose  the  right 
Gne  7jm  to  move  from  the  posi- 
tion  AB,  continually  parallel  to 
itself,  with  any  continued  motion, 
so  as  to  generate  the  fluent  or 
flowing  rectangle  abqp,  while  the 
point  m  describes  the  line  ap  :  also,  let  the  distance  pp  be 
taken,  as  before,  to  express  the  fluxion  of  the  line  or  base 
AP ;  and  complete  the  rectangle  poqp.  Then,  like  as  pp  is 
the  fluxion  of  the  line  ap,  so  is  vq  the  fluxion  of  the  flowing 
parallelogram  aq  ;  both  these  fluxions,  or  increments,  bein^ 
uniformly  described  in  the  same  time. 

7.  In  like  manner,  if  the  solid 
AiBP  be  conceived  to  be  gene- 
rated by  the  plane  fqr,  moving 
from  the  positi6n  abe,  always 
parallel  to  itself,  along  the  line 
AD ;  and  if  pp  denote  the  fluxion 
of  tthe  line  ap  :  Then,  like  as  the 
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Yeetangle  msP*  ^'  ^^^fP*  denotes  the  fluxion  of  the  flowing 
rectan^^  abq:^,  so  also  shall  the  fluxion  of  the  variable  soK^ 
or  prism  abbboP)  be  denoted  by  the  prism  roMrqj^  or  thd 
plane  pb  X  pp*  And,  in  both  these  last  two  cases,  it  appears 
Ihat  the  fluxion  of  the  generated  rectangle,  or  prism,  is  equal 
to  the  product  of  the  generating^ine,  or  plane,  drawn  into 
the  fluxion  of  the  line  along  which  it  moves. 

8.  Hitherto  the  generating  line,  or  plane,  has  been  con« 
cidered  as  of  a  constant  and  invariable  magnitude  ;  in  which 
case  the  fluent,  or  quantity  generated,  is  a  rectangle,  or  a 
prism,  the  former  being  described  by  the  motion  of  a  line, 
•and  the  latter  by  the  motion  of  a  plane*  So,  in  like  manner, 
^re-  other  figures,  whether  plane  or  solid,  conceived  to  be 
described  by  the  motion  of  a  Variable  Magnitude,  whether 
ft  be  a  line  or  a  plane.  Thus,  let  a  variable  line  pa  be  car- 
ried by  a  parallel  motion  along  at  ;  or  while  a  point  p  is  car- 
tied  along,  and  describes  the  line  ap,  suppose  another  point 


<i  to  be  carried  by  a  motion  perpendicular  to  the  former, 
and  to  describe  the  line  pa :  let  pq  be  another  position  of 
pai  indefinitely  near  to  the  former ;  and  draw  or  parallel  to 
AP.  Now  in  this  case  there  are  several,  fluents,  or  flowing 
quantities,  with  their  respective  fluxions  ;  namely,  the  line 
or  fluent  ap,  the  fluxion  of  which  is  pp  or  or ;  the  line  or 
fluent  pa,  the  fluxion  of  which  la  rq;  the  curve  or  oblique 
line  Aa,  described  by  the  oblique  motion  of  the  point  ai  the 
fluxion  of  which  is  oq ;  and  lastly,  the  surface  APa,  described 
by  the  variable  line  pa*  the  fluxion  of  which  is  the  rectangle 
Torpf  or  pa  X  pp.  In  the  same  manner  may  any  solid  be 
conceived  to  be  described,  by  the  motion  of  a  variable  plane 
parallel  to  itself,  substituting  the  variable  plane  for  the 
variable  line  ;  in  which  case  the  fluxion  of  the  solid,  at  anv 
position,  is  represented  by  the  variable  plane,  at  that  por- 
tion, drawn  into  the  fluxion  of  the  line  along  which  it  is  car- 
ried. 

9.  Hence  then  it  follows  in  general,  that  the  fluxion  (tf 
any  figure,  whether  plane  or  solid,  at  any  position,  is  eqoal 
<o  the  section  of  it,  at  that  position,  drawn  into  the  fluzion 
of  the  axis,  or  line  along  which  the  variable  section  is  8up« 
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THE  DDUSCT  BCETHOD  OF  FLUXIONS. 

njM  the  Fluxion  of  the  Pro4ua  or  ReeUpig^ 

OmtaittitiBi. 

15.  IM  iJtor  ^'xy,  be  the  flowiog 
or  variable  rectangle,  generated  by 
two  lines  ra  and  bq,  moving  always  R 
perpendicular  to  each  other,  from  the 
poAtions  Ak  and  AP ;  denoting  the  one 
by  x,  and  die  other  by  y ;  suppooing  x 
and  5f  to  be  so  related,  that  the  curve  £^ 
line  AQ  may  always  pass  through  the 
intersection  d  of  those  lines,  or  the  opposite  angle  oS  the 

rectangle* 
Now,  the  rectangle  consists  of  the  two  trilinear  spaces 

AFQ,  AB^  of  which,  the 

fluxion  of  the  former  is  pq  X  pp,  or  jisf, 

that  of  the  latter  is  •    na  X  nr,  or  j^,  by  art  8 ; 

Ihefefere  the  sum  of  the  two  iy  4*  ^y,  is  the  'fluxion  of  the 

whole  rectangle  «y  or  AROP. 

The  Same  Othenoiae. 

16.  Let  the  sides  of  the  rectangle  x  and  y,  by  flowing, 
become  x  +  ^  And  y  +  f^  i  then  the  productof  these  two, 
orxy  +  xi/  +  yx'  +  xjf  will  be  the  new  or  conteaqNiraaeoaB 
value  of  Uie  flowing  rectangle  pb  or  xy :  subtract  the  one 
value  from  the  other,  and  the  remainder,  xy^  +  yx'  +  x'y', 
will  be  the  increment  generated  in  the  same  time  as  a^  or  ^ ; 
of  which  the  last  term  xy  is  nothing,  or  Indefinitely  small, 
in  respect  of  the  other  two  terms,  because  x'  and  y'  are  in* 
definitely  small  in  respect  of  x  and  y ;  which  tenn  being 
therefore  omitted,  there  remains  xy'  +  ys'  for  the  value  ^k 
the  increment ;  and  hence,  by  substituting  x  and  y  for  x'  and 
y',  to  which  they  are  proportional,  there  arises  xy  +  yf  for 
the  true  value  of  the  fluxion  of  xy ;  the  same  as  before. 

17.  Hence  may  be  easily  derived  the  fluxion  of  the 
powers  and  producti  of  any  number  of  flowing  or  variable 
quantities  whatever.;  as  of  xy^,  or  tcxys;,  or  onxyz,  dec.  And 
first,  for  the  fluxion  of  xyar :  put  p  as  xy^  and  the  wtiob 
given  fluent  xya;  bs  9,  or  9  ^  xyv  »  ^.  Then^  tkking  the 
fluxions  of  9  ^  pz,  by  the  last  article,  they  are  $  =  jus  4* 
f%\  but  p  =t=  xy,  and  so  jp  =:iy  +  xy  by  the  same  article; 
substituting  therefore  these  values  of  p  and  p  instead  of 
them,  in  the  value  of  9,  this  becMnes  ^  »  iyv  +  a^  +  ^9»^ 
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the  fluxion  of  xyx  required ;  which  is  therefim  equal  to  the 
mun  of  the  producte,  ar&nog  irom  the  fluxion  of  each  letter, 
or  quantity^  ttultiplied  by  the  product  of  the  oth^  two. 

Again,  to  determine  the  flexion  of  tucyr,  the  continual 
product  of  four  variable  quantities ;  put  this  product,  nainely» 

uxsjET,  or  ^  is  r,  where  q  =  xyx  as  above.    Then,  taking 

the  fluxions  by  the  last  article,  r  ss  ^  4.  ^ ;  which,  hjr 

substituting  for  q  and  q  their  values  as  above,  becomes    -    • 

r  :=  uxyz  +  ^xffz  +  uxyz  '+  uayz,  the  fluxion  of  uxfx  as 
required :  consisting  of  the  fluxion  of  each  quantity,  drawn 
into  the  products  of  the  other  three. 

In  the  very  same  manner  it  is  found,  that  the  fluxion  of 

vuxyz  is  tmxyz  4*  vuxpz  +  vuxyz  4"  tuzyz  +  vuxyz ;  and 
so  on,  for  any  number  of  quantities  whitfever ;  in  which  it  is 
always  found,  that  there  are  as  many  terms  as  there  are  va- 
nable  quantities  in  the  proposed  fluent ;  and  that  these  terms 
consist  of  the  fluxion  of  each  variable  quantity,  multiplied  by 
the  product  of  all  the  rest  of  the  quantities. 

18.  Hence  is  easily  derived  the  fluxion  of  any  power  of 
a  variable  quantity,  as  of  x*,  or  r',  or  x*,  dec.  For,  in  the 
product  or  rectangle  xy,  if  x  =  y,  then  is  xy  ^xxon^^ 
and  also  its  fluxion  xy  +  xy  =^  ±x  -{"  x±  or  2x±,  the  flnxidn 
of  x«. 

Again,  if  all  the  three  x,  y,  z  be  equal ;  then  is  the  product 
of  the  three  xyz  =  x' ;  and  consequently,  its  fluxion  iy9  + 
xyz  +  xyz  '-=  xxx  +  x:rx  +  xxx  or  3x"f  ,  the  fluxion  of  x*. 
In  the  same  manner,  it  will  appear  that 
the  fluxion  of  ad*  is  =  dx':^,  and 
the  fluxion  of  x*  is  =  5x*i,  and,  in  general, 
the  fluxion  of  «*  is  =  nx'^^± ; 
where  n  is  any  positive  whole  number  whatever. 
That  is,  the  fluxion  of  any  positive  integral  power,  is  equal 
to  the  fluxion  of  the  root  {£)^  multiplied  by  the  exponent 
of  the  power  (n),  and  by  the  power  of  the  same  root  whose 
index  is  less  by  1,  (x**""*)*. 


*  In  the  text,  the  fluxion  of  the  product  of  two,  thrse,  or  mors, 
▼ariable  qaantities  is  found,  and  thence,  by  sopposine  them  to  become 
equal,  the  fluxions  of  the  square,  cube,  dtc  ot  a  varlabTe  auantity,  artf 
inferred.  Sometimes,  the  investigation  commences  with  tM  floxion  of 
a  square,  and  proceeds  thence  to  that  of  a  rectangle. 

Let  X — f  and  z  be  two  states  of  the  same  line  generated  by  an  equa- 
ble motion :  then,  while  the  Tnie  x-*4  b^  flowing  equably  becomes  x, 
its  square  (x — ^f  )>  Will  become  x^.  That  is,  while  the  space  s  is  describ- 
ed equably  by  the  flowing  line,  the  space  «' — (x — ^s)"  =  2ix — f"will 
be  described  by  the  flowmg  square  of  that  line,  and  this  latter  is  the 
ipace  which  wnAA  have  been  generated  in  the  same  time  by  a  certsio 
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And  thufly  the  fluxion  of  a  +  ex  being  ei, 
likwtci  (m  +  ex)*^2c±  X  (a  +  ex)  ot 2ae±  +  2^^^ 
that  of  (a -f  cx^  is  4€x:»  X  {a  +  ea^  or  4aex±  +  4tMt, 
time  of  rV  +  ff  if  (4xf  +  4yy)  X  («»  +  f) 
that  of  (a?  +  e^y  it  (8*  +  (k^)  >^  (x  +  q^*. 

10.  FVom  the  conoluaiona  in  the  same  article^  we  may 
also  deri?e  the  fluxion  of  any  fraction,  or  the  quotient  of  one 
Tariable  quantity  divided  by  another,  as  of 

« 

X  X 

-•    For,  put  the  quotient  or  fraction  —  =  ^ ;  then  multiply* 

y  ■■  ■  y 

ing  by  the  denominator,  x  ss  fy ;  and,  taking  the  fluxions, 
:^»^  +  fl^iOr^^f  —  ^>  ^^^>  ^y  division, 

^      oy  X        . 

g  s  -  ^  —  =  (by  substituting  the  valueof  q^  or  — ), 

n>  ^  »F  ^^V^«  the  fluxion  of  — ,  as  required 

That  is,  the  fluipon  of  any  fraction,  is  equal  to  the  fluxion 
of  the  numerator  drawn  into  the  denonunator,  minus  the 
fluxioii  of  the  denominiator  drawn  into  the  numerator,  and 
t(^e  remainder  divided  by  the'  square  of  the  denominator, 

«     .       ,     ^     .        ^«*  •       vy  ^^y— «y      a±if^axy 
So  tfiat  the  fluxion  of—  is  o  X   ^  ,  ^  or     ^       '^ 

y  T  yr 

20.  Hence  too  is  easily  derived  the  fluxion  of  any  negative 


magnHade  (whether  a»ig;0Bble  or  not)  moving  nnifomly.  Heaee,  the 
^nzion  of  the  flowing  nagnitade  (x— «),  is  to  the  flaifon  of  the  flowing 
magnitude  (x— «)%  as  «  to  2is  —  «^,  or  as  1  to  1^— t:  ui4  at  thS 
most  obtain  in  ali  ponible  yalaet  of  X'-b,  it  mast  obtain  in  the  altfomte 
•tate,  when  (x-^)  by  flowing,  becomes  x ;  and  then,  «  mnisliittg,  the 
nrtio  becomes  1  to  2x.  That  is,  the  ratio  of  the  flniions  of  s  and  c*  is 
that  of  1  to  2s.  Consequently,  if  z  denote  the  fluxion  of  x,  then  wiU 
2sx  denote  Mio  fluiion  of  z>. 

The  fluxion  of  the  square  of  a  quantity  being  thus  found,  tkat  of  any 
IMToduct  is  easily  assigned.  Thus,  to  determine  the  fluxion  of  the  pfo* 
fluct  of  ay : 

Put  X  4-  y  =  «;  then  K*  +  y) -=  ^  +  y  =  *» 
.al»,Ji^  +  2jtf +  y»  =  ««}  .•.Sfcqr  =  ja  — x«— ya, 
andxy  =  if>  — j|z*— iy>, 

•r.  by  the  abov^  ^{xfO  =  m  —  xx  •*-  f^, 

=  »(a:  +  f)  — «c  — »y» 

=  (* +y)  (i  +  f)  —  «  —  », 

=  ^*  +  «y+yr+yy  — «i  — ifi 
=  xy+jfx, 
S|r^Bg  with  the  retnft  in  art.  |5. 
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18  the  fame  itiiiig.  For  here  the  numerator  of  the  firftctiba 
u  lyivioee  iaation  is  nothing ;. and  ^herefinre,  fay  Ae  kil 
article,  the  fiiudon  of  such  a  firactioo,  or  negative  power, 
is  harely  equal  to  minus  the  fluxion  of  the  denooAnalort 
diTided  by  the  square  of  the  said  denominator.    That  is,  the 

ftmon  of  «-*,  or-j^  IS ^r  or  — ^or  r-iMr^;&;or 

the  fluxion  of  any  negative  integer  power  of  a  yariable  quan- 
tity,  as ar*f  is  equal  to  the  fluxion  of  the  root,  multipliedbj 
the  eiqMnent  of  die  power,  and  by  the  next  power  less  by  1 ; 
the  same  rule  as  for  positive  powers. 

The  same  thing  is  otherwise  obtained  thus :  Put  the  pro* 
peeed  fraolioQ,  or  quotient  -;r  ^  9  >  ^^^  ^  ^  ^  1  i  <^ 

taiuD^  the  fluxions,  we  have 

^  +  jai^^i  s=  0 ;  hence  gx*  =  — ^w«*~'i^ ;  divide  by  «% 

then  q  ^  — ^ —  =  (by  substitutuig  —  for  g),  -jqr  or  ^  — 

^± ;  the  same  as  befoiy. 

1  ± 

Hence  the  fluxion  of  x—*  or  -  is  —  jr-*ft  or  —  --, 

1  2i 

thatof         .         x-*or  — is— 2«-»f  or -, 

1  ,         a± 

thatof         -         x-'or--is  —  3x-*ior  —  --, 

x»  x« 

a                             4a^ 
thatof         .       ax-*  or  —  is  —  4ax--»:fe  or -p, 

I  n± 

that'of        .         X— ^or  --  is  — --rr-.f 

1 ± 


that  of  (a+xY^  or  --r-  is  —  (a  +  x)-*£  or^.   y    ^ 
^        '  a+x  ^  '  (a+x)^ 

that  of  c  (a+8x^-»  or  t^t^^,  w  —  12cx±X  {«+«««)-»,' 

12cxi_ 

21.  Much  in  the  same  manner  is  obtained  the  fluxion  of 

m 

wtkj  fractional  power  of  a  fluent  quantity,  as  of  x",  or  V^« 


919  imnBCT  ]estroi>  of  nxnaonnm 

4 


IMt^  piit  the  proposed  qnuittty  x**  =  g^;  Aeii,  nWng  Mdi 
tiUbf  die  fturiooi,  give*  mx"«^  =  >i9^ ;  ^Imii  dm&^lijr 


Which  is  still  the  same  rale,  as  before,  for  finding  the  fluxion 
of  any  power  of  a  fluent  quantity,  and  which  therofoie  is  ge^ 
neraly  mother  the  exponent  be  positive  or  negathroy  integral 

ecfcactioMl    And  hence  the  fluxion  of  oil  is  |aiA^  I 


Aat  of  «p*  is  fw*-*i=i«r-*i  =  -^  =  ^  |  and  that  of 

^(a»-«^  or  (a»-a:«)i  is  l(a»^a:^-*X  --2xf =-^^. 

82.  Having  now  found  out  the  fluxions  of  all  the  ordinaigr 
forms  of  algebraical  quantities ;  it  remains  to  determine  ftdn^' 
of  IdgniMMAic  expreesions ;  and  also  of  exponeolial  one^ 
that  is,  suth  powers  as  have  their  exponents  variable  or  flow, 
ing  quttMilies.  And  first,  for  the  fluxion  of  Napier's,  or  tte 
hyperbolic  logarithm. 

23.  Now,  to  determine  this  frotn 
the  nature  of  the  hjrperbolic  spaces. 
Let  A  be  the  principal  vertex  of  an 
hyperbola,having  its  asymptotes  cd, 
cp,  with  the  ordinates  da,  ba,  pq, 
fcc.  paraUel  to  them.  Then,  from 
the  nature  of  the  hyperbola  and  of 
logarithms,  it  is  known,  that  any  space  abpu  is  the  log.  of 
the  ratio  of  cb  to  cp,  to  the  modulus  abcd.  Now,  put 
1  =  CB  or  BA  the  side  of  the  square  or  rhombus  db  ; 
m  =  the  modulus,  or  .cb  X  ba  X  sm.  o ;  or  area  of  db,  or 
sine  of  the  angle  c  to  the  radius  1 ;  also  the  absciss  or  ^  «, 
and  the  ordinate  pq  =  \.  Then,  by  the  nature  of  the  hyper- 
bola, CP  X  p^  is  always  equal  to  db,  that  is,  xy  =s  ai ;  hence 

y  =  — ,  and  the  fluxion  of  the  space,  xy  is =  PQi^p 

the  fluxion  of  the  log.  of  x,  to  the  modulus  m.    And,  m 
the  hyperbolic  logarithms,  the  modulus  ai  being  1,  there- 

foie  —  is  the  fluxion  of  the  hyp.  log.  of  x ;  which  is  theve- 

fore  equal  to  the  fluxion  of  the  quantity,  divided  by  the  quan* 
tity  itself. 
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Q^iMM)  tiM  A«io»  of  die  hypk  log. 

of  1— -«UI 


0f^  +  «i8^^, 

a— «     ^      (a— »)■  a+ac      i^— «■* 

of  OS**  ui  -^ — -r —  ="  — -^ 

24.  By  means  of  Ihe  fluxions  of  logtfithBMy  avo  lunsiiy 
detenniiied  those  of  exponential-  qtpaiititiea,  diet  i%  qoanti- 
ties  wbjch  have  their  exponent  a  flowing  or  yariaUe  latter. 
These  es^ooentials  are  cMf  two  kind^  namely,  whcp  tkeioot 
is  a  coostaiQt  ^luantiKy,  as  e*,  ^nd  when  the  root  is  variaUe  as 
weH  as  the  exponent,  as  ^. 

.36.  In  the  fint  case,  put  the  expoamlial,  whisse  fli^|deii 
is  to  be  found,  equal  to  a  single  vanable  quantity  z^  naaa^y, 
js  =  e* ;  then  take  the  logaritmn  of  each,  so  shallleg.  s  «  «  X 

z 
log.  e ;  take  the  fluxions  of  these,  so  sh'alil  —  ^=^^X  \m^  $, 

by  the  last  article  ;  hence  i  »  a^  X  log.  e  =:  e^  X  Ipg.  s,  ' 
which  is  the  fluxion  of  the  {nroposed  quantity  e*  or  z ;  and 
which  therefore  is  equal  to  the  said  given  quantity  drawn  into 
the  fluxion  of  the  exponent,  and  into  the  log.  of  the  root. 

Hence  also,  the  fluxion  of  (a  +  c)*"  is  (a  +  c)**  X  n±  K 
log.  (a  +  c). 

26.  In  like  manner,  in  the  second  case,  put  the  given 

quantity  y*  =  « ;  then  the  logarithms  give  log. z=x.X  log.  y, 

•  • 
z                                   y 

and  the  fluxions  give  —  =  i  .  log.  y  +  x  .  -^  ;  hence 

*  y 

z=:  zx  *  log.  y  +  — ^  =s  (by  substituting  y*  for  z)y'i .  log. 

y  +  sy*~'y9  which  is  the  fluxion  of  the  proposed  quantity  y*; 
and  which  diei^oie  consists  of  two  terms,  of  wUch  -the  one 
is  the  fluxion  of  the*given  quantity  considering  thoeapoMOt 
as  constant,  and  the  other  the  fluxion  of  the  same  quantity 
considering  the  root  as  constant 

27.  The  fluxions  of  the  usual  trigonometrical  quantities, 
sin.  2,  COS.  z,  &c.  are  easily  found  by  blending  these  prin- 
ciples with   the  analytical   formula  at^pa.  395,  vol.  i. 
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asBume  the  proportioDality  of  the  ineremenlBi  and  oT 
their  contemporaneous  fluxions,  and  proceed  thus : 

To  find  q)  sin.  z^  we  suppose  that  by-  a  motion  of  one  of 
the  legs  including  the  angle,  it  becomes  «  -f  s'  or  s  +  x. 
Then  ^  sin.  z  =  sin.  (z  +  i)  —  sin.  z.  But  by  eqna*  9.  p. 
■895,  vol.  i.  we  have 

nn.  («  +  i^)  ^  nn*  ^  •  cos.  z  +  flin«  i  cos.  %. 
But  the  sine  of  an  are  indefinitely  small  does  not  diier  senai- 
bly  from  that  arc  itselC  nor  its  cosine  difier  perceptibly  ftom 
raioius ;  hence  Fo  have  sin.  i  =  i,  and  cos.  i  s:  1  ;  and 
-therefore  rin.  {z  +  z)  »'sin.  z  +  i  cos.  % ;  whence  sin. 
(s+i) — sin.  «,  or  ^(sin.  z)  =»  i  cos.  s»  viz.  the  fluxion  of  the 
aine  of  an  arc  whose  radius  is  unity,  is  eqsal  to  the  produei 
of  the  fluxion  of  the  arc  into  the  cosine  <^  the  same  are* 

88.  In  like  manner,  the  fluxion  of  cos.  i^  or  cos.  (s  4*  i") 
—  cos.  %  B  cos.  z  cos.  z  —  sin.  z  sin.  i —  cos.  x^  <ji  meo 
oos.  {z  +  z)  »  COB.  «  cos  i  -<-  sin.  z  sin.  i ;  tlme<m»  be« 
<€as«e  sb.  i  =s  i,  and  cos.  i  ss  1,  we  have  f^eoe.  s  a^  ode.  s 
— 'isin.* — COS.JESS — i  sin.  x,  thatis,  die.flnxioii of  tike 
oosiae  of  att  arc,  radius  being  1,  is  found  by  nnltiBlyiiig  die 
fluxion  of  the  arc  (taken  with  a  contraiy  sign)  by  Uie  sine  oT 
the  same  arc. 

29.  By  means  of  these  two  forroulsB^  many  other  fluxional 
expressions  may  be  found,  viz. 

9  cos.  su  :=  —  mi  sin.  mz. 

^  sin.  mz^^  'i'mz  cos.  mz» 


.i4 


m 

9  tan.  z    =a  - — =-  =  z  sec.^. 
cos.^ 

• 

9  cotan.  a;  « i—r-  «  —  i  Gosec.^« 

z  sin.  2      i  tan.  z 

9  sec.  a:     ~ y-  = . 

coe.^        COS.  z 

Z  COS.  Z  Z  cot.  2 

9  cosec.  ar  = ;— «—  =^ : • 

Binrz  sm.  z 

9  sin."*z   »  m  sin."^'jt  z  cos.  z. 

9  COS."**  =  —  m  cos.*"'*  i  sin.  z. 

30.  Hence,  by  the  way,  will  flow  this  useful  pracfiesi  eea^ 
elusion,  that  if  x  be  any  are,  then 

9  sin.  z       —  ft  COS.  z  . 

X  =  -— =  — ~ =E  cos.^  9  tan.  z* 

COS.  z  sin.  z  ^ 

9  tan.  s  —  9  cot.  z 
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OF  SECOND,  THIRD,  &c.  FLUXIONS. 

* 

Havuto  explaiaed  the  manner  of  considering  and  deter« 
mining  the  first  fluxions  of  flowing  or  variable  quantities  ;  it 
remains  now  to  consider  those  of  the  higher  orders,  as  second, 
third,  fourth,  4^.  fluxions. 

81.  If  the  rate  or  celerity  with  wliich  any  flowing  quan* 
tity  changes  its  magnitude  be  constant,  or  the  same  at  every 
position  ;  then  is  the  fluxion  of  it  also  constantly  the  same. 
But  if  the  variation  of  maratude  be  continually  changfn^, 
either  increasing  or  decreasmg  ;  then  will  there  be  a  certam 
degree  of  fluxion  peculiar  to  every  point  or  position  ;  and 
the  rate  of  vluriation  or  change  in  the  fluxion,  is  called  the 
Fluxion  of  the  Fluxion,  or  the  Second  Fluxion  of  the  given 
fluent  quantity.  In  like  manner,  the  variation  or  fluxion  of 
this  second  fluxion,  is  called  the  Third  Fluxion  of  the  first 
proposed  fluent  quantity ;  and  so  on. 

These  orders  of  fluxions  are  denoted  by  the  same  fluent 
letter  with  the  corresponding  number  of  points  over  it : 
namely,  two  points  for  the  second  fluxion,  three  points  for 
the  third  fluxion,  four  points  for  the  fourth  fluxion,  and  so 

on.  So,  the  diflerent  orders  of  the  fluxion  of  x,  are  ±  x,  x, 
X,  &c.  ;  where  each  is  the  fluxion  of  the  one  next  before  it. 

32.  This  description  of  the  higher  orders  of  fluxions  may 
be  illustrated  by  the  figures  exhibited  in  art.  8,  where,  if  x 
denote  the  absciss  ap,  and  y  the  ordinate  m  ;  and  if  the  or- 
dinate m  or  y  flow  along  the  absciss  ap  or  x,  with  a  uniform 
motion  ;  then  the  fluxion  of  x,  namely,  ±  =  vp  or  or,  is  a 

constant  quantity,  orx  =>  0,  in  all  the  figures.  Also,  in 
fig.  1,  in  which  aq  is  a  right  line,  y  =  r^,  or  the  fluxion  of 

vq,,  is  a  constant  quantity,  or  j^  =  0  ;  for  the  angle  <i,  =  the 
angle  a,  being  constant,  <ir  is  to  rq,  or  x  to  y,  in  a  constant 
ratio.  But  in  the  2d  fig.  rq,  or  the  fluxion  of  m,  continually 
increases  more  and  more  ;  and  in  fig.  3  it  continually  de- 
creases more  and  more,  and  therefore  in  both  these  cases  y 
has  a  second  fluxion,  being  positive  in  fig.  2,  but  negative  in 
fig.  3.     And  so  on,  for  the  other  orders  of  fluxions. 

Thus  if,  for  instance,  the  nature  of  the  curve  be  such, 
that  X*  is  every  Where  equal  to  a^y  ;  then,  taking  the  fluxions, 
it  is  o^y  ^=  2j^±  ;  and,  considering  x  always  as  a  constant 

Siantity,  and  taking  always  the  fluxions,  the  eqifotions  of 
e  several  orders  of  fluxions  will  be  as  below,  viz. 
Vol.  II.  41 
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the  let  fluxions  a'y  =  Si*^, 
the  2d  fluxions  o'y  =  Gxi", 
the  3d  fli  xions  ahf  ==  6i*, 

the  4th  fluxions  o^  ==  0, 

♦ 

and  nil  the  higher  fluxions  also  «  0,  ot  nothing. 

Also  the  higher  orders  of  fluxions  are  found  in  the  siim^ 
manner  as  the  Tower  ones.     Thus» 

the  flrst  fluxion  of  y  is         .        -        .        Zj^y ; 

is  2d  flux,  or  the  flux,  of  3j^y,  con-  ^ 

sidered  as  the  rectangle  of  Zy\  >  3^  +  6«y* ; 
and  y,  is     •        •         .        •        j 

and  the  flux,  of  this  again,  or  the  3d  \  o.ji;  j.  lo..^  j.  tu» 

flux.ofi^,is  .      .      .       p3ry  +  i8jw+«f. 

33.  If  the  function  proposed  were  ox*,  we  slioiild  find 
^ax"  =  nax^"^  ±  ;  the  factors  n,  a,  and  £  being  regarded  aa 
constant  in  the  flrst  fluxion  fina"'^  x,  to  obtain  the  seipoiid 
fluxion  it  will  sufllico  to  make  x**~'  flow^  apd  to  muiliplv  the 
result  by  nax  ;  but  9  x*— *  =  (n  —  1)  **-^i ;  we  have,  tLere* 
fore, 

2nd  9  ax^  =  n  («  — .  1)  ax"*^  i?. 

3rd  9ax"  =  n  (n  -  I)  (w  -  2)  ax»-* ±\ 

4lh  9  fl**  :=^n{n'^  1)  («  —  2)  («  — 3)  aaf^  i*. 

d£C.  =  &C. 

mth  9  ar**  =£  n  (n  —  1)  (n  —  2)  • .  •  •  (n  —  m  +  1) 

jn  being  supposed  not  to  exceed  n,  for  it  is  manifest  that  in 
the  case  of  n  being  integral,  the  fuilciion  ax**  has  only  a 
limited  number  of  fluxions,  of  which  the  most  elevated  is  the 
nth,  aud  which  of  course  is  expressed  by  the  formula, 

nth  9  ax**  =  «  (n  —  1)  (n  —  2)  .  .  .  •  3  . 2 .  1 .  0f* 

in  which  state  it  admits  no  longer  of  being  put  into  fluxions, 
as  it  contains  no  variable  quantity,  or,  in  other  words,  its 
fluxion  is  equal  to  zero. 

34.  In  the  foregoing  articles,  it  has  been  supposed  that 
the  fluents  increase,  or  that  their  fluxions  are  positive  ;  but 
It  often  happens  that  some  fli|ents  decrease,  and  that  ,there- 
fore  their  fluxions  are  negative  :  and  whenever  this  is  the 
case,  the  sign  of  the  fluxion  must  be  changed,  or  made  con- 
trary to  that  of  the  fluent.  So,  of  the  rectangle  xy,  when 
both  X  and  y  increase  together,  the  fluxion  is  i^  +  xy  r  but 
if  one  of  them,  as  y,  decrease,  while  the  other,  x,  increases ; 
then,  the  fluxion  of  y  being  —  y,  the  fluxion  of  xjr  will 
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in  Ihftt  caM  be  iy  —  ly.     This  may 

be  illuatraled  by  the  annexed  recinngle 

APQK  =  ry,  BuppoHcd  lo  he  gfloeroied 

by  (he  mnljon  of  ihc  lin«  I'U  Trom  a  tn. 

wmrrfs  c,  and  by  ihe  motion  of  ihe  line 

B4  frflni  a  lownrds  a  :   For,  by  the  mn. 

lion  of  I'Ui  rniniA  tnwiirda  c,  the  reel- 

angle  is  increased,  und  ita  Buiixn  in  + 

iy  ;   hut,  by  the  moiion  of  rq,  frum  b 

towards  A,  the  rectangle  is  decreiised, 

and  the  Rutinn  of  ihe  decrease  \n  jy  ;  Iherefnre,  inking  the 

fluxinn  of  Ihe  decreaflu  Tram  ilini  of  the  iiicrenac,  ihe  Hiixiun    '. 

or  the  reclongle  xy,   when  r  increuses  and  y  decreusts,  is 

xy  —  'p. 

85.  W«  may  bow  collect  the  principiil  ruleii;  which  hnn 
been  deiMiurtralad  in  the  foregoing  articles,  for  finding  tbe 
fluziow  of  all  aorta  of  quantiliea.     And  hence, 

tit,  far  tte  Jhtxio»  of  anj/  Potetr  of  a  fiowatg  quantity. 
—Multiply  all  together  the  exponent  of  the  power,  the 
fliuioa  of  the  root,  and  the  power  next  leM  by  1  of  the 
nmeroot 

2d,  Far  ikt  fiHtirm  of  (Ke  RtetangU  nf  tiro  quanltiitt.— 
Multiply  each  quantity  by  the  fluxion  of  ihe  nilier,  and  cud- 
nect  the  two  products  together  by  their  proper  si^na. 

3d,  fbr  th*  fluxion  of  the  Coniimuil  Produti  of  any  nitm- 
her  ^  Jtowing  qoMlitift.  —  Multiply  ihe  fluxion  of  e;ich 
quantity  by  the  product  of  all  the  other  qunntitiea,  and  con- 
nect all  the  products  together  by  their  proper  aigAs, 

4th,  For  the  Jluxion  of  a  Fraction. —  Prom  the  fluxion  of 
tbe  numerator  drawn  into  the  denominator,  aubtmct  tbe 
fluxion  of  tbe  denominator  drnwn  into  the  numeralor,  and 
divide  the  result  by  tbe  square  of  the  denominator. 

5lh,  Or,  Ike  2d,  3d,  and  -Uk  eates  may  he  aU  ineJuded 
under  one,  and  ptrfbriked  (Aiu.-^-Take  the  fluxion  of  the 
given  expression  as  oden  as  there  are  variable  quantities  jn 
tl,  supposing  first  only  one  of  them  variable,  aud  the  rest 
constant ;  then  snotber  variable,  and  Ihe  rest  constant ;  nod 
•0  on,  till  they  have  all  in  their  turns  been  singly  supposed 
variable  ;  and  connect  all  tbete  fluxbAs  together  with  their 
own  signs.  ' 

6lb,  For  tkejbtiion  ^f  a  Logarilhrn. — Divide  the  fluxion 
of  the  quantity  by  the  quantity  itself,  and  multiply  the  fo- 
■bU  by  the  modulua  of  the  system  of  lofarithns. 
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JVixe.— The  modaliu  of  the  hypeifoolic  Ic^nthnw  if  1» 
Bud  the  modulus  of  (he  oommon  logs.,  is  0*43430448,  &e. 

7th,  For  the  jbuion  of  an  Exfonenlial  ouanttii/,  Agwjy 
fAeiZmit  ConKont.— Multiply  all  together,  the  girea  quan- 
ti^,  the  fluxion  of  its  espooent,  and  the  hyp.  log.  of  the  root. 

8lh,  For  the  Jbixion  of  an  Exjxmeniial  quantity,  hoeing 
the  Root  FnrioUe. — To  the  fluzion  of  the  given  quaolity, 
ibund  by  the  lit  rule,  M  if  the  root  only  were  variable,  add 
the  fluxion  of  the  sungMoentity  found  by  the  Tth  rule,  as  if 
the  exponent  only  won  variable  ;  and  the  sum  will  be  the 
fluxion  for  both  of  thettf  VBriehle. 

Note. — When  the  given  quantity  consists  of  sereral  tanna, 
find  the  fluxion  of  each  term  separately,  and  connect  them 
all  together  with  their  proper  signs  ;  also,  for  the  fluxions  of" 
.  trigonometrical^onnulB,  take  the  formuls  in  arts.  37 — 30. 


86.  pBAcncu  zxAXPLas  to  axKRcna  tmm  roueonKt 

RULES. 

1.  The  fluxion  of  axy  is 
3.  The  fluxion  of  bxyx  ia 

3.  The  fluxion  of  ex  X  (ox  —  ey)  is 

4.  The  fluxion  of  z"y"  is 
B.  The  fluzion  of  a*yV  is 

6.  The  fluxion  of  (x  -f-  y)  X  {x  —  y)ia 

7.  The  fluxion  of  Sox'  is 

8.  The  fluxion  of  3x*  is 

9.  The.fluxionof  3x*yis 

10.  The  fluxion  of  4iV  is 

11.  Thefluxionof  (wV— «Vw 

12.  The  fluxion  of  4*'— ^  +  ihyt  is 

13.  The  fluxion  of  ^a:  or  "  is 

14.  The  fluxion  of  l/a"  or  x^ie 

1 

15.  The  fluxion  of  ^/^ 


16.  The  fluxion  of  ^/x  or  x^ 


17.  Th«  flnzioii  of  V  or  x>  if 

18.  The  fhmon  of  \/^  or  iS  u 

19.  The  fliuioD  of  ^x*  or  x*  ia 

50.  The  fluiioD  of  V*  *>^  '^  >■ 

51.  The  fluxioQ  of  yx*  or  »^  is 

32.  The  fluxion  of  ^/(a*  +  z*)  0K||S4-  k*)^  U 
28.  The  fluxion  of  ^/{ff  —  *»)  or  {<f~  *»)"  ia 
S4.  The  fluxion  of  v/(Srz  —  xz)  or  (2rx  -  xx}> 


ry-x^ 


S6.  The  fluxion  of  (ox—  xx)'  ii 
27.  The  fluxion  of  2x^/0'  ±  spit 
38.  The  fluxion  of  (a*  -  x*)'  is 


VI. 

Tl.  Siuimi  of  V^O'C")* 

>, 

30. 

The  fluxion  of  ^x%  -zxoi 

(" 

-„)* 

31. 

Thefluiioiiof  __l-or- 

a 

,-ii. 

82. 

llie  fliudon  of  — ; —  ia 
a+x 

33. 

The  flnzioD  of  ^  is 

84.  Th.flu»oiiof:i|tii, 

36. 

TTie  flnzioa  of  —  is 

86. 

The  flBxion  of  ~  ia 

37.  The  fluxion  of is 

x+« 

38.  The  fluxion  of  X/{a  +  ftx  +  ex*  +  (fa>)  is 

89.  The  fluxion  of  y(a  +  fti  +  ci*  +  ic.  W  ««r)  is 
40.  The  fluxion  of  ?^  is 


Q 

41.  The  fluxion  of  --—^ — ^  is 

42.  The  fluxioD  of  the  hyp.  log*  of  ax  is 

43.  The  fluxion  of  the  hyp.  \d^.  of  1  +  a*  is 

44.  The  fluxion  of  the  hyp.  log.  of  1  —  x  is 

45.  The  fluxion  of  the  hyp.  log.  of  x*  is 

46.  The  fluxion  of  the  hyp.  log.  of  y/x  is 

47.  The  fluxion  of  Vl^  hyp.  log.  of  «*"  iir 

2 

48.  The  ilnxibn  of  the  hyp.  log.  of  —  is 

l+x 

49.  The  fluxion  of  the  hyp.  log.  of is 

1— T 

50.  The  fluxion  of  the  hyp.  log.  of  r-p-  is 

»"^X 

51.  The  fluxion  of  c'  is 

52.  The  fluxion  of  10' is 

53.  The  fluxion  of  (a  +  cy  is 

54.  The  fluxion  of  lOO'y  is 

55.  The  fluxion  of  a:'  is     ' 

56.  The  fluxion  of  y*'' is 

57.  The  fluxion  of  x'  is 

58.  The  fluxion  of  (ry)"  is 

59.  The  fluxion  of  xy  is 

60.  The  fluxion  of  xf  is 

61.  The  second  fluxion  of  ary  is 

62.  The  sdcond  fluxion  of  try,  when  ±  is  constanty  is 

63.  The  second  fluxion  of  x"  is 

64.  The  third  fluxion  of  x",  when  x  is  constant,  is 

65.  The  third  fluxion  of  xy  is 
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THE  INVERSE  METHOD,  OR  THE  nNWNG 
OF  FLUENTS. 

87.  It  fans  been  observed,  that  a  Flueni,  nr  FlowJDg 
Qunntity,  is  the  varinble  quantity  which  is  conaidf  recTDs  in- 
creaaing  or  decreBsing.  Or,  the  fluent  of  a  ^iven  fiuxion, 
ta  auch  a  quantity,  thai  its  fluxioa,  faund  iit^currlini;  to  the 
foregoing  rules,  ahall  be  ibe  asme  ak  the  fluxion  given  or 
propoaed. 

38.  It  may  he  Airther  observed,  that  Contempnnry 
Fluenfa,  or  Contemporary  Fliuinns,  are  auch  as  Buv  to- 
gether, or  for  the  same  lime — When  contemporary  floenU 
are  always  equal,  or  in  any  constant  ratio  ;  then  also  at* 
their  fluxions  respectively  either  equal,  or  In  that  mme 
constant  ratio.  That  is,  if  x  =»  y,  then  is  £  =  y  ;  or  if 
X  :  jf  t  :  n  :  1,  thea   is  i  :  y  :  :  n  ;  1  ;  or  if  x  =:  My,   tbea  ia 

89.  It  ia  easy  to  lind  the  fluxions  to  all  the  ^ven  forma  of 
fluents  ;  but,  on  the  contrary,  it  is  difliRult  to  find  the  fluent* 
of  many  given  fluxions  ;  and  indeed  there  are  numberless 
cases  in  which  this  cannot  at  all  be  done,  excepting  by  the 
quadrature  and  rectification  of  curve  lines,  or  by  Ingsrilbma, 
or  by  infinite  series.  For  it  ia  only  in  certain  partieutar 
forms  and  cases  that  the  fluents  of  given  fluxions  can  be 
found ;  there  being  no  method  of  performing  Ibis  universally, 
a  priori,  by  a  direct  in  ve  align  I  ion,  like  finding  the  fluxion 
of  a  given  Buent  quatitiiy.  We  can  only  therefore  lay  down 
a  few  rulea  for  such  forms  of  fluxions  as  we  know,  from  the 
direct  method,  belong  to  such  and  such  kinda  of  flowing 
quantities  :  and  these  rules,  it  is  evident,  much  chiefly  consist 
in  performing  such  operations  as  are  tho  reverse  of  those  by 
which  the  fluxiona  are  found  of  given  fluent  quantities.  The 
principal  cases  of  which  are  as  follow. 
40.  Tbfiiid  the  Fluent  of  a  Simple  Flvxim  ;  or  <^  that  in 

lehieh  there  it  no  variable  qvaniUy,  aitd  only  OMfitaiomd 

quantUy. 

This  is  done  by  bai^ly  substituting  the  variable  or  flowing 
quantity  instead  of  its  fluxion ;  being  the  resuU  or  reverse  m 
the  notation  only. — Thus, 
The  fluent  of  a±  \a  ax. 
The  fluent  of  ay  +  3y  is  ay  +  2y. 

The  fluent  of  9  y'i^+PTs  i/a' +  *»."" 


mntuieoF  rLvam. 


41.    When  any  Power  of  a  Jlomng  quaaiiy  U  Mtilt^iied  hf 
iHe  Fluxion  of  the  Sttot  .- 

Then,  having  aubetituted,  u  before,  the  flowing  qamntity, 
for  in  fluxion,  divide  the  result  by  the  aew  index  of  the 
power.     Or,  which  ii  the  iame  thing,  take  out,  or  ^ride  by, 
the  fluxion  of  the  root  ;  add  1  to  Ue  index  of  the  power  ; 
and  divide  by  the  index  to  increaaed.     Which  ii  tbe  »• 
verse  of  the  lat  rule  for  finding  fluxions. 
So  if  the  fluxion  proposed  be        •        •    3x% 
Leave  out,  or  divide  by  t,  than  it  is     -    3x* ; 
add  I  to  the  index,  and  it  is         .        .    Sx* ; 
divide  by  the  index  6,  and  it  is      .         -     fx*  or  ^x*, 
which  is  the  fluent  of  the  proposed  fluxion  S^i. 

In  like  manner. 
The  flueDl  of  iaxi  is  ox*. 
The  fluent  of  8x*i  is  ^. 
The  fluent  of  4i;>;t  is  |z^. 
The  fluent  of  Sy^y  is  fy^. 
The  fluent  of  ax^i  is  ^,02  •  . 
The  fluent  of  x^x  +  Sy^yis  J*^  +  Jy^. 
The  fluent  of  x^'i  is  ^z\ 
The  fluent  of  ny"~'y  is 
The  fluent  of  ^,  or  r-*i  is 

The  fluent  of  ^  is 

r 

TTie  fluent  of  (o  +  x)'i  is 
The  fluent  of  (a*  +  f)y^  is 
TTie  flaent  of  (a*  +  x'y^z  is 
The  fluent  of  (a-  +  «-)-*^'i  is 
The  fluent  of  (a*  +  y^yy  is 

The  fluent  of  ■■".—  ...  is 
v'(o'  +  *•) 

The  fluent  of  — ; —  is 
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42.  When  ike  Bod  under  a  Ytnetdum  is  a  Compound  Quan* 
iUy;  and  the  Index  of  the  part  or  factor  WUkouithe  Vvu 
etdum^  increased  hy  1,  is  some  MtiUiph  of  thai  Under  ike 
Vmadtim : 

Put  a  single  variable  letter  for  the  compound  root ;  and 
fubstitute  its  power  and  fluxion  instead  of  those  of  the  same 
▼aluoy  in  the  given  quantity ;  so  will  it  be  reduced  to  a  sonpler 
formi  to  which  the  preceding  rule  can  then  by  applied* 

Thus,  if  the  given  fluxion  be  y  =  (a*  +  x^Vf ,  where 
3,  the  index  of  Sie  quantity  without  the  vinculum^  increased 
by  1,  making  4,  which  is  just  the  double  of  2,  the  exponent 
of  a^  within  the  vinculum  :  therefore,  putting  i  ss  oP  -^  s^ 
thence  ai^^=  z  —  a",  the  fluxion  of  which  is  ^^  =  z ;  hence 
then  x^i  »  ^off  :;=  ji(tr  .*-  o^,  and  the  given  fluxion  y,  or 

(o«  +  ««)*ar'f ,  is  «  izh{z  —  o^  or  =  }«*i  —  jahh ;  and 

hence  the  fluent  y  is  =  A*'—  ^^a?*' =  9z^{^z — iVO* 
Or,  by  substituting  the  value  of  z  instead  of  it,  the  same 

fluent  is  3  (a'+x*)*  X  (tV*"— ^o")*  or  A  («"+«*)  X(«^l«^. 
In  like  manner  for  the  following  examples* 


To  find  the  fluent  of  ^/a+cxX  «**. 
To  find  the  fluent  of  (a+cjr)  Vi. 

To  find  the  fluent  of  (a+cs^^  XdsP±. 

czi  ^ 

To  find  the  fluent  of  — ==  or  (a  +  zyczz. 

v^a+z 

C2>^^^  Z  X. 

To  find  the  fluent  of > —  or  (a+x'')-*c3^*-'z. 

To  find  the  fluent  of  "'^"T'    or  (a»+«^»«-«i. 


To  find  the  fluent  of  ^"^^    **  or  (o— «»)-i«l**'i. 
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43.  When  there  are  several  Term$^im)6Mmg*Two  or  wum 
Variable  QuantUies^  haxring  ihe  Fbtxum  of  eaiA  MMfHed 
by  the  other  QuantUy  or  QnjUtntUies. 

Take  the  fluent  of  each  tenn,  as  if  there  were  only  one 
yariable  quantity  in  it,  namely,  that  whose  fluxion  is  oon« 
tained  in  it,  supposins  all  the  others  to  be  constant  in  thai 
ieip  f  then,  if  the  fluents  of  all  the  terms,  so  found,  be  the 
i%ry  same  quantity  in  all  of  them,  that  quantity  will  be  the 
fluent  of  the  whole.  Which  is  the  reverse  of  the  5th  rule 
for  finding  fluxions :  Thus,  if  the  given  fluxion  be  :^  +  ^y 
then  the  fluent  of  iy  is  xy^  supposing  y  oonstaiit :  and  the 
fluent  of  Ty  is  also  xy^  supposing  x  constant :  CherefiMse  ty  is 
the  required  fluent  of  the  given  fluxion  iy  +  9y* 

In  like  manner, 

The  fluent  of  ±yz  +  xyz  +  xyz  is  ac^s* 
The  fluent  of  2xy±  +  a'y  is  «*y. 

The  fluent  of  iar^±t^  +  2x*yy  is 

The  fluent  of  ^:^'^  or-  -  ^  is 

-^    ^      ^    ^  2ax£yi  —  lax^y^y     2ax±       ax^  . 
The  fluent  of 2 IZ—i — i  ©r s — f-  is 

44.  When  the  given  Fluxiondl  Expression  is  tfi  this  Form 

jtv  ^xy 

-     ,  ■-,  namely^  afracHonf  including  Two  Qiumiiiies^  being 

the  Fluxion  of  the  former  of  them  drawn  into  the  latter,  mi' 
nus  the  Fluxion  of  the  latter  draion  into  the  former^  and  lit- 
vided  by  the  Square  of  the  latter. 

.aiM  X 

Then,  the  fluent  is  the  fraction  — ,  or  the  former  quantity 

divided  by  the  latter,  by  the  reverse  of  rule  4,  of  finding 
fluxions.     That  is, 

j^  ■»  4Mtf  jp 

The  fluent  of        ,     ■  is  — .    And,  in  like  manner, 

y^        y 

Thefluentof^"^-^^y»is4. 

y*  y" 


JHQROMFov  wunamk  Mt 

11wn|Hi|  fadwd,  tbe  exampletf  of  this  caw  may  be  per. 
femied  oy'  the  ftregonig  pne.    Thus,  the  given  flaxioii 

•    •  redacea  to 5,  or xyir* ;  of  which. 

it  X 

the  fluent  of. —  is  —  supposing  y  constant ;  and 

the  fluent  of  —  xyy^  is  also  xtr^  or  — .  when  x  is  constant ; 

y 

X 

there&rei  by  that  case,  —  is  the    fluent  of  the  #lidle 


45.  W]^  1]^  fluxion  qf  a  QiuaUUy  it  Dimmed  by  the 

Quantity  itself : 

Hien  the  fluent  is  equal  to' the  hyperbolic  logarithm  of 
that  quantity  ;  or,  which  is  the  same  thing,  the  fluent  is  equal 
to  2*80256500  multiplied  by  the  common  logarithm  of  the 
same  quantity,  by  rule  0,  for  finding  fluxions. 

So  the  fluent  of —  or  aHi,  is  the  hyp.  log.  of  x. 

X 

2* 

The  fluent  of  —  is  2  X  hyp.  log.  of  ar,  or  =  hyp.  log.  «*. 

ad! 
The  fluent  of  —,  is  a  X  hyp.  log.  x,  or  =  hyp.  log.  of  «•, 

X 

£ 
The  fluent  of  — r^,  is 

The  fluent  of  — r-^  is 

46b  ManyjknenU  may  he  found  by  the  Direct  Method  thus : 

Take  the  fluxion  again  of  the  given  fluxion,  or  the  second 
fluxion  of  the  fluent  sought ;  into  which  substitute  —  for  x, 

X 

i~  for  if,  dec. ;  that  is,  make  x,  x,  x,  as  also  y,  y,  y,  dec.  to 

y 

be  in  continual  proportion,  or  so  that  x  i  ±  : :  x  :  x,  and 
y  :  y  : :  y  :  ^9  dec. ;  then  divide  the  square  of  the  given 
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fltuionat  enreaaion  by  the  secoadfluxioa,  just  found)  uidtfaa 
qaotMOt  will  be  tho  fluent  required  in  memy  caws. 


Or  (Ae  nme  rule  may  be  otherwUe  deJivend  thai : 

In  the  given  fluxion  f,  write  x  for  x,  jT  for  $,  &c.  and  call 
the  resuk  o,  lakiag  also  the  lluxion  of  this  quantity,  o ;  then 
make  a  :  V  :  :  g  :  f  ;  so  ^nll  the  fourth  propoiUoaal  v  be 
the  fluent  sought  in  !many  cases. 

It  may  be  proved  if  this  be  the  true  fluent,  by  taking  tba 
fluxion  of  ii  again,  which  if  it  agree  with  the  propoaed 
fluxion,  will  show  Uiat  the  fluent  is  right ;  otherwiae,  it  ia 
wrong. 

EXAMPLBS. 

Exam.  1.  Let  it  be  required  to  find  the  fluent  of  nx'-'i. 

Here  f  =  nx*~'i.    Write  x  for  i,  (hen  n*"^*  or  tuf  ^«  | 
dM  fluxion  of  this  is  o  =  fi*x'*~^x ;  therefore  a :  v  : :  o  :  v*  - 
becomes  ti^sC^i  :  tu^>-^£  : :  fu"  t  x"  =  p,  the  fluent  loughL 
Exam.  2.  To  lind  the  fluent  of±y  +  xy. 

Here  f  =  iy  +  xy  ;  then  writing  x  for  £,  and  y  for  f, 
it  ia  xy  +  xy  or  llxy  =  c  ;  hence  o  =  3iy  +  2xy  ;  then 
s  :  F  : :  o  :  F,  becomes  2iy  -f-  2iy  ;  iy  +  xy  : ;  2xy :  xp  =  f, 
the  fluent  aought.' 


47.  TofndFluentthymeaniiofaTabUofFonM^ 
Fluxiona  aad  FUtefOs. 

In  the  following  Table  are  conlained  the  most  usual  forms 
of  fluxions  that  occur  in  ihe  practical  solution  of  problems, 
with  their  corresponding  fluents  set  opposite  to  diem ;  by 
means  of  which,  namely,  by  comparing  any  propoaed  fluxion 
with  the  corresponding  form  in  the  table,  the  fluent  of  it  will 
be  found. 


# 
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8M 


JF7ii«i(m#. 

JTtfenlf. 

• 

1 

-« 
n 

fc  af  )"-•*— *i 

•«-«j 

1      ^        x«m 

.  ;j»)-+i 

miia      (a  ±0^0"* 

z  »•)«-*:& 

-1       (a±x«)« 

iiifia            «"*              ^ 

j^Mllfl 

•        y' 

X"y» 

• 

if  ,  ny  ,   ri.  ^  .  ^ 
— h  —  +  — )x«^y"*% 

wl 

> 

x«y«r 

ar-'f 

log.  of  X 

±  -  log.  of  a  ±  x» 

1  ,         ^      x** 

—   log.  of  — ; 

\    log.  of  ^^±^. 

2                              x« 
— 7-  X  arc.  to  tan.  a/ — ,  or 

n^a                       ^  a 

1      ^         *        •     a— «" 
— r-  X  arc.  to  cosine  -  .   - 
nv'a  V                          a+x* 

\ 

2 

-  log.  of  ^x"  +  •  ( ±  a+«*) 
n 

•^-^ 


/(o-^J 


^{a±^) 
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X  arc  to  aio.  y/~ 
X  arc  to  vers.  — 


IS^ylog.  y4-^y^'j 


30eW(6*±*') 


X  arc  to  secant  ^ — ,  oi 
.     2a— X- 


ll 


circ.  sez.  to  diam.  il  and  vers,  x 


UTC.  zone,  rad.  a,  and  height  from  coatre  x. 


r^(gil±a]v/(ij-:ta) 


f  k)B.  I  VSi+i/e" 


+  iV(»'±»)±-7ix  i»s- !  »/M-v'{»x±«)! 


+.i^(o-Jx)+-i-x»to.  Uns.  ^/^ 


S^(j±fa)-2o''xH'- 
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8S7 


I 


Fbuitmi. 


FlueuU. 


96 


X  X 


±y/{bx^—a) 


=+>/(&««— a)— a*  X  arc.  tang.  ^/5^i!^. 


tifSx^ 


CX' 


^(4ac— 6«) 


X  arc.  tan. 


5-|-2cx 


y/(4ac^b^)' 


■»■  I* 


a-^6x — ex 


a 


a  ^/(4ac+ft«)-(6-««!«) 


-1  X  log.  i^<2±*f±£f!i. 


r(a-|-6«+ca?*) 


ax/(4flc— 6«) 


X  arc.  tan. 


b+Zex 


>/{Aac^-tF) 


«(a-j-&a:— €*•) 


^l^.V(a+te-<x')^ 


av/  (4ac+&») 


Xlog. 


x/(4ac+62>-(6— top) 


^(a+ix — ex") 


xi 


6+ftx+cx« 


V  +2^  X  log.  (a+6x+cx' 


') 


V(4ac-6«)^  *^*  **"•  v^(4flc-ft^ 


xf 


— s-  X  log.  (o+ftx — ex') 


a-{~ft' — ex* 


+ 


cV(4«:+6*) 


xiog-^^r+y-^^). 


\/(a+fcx — eX*) 


" 


(2cx+6)x/(a+6j-fcx«)    4ac--6« 
^V(a+6x+cx«)  =  ^  4c  8ax/c 


log.  {2cx+H-2cV(fl+^»+c«*)(- 


85  i^/ (»+*»— «?')  = 


,  (3ex— 6)\/(a+^3?— ex')    ,  4ac+ft» 
"*  4  *"    8cv^e 


arc.  tan. 


2cx — h 


2e^v^(a+6x— ex') 


86 


(a+bx)x 
o+6x+ex* 


.    C+ix  log.  (a+  6x+  cx«) 
^  \  ,      2cA— 6b       ^^  . 


ft+2cx 
-/{4ac-6«) 


M 
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•  Fbunotu. 


Fluents. 


87 


a+A«— COP* 


■ 


(k+BX)± 


—  --  X  log .  (O+^X  -  f X«) 


2c 


Cv/(4ac+6 


88 


V^(a+6«+ca?«) 


89 


^/(a+6«-c««) 


1               ^                2cx— 6 
^     —J-  X  arc.  taa.  — j • 


40 


x^/(a-|-6x+c«*) 


=:.J_Xlaff.  jg^+fe^+gaV(^H^+^«)j 


41 


xv^(-a+6jr4.c««) 


^a 


X  arc.  tan. 


2a+^(-.a+&x+c«») 


2a -^bx 


Note*  The  logarithms,  in  the  above  forms,  are  the  hyper* 
bolic  ones,  which  are  found  by  muhiplying  the  common 
logarithms  by  2*302585092994.  And  the  arcs,  whose  sine, 
or  tangent,  dec.  are  mentioned,  have  the  radius  1,  and  are 
those  in  .the  common  tables  of  sines,  tangents,  and  secants. 
Also  the  numbers  m,  n,  &c.,  are  to  be  some  real  quantitteSy 
aa  the  forms  fail  when  m  =  0,  or  jt  =  0,  &c* 

The  Use  of  the  Foregoing  Table  of  Forms  of  Fluxions  and 

Fluents. 

48.  In  using  the  foregoing  table,  it  is  to  be  observed,  that 
the  first  column  serves  only  to  show  the  number  of  the  form ; 
in  the  second  column  are  the  several  forms  of  fluxions,  whioh 
are  of  different  kinds  or  classes ;  and  in  the  third  or  last 
column,  are  the  corresponding  fluents. 

The  method  of  using  the  table,  is  this.  Having  any 
fluxion  given,  to  find  its  fluent :  First,  Compare  the  ffivea 
fluxion  with  the  several  forms  of  fluxions  in  the  second  co- 
lumn of  the  table,  till  one  of  the  forms  be  found  that  agrees 
with  it ;  which  is  done  by  comparing  the  terms  of  the  given 
fluxion  with  the  like  parts  of  the  tabular  fluxion,  namely, 
the  radical  quantity  of  the  onoi  with  that  of  the  other ;  wi 


m 
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the  exponentt  of  the  variable  quantities  of  each,  botfi  withia 
and  without  the  yinculum;  all  which,  being  fimnd  to  agtee 
or  correapond,  will  give  the  particular  values  of  the  general 
quantities  in  the  tabular  form ;  then  substitute  these  particu* 
lar  values  in  the  general  or  tabular  form  of  the  fluent,  and 
the  result  will  be  the  particular  fluent  of  the  given  flujiion ; 
after  it  is  multiplied  by  any  oo-efficient  the  proposed  fluxion 
may  have. 


Exam.  1.  To  find  the  fluent  of  the  fluxion  "Sx^i. 

This  is  found  to  agree  with  the  first  form.  And,  by  com* 
paring  the  fluxions,  it  appears  that  s  «  x,  and  n  —  1  =^  |, 
orn^s  f ;  which  being  substituted  in  the  tabular  fluent,  or 

~<r*,  gives,  after  muhiplying  by  3  the  co-efficient,  3  X  }x>, 

or  {x',  for  the  fluent  sought. 

Exam.  2.  To  find  the  fluent  of  5x»cfc^c'— «=»,  or  5««ifc(c'— x^^. 

This  fluxion,  it  appears,  belongs  to  the  2d  tabular  form : 
for  a=^  c^f  and  —  x*  =»  —  x^,  and  n  =  3  under  the  vincu- 
lum, also  m  —  1  =5  J,  or  m  :=%  |,  and  the  exponent  *-*  of 
s**^  without  the  vinculum,  by  using  3  for  ft,  is  n  —  1  =3  2, 
which  agrees  with  x'  in  the  given  fluxion :  so  that  all  the 
parts  of  Sie  form  are  found  to  corre^>ond.    Ilien  substituting 

these  values  into  the  general  fluent, (a— a^)"*, 

mn 

it  becomes  -  iXf(c»-x^*  =  —  V(c»-x^)i 

^± 

Exam.  3.  To  find  the  fluent  of  tt^- 
•  l-rx^ 

This  is  found  to  agree  with  the  8th  form  i  where  -  *^  • 
±  x*^  = .+  x^  in  the  denominator,  or  n  =  3 ;  and  the  nume* 
rator  x**^  then  becomes  x*,  which  agrees  widi. the  numerator 
in  the  given  fluxion;  also  a  =  1.     Hence  then,  by  substi. 

tatiug  in  the  general  or  tabular  fluent,  -  log.  of  arf  ^,  it  be- 
comes I  log.  1  +  ^* 
Exam.  4.  To  find  the  fluent  of  ax*x. 

Exam.  5.  To  find  the  fluent  of  2(10+x')U     • 

OX 

Exam.  6.  Tp  find  the  fluent  of  ,^,^h 

(c-rx*j ' 

Vol.  n.  43  . 
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EzAX.  7.  To  find  the  fluent  of 


Exuf*  B.  To  find  the  fluent  of  — r-f. 

ar 

EzAX.  9.  To  find  the  fluent  of  -^-r-x. 

Exam.  10.  To  find  the  fluent  of  (-  +  — )r»^. 

X         y 

Exam.  11.  To  find  the  fluent  of  {-  +  ^)«y*. 

X         ajf 

3±     8 
Exam.  12.  To  find  the  fluent  of — or  -^r^i. 

ax     a 

Exam.  13.  To  find  the  fluetit  of 


3^  ^g-*X 

Exam.  14.  To  find  the  fluent  of  =r -.or^ • 

w— or     2 — X 

Exam.  15.  To  find  the  fluent  .of  — -- or-^~^ 

Exam.  16,  To  find  the  fluent  of  r- — -.• 

1— «* 

SxAM.  17.  To  find  the  fluent  of  x^ 


Exam.  18.  To  find  the  fluent  of 


2— x» 
2x± 

1+a;** 

n 

Exam.  19.  To  find  the  fluent  of  hV-.* 

2+«^ 

Exam.  20.  To  find  the  fluent  of -—^ 


•  * 


Exam.  21.  To  find  the  fluent  of  --^— > 

Exam.  22.  To  find  the  fluent  of— i^. 

Exam.  23.  To  find  the  fluent  of  -^  -, 

^4-x^ 

Exam.  24.  To  find  the  fluent  of      ^^'^'^ 


-/I— «* 


EzAV.  35.  To  find  the  Aient  of 


mnHHo  or  Hvmp.  m 

ax 


EiAM.  26.  To  find  the  fluent  of  - 

^ar— 1 

ExAX.  27.  To  find  the  fluent  of ^ 

Exam.  28.  To  find  the  fluent  of  2£  y/^^o?. 

ExAH.  29.  To  find  the  fluent  of  o'x. 

ExAK.  30.  To  find  the  fluent  of  do*':^. 

Ex  AX.  31.  To  find  the  fluent  of  S^'^Iog.  z-^-^x^^x. 

Exam.  32.  To  find  the  fluent  of  (l+«')d»^ 

Exam.  33.  To  find  the  fluent  of  {^^3f)ti^±. 
Exam.  34.  To  find  the  fluent  of  «^  ^(o^-fo;^. 

To  find  Fluents  by  InfimU  Series. 

49.  When  a  given  fluxion,  whose  fluent  is  required,  is  so 
complex,  that  it  cannot  he  made  to  agree  with  any  of  the 
forms  in  the  foregoing  tahle  of  cases,  nor  made  out  mm  the 
general  rules  before  given ;  recourse  may  then  be  had  to  the 
method  of  infinite  series  ;  which  is  thus  p^formed : 

Expand  the  radical  or  fraction,  in  the  given  fluxion,  into 
an  infinite  series  of  simple  terms,  by  the  methods  given  ibr 
that  purpose  in  books  of  algebra,  viz.  either  by  division  or 
extraction  of  roots,  or  by  the  binomial  theorem,  &c. ;  ^nd 
multiply  every  term  by  the  fiuxional  letter,  and  by  suchlnm- 
ple  variable  factor  as  the  given  fluxional  expression  may  con- 
tain. Then  take  the  fluent  of  each  term  separately,  by  the 
foregoing  rules,  connecting  them  all  together  by  their  proper 
signs ;  and  the  series  will  be  the  fluent  sought,  afW  it  ie  mul- 
tiplied  by  any  constant  factor  or  co-eflicient  which  may  be 
contained  in  the  given  fluxion  expression. 

50.  It  is  to  bo  noted,  however,  that  the  quantities  must 
be  so  arranged,  as  that  the  series  produced  may  be  a  con- 
verging  one,  rather  than  diverging :  and  this  is  eflected  by 
placing  the  greater  terms  foremost  in  the  given  fluxion. 
When  these  are  known  or  constant  quantities,  the  infinite 
series  will  be  an  ascending  one ;  that  is,  the  powers  of  the 
variable  quantity  will  ascend  or  tncroase ;  but  if  the  variable 
^antity  be  set  foremost,  the  infinite  seriee  produced  will  be 
a  descending  one,  or  4he  powers  of  that  quantity  will  de* 
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eieaae  always  more  and  mo^  in  the  succeeding  tenns,  or  in* 
crease  in  the  denommators  of  them,  which  is  the  same  thing* 

For  example,  to  find  tfie  fluent  of  jx 3  *' 

Here,  by  dividing  the  numerfitor  by  the  denominator,  the 
proposed  fluxion  becomes  ±  -^  2x±  +  8***  —  5aftfc  +  8brti  — 
dec  ;  then  the  fluents  of  all  the  terms  being  taken,  give 
X  —  J*  +  «*— i**  +  fa:*  —  &c.  for  the  fluent  sought 

Again^  to  find  the  fluent  of  £  ^1— a*. 
Here,  by  extracting  the  root,  or  expanding  the  raffieat 

quantity  ^l^a^^  the  given  fluxion  becomes 

±  —  |x^ —  ^i^±  —  '^3^±  —  d^.  Then  the  fluenCs  of  aH 
the  terms,  being  taken,  give  x  —  |x^  —  ,^x*  —  rii^ — ^*^ 
lor  the  fluent  sought 

OTTHBR  KXAMPLES* 

ExAx.  1.  To  find  the  fluent  of both  in  an  ascendioe 

and  descending  series. 

Exam.  2.  To  find  the  fluent  of  — ^  in  both  series. 

a+x 

S± 
Exam.  3.  To  find  the  fluent  of 


(a  +  xf 

ExAK.  4.  To  find  the  fluent  of    ~         ^*&. 

1  +  X  —  a* 

ExAX.  5.  Given  z  =  -o-t^'-29  to  find  z. 

(^  +  aF 
Exam.  6.   Given  z  =  — ; — ±  to  find  z. 

a  +  x 


ExAK.  7.   Given  z  =^  ^  ^/a  +  a:,  to  find  z. 
Exam.  8.   Given  z^^  ^W+lFy  to  find  z. 
Exam.  9.   Given  i  =  4x  ^o"-**,  to  find  «. 

Exam.  10.  Given  z  =  to  find  z. 

v'x*  — a» 

Exam.  11.  Given  i  =  SiiJ/^'^iriJ  ^^  ^^^  ^ 

Exam.  12.  Given  z  =  — —  ■       ,  to  find  r. 

^  am  —  XX 

Exam.  13.  Given  z  =  afr^/r*  +  x*  +  ar*,  to  find.*. 

Exam.  14.  Given  z  =»  S^v^ox  -  x^,  to  find  x. 


mrDxufG  OF  rtiTBim.  38t 


To  Correct  the  Fluent  of  any  given  Fluxion. 

•51.  The  fluxion  found  from  a  given  fluent  is  alwa3r8 
perfect  and  complete ;  but  the  fluent  found  from  a  giyeii 
iuxion  is  not  always  so  ;  as  it  often  wants  a  correction}  to 
make  it  contemporaneous  with  that  required  by  the  problem 
under  consideration,  d^c. :  for,  the. fluent  of  any  given  fluxion, 
as  i',  may  be  either  x,  which  is  found  by  the  rule,  or  it  may 
be  X  +  ^9  or  X  —  c,  that  is  x  plus  or  minus  some  constant 
quantity  c ;  because  both  x  and  x  ±  c  have  the  same  fluxion  i^ 
and  the  finding  of  the  constant  quantity  c,  to  be  added  pr 
subtracted  with  the  fluent  as  found  by  the  foregoing  rules, 
is  called  correcting  the  fluent. 

Now  this  correction  is  to  be  determined  from  the  nature 
of  the  problem  in  hand,  by  which  we  come  to  know  the  re- 
lation which  the  fluent  quantities  have  to  each  other  at  some 
certain  point  or  time.  Reduce,  therefore,  the  general  fluen- 
tial  equation,  supposed  to  be  found  by  the  foregoing  rules, 
to  that  point  or  time  ;  then  if  the  equation  be  true,  it  is 
correct ;  but  if  not,  it  wants  a  correction  ;  and  the  quantity 
of  the  correction,  is  the  difference  between  the  two  general 
sides  of  the  equation  when  reduced  to  that  particular  point 
Hence  the  general  rule  for  the  correction  is  this  : 

Connect  the  constant,  but  indeterminate,  quantity  c,  with 
one  side  of  the  fluential  equation,  as  determined  by  the  fore- 
going rules  ;  then,  in  this  equation,  substitute  for  the  variable 
quantites,  such  values  as  they  are  known  to  have  at  any 
particular  state,  place,  or  time  ;  and  then,  from  that  par- 
ticular state  of  the  equation,  find  the  value  of  c,  the  constant 
quantity  of  the  correction. 

EXAMPLES. 

52.  Exam.  1.  To  find  the  correct  fluent  of  z  =  ax'f. 

The  general  fluent  is  z  =  ax*,  or  z  =*  ax*  +  c,  taking  in 
the  correction  c. 

Now,  if  it  be  known  that  z  and  x  begin  together,  or  that 
2  is  =  0,  when  x  ^  0 ;  then  writing  0  for  both  x  and  z,  the 
general  equation  becomes  0  =  0+^,  or  =  c;  so  that,  the 
value  of  c  being  0,  the  correct  fluents  are  z  =  ox*. 

But  if  2  be  =  0,  when  x  is  =  6,  any  known  quantity  ; 
then  substituting  0  for  z,  and  b  for  x,  in  the  general  equa- 
tion, it  becomes  0  =  aft*  +  c,  and  hence  we  find  c  =  —  ab*  ; 
which  being  written  for  c  in  the  general  fluential  equation, 
it  becomes  z^ssax*  —  ah\  for  the  correct  fluents. 
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Or,  if  it  be  known  that  2  is  ==  some  quantity  d,  when  x 
if  89  fome  other  quantity  as  h ;  then  substituting  d  for  z,  and 
i  fiir  IT,  in  the  general  fluential  equation  ^  =  ox!*  +  c,  it 
becoiBea  d  «=  06*  +  c  ;  and  hence  is  deduced  the  value  of 
lli#0bfreetion,  namely^  c  ^  d  -^  db^;  consequently,  wnting 
Mi  ^mhie  for  c  in  the  general  equation,  it  beoomee  .  -  . 
i|i»iP(A  — ab*  +dim  the  correct  equation  of  the  fluents 
V  hHS  Case* 

^  8S.  And  hence  arises  another  easy  and  general  way  of 
^Btlrecting  the  fluentSy  which  is  this :  In  the  general  equation 
df  the  fluentSy  write  the  particular  values  of  the  quantiti^ 
iAkk  Uiey  are  known  to  have  at  any  certain  time  or  po- 
dUon  ;  then  subtract  the  sides  of  the  resulting  particular 
eqpuilion  from  the  corresponding  sides'  of  the  general  one, 
and  the  remainders  will  give  the  correct  equation  of  the  flu« 
ents  sought. 

80|  the  fi^eral  equation  being  z  =  ov^  ; 

write  d  for  z,  and  b  for  x,  then  d  ==  (A*  ; 

hence,  by  subtraction,    -    z  —  df  «=  ax*  —  ah*^ 

Or  2  ss  ax*  —  (A*  +df  the  correct  fluents  as  before. 

EsAX.  2.  To  find  the  correct  fluents  of  i  =s  5x£ ;  z  being 
srs  0  when  x  is^c=  a. 

Bum.  9.  To  find  the  correct  fluents  of  i  «  2±^  a  +  9; 
z  and  X  being  <s  0  at  the  same  time. 

EzAK.  4.   To  find  the  correct  fluent  of  i  •=  — r—  ;   sup- 

a+x         '^ 

posing  z  and  x  to  begin  to  flow  together,  or  to  be  each« 
=  0  at  the  same  time. 

,    ExAX.  5.  To  find  the  correct  fluent  of  i  =—■        ■;  sup* 
'  posing  z  and  x  to  begin  together. 


OF  FLUXIONS  AND  FLUENTS. 

Art.  54.  In  art.  47,  di^c.  is  given  a  compendious  table  of 
various  forms  of  fluxions  and  fluents,  the  truth  of  which  it  may 
be  proper  here  in  the  first  place  to  prove. 

55.  As  to  most  of  those  forms  indeed  they  will  be  easiljr 
proved,  by  only  taking  the  fluxions  of  the  forms  of  floenta^ 
in  the  last  column,  by  means  of  the  rules  before  given  in^ 
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MIL  85  of  the  direct  method ;  by  which  they  wiQ  be  found 
to  produce  the  corresponding  fluxions  in  the  2d  column  of 
the  table.  Thus,  the  1st  and  2d  forms  of  fluents  will  be 
proved  by  the  1st  of  the  said  rules  for  fluxipns:  the  dd 
and  4th  forms  of  the  fluents  by  the  4th  rule  for  fluxions : 
the  5th  and  6th  forms,  by  the  3d  rule  of  fluxions  :  the  7th» 
8th,  9th,  10th,  12th,  14th  forms,  by  the^th  rule  of  fluxions ; 
the  17th  form,  by  the  7th  rule  of  fluxions :  the  16th  form, 
by  the  8th  rule  of  fluxions.  So  that  there  remains  only  to 
prove  the  11th,  13th,  15th,  and  16th  forms. 

56.  Now,  as  to  the  16th  form,  that  is  proved  by  the  2d 
example  in  art.  67,  where  it  appears  that  ±'\/{dx — gf)  is  the 
fluxion  of  the  circular  segment,  whose  diameter  is  <2,  and 
versed  sine  x.  And  the  remaining  three  forms,  viz.  the  llth^ 
13th,  and  15th,  will  be  proved  by  means  of  the  rectifications 
of  circular  arcs,  in  art.  100. 

57.  ThoB,  for  the  11th  form,  it  appears  by  that  art.  that  the 
fluxion  of  the  circular  arc  z,  whose  radius  is  r,  and  tangent  t, 

is  i  =  ^x^-     Now  put « s=  a:2  ,  or  ^^  «=  x~,  and  «  =t:  r*  : 
then  is  «  =  |nx*      x,  and  r*  +  <"  =  a  +  «*,  and  z  =  • 


.*— *        ,*"-• 


r»+^ 


=  2 — . .  hence  — ; —  =  - —  =  — i,  and  the  fluent  is 

a+x*»  a+ac**       ion       on 

2x       2  i»  2 

—  =  —  X  arc  to  radius  4/  a  and  tang,  x*  ,  or=s— r-  Xa»c 

an       nx  •      "  n^a 

to  radius  1  and  tang.  ^  — ,  which  is  the  first  form  of  the 

fluent  in  n^.  xi. 

58.  And,  for  the  latter  form  of  the  fluent  in  the  same  n^ ; 

2 

because  the  coeflicient  of  the  former  of  these,  viz.  — ^  is 

n-v/a 

double  of  — —  the  coefficient  of  the  latter,  therefore  the  arc 

in  the  latter  case,  must  be  double  the  arc  in  the  former. 
But  the  cosme  of  double  the  arc,  to  radius  1  and  tangent  t,  m 

^-r--i ;  and  because  t*  =  —  by  the  former  case,  this  substi- 
1-rr  a 

tuted  for  f  in  the  cosine  ,  ,  ,  it  becomes  —; — ,  the  cosine 

l+e^  a+x** 

as  in  the  latter  case  of  the  11th  form. 

59.  Again,  for  the  first  case  of  the  fluent  in  the  18ih  fortll. 
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By  article  100,  the  flu^on  of  the  circular  arc  2,  to  ladius  r 

and  ane  y,  isi  =  ^{7^f)  ^"  "^  :^CT=?T'^''  ^"^  "^'"'  ^' 

i 

Nowput  y  =^  — ,  or  y«  =  ~  ;    hence  ^  (1  —  y«)  =  ^  1 

—  -  =^^-X  -/  (a-a;*),  and  y  =  yT-  X^nx'       i  ;  then 
these    two  being  substituted  in  the  value  of  z»   give  z 

<^7(fc^=i^5(^^^      consequently    the    given 

ar«  *~'i  2  2 

fluxion  — : r  is  =  -  z,  and  therefore  its  fluent  is  -  2^ 

V'{a — «•) ,         n  n 

2  X* 

that  is  -X  arc  to  sine  a/  — ,  as  in  the  table  of  forms,  for  the 
n  ^    a 

first  case  of  form  xm. 

60.  And,  as  the  coefficient  -,  in  the  latter  case  of  the  said 

n 

2 

form,  is  the  half  of  -  the  coefficient  in  the  former  cascT, 

n 

therefore  the  arc  in  the  latter  case  roust  be  double  of  the  arc 

in  the  former.     But,  by  trigonometry,  the  versed  sine  of 

double  an  arc,  to  sine  y  and  radius  1,  is  2^,  and,  by  the 

2x*  1 

former  case,  2v'  =  —  ;  therefore  -X  arc  to  the  versed  sine 

a  n 

2«"  . 

—  is  the  fluent,  as  in  the  2d  case  of  form  xiu. 
a 

61.  Again,  for  the  first  case  effluent  in  the  15th  form.  By 
art.  100,  the  fluxion  of  the   circular  arc  2;,  to  radius  r 

and  secant  «,  is  i  =  — --- — -^  or  =  — 77-5 — =-r  to  radius  1. 

Sy/(sr — r)  *v/(^ — 1) 

Now,  put  8  =v'~  =5  —,  or  *»  =  ^  ;  hence  *  v'f*'— 1)  = 

■1*  In 

-^  V  (7— 1)^— i/(x«-a),  and  ^  =  -/  -  X  inx«         ±; 
then  these  two  being  substituted  in  the  value  of  i,  give  z  or 

"  /  J 2  X  =  -g—  X     .  ^^^    ;  consequently  the  given  fluxion 

x-^i  2  ^  2  2 

:77ir— :;  ^r"^^>  and  theref.  its  fluent  is  — 7-  z.  that  is  — 7- 
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X  HTC  to  secant  ^  — ,«&  in  the  table  of  fonns,  for  the  'first 

a 

case  of  ibnn  xv. 

62.  And  as  the  coefficient  — 7-,  in  the  latter  case  of  the 

said  form,  is  the  half  of ,  the   coefficient  of  the  former 

fiy/a 

^case,  therefore  the  arc  in  the  latter  case  most  be  double  the 

arc  in  the  former*     But,  by  trigonometry,  the  cosihe  of  the 

2 

double  arc,  to  secant «  and  radius  1,  is  -^  —  1  ;  and,  by  the 

.  2       ,      2a  ■  2a— x*      .      \  1      . 

former  case  —= —  lea  — — Iss  — - — ;  therefore 


2a — X* 
arc  to  cosine is  the  fluent,  as  in  the  2d  case  of  form  xv* 

2  a 

Or^  the  same  fluent  will  be X  arc  to  cosine  ^  — ,  be. 

Hy/a  ^  «*• 

cause  the  cosine  of  an  arc  is  the  reciprocal  of  its  secant. 

63.  It  has  been  just  above  remarked,  that  iEieveral  of  tha 
tabular  forms  of  fluents  are  easily  shown  to  be  triie,  by  taking 
the  fluxions  of  those  forms,  and  finding  they  come  out  the 
same  as  the  giv^n  fluxions.  But  they  may  also  be  deter- 
mined in  a  more  direct  manner,  by  the  transformation  of  the 
given  fluxions  to  another  form.  Thus,  omitting  the  first 
form,  as  too  evident  to  need  any  explanation,  the  2d  form  is 
z  =  (a+x»)"«-"'x— *i*,  where  the  exponent  (n— 1)  of  the 
unknown  quantity  without  the  vinculum,  is  1  less  than  (n) 
that  under  the  same.     Here,  putting  y  =  the  compound 

n-l. 

quantity  a-^-i^i  then  is  y  =  nx^-^i,  and  i  =»? — ?;    hence, 

by  art.  88.  z  =  ^— =:  ^— ^ — ^,  as  in  the  table. 

ifiit  ifin 

64.  By  the  above  example  it  appears,  that  such  form  of 
fluxions  admits  of  a  fluent  in  finite  terms,  when  the  index 
(ft — 1)  of  the  variable  quantity  (x)  without  the  vinculum, 
is  less  by  1  than  n,  the  index  of  the  same  quantity  under  the 
vinculum.  But  it  will  also  be  found,  by  a  like  process,  that 
the  same  thing  takes  place  in  such  forms  as  (a+x»)"V*~':&, 
where  the  exponent  {en — 1)  without  the  vinculum,  is  1  less 
than \iny  multiple  (c)  of  that  (n)  under  the  vinculum.  And 
further,  that  the  fluent,  in  each  case,  will  consist  of  as  many 
terms,  as  are  denoted  by  the  integer  number  e  ;  vis.  of  one 

Toi.  n.  44 
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term  vhenc  =  1,  eftwo  terms  when  c  =  S,jof  three  term* 
when  c=3,  and  so  on- 
es. Thua,  in  the  general  form,  i  ^  (a  •{■  x*)*jf  *£, 
putting,  aa  before,  a  +  j:"  =  y ;  then  tax*  =  !/>-  a,  and  its 

fluxion  •.x'^^'i  =  y  or  *•-'*=—,    and  x'^-^±  or    «*-■ 

•  «"~'4  =  ^  (y  —  o)^'y ;  also  (a  + 1")"  =  jT :  tiieae  w- 

luea  being  now  aubstiltited  in  the  general  form  prapoaed, 

give  z  =  — (y — ay~'yif-    Now,  ifthe  conqiound  quantity 

(y— a]'-' be  expanded  by  the  binomial  theorem,  and  each 
term  multiplied  by  y^y,  that  fluxion  becomes 

i  =  -i-tj-^^j  -  ^-r*-^  +  - 

&c.);  then  the  fluent  of  every  term  being  taiken  by  arL  36.  it  is 

—  »^.1_*^1  g     0—1  ..0—2    a"   _c— l.c-2.c— 3    rf_ 
II  ^n    d— IV       d— 2      'Sy'  d— 3  "2.85* 

&c.),  putting  d  >=  ffl  -{-  c,  for  Fhc  general  form  of  the  fluent ; 
where,  c  being  a  whole  number,  tlic  muliipliers  c— I,  c — 2, 
0—3,  die.,  will  become  equal  lo  nothing,  after  the  first  e 
terms,  and  therefore  the  series  will  then  terminate,  and  ex- 
hibit the  fluent  in  that  number  of  terms  ;  Vn.  there  will  be 
only  the  first  terra  when  e  =:  1,  but  the  first  two  terms  when 
e  =  2,  and  the  first  three  tenna  when  c  =  3,  and  so  00. — 
Except,  however,  tho  cases  in  which  m  is  Home  negative  num- 
her  equal  to  of  less  than  c ;  in  which  cases  the  divisors,  m+c> 
m+c  — l.m+c — 2,  &c.  becoming  equal  lo  nothing,  before 
the  multipliers  c— 1,  c — 2,  &c.  the  corresponding  terms  of 
the  series,  being  divided  by  0,  will  be  infinite  :  and  then  the 
fluent  IB  said  to  foil,  as  in  such  case  nothing  can  be  detennin- 
ed  from  il. 

66,  Besides  this  form  of  the  fluent,  there  are  other  me- 
thods of  proceeding,  by  which  other  forms  of  fluents  are 
derived,  of  the  given  fluxion  i  =  {a+*")'''a:°*~'*,  which  are 
of  use  when  the  foregoing  form  fails,  or  runs  into  en  in- 
finite series  ;  some  results  of  which  are  given  both  by  Mr. 
Simpson  and  Mr.  Landen.  The  two  following  processes  an 
after  the  manner  of  the  former  author. 

67.  Tlie  given  fluxion  being  (o+x")"i«*-'i  j  iti  fiiMBt 
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maybe  assumed  equal  to  {a+x'^y^^  multiplied  by  a  general 
series,  in  terms  of  tbe  powers  of  x  combined  with  assumed 
unknown  coefficients,  which  series  may  be  either  ascending 
or  descending,  that  is,  having  the  indices  either  increasing  or 
decreasing  ; 
Tiz.  (a+x*)«**  X  (ox^  +  B«^*  +  cx*^'»  +D«*^-^  +dcc.), 

or  (a+a;*)***  X  (ax''  +  bx*^*  +  cx^^  +  bx^^  +  &c.). 

And  first,  for  the  foriner  of  these,  take  its  fluxion  in  the 
usual  way,  which  put  equal  to  the  given  fluxion  (a-t'X^)"* 
xf^^^Xt  then  divide  the  whole  equation  by  the  factors  that 
may  be  common  to  all  the  terms.;  after  which,  by  comparing 
the  like  indices  and  the  coefficients  of  the  like  terras,  the 
values  of  the  assumed  indices  and  coefficients  will  foe  deter- 
mined, and  consequently  the  whole  fluent.  Thus,  the  former 
assumed  series  in  fluxions  id, 

n{m  +  l)x*-'i  (a  +x»)"  X  (ax»-  +  bx»^  +  cx»*-«»,  dEC.)+ 

(a  +  x»)"«+'x  X  (rAX*^*+(r  -  »)  BX»rt;^  +  (r  —  2*)  ox*'-*-* 

Sec);  this  being  put  equal  to  the  given  fluxion  (a+x*)"V»^*  :fr; 
and  the  whole  equation  divided  by  (a+x**)**x— 'f ,  there  results 

ii(ffi+lx'*)  X  (ax'  +  Bx^-^+cx^'-^+iMir^  +  &c.)  \  _ 
+(a+«»)XrAx'-+(r— «)Bx'-*+(r— 2*)c«'^*dec.)    J  ""*^* 

Hence,  by  actually  multiplying,  and  collecting  the  coefficients 
of  the  like  powers  of  x,  there  results 

— X**  ..+....  raAx     ,  .  .  +(r— #)aBx'^  &c. 

Here,  by  comparing  the  greatest  indices  of  x,  in  the  first  and 
second  terms,  it  gives  r  -{-n  •=  crij  and  r  -{-  n  —  *  =  r  ; 
which  give  r  =^  {c  —  l)n,  and  n  =  «•  Then  these  values 
being  substituted  in  the  last  series,  it  becomes 

— x  +(c— l)7ia    AX        +(c--2)naBa:  &c.      ' 

Now,  comparing  the  coefficients  of  the  like  terms,  and  put- 
ting c+m=d,  there  result  these  equalities : 


ABC.  >=0. 


___   1       __       e — l.aA_         c— 1  .  a  ^  c— 2  .  <ib 

+  5 — -  r — ~—,  dec. ;  which  values  of  a,  b,  c,  &c.   with 
d — I. a — 2.dn  »  --»    » 

those  of  r  and  «,  being  now  substituted  in  the  first  assumed 
fluent,  it  becomes 

dn  ^  M       d-l  .^^d^i.d'-f.x^ 
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exactly  agreeing  with  the  fint  value  of  the  19th  ibrm  in  th« 
table  of  flaents  in  my  Dictionary.  Which  fluent  therefore, 
when  c  is  a  whole  positive  number,  will  always  terminale 
in  that  number  of  terms  ;  subject  to  the  same  exception  as 
in  the  former  case.  Thus,  if  <;  =  2,  or  the  given  fluxion  be 
(a+«»)*«*»^i ;  then  e+m  or  d  being  =  m+^ithe  fluent  be- 
comes 

(ifi+2)n         ^        m+r  n  m+l.m+Z" 

And  if  c  =  3,  or  the  given  fluxion  be  (a+x*)*j^-*  ±  ;  then 
111+^  or  d  being  =  fn+3,  the  fluent  becomes 

(jii+5)n  ^        m+2  "^m+g.w+l^  n 

m+8        fii+3.  m+2  "^m+a.m+a.w+l'  *^  ^'^^ 

when  c  is  s  other  whole  numbers  :  but,  when  c  denotes 
either  a  fraction  or  a  negative  number,  the  series  will  then  be 
an  infinite  one,  as  none  of  the  multipliers  c — 1,  c — 2^  c — 8, 
can  then  be  equal  to  nothing. 

68.  Again,  for  the  latter  or  ascending  form,  (g+«*)*^^  X 
(ax*^  +  Baf+*  +  car+^  +  Dx'+'«  +  Ac),  by  making  iU 
fluxion  equal  to  the  proposed  one,  and  dividing,  dec.,  as  be« 
fore,  equating  the  two  least  indices,  d^c.  the  fluent  will  be 
obtained  in  a  diflTerent  form,  which  will  be  useful  in  many 
cases,  when  the  foregoing  one  fails,  or  runs  into  an  infinite 
series.  Thus,  if  r  +  s^r  +  2s,  dec,  be  written  instead  of 
r  —  «,  r  —  2st  &c.,  respectively,  in  the  general  equation  in 
the  last  case,  and  taking  the  first  term  of  the  2d  line  into  the 
first  line,  there  results 

+rax''  +  (r+*)gBi'*'  +  (r+2*)gcx'^*='  &c.  ) 

Here,  comparing  the  two  least  pairs  of  exponents,  and  the 

coefficients,  we  have  r=:cii,  and  s  =  n;  then  a  =  —  =s:  —  ; 

ra       ena 

m+i    A  __       c+m+1 


__      r+n(»i+l)        __       c+ 
g(r+«)     '  '"  'c 


c+1       a  («;+l)cfig»* 

^^      t;+m+2  .  c+m+l.c+m+2  .       _^      ^ 

«  ==  - T^f 2)^«  =  +  c. c+1. .+2. no-  ^^'  Therefore, 
denoting  c  +  m  by  d,  as  before,  the  fluent  of  the  same  flux* 
km  (a  +  «*)•««•-**,  will  also  be  tndy  ezpresied  by 
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agreeioff  with  the  2d  value  of  the  fluent  of  the  19th  ibnn  in 
my  Dictionary.  Which  series  will  terminate  when  d  or  eH-i* 
is  a  negative  integer ;  except  when  c  is  also  a  negative  in- 
teger  less  than  d ;  for  then  the  fluent  fails,  or  will  foe  infinite, 
the  divisor  in  that  case  first  becoming  equal  to  nothing. 

To  show  now  the  use  of  the  foregoing  series^  in  some  ex- 
ample of  finding  fluents,  take  first, 

69.  Example  1.    To  find  the  fluent  of 
or  6xx{a+x) 


^{a+x) 

This  example  being  compared  with  the  genei^al  form 
x^*^i(a+x^)^f  in  the  several  corresponding  parts  of  the 
first  series,  gives  these  following  qualities :  viz.  a  =  a,  si  -s  1, 

en  —  1  »  1,  or  c  —  1  »  1,  or  c=2 ;  m==— J;  y=a  +  «, 
i=«  +c=2- J  =  i,  l/«  (a+x)l,*  =|.  i^. 

-  =  — i — ;  here  the  series  ends,  as  all  terms  aAer  this 

become  equal  to  nothing,  because  the  following  terms  con- 
tain the  factor  c  —  2  =  0.     These  values  then  being  substi- 

tuted  in  —  (-r  —  -= — r  .  -,  it  becomes  (a  +  «)t  X 
ji  ^o      a— 1    y  ,  ^  ' 

,2        2a  .       ,2a+2x    «  x  ^  /     i     xl    2*— -4a    , 

which  mnltiplied  by  6,  the  given  coefiicient  in  the  proposed 
example,  there  results  (4a; -8a)  .  v^(a+x),  for  the  fluent 
required. 

70.  Exam.  2.     To  find  the  fluent  of      ' 

The  several  parts  of  this  quantity  being  compared  with  the 
corresponding  ones  of  the  general  form,  give  a  =  a^,  n  =  2, 

111  =  J,  en— 1  or  2c  —  1=—  6,  whence  c  =s  — o~~  —  ♦> 

and  d^^m  '\'C^=^i  ^  |=  —  |  =  —2,  which  being  a  nega- 
tive integer,  the  fluent  will  be  obtained  by  the  3d  or  last  form 
of  series ;  which,  on  substituting  these  values  of  the  letters, 


fy^  — =xs —  X  (i  — =i3-) = 


842 
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X  (2  —  g)  =-^-^-^  X  -^r^,  for  the  required  fiurat 

of  the  proposed  fluxion. 

71.  Exam.  3.    Let  the  fluxion  proposed  be 

Here,  by  proceeding  as  before,  we  have  a  ^^h^n  ^^  n^ 
m  »  — -  ^,  c  =  3,  and  d  s=:  c  +  m=i^;  whence  c  being  a 
positive  integer,  this  case  belongs  to  the  2d  series;  into 
which  therefore  the  above  values  being  substituted,  it  becomes 

5(b+x^)i^         1  _  2ft_      2j^    =2^a+,ns     .     .     . 

^  9ii  ' 

72.  JEJxam.  4.  Let  the  proposed  fluxion  be  5(|— «')*r-*i. 
Here,  proceeding  as  above,  we  have  a  =  |,  n=2,  ms:^, 

cfi-^lor2c—  ]  =—8,  and  c  =  —  ii«  =  —  «,  d=c  + 
iii^sB  -—  3,  which  being  a  negative  integer,  the  case  belongs 
to  the  dd  or  last  series :  which  therefore,  by  substituting  these 

value*,. becomes-^-j;^  X  (t  +  —7^  + 


Ex.  6. 
Ex.  7. 


'  —  t  •  T 

15(i-^)^  _^  n  +  12^'  ^24.*.     --8^--^     .      .     .      . 

—72'       ^^*^    5    ^    5   ^  72' 

X(5  +  12x'  +  242*),  the  true  fluent  of  the  proposed  fluxion. 
And  thus  mfty  many  other  similar  fluents  be  exhibited  in  fi- 
nite terms,  as  in  these  following  examples  for  practice. 

Ex.  6-     To  find  the  fluent  of  -Sx'i  -v/(<r'-x*). 

To  find  the  fluent  of  -6x«i  ,  (a"  —  x*)"^. 

To  find  the  fluent  of  ^  V^'^f  ^  or     .    -     -    - 

(a— a:*)^«— ■     x. 

73.  The  case  mentioned  in  art  42,  p.  321,  viz.  of  compound 
quantities  under  the  vinculum,  the  fluxion  of  which  is  in  a 
given  ratio  to  the  fluxion  without  the  vinculum,  with  only 
one  variable  letter,  will  equally  apply  when  the  compound 
Quantities  consist  of  several  variables.     Thus, 

Example  1.    The    given    fluxion   being   (4xi  +  8yy)  X 

V'C**  +  23^)»  or  (4^^  +  8yy)  X  (ar*  +  2^^)^,  the  root  being 
^  +  2^*,  the  fluxion  of  which  is  2xx  +  4yy.  Dividing  the 
fbiiner  fluxional  part  by  this  fluxion,  gives  the  quotient  2  : 


(a' +y* +  »•')*■*■* 


pimoNs  AND  wvovsm.  84# 

next,  the  exponent  \  increased  by  1,  gives  f :  lastly,  diyiding 

by  this  f,  there  then  results  ^(«'  +  Sy*)*,  for  the  required 
:fluent  of  the  proposed  fluxion. 

Exam.  2.  In  like  manner,  the  fluent  of 

(x«  +  y*  +  z^)^  X  (6xir  +  I2fy  +  18»*i)  U 

(2xx  +  4y'y  +  6«*i)  X  J  tv^-ry  T » ; 

Exam.  3.  In  like  manner^  the  fluent  of 

^(^  +  «yy  +  o^i)  v'C^  +  2y"),  is  *(*•  +  2«y)*- 

74.  The  fluents  of  fluxions  of  the  forms 

x*x      x'^i      ^  «*•*-':&    -  ,  -  '    , 

-x-">    o-i-  a>  »c-  or  — -r — f  occ,  where  c  and  n  are  whole 

numbers,  will  be  found  in  finite  terms,  by  dividing  the  nu. 
merator  by  the  denominator,  using  the  variable  letter  x  as  the 
first  term  in  the  divisor,  continuing  the  division  till  the 
powers  of  x  are  exhausted  ;  after  which,  the  last  remainder 
will  be  the  fluxion  of  a  logarithm,  or  of  a  circular  arc,  dec. 

Example  1.  To  find  the  fluent  of  —. — or— p-. 
^  a+x     x+a 

xx  ax  ail 

By  division,  —7—  =  x-^ — r— ,  where  the  remainder  —7— is 
x+a  x+a  x+q 

evidently  » a  X.the  fluxion  of  the  hyperbolic  logarithm  of 
a  +  x:  therefore  the  whole  fluent  of  the  proposed  fluxion 
is  X  —  a  X  hyp.  log.  of  (a  +  x).  In  like  manner  it  will  be 
found  that, 

Ex.  2.  The  fluent  of  —7-,  lax  +  a  X  hyp.  log.  of  (x-^a). 

x'va 

XX 

Ex.  3.  The  flu.  of ,  is— x  —  a  X  hyp.  log.  of  (a—x). 

a — X 

x^x 
Ex.  4.  The  flu.  of  — ; — ,  is  -Jo:^— aa?+a'Xhyp.  log.  (a+x). 

a-f-x  •       «   \ 

2  * 

Ex.  5.  The  flu.  of ,  is  — Jx"— ax— ^Xh.  l.of  (a — x). 

a — X 

3  * 

Ex.  6.  The  flu.  of -^^,  is  Jx'  +  ax  +  o^  X  h.  1.  (x— a). 

X— a 

X  X 

Ex.  7.  The  fluent  of — --,  is 

x+a 

Jx'  —  Jax"  +  a'x  —  a'  X  hyp.  log.  of  («  +  a). 

x^x 
Ex.  8.  The  fluent  of ,  is 
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Ja?'  +  ia«*+ Ar  +  o'  +  hyp.  log.  of  (x  — a)* 

Ex.  9.  The  fluent  of ,  is 

a — OP 

—  J«*  —  in**  —  a'x  +  a'  X  hyp.  log.  of  (a  —  «)• 

JB«.  10.  The  fluent  of -ir~,  is 

a+x 

Jx*  —  jflar' +  f  a'x"  -  a'x  +  a*  X  hyp.  log.  (a  +  x). 

x^x 

Ex.  11.  The  fluent  of  — r— ,  is 

a+x 

-^ s =-+  *^c.  ±  a»  X  n.  I.  («-rxV 

n       n  — 1       n— 2        n— 5 

x*i 

Ex.  12.  The  fluent  of ,  is 

a— X 


. — -■  dtc.  — a»  X  h.  1.  (a  —  *). 

n        ji— I       n-2        ji— 3 

£x.  13.  The  fluent  of  ^—,  is 

X — a 

It        n— 1       n— 2       n— 3 

x*i  irtt 

-  jBx.  14.  The  fluent  of--^j-^=  (by  division)  :fr—  ^j,!,^ 

isy  (by  fonn  11)  x  —  cir.  arc  of  radius  a  and  tang,  x,  or 

a*— X* 

X  —  ia  X  cir.  arc  of  rad.  1  and  cosine  -rrr^'     In  ^^'^ 
"  a"+x" 

manner. 


.3, 


£x.  15.  The  fluent  of  -^,,  or  of  -  i-  +  ^-—3, 

a' — ^x  a*— «^ 

is  —  X  +  ia  X  h.  1.  ^^,  by  form  10.     And 

a — ^x 

Ex.  16.  The  fluent  of  -^^  =  x  +  -^^, 

x"— a"  x*— a" 

X""~"fl 

18  X  +  |a  X  hyp.  log.  — r— ,  by  the  same  form. 

x*x 
75.  In  like  manner  for  the  fluents  of  ,.    ,,     Thus, 

a\J:x' 

Ex.  17.  The  fluent  of  —-^  =  x«x-a«i-  +-5^,  is 

cr+  X*  a"+ar 

(by  form  11),  \:x?'-^^x  +  a'  X  cir.  arc  to  rad.  a  and  tang,  h 


#11  vximt  aM  n^t?i2f¥8u  ^Vd 

mr  ^jf-^A+jt^yitir.  are  to  rad.  1  and  cosine  ^  ,  ^  JUkI 

«ff  nig 

J&.  J8.  The  fluent  ef  -,~  «-««  —  «»:&  +^LL_ 

a*— ar  or  • —  jr 

M  — .  Jx*  —  rfx  +  Jrf  X  liyp.  log.  — ^,  by  form  10.    Also 
JS*.  19.  The  fluent  of     *     _.  =  srtfc  +  <^i  4     "^* 


IS  ^s'  +  <A;  +  i^  X  hyp.  log*  -x-f  by  fimn  10. 

76.  And  in  general  for  the  fluent  of  -vt-?  where  n  kaM 

«ven  positive  number,  by  dividing  till  the  powers  of  x  in  the 
Bfunerator  are  exhausted,  the  fluents  will  be  foood  as  befiNce. 
And  first  for  the  denominator  x*  +  a*,  as  in 

x*i 
Ex.  20.  For  the  fluent  of  -j  =s  (by  actual  division) 

I>er  of  terms  in  the  quotient  being  In,  and  the  remainder 

:p  ■^■1  y  viz.  —  or  +  according  as  that  number  of  tenns  is 

odd  or  even.    Hence,  as  before,  the  fluent 

is  — r 5-  +  &c.  .  .  .  db  o^-'x  qpo**^  X  arc  to  rad. 

n— 1       n— 3 

aandtan.  X,  or ^ -5-  +  &C.  .  .  .  ±  a'*-^x  :f  !«'•-* 

» — 1       n — 3  ^  ■ 

II*— x* 

X  arc  to  rad.  I  and  cos.  ^■,    ;. 

<r+x' 

x*i 
£x.  21.  In  like  manner,  the  fluent  of  -^—\j  is 

or — X* 

-in-„— 8-;n6  -  *«•  +  i--  X  hyp.  log.^-. 
Ex,  22.  And  of  -^ — i,  is 


1  ji^jpn    »  X-*{l 

-i 5-  +&C.  +  |a*-*Xh3rp.  log.  -— ^ 


«-r»l        n — 3  '  ^r      o  ^^^ 

77.  In  a  similar  manner  we  are  to  proceed  for  the  fluents  of 
Vol.  n.  45 
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— ST— ^  when  n  is  any  odd  number,  by  dividing  by  the  de- 

nominator  inverted,  till  the  first  power  of  a;  only  be  found  in 
the  remainder,  and  when  of  course  there  will  be  one  term 
less  in  the  quotient  than  in  the  foregoing  case,  when  n  was 
an  even  number ;  but  in  the  present  case  the  log.  fluent  of 
die  remainder  will  be  found  by  the  8th  form  in  the  table  of 
fluents* 

Ex.  23.  Thus,  for  the  fluent  of  ^  ,    -,  where  n  is  an  odd 

XT'j'tr 

number,  the  quotient  by  division  as  before,  is  a^'^± — a^j*  ■* 
±  +  d^i^i  —  &c.  ±  a^^xi,  the  number  of  terms  being 

-;;— ,  and  the  remainder  q:    , ,    ,.    Therefore  the  fluent  is 
8  ar-f-ir 

—  ' 0+&C ±  -75- q:irt»-»Xh,L  «•  +  «•. 

n  "^  o  «* 

£«•  24*  The  fluent  of -^ -^is  obtained  in  the  same 

ar  —  or 

manner,  and  has  the  same  terms,  but  the  signs  are  all  posi- 
tive, and  the  remainder  is  +  ^<i*-*  X  hyp.  log.  «* — a*. 

x^i 
Ex.  25.  Also  the  fluent  of  -^—^  i*  still  the  same,  but  the 

signs  are  all  negative,  and  the  remainder  is  —  {a*^  X  hyp. 
log.  a* — X*.    Hence  also, 

Ex.  26.  The  fluent  of  ^-~, 

is  ix*— la*Xhyp.  log.  of  x^  +  a". 

ar^x 


Ex.  27.  The  fluent  of 


X  — U 


is  i^x^+K  X  liyp-  log.  of  X*  —  a\ 
Ex.  28.  The  fluent  of     *^^ 


a*-x" 
is  —  ix*-^»  X  hyp.  log.  of  a*  —  x\ 

^± 
Ex.  29.  The  fluent  of  ~—^, 

is  Jx*  — JaV  +  ia*X  hyp.  x*  +  a'. 

x»i 


£x.  30.  The  fluent  of 

ia  i«*  +  Ja*x»  +  ia*X  hyp,  log.  x»-.«*» 


x«     -•* 
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Ex.  31.  The  fluent  of 


x^x 


«2        «,^' 

a  — x 


.ft 


ia—ix*—  ^o»«»  —  fo*  X  hyp.  log.  o* - «' 
78.  Ex.  32.    In  a  similar  manner  may  be  found  the 

fluents  of  — ^^—,  where  c  is  any  whole  positive  number,  by 

dividing  till  the  remainder  be  — ,  which  can  always 

be  done,  and  the  fluent  of  that  remainder  will  be  had  by  the 
8th  form.     Thus,  by  dividing  first  by  a^  +  ^9  ^^  terms  are, 

a«-»->;^  —  a»x«^**-'ir  +  Ar**-3»r-i:fc }-  4tc.  till  the  last 

term   be  aC**— '>*x<<'-''>^S  and  the  remainder 

; = z when  d  is  =c— 1,  or  1  less  than 

c,  which  is  also  the  number  of  the  terms  in  the  quotient ;  and 
therefore  the  fluent  is 

1 dh qp-a^«— *)»X 

en — n       en — 2n         en — 3n  n  n 

hyp.  log.  of  ac*  -J-  a*.'   In  like  manner, 

Ex.  33.  The  fluent  of  -= has  all  the  same  terms  as 

«*-a*     • 

the  former,  but  their  signs  all  +  or  positivOi  and  the  remain- 
der -  a(«-')*  Xhyp.  log,  of  ac*  —  a».    Also  in  like  manner 
n 

£x,  34.  The  fluent  of has  all  tlie  very  same  terms, 

but  all  negative,  and  the  remainder a(*— 0*  x  hyp.   log. 

of  a*  —  x*. 

Ex.  35.  The  fluent  of  rr: — =  —  X  r is    also   the 

ftjrex*      e       h_ 

same  with  the  preceding,  by  substituting  —  for  a*,  and  mul. 

e 

tiplying  the  whole  series  by  the  fraction  — • 

79.  When  the  numerator  is  compound,  as  well  as  the  de. 
nominator,  the  expression  may,  in  a  similar  manner  by  di. 
vision,  be  reduced  to  like  terms  admitting  of  finite  fluents. 
Thus,  for 
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Ex,  86.  TRrfind  the  fluent  of  -r^i  ^  «*  =*  — SE^* 
By divitioD tfaisteoemes  —  ^+  — ^->^ 1  •nd  il9 

ftient  —  25  "^    gj,     >^  hyp*  log.  of -^  +  «». 

88.  Thore  sre  'certain  methods  of  iinding  fluenti  one  ftom 
another,  or  of  deducinff  4be  fluent  of  a  proposed  fluxion  from 
another  #«eiiC  preTioomy  kaowa  or  found.  There  are  baldly 
a^y  tfaiory  rtilea  however  tkmi  will  suit  all  caret ;  bat  tbvf 
iikmf  dettsisi  in  aflsuming  some  quantity  jr  in  the  form  of  a 
reotangle  t>r  product  of  two  factorv,  which  are  such,  that  the 
one  of  them  drawn  into  the  fluxion  of  the  other  may  be  of  the 
fbrm  of  the  proposed  flaxion ;  then  taking  ^e  fiinion  of  the 
assumed  rectangle,  there  will  thence  be  deduced  a  vahie  of 
the  proposed  fluxion  in  terms  that  wiH  often  aAnit  of  Butte 
fluents.  The  manner  in  such  cases  wiH  better  appear  fion 
the  following  examples. 

Ex.  1.  To  find  the  fluent  of   ^,. ,  ^. 

Here  it  is  obvious  that  if  y  be  assumed  =  x  ^(x*  +  <i*)r 

then  one  part  of  the  fluxion  of  this  product,  viz.  x  X  flux. 

of  v^(x'+a')i  will  be  of  (he  some  form  as  the  fluxion  pro* 

posed.  Potting  theref.  the  assumed  rectangle  p^x^(x*  +a*  ) 

x*£ 
into  fluxions,  it  is  y  =  i-  ^{ji^+aF)  +  -j- r-"^;*  1^***  *•  ^^ 

former  part,  viz.  £  ^{x^  +  a*)^  does  not  agree  with  any  of 
our  preceding  forms,  which  have  been  integrated,  multiply 
it  by  ^/{x*  +  a*  ),  and  subscribe  the  same  as  a  denominator 
to  the  product,  by  which  that  part  becomes 

— T-r-i — T\£  =  -T7"5-.— -st;  this  United  with  the  former  part, 
makes  the  whole  y=-_-^^+__^,hencethe  gireD 

^""-"  ;?(&)  =  "^  -  •'^  ^  ;7(?q^'  «»*»  '^  «»«"»  ^ 

therefore  Jy  -^a' Xf  ^  ^        =  jx  ^(x«+a»)  -  Ja"  X 
hyp.  log.  of  X  +  ^(x»  +  a'),  by  the  12th  form  of  fluents. 

Ex.  2.  In  like  manner  the  fluent  of  — 7-5— -jr  will  be 

£ 
found  from  that  of    ...      -  by  the  same  12th  form,  wad 


is  =  J«i/(a^— o^  +  ia»  X  hyp.  log.  sp  +  y/{pf  —  ^. 
IBt.  S.  jybb  in  a  mmilar  manner,  by  the  18th  fibnu,  th^ 

AueBt<if     *       -^  will  be/ound  from  that  of-  .jx^^^^,  and 

comes  out  —  \x^(i^ — x*)  +  (a  X  cir.  arc  to  radius  a  and 
tboiex* 

Ex.  4.  In  like  manner,  the  fluent  of        ,      ,.  will  be 

found  from  that  of — /  - ,  ^..     Here  it  is  manifest  that  y 

must  be  assumed  =  r'  ^^  (x*  -f  ^»  in  order  that  one  part  of 
its  fluxion,  viz,  ±  x  flux,  of  ^(x*  +  <0  ^"^7  KIgreo  with  the 
proposed   fluxion.    Thus,    by  taking   the  fluxion,  and  re- 

ducing  as  before,  the  fluent  of    ,/  ,  ,  ^-   will  be  found  « 


9  • 

Z  X 


m 


Ex.  5.  Thus  also  the  fluent  of 


isia?^{x-_a')+}a'X/-^^^ry 
£«.  6.  And  the/-^.— ^, 

is  -  Ja^  ^(«'  -  X')  +  K  X  f^f^a'L^y 
In  like  manner  the  student  may  find  the  fluents  of 

3^X  3?X  Sf^X 

even  number,  each  from  the  fluent  of  that  which  immediately 
precedes  it  in  the  series,  by  substituting  for  y  as  before. 
Thus  the  fluent  of 

81.  In  like  manner  we  may  proceed  for  the  series  of 
similar  expressions  where  the  index  of  the  power  of  x  in  the 
numerator  is  some  odd  number. 

a^£ 
Ex.  li  To  find  the  fluent  of    ^,  ^•,-  ^»     Here  assuming 

y  =  x^^{x*  +  a*),  and  taking  the  fluxion,  one  part  of  it 
will  be  similar  to  the  fluxion  proposed.    Thus,  ^  as  2xx 


x^i 
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4/ («•  +  «•)  +    ,,^  I    my,  I  hence  at  once  the  given  fluxion 

V  (*^+^) 

- — — ; — r  sac  y^^2x±  d  (ar*  +o*  )  ;  theref.  the  re'quired  fluent 

if  y  — /.  2flrV(*"  +  a»)  =  ^V  (*'  +  a«)  —  |(x»  +  a«)^, 
by  the  2d  form  of  fluents. 

"Ex.  2.  In  like  manner  the  fluent  of— -;~--t — -., 

is  « V(*'  —  «•  )  -  i(*'  —  ^*'^* 
JB«.  3.  And  the  fluent  of  —rr-^ vii 

is  _  x^y/{fl^  -  ««)  —  |(a»  —  a:«)f 

£«.  4.  To  find  the  flu.  of  — t—t-tz,  from  that  of 

-  ,^  ,  , — rr-.  Here  it  is  manifest  we  must  assume  y  =  x* 
V(*'  +  «*)•  This  in  fluxions  and  reduced  gives  y  = 
— rTr-zT  H TT-r-. — m  and  hence  — ^--t — -:  =  i  y  — 

-? Tr:T\ — re 5  ^^  the  flu.  is  Jy  —  4a»  X./    ..  ,  .    ,. 

«  ix*  v/  (^'  +  «•)  -  K  X/;^^q:^,thefluentofthe 

latter  part  being  as  in  ex.  1,  above. 

In  like  manner  the  student  may  And  the  fluents  of 

--7— -r-  *nd  — -T-T •     He  may  then  proceed  in  a 

•XT  "/^  *¥■  'V* 

similar  way  for  the  fluents  of ; — -, — r  ,  — — — r — ^v->  &c. 

x*^x 
y/  a-^  ,x>  where  n  is   any  odd  number,  viz.   always  by 

means  of  the  fluent  of  each  preceding  term  in  the  series. 

82.  In  a  similar  manner  may  the  process  be  for  the  fluents 
of  the  series  of  fluxions, 

d!  XX  x^x  x^x 

using  the  fluent  of  each  preceding  term  in  the  series  as  a 
part  of  the  next  term,  and  knowing  that  the  fluent  of  the  first 
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i 
tenn  — 7-^r^  m  given,  by  the  2d  form  of  fluents,  =«  2  ^ 

(a+x),  of  the  same  sign  as  x, 

Ex.  I.  To  find  the  fluent  of  ~      .    r,  having  given  that 

of  — j — : — ;  =  2  -i/  (a:  +  «)  =  A  suppose.     Here  it  is  evi- 

^/{x+a) 

dent  we  must  assume  y  =^  x  ^  {x  +  a)^  for  then  its  flux,  y 

^xi  ixi  x£ 

and  the  required  fluent  is  |y  —  f^A  =  f ^v^C'+a) — fa^ 
(^+a)=(«— 2a)  X  Jv^(x+a). 
In  like  manner  the  student  will  find  the  fluents  of 

and 


Ex.  2.  To  find  the  fluent  of  — 77 — 7— .-9  having  given  that 

V\x+a) 

of  —      ■   •  +  B-     Here  y  must  be  assumed  =  «•  ^  (a?+a) ; 
for  then  taking  the  flu.  and  reducing,  there  is  found 


Vix+u) 


x*± 


=  jy_|aB;  theref./-^^^^-|;^=iy-JaB  =  f«V(«+a) 

_  jaa  =  fort  v/(a?  +  a)  —  ia{x  —  2a)   X  fv/(«  +  a)  = 
(9x«  —  4ax  +  8a»)  X  /yV'(«  +  «)• 
In  the  same  manner  Uie  student  will  find  the   fluents  of 

and  of  — -.    And  in  general,  the  fluent  of 


^(x-a)  ^(a-x) 


V'(a?+a) 


being  given  =  c,  he  will   find    the  fluent  of 


X  y/\x  "T  a)  —  -  ac. 


^{x+a)        2n+l     -^^      '     '       2fi+l 

83.  In  a  similar  way  we  might  proceed  to  find  the  fluents 
of  other  classes  of  fluxions  by  means  of  other  fluents  in 
the  table  of  forms  ;  as,  for  instance,  such  as  xx\/(dx — x^)^ 
s^xy/{dx — x*)f  aPi^{dx — x^)^  &c.  depending  on  the  fluent 
of  :r  v'  (dx  —  x'),  the  fluent  of  which,  by  the  16th  tabular 
form,  is  the  circular  semisegment  to  diameter  d  and  vem* 


MM  ramam  iiid  nvxim. 

«d  nne  «,  or  the  half  or  triiineal  legment  contained  ij 
an'  arc  with  its  light  aine  and  versed  sine,  the  '*HP"'f*T 
bi^ngd. 

Ex.  1.  Putting  then  the  laid  MmiMg.  or  flu.  of  i^(<be—^ 
■*  A,  to  find  tha  fluent  of  xi  ^/{dx  —  a?).    Here  ■— ™ii«g 

y  ^  (dr  —  ^y,  and  taking  the   fliudons,  they  are,  y  ca 

K(li  _  %xi)  y/{dx  —  *^  i  hence  li  ^'C^  —  t^  ■* 
4dt^/(«fa— V)  -iy  =  idA  — jy;  theref.  the  reqidred  flu. 

y«i  ^(i»— n^,  ia  idA-J>  =  idA-|{<ie-x')*=B  auppON. 

£z.  3.  To  find  the  fluent  of  i"i:  ^{dx  —^),  having  that 
oSmit/{dK — a^  given  =iB.    Here  assuming  y=x{dx  — 1^» 
then  taking  the  fluxioiu,  and  reducing,  there  results  ^  ^ 
(4A±— 4>«)  v^(de—  **)  ;  bence  x'i^{dx-x^=- 
fdr±^/(dx  —  a^  —  Jy  =  jrfij  —  ly,  the  flu.  iheref.  of 
««*V'(<*S  -  «')  is  (da  -  iy  =  fda  -  J«{<ir  — a^*. 

£z.  S.  In  the  aame  manner  the  ouiea  may  be  coatiBU^ 
to  any  extent ;  ao  that  in  general,  the  flu,  of  3^-*^/{dx — x*) 
being  given  *b  o,  then  the  next,  or  (he  flu.  of  a^(V(^> — ^n 

wiU  he  ^Ji  —  «c  —  -5-x— '(dx  —  a*)*. 

84.  To  find  the  fluent  of  such  expresaions  aa  —  .  ,,^-r, 
a  oaae  not  included  in  the  table  of  forms. 

Put  the  propoeed  radical  ^(3r>±3az)  =x,  or  a*  ±  Sox 
=  s^}  then,  completingtha  aquaro,  z^drSox +^  =  i^  +  <i*r 
and  the  root  ia  x±a  =  ^(z*  +  a^<    The  fiuxton  of  this  ia 

theref.-  -  .f^„    ,  =  -;rri~^i  Iheflu- 


ent  of  whidi,  by  the  12th  form,  is  the  hyp.  log.  <^  z  +  ^ ' 
(*»+rf)  ■=  hyp.  log.  of  «  ±  a  +  ^{^  ±  Sax),  the  floenl 
required. 

Ex.  2.  To  find  now  the  fluent  of  ■    ^s-.-a — t,  having 

given,  by  tbe  above  example,  the  fluent  of     jf^Vn^.  ^  * 

•uppoae.    Aaaume  y/{x*  +  2as)  =  y ;   then  ila  flnxioa  ia 

«i+oi      _  .  ,         x±         _  .  4 

v/(x'+2ai)  ~*'  ""'"''•  v;'C*"+2<w)  ~''~^(*'  +  3ai) 
=  y  —  ai ;  the  fluent  of  which  ia  y  —  oa  =  ^[x*  -f  Sox)  •- 
flA,  the  fluent  aought. 


the  ila.  of  th«  iiezt  in  the  series, or •— r-i-Ta — rwillbefiMiiidy 

-•(«"+8aa?) 

hy  assuming  «y/(:E^  +  2a«)  =  y ;  and  so  on  for  any  other 


of  the  same  form.    As,  if  the  fluent  ^^'773XSc\  ^  gi^oa 
=  c ;  theiJ,  by  assuming  s^  4^{p?  +  3a»)  =  y,  the  fluent 

Ex.  4.  In  like  manner,  the  fluent  of -^^3 — 'o^  being 

given,  as  in  the  first  example,  that  of        . ^-r  may  be 

found ;  and  thus  the  series  may  be  continued  exactly  as  in 

die  8d  ex.  only  taking  —  2ax  for  +  2ax» 

i 
M.  Again,  baving  given  the  fluent  of  ~~77o~^^>  in^iich, 

by  p.   326,  is  -    X  circular  arc  to  radius  a  and  versed 

rine  X,  the  toento  of  ^^g^.^  ^(2««-^*  ^  ' ' 

— ^2^ _,  may  be  assigned  by  the  same  method  of  continv- 

ation.    Thus, 

jE?r.  1.  For  the  fluent  of      .g^_^,  assume  v^(2gg^g») 

=  y ;  the  required  fluent  will  be  found  =s  —  ^(2«r-x^+A 
or  arc  to  radius  a  and  vers.  x. 

Ex.  2.  In  like  manner  the  fluent  of  -^-Tgr :3r-  is 

nrhere  a  denotes  the  arc  mentioned  in  the  last  example. 
Ex.  3.   And  in  general  the  fluent  of  "'TTa^TZTJ^  ** 
ac «••-*  v^(2ax  —  «^i  where  c  is  the  fluent  of 


^LA'  jMff-,  the  next  preceding  term  in  the  series. 
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86.  Thus  also,  the  fluent  of  x  ^{x  —  a)  being  giyea^  = 

|(a:  —  a)'>  by  the  2d  form,  the  fluents  of  x±  y/{x  —  a)p 
^t^  (x  -•  a),  dec.  » .  x**i  v^(a:  —  a),  may  be  found.  And  in 
general,  if  the  fluent  of  r^*f  y/{x  —  a)  =  c  be  given ;  then 

by  assAiming  x!^(x  —  a)  *  =  y,  the  flqent  of  x^  ^(x  —  «)  is 
fo«,d=^3X-(x-«)f+^c. 

87,  Also,  given  the  fluent  of  (x  —  a)"*f  ,  which  is 
(x  —  a)7+*  by  the  2d  form,  the  fluents  of  the  series 


m+1 

(ar  —  a)^jc±f  (x  —  a)'^«'iv  ^c»  •  •  C«  —  a)*«*i  can  be  fevndL 
And  in  general,  the  fluent  of  {x  —  a)^x*^^±  being  given 
=  c ;  then  by  assuming  (x  —  a)**'x*  •»=  y,  the  £ient       , 

of  (r  -  a)-*"i  i»  found  =  ^-^-''>7'+'^. 

Also,  by  the  same*  way  of  eontmuation,  the  fluents  of 
7f^y/{a  "i^  x)  and  of  X^x{a  :J:  x)"  may  be  found. 

88.  When  Ihe  fluxional  ebrpression  contains  a  trinomial 
quantity,  as  y/{b  +  ex  +  x'),  this  may  be  reduced  to  a  hi- 
.'Bomial,  by  substituting  another  letter  for  the  uaknown  ons 
jT,  connected  with  half  the  coefficient  of  the  middle  term 
with  its  sign.  Thus,  put  z=^x+jc  :  then  »"=x*+cx+i«* ; 
theref. «»  —  fc«  =  x«  +  ex,  and  :?»  +6  —  }«•  =  x*  +  cx+i 
the  given  trinomial ;  which  is  =  «'  -f-  a',  by  putting  a*  =s 

Ex.  !•  Tb  find  the  fluent  of    ,,^  ,  ^    ,    ,^, 

v^(5+4x+x«) 

Here  «  =  x  +  2 ;  then  z^  =  x'  +  4r  +  4,  and  «»  +  I  = 
5  +4x  +  x*9  also  it  =  i ;  theref.  the  proposed  fluxion  re- 
Si 
duces  to    ^.-  ,    ^^ ;  the  fluent  of  which,  by  Ihe  12th  form 

is  3  hyp.  log.  of «  +  ^  (1  +  «)  =  3  hyp.  log.  x  +   21  + 
V(6  +  4x  +  x3). 

Ex.  2.  To  find  the  fluent  of  x  ^/(6  +  cx+  dx»)  == 
iV«iX  v^(|  +  ^x  +  x»). 

Here  assuming  x  +  rr^^^x;  then  x  =  i,  and  the  proposecl 

b     c2 
flux,  reduces  to  z  \/<^X %/(** + j— 3^  ssiv^iX-v/C^'+fl*)* 

ftttting  a'  for  -7— x^;  ^nd  die  fluent  will  be  found  by  % 
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lliftHsr  fnetm  to  that  employed  in  ex*  1^  art.  8(h    : 

Ex.B.  In  like  manner,  for  the  flu.  a(x*^^i  ^{b  +  <s^  -4^ 

c  1     •■ 

^*»),  assuming  j*  +  _  =  «,  «a?*-»i  =  i^  and  af^'i»j  i ; 

c  c* 

kence  «^ .+  5*^*+  5^  ~,**»  •'"'  v/(<'^  +  «»■  +  i)  =■ 

be* 
^  \/(«'  ±  «*)?  putting  db  «•  =  ^--  ^ ;  hence  the  giten 

fiuxion  becomes  -  z^d  X  ^(2^  ±  «*)♦  and  its  Suent  ac  hi 
the  last  example. 

Ex.  4.  Also,  for  the  fluent  ofr^ 7^sr7\  assume 

b+cx-^ax* 

'^      ■ 

^^  "^  22  ^^  ^'     ^^  ^^  fluxion  may  be  reduced  to  the  ibrm 

1  ± 

-^j-  X  — r-r— :  >  and  the  fluent  found  as  before. 

So  far  on  this  subject  may  sufiice  on  the  present  t>ccasion.^ 
fiut  the  student  who  may  wish  to  see  more  on  this  branch, 
anay  profitably  consult  Mr.  Dealtry's  Tory  methodical  and 
ingenious  treatise  on  Fluxions,  lately  published,  firem  which 
aeveral  of  the  foregoing  cases  and  examples  hare  been  tiodflsa 
<Nr  imitated. 


^^m.^i^mmmmmmt, 


OF  MAXIMA  AND  MINIMA ;  OR,  THE  GREATESt 
AND  LEAST  MAGNITUDE  OF  VAlttABLE  OR 
FLOWING  QUANTITIES. 

^.  Maximum,  denotes  the  greatedt  state  or  quantity  attain- 
able  in  any  given  case,  or  the  greatest  value  of  a  variable 
quantity  :  by  which  it  stands  oppos^  to  Minimum,  which  is 
the  least  possible  quantity  in  any  case. 

Thus,  the  expression  or  sum  c^  +  6r,  evidently  increases 
as  X,  or  the  term  6x,  increases  ;  therefore  the  given  ezpres- 
sioa  wiH  be  the  greatest,  or  a  maximum,   when  x  is  the 
greatest,  or  infinite  ;  and  the  same  expression  will  be  a  raiai«- 
oittm,  or  the  least,  when  x  is  the  least,  or  nothiAg. 


Agaia,  ia  Ae  algebnie  ezpieiiioD  <i^-^-fo,  wiM?e  «  and  ( 
desoto  eonatant  or  mvariable  qoaatitiea,  and  s  a  flowiiig 
6  one,  it  is  evident  that  the  value  of 


or 

mainder  or  diferenee,  ^  —  ht^  wUl  increase,  as  the  term  fo, 
or  as  x,  decreases ;  therefore  the  former  will  be  the  greatest, 
when  t^  latter  is  the  smallest ;  that  is,  o^  —  frs  is  a  mazi. 
mom,  when  « is  the  least,  or  notfiing  at  all ;  and  the  diffisr* 
oiee  is  the  least,  when  s  is  the  greatest. 

90.  Some  variable  quantities  increase  continoall  j  ;  and  so 
have  no  "Mi^fMim,  but  what  is  infinite.  Others  acain  de- 
crease continimtlj  ;  and  se  have  no  minimum,  but  vmal  is  of 
no  magnitnde,  <»  nothing.  But,  on  the  other  hand,  some 
taiiable  ipandties  fncrease  only  to  a  certain  finite  magnitude, 
called  their  Maximum,  or  greatest  state,  and  after  wi  ^%f 
decrease  again.  While  others  decrease  to  a  cextaia  finte 
magnitude,  called  their  Minimum,  or  least  state,  and  after- 
wards increase  again.  And  lastly,  some  quantkies  have 
sevoral  maiima  and  minima. 


x%    srs 


Thus^  for  example,  the  ordinate  so.of  the  parab<4a  er 
such Jike  curve,  flcming  along  the  axis  ab  from  tne  vertex  m^ 
continually  increases,  and  has  no  limit  or  maximum.  And 
tiie  ordinate  gf  of  the  curve  efh,  flowing  firom  s  towards 
H,  continually  decreases  to  nothing  when  it  arrives  at  the 
point  B.  But  in  the  circle  ilk,  the  ordinate  only  increases 
to  a  eertain  magnitude,  namely,  the  radius,  when  it  arrives 
at  the  middle  aa  at  xl,  which  is  its  maximum ;  and  after 
thai  it  decreases  again  to  nothing,  at  the  nointji.  And  in 
the  curve  iroo,  the  ordinate  decreases  only  to  the  pesitieB 
OP,  where  it  is,  least,  or  a  minioium  ;  and  after  that  it  con- 
tinually increases  towards  q.  But  in  the  curve  ssv,  d^c  tte 
brdinates  have  several  maxima,  as  st,  wx,  and  several  mi« 
nima,  as  vv,  rz,  dec. 

91.  Now,  because  the  fluxion  of  a  variable  quantity,  is  the 
rate  of  its  increase  or  decrease  ;  and  because  the.  mazimuD 
or  nnnimum,  of  a  quantity  neither  increases  nor  decreases,  at 
those  points  or  states  ;  therefore  such  mfudmum  or  minimum 
has  BO  fluxion,  or  the  fluxion  is  then  equal  to  nothing* 
From  which  v^e  have  the  following  rule* 
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*  1 

To  find  ihefikaimmi  or  dBimmum. 

92.  From  the  nature  of  the  question  or  p)rohlem,  find  aii 
dge^braical  expression  for  the  value,  or  general  state,  of  the 
quantity  whose  maximum  or  minimum  is  required  ;  then 
take  the  fluxion  of  that  expression,  and  put  it  equal  to  no- 
thing ;  from  which  equation,  by  dividing  by,  or  leaving  out, 
the  luxional  letter  and  other  common  quantities,  ana  per- 
forming other  proper  reductions,  as  in  common  algebra,  the 
yaiue  of  the  unknown  quantity  will  be  obtained,  determining 
the  point  of  the  maximum  or  minimum. 

So,  if  it  be  required  to  find  the  maximum  state  of  the 
compound  expression  IWx  —  Sx*  ±  c,  or  the  value  of  x 
when  lOOx  —  dx*  ±  c  is  a  maximum.  The  fluxion  of 
this  expressien  is  lOOb^  —  \0x±  ;  which  being  made  ^0, 
and  divided  by  lOtf,  the  equation  is  10  —  x  =  0 ;  and  hence 
%  ^  10.  That  is,  the  value  of  x  is  10,  when  the  expression 
100s  —  Sx*  ±  cistheffreatest.  AsiseasUytried  :  for  if  10 
be  substitute  for  x  in  mat  expression,  it  becomes  ±c+500 : 
but  if,  for  X,  there  be  substituted  any  other  number,  whether 
greater  or  less  than  10,  that  expression  will  always  be  found 
to  be  less  than  ±  c  +  300,  which'  is  therefore  its  greatest 
possible  value,  or  its  maximum. 

'  93.  It  is  evident,  that  if  a  maximum  or  minimum  be  any 
way  compounded  with,  or  operated  on,  by  a  given  constant 
ooantity,  the  result  w\\  still  be  a  maximum  or  minimum. 
That  is,  1^  a  maxmum  or  mhamuim  be  increaied^  or  de^ 
ereasedy  or  muUiplied,  or  divided^  hy  a  gpuen  qtumtity^  or 
any  gwen  power  or  root  of  it  he  taken ;  £e  result  will  still 
be  a  maximum  pr  minimum.    Thus,  if  x  be  a  maximum  or 

X 

minimum,  then  also  is  x  +  a  or  x  —  a,  or  ox,  or  — ,  or  x*, 

a 


or  V^»  still  a  maximum  or  minimum.  Also,  theUwt 
of  ^  eame  wSl  he  a  maximum  or  a  minimum.  And  there- 
rore,  if  any  propoeed  maximum  or  minimum  can  he  made 
timpler  by  performing  any  of  these  operations,  it  is  hjBtter  to 
do  sOy  before  the  expression  is  put  into  fluxions. 

04.  When  the  expression  for  a  maximum  or  minimum 
contains  several  variable  letters  or  quantities ;  take  the  fluxion 
of  it  as  of^en  as  therq  are  variable  letters  ;  'supposing  first  one 
of  them  only  to  flow,  -and  the  rest  to  be  constant ;  then  an* 
other  only  to  flow,  and  the  rest  constant ;  and  so  on  for  all 
of  them  :  then  putting  each  of  these  fluxions  =s  0,  there  will 
be  as  many  equations  as  unknown  letters,  from  which  these 
may  be  all  determined.  For  the  fluxion  of  the  expression 
must  be  equal  tdi  nothing  in  each  of  these  cases  ;  otherwise 
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the  expressioQ  might  become*  greater  or  less,  without  alteif^ 
iflg  the  values  of  the  other  let^rs,  which  are  considered  as 
constant. 

So,  if  it  be  required  to  find,  the  values  of  x  and  y,  wh6n 
4^  —  xy+2yia  a,  minimum.     Then  we  have. 

First,  -    Sxx  —  %  =  0,  and  8x  —  y  =  0,  or  y  =  Sxd 

Secondly,    2y  —  xy  =  0,  and  2  —  x  =  0,  or  x  =  2. 

And  hence    y  or  8x  =•  16. 

95.  To  find  whether  a  proposed  quantUy  admiU  of  a  Maii* 

mum  or  a  Jtftnmum^ 

Every  algebraic  expression  does  not  admit  of  a  maxiinum 
or  minimum,  properly  so  called  ;  for  it  may  either  increase 
continually  to  infinity,  or  decrease  continually  to  nothing ; 
und  in  bom  these  cases  there  is  neither  a  proper  maximum 
nor  minimum-;  for  the  true  maximum  is  that  finite  value  to 
which  an  expression  increases,  and  afler  idiich  it  decreases 
again  :  and  the  minimum  is  that  finite  value  to  which  the 
expression  decreases,  and  after  that  it  increases  again.  There* 
jbre,  when  the  expression  admits  of  a  maximun^,  its  fluxion 
is  positive  before  the  poinH  and  negative  afler  it :  but  wheii 
it  admits  of  a  minimum,  its  fluxioti  is  negative  before,  and 
positive  after  it.  Hence  then,  taking  the  fluxion  of  the  ex- 
pression a  little  before  the  fluxion  is  equal  to  nothing,  and 
again  a  little  after  the  same ;  if  the  former  fluxion  be  post, 
tive,  and  the  latter  negative,  the  middle  state  is  a  maximum ; 
but  if  the  former  fluxion  be  negative,  and  the  latter  positive, 
th^  middle  stiLte  is  a  minimum. 

So,  if  we  would  find  the  quantity  ax  —  x*  a  mUxilnttm  or 
minimum  ;  make  its  fluxion  equal  to  nothing,  that  is,  .  « 
a±  —  2xi  =  0,  or  (a  —  2x)  X  =  0  ;  dividing  by  f ,  gives 
a — 2x  =  0,  or  X  =  ^a  at  that  state.  Now,  if  in  the  fluxion 
(a  —  2x}x,  the  value  of  x  be  taken  rather  less  than  its  true 
value,  \a^  that  fluxion  will  evidently  be  positive  ;  but  if  x  be 
taken  somewhat  greater  than  j^a  the  value  of  a -^2x,  and 
consequently  of  the  fluxion,  is  as  evidently  negative.  There- 
fore, the  fluxion  of  ax  —  x^  being  positive  before,  and  nega- 
tive after  the  state  when  its  fluxion  is  =  0,  it  follows  that  at 
this  state  the  expression  is  not  a  minimum,  but  a  maximum. 
•  Again,  taking  the  expression  x'  —  ax^^  its  fluxion  Zs^x  ~ 
2axi  =  (3x — 2a)  x±^Q  ;  this  divided  by  xx  gives  3x — ^2a=^, 
and  X  =2  |a,  its  true  valUe  when  the  fluxion  of  x'  —  ox*  is 
equal  to  nothing.  But  now  to  know  whether  the  given  ex. 
pression  be  a  maximum  or  a  minimum  at  that  time,  take  x  a 
little  less  than  \a  in  the  value  of  the  fluxion  (3x  —  2a)  xXf 
and  this  will  evidently  be  negative  4  and  again,  taking  x  a 
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little  more  thaa  fa,  the  value  of  2x  —  2a,  or  of  the  fluzion, 
18  as  evidently  positive.  Therefore  the  fluxion  of  x' — aa^ 
being  negative  before  tliat  fluxion  is  =  0,  and  positive  after 
4t,  ,it  follows  that  in  this  state  the  quantity  r'  —  oar*  admits 
of  a  minimum,  but  not  of  a  maximum. 


SOME    EXAMPLES   FOR    PBACTICE. 

Exam.  1.  Of  all  triangles,  acb,  constructed  on  the  same 
base  AB,and  having  the  same  perimeter,  to  determine  that 
whose  area  or  surface  is  the  greatest. 

Let  p  denote  the  semiperimeter,  b  the  base  ab,  x  the  side 
AC,  then  Bc  will  =i2p  —  b —  x.  Therefore  putting  s  for 
the  surface,  we  have  by  rule  3  for  the  area  of  triangles 
(pa.  408,  vol.  i.) 

*'=^P(P  —  ^)  (P— ^)  (A+ar— p). 
Expressing  this  equation  logarithmically,  we  have,  2  log. 
,s  =  log.  p  +  lo^.  (p  —  6)  +  log.  (p  —  x)  +  log.  (6+0?  — p) 
which  (art.  93)  is  to  be  a  max.  or  when  put  into  fluxions 
equal  to  zero  or  nothing. 

„         2i        — f    ,         X 
Hence  —  =« 1-  r— ; 

s        p— x       6+a:— p 

or  dividing  by  2i*,  and  multiplying  by  «, 


i        2  \6+a;— p      p — xy 


Now,  here  it  is  evident,  since  s  must  be  a  max.  that  ~can« 
not  s  0  ;  consequently  the  second  factor  must :  that  is. 

Therefore,  2p  —  6  —  a:  =  x,  or  ac  =  bc  ;  that  is,  the  tri- 
angle  must  be  isosceles. 

Cor.  Hence  it  follows  that  of  all  Uoperimeirical  triangles, 
the  one  which  has  the  greatest  surface  is  equilateral.  A 
truth,  indeed,  which  may  be  readily  shown  by  a  direct  in- 
vestigation. 

Exam.  2.  Amongst  all  parallelopipedons  of  given  magni* 
tade,  whose  planes  are  respectively  perpendicular  to  one 
another,  to  determine  that  which  has  the  least  surface. 

« Let  X,  y,  and  2,  be  tl^e  measures  of  the  three  edges  of  the 
required  parallelopipedon.  Then^  since  the  magnitude  is 
given,  . 

we  have  xyz  =  a,  a  given  magnitude  ;' 
and  2xy  -f  2x2:  -f  2yz  =  a  minimum* 
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Here,  fubfldtuting  for  z,  and  dividing  by  2,  there  reenlto 
xy+  X.  — |-|f . — =  a  mm. 

or,  tt  =  «3f+ «  amm. 

y        ar 

Therefore,  adopting  the  principle  of  art.  94, 


must  both  obtam. 
and  -:-  =  « 5 

Hence,Sf  =  ^=a^(^)«a.^  =  ^. 

^^        ^^        1  /  and  thus  it  appears  that  the  required 
X  =  a'  >     parallelopipedon  ia  a  etibe. 

Exam.  3.  Divide  a  given  arc  a  into  two  such  parts,  that 
the  mth  power  of  the  sine  of  one  part,  multiplied  into  the  nth 
power  of  the  sine  of  the  other  part,  shall  be  a  mazimom. 

Let  X  and  y  be  the  parts  :  then  x  +  y  =  a,  and  sin.*"x  X 
ain."y  =  a  max. 

In  logs,    m  log.  sin  r  +  ft  log.  sih.  y  =^  a  max. 

Hence,  (art.  03) — : — ^. -.  =0. 

^  ^    sm.  X  sm.  y  ', 

n  .  .  ,       m±  COS.  X      n£  co^. «      ^ 

•    But  y  =  —  f  /. : r~^-i  =  0. 

^  sm.  £  sm.  y 

Hence  m  cot.  2:  =  n  cot  y,  or  m  tan.  y  =  n  tan.  or. 

m       tan.  x  .  m+n      tan.  x+tan.  y    -  sin.  (ar+y) 

,%  —  a=  ^ • . .  and — =g  .     ^   — V  • 

n        tan.  y  m— n       tan.  or — tan.  y     am.  (r — y) 

glee  equa.  9  and  10,  p.  394,  vol.  i.) 
ence  x  and  y  become  known  :  and  the  same  principle  is 
evidently  applicable  to  three  or  more  arcs,  makiog  together 
a  given  arc. 

Exam.  4.  To  find  the  longest  straight  pole  that  can  be 
put  up  a  chimney,  whose  height  rm  =  a,  from  the  floor  to 
the  mantel,  and  depth  mn  =s  6,  firom  front  to  back,  are 
given.  * 

Here  the  longest  pole  that  can  be  put  up  the  chimney  is^ 
in  fact,  the  shortest  line  fmo,  which  can  be  drawn  through  m, 
and  terminated  by  ba  and  bc. 


MtlTM*  All»  MINIMA. 


Ml 


=  COB.  $ 


Let  X  =  sine 

y 


OfHi 


X :  iiR(stf)  : :  1  :  —  =  fk 

X 

y :  ]Eii(=s()  :  t  1  :  —  =110 

a     ,     6 
—  H =  a  mm* 

But  x»  +  y"  =  1, .%  ^*  =  -  2yy» 

atid  —  y  =~. 

y 

Substituting  this  for  y  above,  it  becomes 

/.  ^x*  =  ay*, 

—  =  tan.  p  =?/-;- 


/         5*  /       a* 

po  =  a  cosec.  p  +  ^  sec.  p  =  aSj  1  +  -7  +  hS/  1  +  -— . 

a'  ft* 

ExAif .  5.  To  divide  a  line,  or  any  other  given  quantity  a, 
into  two  parts,  so  that  their  rectangle  or  product  may  be  the 
greatest  possible. 

Exam.  6.  To  divide  the  given  quantity  a  into  two  parts 
such,  that  the  product  of  the  m  power  of  one,  by  the  n 
power  of  the  other,  may  be  a  maximum. 

Exam.  7.  To  divide  the  given  quantity  a  into  three  parts 
suchi  that  the  continual  product  of  them  all  may  be  a  maxi- 
mum. 

Exam.  8.  To  divide  the  given  quantity  a  into  three  parts 
such,  that  the  continual  product  of  the  1st,  the  square  of  the 
2d,  and  the  cube  of  the  dd,  may  be  a  maximum. 

Exam.  9.  To  determine  a  fraction  such,  that  the  differ* 
ence  between  its  m  power  and  n  power  shall  be  the  greatest 
'  possible. 

Exam.  10.  To  divide  the  number  80  into  two  such  parts, 
«  and  y,  that  21^  +  xy  +  Sy*  may  be  a  minimum. 
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EzAK.  11.  To  find  the  greatest  rectangle  that  can  be  uk^ 
scribed  in  a  given  right-angled  triangle. 

Etam.  12.  To  find  the  greatest  rectangle  that  can  be  in- 
scribed in  the  quadrant  of  a  given  circle. 

ExAX.  13.  To  find  the  least  right-angled  triangle  that  can 
circumscribe  the  quadrant  of  a  given  circle. 

Exam.  14.  To  find  the  greatest  rectangle  inscribed  in, 
and  the  least  isosceles  triangle  circumscribed  about,  a  given 
semi-eUipse. 

EzAk.  15.  To  determine  the  same  for  a  given  parabola. 

ExAX.  16.  To  determine  the  same  for  a  given  hyperbola. 

Exam.  17.  To  inscribe  the  greatest  cylinder  in  a  given 
cone  ;  or  to  cut  the  greatest  eyhnder  out  of  a  given  cone. 

Exam.  18.  To  determine  the  dimensions  of  a  rectangular 
cistern,  capable  of  containing  a  given  quantity  a  of  water,  sa 
as  to  be  lined  with  lead  at  the  least  possible  expense. 

Exam.  19.  Required  the  dimensions  of  a  cylindrical  tan- 
kard, to  hold  one  quart  of  ale  measure,  that  can  be  made  of 
the  least  possible  quantity  of  silver,  of  a  given  thickness. 

Exam.  20^  The  cut  the  greatest  parabola  from  a  gives 
cone. 

Exam.  21.  To  cut  the  greatest  ellipse  from  a  given  cone* 

Exam.  22.  To  find  the  value  of  x  when  «*  is  a  minimum. 


THE  METHOD  OF  TANGENTS  ;  OR  OP  DRAW- 
ING TANGENTS  TO  CURVES. 


96.  The  Method  of  Tangents,  is  a  method  of  determining 
the  quantity  of  the  tangent  and  subtangent  of  any  algebraic 
curve ;  the  equation  of  the  curve  being  given.  Or,  xfice  osrstfr 
the  nature  of  the  curve,  from  the  tangent  given. 

If  AS  be  any  curve,  and  e  be  any 
point  in  it,  to  which  it  is  required 
to  draw  a  tangent  te.  Draw  the 
ordinate  bd  s  men  if  we  can  deter- 
mme  the  subtangent  td,  limited  be- 
tween the  ordinate  and  tansent,  in 
the  axis  produced,  by  joinmg  the 
points  7,  E,  the  line  tb  will  be  the 
tangent  sought. 


W.  Let  doe  be  another  (Nrdinate,  indefinitely  near  to  dk, 
meeting  the  curves  or  tangent  prodaced  in  e  ;  and  let  sa  be 
parallel  to  the  axis  ad.  Then  is  the  elementary  triangle  les 
similar  to  the  triangle  tde  ;  and 

therefcMre   •      ea  :  as  : :  bd  :  dt. 

But      -      •      ea  :  mi : :  flux,  xd  :  flux.  ai>. 

Therefore  -      flux,  bd  :  flux,  ad  : :  de  :  dt« 

yx 
That  IS,      -      y  :  X  ; :  y  :  V  =  DT  ; 

which  19  therefore  the  general  value  of  the  aubtangent  sought ; 
where  x  is  the  absciss  ad,  and  y  the  ordinate  db. 
Hence  we  have  this  general  rule. 

OBNERAL  BULB. 

98.  By  means  of  the  given  equation  of  the  curve,  when 
put  into  fluxions,  find  the  value  of  either  ±  or  y,  or  of  -r^ 

y 

which  value  substitute  for  it  in  the  expression  dt  » ^, 

and,  when  reduced  to  its  simplest  terms,  it  will  be  the  value 
of  the  subtangent  sought. 

EXAMPLES. 

Exam.  1.  Let  the  proposed  curve  be  that  which  is  defined, 
or  expressed,  by  the  equation  aar*  +  a?y"  —  y**  =  0. 

Here  the  fluxion  of  the  equation  of  the  curve  is 
2axx  +  y'x+  2xyy  —  3/y  =  0  ;  then,  by  transposition, 
2axx  +  /^  ="  3^  —  2x^  ;  and  hence,  by  division, 

which  is  Ibe  value  of  the  subtangent  td  sought. 

Exam.  2.  To  draw  a  tangent  to  a  circle  ;  the  equation  of 
which  is  oi: — ^r*  =  ^ ;  where  x  is  the  absciss,  y  the  ordi- 
nate,  and  a  the  diameter. 

Exam.  3.  To  draw  a  tangent  to  ^  parabola ;  its  equation 
being  pa?  =3  y' ;  where  p  denotes  the  parameter  of  the  axis. 

Exam.  4.  To  draw  a  tangent  to  an  ellipse  ;  its  equation 
being  <P{ax  —  i")  =  ay ;  where  a  and  c  are  the  two  axes. 

Exam.  5.  To  draw  a  tangent  to  an  hyperbola ;  its  equa* 
tion  being  cr*  (or  +  a:*)  =  c^}/^ ;  ^«here  a  and  c  are  the  two 
axes. 
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FLUXIONS. 


Exam.  6.  To  draw  a  tangent  to  the  hyperbola  referred  to 
the  asymptote  as  an  axis  ;  its  equation  being  J:y  =  a* ;  whetti' 
«*  denotes  the  rectangle  of  the  absciss  and  ordinate  answer- 
ing to  the  vertex  of  we  curve. 

By  slight  and  obvious  extensions  of  the  same  principles, 
tangents  may  be  drawn  to  spirals,  and  asymptotes  may  be 
idrawn  to  such  curves  as  admit  of  them. 


OF  RECTIFICATIONS ;  OR,  TO  FIND  THE 
LENGTHS  OF  CURVE  UNES. 

» 

99.     Rectification,  is  the  finding  the  length  of  a  curve 
line,  or  finding  a  right  line  equal  to  a  proposed  curve. 

By  art.  10  it  appears,  that  the 
elementary  triangle  Boe,  formed  by 
ihe  increments  of  the  absciss,  ordinate, 
and  curve,  is  a  right-angled  triangle, 
of  which  the  increment  of  the  curve  is 
the  hypothenuse  ;  and  therefore  the 
square  of  the  latter  is  equal  to  the  sum 
of  the  squares  of  the  two  former  ;  that  is,  sa'  =  sa'  +  oe*. 
Or,  substituting,  for  the  increments,  their  proportional 
fluxions,  it  is  ii  =  xx  +  3^,  or  i  =  y/(d^+y^)  ;  where  z  de- 
notes any  curve  line  ae,  x  its  absciss  ad,  and  %  its  ordinate 
BE.    Hence  this  rule* 


aTdoc: 
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100.  From  the  given  equation  of  the  curve  put  into 
fluxions,  find  the  value  of  i^orj/*,  which  value  substitute 
instead  of  it  in  the  equation  z  =  V{3^+y^)  i  then  the  fluents, 
being  taken,  will  give  the  value  of  z,  or  the  length  of  the 
curve,  in  terms  of  the  absciss  or  ordinate* 


EXAMPLES. 

Exam.  1.  To  find  the  length  of  the  arc  of  a  circle,  in 
tmrms  both  of  the  sine,  versed  sine,  tangent,  and  secant. 

The  equation  of  the  circle  may  be  expressed  in  terms  of 
the  radius,  and  either  the  sine,  or  the  versed  sine,  or  tangent, 
or  secant,  6sc.  of  an  arc.  Let  therefore  the  radius  of  the 
circle  be  ca  or  ce  =  r,  the  versed  sine  ad  (of  the  arc  AE)=:r, 
•the  right  sine  db  3=  ^,  the  tangent  tb  =  <,  and  the  secant 
CT  c=  tf ;  then,  by  the  natoi^  of  the  circle,  there  ariee  these 
equations,  viz. 
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* 

Then,  by  means  of  the  ^nxions  of  these  equations,  with 
the  general  fluxional  equation  i*  =  i'H-  y"?  are  obtained  the 
following  fluziobal  forms,  for  the  fluxion  of  the  curve  ;  the 
fluent  of  any  one  of  which  will  he  the  curve  itself ;  viz, 

•  —        ^^         —       y'y       _     r^    _     1^8      ^ 

Hence  the  value  of  the  curve,  from  the  fluent  of  each  of 
these,  expressed  in  series,  gives  the  four  following,  forms,  in 
series,  vi^.  putting  i{  =  2r  the  diameter,  the  curve  is 

X  ^  3.5ar*  - 

'=  ^'^  +  2:35  +  2Z5^  +  2:4:6:7^ +*"'>  ^'^• 

=  (*+ ds  +  2X5?^  +  2X6:77  +  *"-^  y* 

^  =  (— +  2:8?  +  TiTais- +  *"^-)  *•• 

Now,  it  is  evident,  that  the  simplest  of  these  series,  is  the 
Ihird  in  order,  or  that  which  is  expressed  in  terms  of  the 
tangent.  That  form  will  therefore  be  the  fittest  to  calculate 
an  example  by  in  numbers.  And  for  this  purpose  it  will  be 
'Convenient  to  assume  some  arc  whose  tangent,  or  at  least 
■the  square  of  it,  is  known  to  be  some  sm^ll  simple  number. 
Now,  the  arc  of  45  degrees,  it  is  known,  has  its  tangent 
^ual  to  the  radius  ;  and  therefore,  taking  the  radius  r  =  1, 
and  consequently  the  tangent  of  45°,  or  (,  =>  1  also,  in 
4hi8  case  the  arc  of  45°  to  the  radius  1,  or  the  arc  of  the 

*  These  formtile  are,  obviously,  analogous  to  those  eivea  in  art.  30, 
p.  312,  and  are  so  many  forms  of  fluxions  whose  fluents  become  known. 

TX 

Thus  the  fluent  of  an  expression,  such  as  -jr^ -,  is  a  circular  arc 

whose  radius  is  =  r  and  versed  sine  =  «.    The  fluent  of  an  expression 

f  nch  as  -yv     is  a  circular  arc  whose  radius  is  =  r  and  tangent  =  i : 

and  so  of  the  rest. 

Conversely,  the  same  formulae,  or  those  just  referred  to,  serve  to  as- 
sign the  relative  magnitudes  of  the  dtffemues  in  any  parts  of  a  table  of 

natural  sines,  of  natural  tangents.  Sec,    Thus  ( =  —  -j—  z  =  tX  sec*  of 

arc  to  tan.  /,  consequently,  the  tabular  differences  of  the  tangents  vary 
of  the  secants.    Hence,  those  differences,  at  Oo,  at  46r, 


as  the  squares 
md  at  60°,  are         .  . 
k|fplicatioa  of  these  formulas  which  will  often  be  found  aiefal. 


and  at  GO'^,  are  as  1>,  (V  2  )>,  and  2^,  or  as  1, 2,  and  4.    This  suggests  an 

'      ula 
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-  quadrant  to  the  diameter  1,  will  be  equal  to  the  infinite  aeiiea 

But  u  this  aeries  converges  very  slowly,  it  will  be  proper 
to  take  some  smaller  arc,  that  the  series  may  converge 
^s(er  ;  such  as  the  arc  of  30  degrees,  the  tangent  of  which 
i^  S3  y/j,  or  its  square  (*  =  ^  :  which  being  substituted  la 
the  aeries,  the  length  of  the  arc  of  30°  comes  out    -     •     . 

pute  these  tsniu  in  decimal  numbers,  aAer  the  first,  the  suc- 
mediog  terms  will  be  found  by  dividing,  always  by  3,  and 
these  quotients  again  by  the  absolute  numbers,  3,  5,  ,7,  9, 
dtc. ;  and  lastly,  adding  every  other  term  together,  into  two 
sums,  the  one  the  sum  of  the  positive  terms,  and  the  other 
the  sum  of  the  negative  ones  ;  then  lastly,  the  one  sum  taken 
from  the  other,  leavea  the  length  of  the  arc  of  30  degrees  ; 
which  being  the  12th  part  of  the  whole  circumference  when 
the  radius  is  1,  or  the  6th  part  when  the  diameter  ia  1,  con- 
aequenlly  6  times  Ihal  are  will  be  the  length  of  the  whole 
circumference  to  tifb  diameter  1.  Therefore,  multiplying 
the  first  term  ^|  by  6,  tho  product  is  ^\Z  =  3-4641010  ; 
and  hence  the  operation,  true  to  7  places  of  decimals,  will  be 
conveniently  made  as  follows : 

+  Terms.  —  Terras. 


1 

)  3-4641016 

{      3-4641016 

3 

)   1-1547005 

{ 

0-3S49002 

5 

)      3849002 

(           769800 

7 

)      1283001 

( 

183286 

9  ' 

)        427667 

(             47510 

11  ' 

)        142556 

c 

12SeO 

13  ' 

)          47519 

(               3655 

15 

)          15840 

10S6 

17 

)            5280 

J                 311 

1!> 

)            1760 

93 

21   ■ 

I              587 

t                  38 

23  ' 

1              196 

( 

•8 

25  ' 

)                66 

(                    3 

27  ' 

)              22 

( 

1 

+3-M6!!33a 

-0-4046406 

So  that  at  lai 

—0-4046406 

!1    31416826  {s 

tho  whole  circwm. 

ference  to  tho  dia. 

meter  1*. 

*  For  Uiii  vnloe,  true  to  100  plBcei  of  decimal! ;  and  iodead  for  many 
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Exam.  2.  To  find  the  length  of  a  parabola. 

ExAX.  3.  To  find  the  length  of  the  semicubical  parabola, 
whose  equation  is  ox^  =  ^. 

Exam.  4.  To  find  the  length  of  an  elliptical  curve. 

Exam.  5.  To  find  the  length  of  an  hyperbolic  curve. 


OF  QUADRATURES ;  OR,  FINDING  THE 
AREAS  OF  CURVES. 

101.  The  Quadrature  of  Curves,  iaT  the  measuring  thpiir 
areas,  or.  finding  a  square,  or  other  right-lined  space,  equal 
to  a  proposed  curvilineal  one. 

By  art.  9,  it  appears,  that  any  flowing  ^  ^ 

quantity  being  drawn  into  the  fluxion  of  the-  "^ 

line  along  which  it  flows,  or  in  the  direc- 
tion of  its  motion,  there  is  produced  the 
fluxion  of  the  quantity  generated  by  the 
flowing.     That  is,  de  X  nd  or  yx  is  the       L\    ^ 
fluxion  of  the  area  ade.     Hence  this  rule. 

RULE. 

102.  From  the  given  equation  of  the  curve,  find  the  value 
either  of  :^  or  of  y  ;  which  value  substitute  instead  of  it  in 
the  expression  yx  ;  then  the  fluent  of  that  expression,  being 
taken,  will  be  the  area  of  the  curve  sought. 

EXAMPLES. 

Exam.  1.  To  find  the  area  of  the  common  parabola. 

The  equation  of  the  parabola  being  ax  ^y' ;  where  a  is 
the  parameter,  x  the  absciss  ad,  or  part  of  the  axis,  and  y 
the  ordinate  de. 

From  the  equation  of  the  curve  is  found  y  =  ^ax.  This 
substituted  in  the  general  fluxion  of  the  area  yx  gives  Xy/ax 

or  a'x^x  the  fluxion  of  the  parabolic  area  ;  and  the  fluent 

of  this,  or  fa'x*  =  |a:  ^  ax  =  ^xy,  is  the  area  of  the  para- 
bola ADE,  which  is  therefore  equal  to  f  of  its  circumscribing 
rectangle. 


curious,  and  important  investigations  in  reference  to  Fectifications,  quad- 
ratures, &c.  see  ifiittoii's  MensuratUnu. 
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ExAX.  2.  To  square  the  circle,  or  fiad  its  area* 

The  equation  of  the  circle  being  ^  =  ax  —  jc*,  or  j  =» 

^or  —  nx",  where  a  is  the  diameter  ;  by   substitution,  ther 

general  fluxion  of  the  area  yx,  becomes  x  ^/  ax  —  x*,  for  the 
fluxion  of  the  circidar  area.     But  as  the  fluent  of  this  cannot 

be  found  in  finite  terms,  the  quantity  \/ax  —  x*  is  thrown, 
into  a  series,  by  extracting  the  root,  and  then  the  fluxion  of 
the  area  becomes 

and  then  the  fluent  of  every  term  being  taken,  it  gives 

2     1.x      l.x>       1.3x3  1.3.5X*  .     . 

X  •ax  X  (g-  — -~--^-^^j^g^g^^^,-&c.;  ; 

for  the  general  expression  of  the  semisegment  ads. 
*  And  when  the  point  d  arrives  at  the  extremity  of  the  dia« 
meter,  then  the  space  becomes  a  semicircle,  and  x  »  a  ;  and 
then  the  series  above  becomes  barely 

2_1 '\_      1.^       1.3.5 

for  the  area  of  the  semicircle  whose  diameter  is  a. 

If,  instead  of  taking  the  equation  of  the  circle  having  the 
origin  of  the  co-ordinates  at  the  circumference,  the  equation 
X*  +  2^  =  r"  be  taken,  regarding  the  origin  of  the  co-ordi- 
nates at  the  centre  ;  and  if,  still  farther,  r  be  taken  =  1, 
then  y  =  v^l  —  x«  =  1  —  ix»  —  |x*  —  tV^^-  &c.  Taking 
this  value  of  y  for  it,  in  the  expression  yiy  the  correct  fluent 

r*     X*    .   x'       5x*        7x" 
willbex-.-^-^-— .j^«^^,fortheareaofthe 

portion  cfbd  (fig.  pa.  378,  vol.  1.)  Now,  if  arc  bd=s30°,  then 
CF  ==  X  =  i,  and  the  sum  of  the  series  =  '4783067.  From 
which  deducting  the  area  of  the  triangle  cfb=  \  *  \  y/ ^ 
=  •2166QI33,  there  remains  -2617994  for  the  area  of  the  sec- 
tor cBD.  Twelve  times  this,  or  3*1415928,  ^c.  expresaea 
the  area  of  the  circle  whose  diameter  is  2. 

Exam.  3.  To  find  the  area  of  any  parabola,  whose  equa- 
tion is  a*x»*  =  y*«+'»,  • 

Exam.  4.  To  find  the  area  of  an  ellipse. 

Exam.  6.  To  find  the  area  of  an  hyperbola. 

Exam.  6.  To  find  the  area  between  the  curve  and  asymp- 
tote of  an  hyperbola. 

.  Exam.  7.  To  find  the  like  area  in  any  other  hyperbola 
whose  general  equation  is  x*y*  =  a*****. 
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TO  FIND  THE  SURFACES  OF  SOtlDS. 


103.  In  the  solid  formed  by  the  rota* 
lion  of  any  curve  about  its  axis,  the 
surface  may  be  considered  as  generated 
by  the  circumference  of  an  expanding 
circle,  moving  perpendicularly  along 
the  axis,  but  the  expanding  circum- 
ference moving  along  the  arc  or  curve 
of  the  solid.  Therefore,  as  the  fluxion 
of  any  generated  quantity,  is  produced  by  drawing  the  ge« 
nerating  quantity  into  the  fluxion  of  (he  line  or  direction  in 
which  it  moves,  the  fluxion  of  the  surface  will  be  found  by 
drawing  the  circumference  of  the  generating  circle  into  the 
fluxion  of  the  curve.  That  is,  the  fluxion  of  the  surface 
whose  radius  is  the  ordinate  de. 

104.  But  if  AT  be  =3*  141. 093,  the  circumference  of  a  crrcle 
whose  diameter  is  1,  a;  =  ad  the  absciss,  i/  =  de  the  ordi- 
nate, and  z  =  AE  the  curve  ;  then  2ij  =  the  diameter  be, 
and    ^'Ky   =   the    circumference    bcep  ;   also,    ae  «=  i  = 

^^+  y^ :  therefore  2*^^  or  2iry  ^  UF-^  y*  is  the  fluxion  of 
the  surface.  And  consequently  if,  from  the  given  equation 
of  ihe  curve,  the  value  of  i*  or  y  be  found,  and  substituted 
in  this  expression  2«'y  ^  r*  +  y^>  the  fluent  of  the  expression, 
being  then  taken,  will  be  the  surface  of  the  solid  required. 

Examples, 

♦ 

Exam.  1.  To  find  the  surface  of  a  sphere,  or  of  any 
segment. 

In  this  case,  ae  is  a  circular  arc,  whose  equation  is 
y  i=  ax  —  a;^  or  y  ^=  V'  (o^'  —  ^^)* 

The  fluxion  of  this  gives  y  =  rj— 7rr;rr;:7r^  ~  — o:r~  ^J 


hence  y"  = 


2y(ax-x-'; 


2y 


4y= 


—  —  3^  ;    consequently 


^  +  y"  =  4j^.  "nd  i  =  ^(i»  +  f )  = -. 

This  value  of  z,  the  fluxion  of  a  circular  arc,  maybe  found 
more  easily  thus  :  In  the  fig  to  art.  99,  the  two  triangled 
■DC,  2.ae  are  equiangular,  being  each  of  them  equiangular  to 
the  triangle  etc  :  conseq.  ed  :  eg  ::  ra  :  £«,  that  is,  -     -     •■ 


fix 


jf :  Ja  : :  i' :  i  =  o~»  ^^®  same  as  before. 
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The  value  of  z  being  found,  by  substitution  is  obtained 
^yz  =  w^x  for  the  fluxion  of  the  spherical  surface,  generated 
by  the  circular  arc  in  revolving  about  the  diameter  ad.  And 
the  fluent  of  this  gives  aicx  for  the  said  surface  of  the  sphe- 
rical segment  bae. 

But  wi  is  equal  to  the  whole  circumference  of  the  gene- 
letting  circle  ;  and  therefore  it  follows,  that  the  surface  of 
any  spherical  segment,  is  equal  to  the  same  circumference  of 
the  generating  cirole,  drawn  into  x  or  ad,  the  height  of  the 
segment. 

Also  when  z  or  ad  becomes  equal  to  the  whole  diameter-Hy 
the  expression  wkx  becomes  aira  or  *ia^ ,  or  4  times  the  area  of 
the  generating  circle,  for  the  surface  of  the  whole  sphere. 

And  these  acree  with  the  rules  before  found  m  Men* 
suration  of  Solids. 

£xAM.  2.    To  find  the  surface  of  a  spheroid. 

Exam.  3.     To  JBnd  the  surface  of  a  paraboloid. 

Exam.  4.     To  find  the  surface  of  an  hyperboloid. 


TO  FIND  THE  CONTENTS  OF  SOLIDS. 

105.  Any  solid  which  is  formed  by  the  revolution  of  a 
curve  about  its  axis  (see  last  ^%>)<,  rady  also  be  conceived  to 
be  generated  by  the  motion  of  the  plane  of  an  expanding 
circle,  moving  perpendicularly  along  the  axis.  And  there- 
fore the  area  of  that  circle  being  drawn  into  the  fluxion  of 
the  axis  lyill  produce  the  fluxion  of  the  solid.     That  is, 

AD  X  area  of  the  circle  bcf,  whose  radius  is  de,  or  diameter 
BE,  is  the  fluxion  of  the  solid,  by  art.  9. 

.  106.  Hence,  if  ad=x,  de  =  y,  «*  =  3*141503  ;  because  ^ry* 
is  equal  to  the  area  of  the  circle  bcf  ;  therefore  cy'^x  is  the 
fluxion  of  the  solid.  Consequently  if,  from  the  given  equa* 
tion  of  the  curve,  the  value  of  either  y^  or  x  be  found,  and 
that  value  substituted  for  it  in  the  expression  iiy'^Xy  the  fluent 
of  the  resulting  quantity,  being  taken,  will  be  the  solidity  of 
the  figure  proposed. 

EXAMPLSi. 

Exam.  1.  To  find  the  solidity  of  a  sphere,  or  any  segment. 

The  equation  to  the  generating  circle  being  j^=  ax  —  x', 
where  a  denotes  the  diameter,  by  substitution,  the  general 
fluxion  of  the  solid  fy^ir,  becomes  ^ax±  —  ^x^x^  the  fluent  ol 


lAkb^^tfi  |4(^  }ra^*(3a-^2«V,  for  the  solid  con- 

tent of  tfie'0i>herieal  iKigttient  fiAfe,  whose  neight  ad  is  «• 

WhoD  the  segment  becomes  equal  to  the  whole  sphere, 
then  X  =  a,  and  the  above  expression  for  the  solidity,  be- 
comes l^t^  for  the  solid  content  of  the  whole  sphere. 

And  these  deductions  agree  with  the  rules  before  given 
and  demonstrated  in  the  Mensuration  of  Solids. 

Exam.  2.     To  find  the  solidity  of  a  spheroid. 

ExAH.  3.     To  -find  the  solidity  of  a  paraboloid. 

Exam.  4.     To  find  the  solidity  of  an  hyperboloid. 

Exam.  5.  To  find  the  solidity  of  a  body,  or  segment,  or 
finstum,  produced  by  the  revolution  upon  its  axis  of  any 
curve  denoted  by  the  general  equation 

y«  =  A  +  bo;  +  cr*. 
Where  ap  =  x,  pm  =  y  ;  f^nd  taking  the  several  cases  when 
A,,  By  or  c,  hecome  equal  to  nothing,  and  those  in  which  they 
have 'finite  values. 


TO  FIND  LOGARITHMS. 

107.  It  has  been  proved,  art.  76,  that  the  fluxion  of  the 
hyperbolic  logarithm  of  a  quantity,  is  equal  to  the  fluxion  of 
the  quantity  divided  by  the  same  quantity.  Therefore,  when 
any  quantity  is  proposed^  to  find  its  logarithm  ;  take  the 
fluxion  of  that  quantity,  and  divide  it  by  the  same  quantity  ; 
then  take  the  fluent  of  the  quotient,  either  in  a  series  or 
otherwise,  and  it  will  be  the  logarithm  sought ;  when  cor- 
rected as  usual,  if  need  be ;  that  is,  the  hyperbolic  logarithm. 

108.  But,  for  any  other  logarithm,  multiply  the  hyperbolic 
logarithm,  above  found,  by  the  modulus  of  the  system,  for 
the  logarithm  sought. 

Nate.  The  modulus  of  the  hyperbolic  logarithms,  is  1  ; 
and  the  modulus  of  the  common  logarithms,  is  '43429448190 
ftc. ;  and,  in  general,  the  modulus  of  any  system,  is  equal  to 
the  logarithm  of  10  in  that  system  divided  by  the  number 
2-3025850929940,  6lc.  which  is  the  hyp.  log.  of  10.  Also, 
the  hyp*  log.  of  any  number,  is  in  proportion  to  the  com.  log. 
of  the  same  number,  as  unity  or  1  is  to  *43429,  &c.  or  as  the 
nnmber  2*302585,  d2;c.  is  to  1 ;  and  therefore,  if  the  common 
log.  of  any  number  be  multiplied  by  2*302585,  &c.  it  will 
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»at  log.  T^j-^^^=  2  log.  n  —  log.  (n  —  1) - 
log.  {n  +  1)  ;  therefore,  putting  n  for  the  series 

we  have  this  formula, 

2  log.  n  —  log.  (n  —  1)  —  log.  (n  +  1)  =  n  : 

and  hence,  as  often  as  we  have  the  logarithms  of  any  two  of 
three  numbers  whose  common  diflerence  is  unity,  the  loga- 
rithm of  the   remaining  number  may  be  found.     Example. 
Having  given 

the  common  log.  of  9  =  0.95424250943 
the  common  log.  of  10  =  1  ; 
it  is  required  to  find  the  common  logarithm  of  1 1. 

Here  we  have  n  =  10,  so  that  the  formula  gives  in-this 
case  2  log.  10  —  log.  9  —  log.  11  =  n,  and  hence  we  have 
log.  11=2  log.  10  —  log.  9  -  N, 

wherex  =  -J^^  +  ^-+&c.    * 

M  being  -48429448190. 

Calculation  of  y. 

A  =  ^  =  -00436476866 
B  =  g-^-  =  -00000003674 


N  =  -00436480540 
2  log.  10  =  200000000000 
log.  9  =  095424250943 
N  =  0-00436480540 


log.  9^+  N  =  0-958607314S3 :  taken  from 

2  log.    10,   leaves  log.  11  =  1-04130268517 

110.  Here  the  series  expressed  by  n  converges  very  fast, 
80  that  two  of  its  terms^  are  sufficient  to  give  the  logarithm 
true  to  10  places  of  decimals.  But  the  logarithm  of  11  may 
be  expressed  by  the  logarithms  of  smaller  numbers  and  a 
series  which  converges  still  more  rapidly,  by  the  following 
artifice,  which  will  apply  also  to  some  other  numbers.  Be- 
cause  the  numbers  98,  99,  and  100  are  the  products  of  num- 
bers^ the  greatest  of  Which  is  11,  for  98=2  x7^  99=9x  lit 
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and  100  s=  10  X  10,  it  follows  that  if  we  have  an  equation 
composed  of  terms  which  are  the  logarithms  of  these  three 
numbers,  it  may  be  resolved  into  another,  the  terms  of  which, 
shall  be  the  logarithms  of  the  number  11  and  other  smaller 
numbers.  Now  by  the  preceding  formula,  if  we  put  99  for 
n,  we  have 

2  log.  99  -  log.  98  -  log.  100  =  n. 
that  is,  substituting  log.  9  +  log.  II  for  log.  99,  log.  3^-)* 
^        "  2  log.  7  for  log.  98,  and  2  log.  10  for  log.  100, 
2  log.  9  +  2  log.  11  -  log.  2-2  log.  7  —  2  log.  10  =  n, 
and  hence  by  transposition,  &c. 

log.  11  =  ^N  4-  ^log.  2  +  log.  7  -^  log.  9  +  log.  10 ; 
and  in  this  equation, 

2m      ,        2m 

N  = hi.  —  -    J.  <fec. 

19601  ^  noooi' ^ 

The  first  term  alone  of  this  series  is  sufficient  to  give  the  loga- 
rithm of  11  true  to  14  places. 

111.  When  it  is  required  to  find  the  logarithm  of  a  high 
number,  as  for  ex^ample  1221,  we  may  proceed  as  follows : 

log.  1231  =  log.  (1230  +  1)  =  log.  j  laSoAH- Jg_)  | 

=  log.  1230 +  log.(l+jl5) 
Again,  log.  1230  =  log.  2  +  log.  5  +  log.  123,  and 
log.  123  =  log.    jl20(^l+l)j 

=  log.  120  + log.  (^1+1) 

log.  120  =  log.  (2^  X  3  X  5)  =  3  log.  2  +  log.  3  +  log.  5. 
Therefore 

log.  1231  =  4  log.  2  +  log.  3  +  2  log.  6  +  log.  (1+  tj) 

+  log.(l+j^^). 

Thus  the  logarithm  of  the  proposed  number  is  expressed  by 
the  logarithms  of  2,  3,  5,  and  the  logarithms  of 

1  +  — ,  1  +  Too^,  all  of  which  may  be  easily  found  by  the 

formulae  already  delivered. 

112.  When  it  is  required  to  interpose  one  logarithm  be- 
tween a  series  of  equidistant  terms  in  a  table,  it  may  be  ef- 
fected upon  the  principle  of  interpolation  by  means  of  the 
well-known  theorem  ;  viz. 


a^nb  +  n. 


-*d+&c. 


Tbui,iuppoM  them  were  given  the  logs,  of  101,  102,  104, 
tnd  105,  and  that  uf  103  were  required. 

Here  the  numher  bf  nqual  imorvals  ia  4,  and  of  tenns  5  | 
m>  (hkt  the  general  form  becotnea 
«-4i+6c  — 4d  +  e=0;  nndc=i[4[b  +  d)—{a  +  e)} 

a  =  2-on4nai4 

6  =  a-CIO80OO3 
d  =  2  0170333 
e  =  a-0211S93 

A(b  +  d)  =  1B-10J5310 
a  +  e    =    4-0255107 


Log.  of  1 


6)12-0770233 
=2-0128372 

and  1000.  Required  the 


I 


BzAX.  1.  Given  the  logs,  of 
log.  of  1001. 

Exam.  3.  Given  ihe  loga.  of  51,  53,  57,  and  58  ;  to  find 
the  log.  of  S5. 

On  this  interesting  nnd  important  subject,  consult  the 
Introduction  to  Dr.  Hutton'a  Mathematical  Table*,  and 
HelUna'a  Hathemntical  Esaaya. 


TO  FIND  THE  POINTS  OF  INFLEXION,  OR  OF 
CONTRARY  FLEXURE  IN  CURVES. 

113.  Thk  Point  of 
Inflexion  in  a  curve  is 
that  point  of  it  which 
■eparalea  the  concave 
flom  the  convex  part, 
lying  between  the 
two  :  or  where  ihe 
curve  changes  from 
concave  to  convex,  or  from  convex  to  concnvo,  on  the  same 
■ide  of  the  curve.  Such  as  the  point  e  in  the  annexed  figures, 
where  the  former  of  the  two  is  concavo  towards  the  axis  ad, 
from  A  In  B,  but  convex  from  x  to  p  ;  Oind  on  the  coatnry^ 


nrnjcooili*  nr 

the  latter  figure  k. convex  from  a  to  e,  and  concayo  flrom 
s  to  F. 

114.  From  the  nature  of  curvature,  as  haa  been  remarked 
before  at  art.  85,  it  la  evident,  that  when  a  curve  is  concdve 
towards  an  axis,  then  the  fluxion  of  the  ordinate  decreases, 
or  is  iu'  a  decreasing  ratio,  with  regard  to  the  fluxion  of  the 
absciss  ;  but,  on  the  contrary,  that  it  increases,  or  is  in  an 
increasing  ratio  to  the  fluxion  of  the  absciss,  when  the  curve 
is  convex  towards  the  axis  ;  and  consequently  those  two 
fluxions  are  in  a  constant  ratio  at  the  pqint  of  inBexion, 
where  the  curve  is  neither  convex  nor  concave  ;  that  is,  ±  is 

to  y  in  a  constant  ratio,  or  -^  or  -r  is  a  constant  quantity. 

y 

But  constant  quantities  have  no  fluxion,  or  their  fluxion  is 
equal  to  nothing  :    so  that,  in  this  case,   the   fluxion  of 

4-  or  of  -r-is  equal  to  nothing,    And  hence  we  have  this 

X  y         ' 

general  rule  :' 

115,  Put  the  given  equation  of  the  curve  into  fluxions  ; 

from  which  find  either  -7-  or  -r-.     Then  take  the  fluxion  of 

X         y 

this  ratio,  or  fraction,  and  put  it  equal  to  0  or  nothing  ;  and 
from  this  last  equation  find  also  the  value  of  the  same  -r  or 

~.     Then  put  this  latter  value  equal  to  the  fohner,  which 

will  form  an  equation  ;  from  which,  and  the  first  given  equa- 
tion of  the  curve,  x  and  y  will  be  determined,  he^ng  the 
absciss  and  ordinate  answering  to  the  point  of  inflexion  in 
the  curve,  as  required. 

EXAMPLES. 

Exam.  1.  To  find  the  point  of  inflexion  in  the  curve 
whose  equation  is  ai^  -=  d^y  +  ochf. 

This  equation  in  fluxions  is  2ax±  =  t^y  +  2xy±  +  «*^, 

which  eives  -7=;; \ — •     Then  the  fluxion  of  this  quantity 

®         y     2a  r — 2ry  ^ 

made  =  0,  gives  2xx{ax — ry)  =  (a«+«*)  X  (a^— iy— «y)  ; 

i     a'+x'  X 

and  this  again  gives -= X . 

^      ^       y     a*^x»       a—y 

i 
Lastly,  this  value  of -r  being  put  equal  to  the  former,  gives 

Vol.  II.  49 


878 


CVBTATCBS* 


+^ 


+X^ 


and  hence  fU^  ««*—«•, 


or  Sx*  »  a',  and  x  »  a  i/y,  the  abscias^ 
Hence  also,  from  the  original  equation,         .    .    •    •    • 

y  sc  .^ —  =  /^  =■  iflf  the  ordinate  of  tho  point  of  in* 

£exion  sought. 

Exam.  2.    To  find  the  point  of  inflexion  in  a  ciinre  de- 
fined by  the  equation  ay  =  a  v^  ox  +  «'  • 

Ex  Av.  3.    To  find  the  point  of  inflexion  in  a  carve  defined 
by  the  equation  ay'  =a*«  +  x*. 

ExAV.  4.  To  find  the  point  of  inflexion 
in  the  Conchoid  of  Nicomedea,  which  is 
generated  or  constructed  in  this  manner : 
From  a  fixed  point  p,  which  is  caHed  the 
pole  of  the  conchoid,  draw  any  number  of 
right  lines,  pa,  pb,  pc,  pk,  dtc.  cutting 
the  given  line  fd  in  the  points  f,  g,  h,  i, 
&c. ;  then  make  the  distances  fa,  gb,  bc,  ib,  fcc.  equal  to 
each  other,  and  equal  to  a  given  line  ;  then  the  curve  line 
ABOB,  &c.  will  be  the  conchoid ;  a  curve  so  called  by  its  in- 
ventor Nicomedes. 


TO  FIND  THE  RADIUS  OF  CURVATURE  OF 

CURVES. 


116.  The  Curvature  of  a  Circle  is  constant,  or  the 
in  every  point  of  it,  and  its  radius  is  the  radius  of  curvature. 
But  the  case  is  dificrent  in  other  curves,  every  one  of  wliieli 
has  its  curvature  continually  varying,  either  increaaiiig  or 
decreasing,  and  every  point  having  a  degree  of  curvature 
peculiar  to  itself;  and  the  radius  of 

a  circle  which  has  the  same  curve-  „      ^ 

ture  with  the  curve  at  any  given 
point,  is  the  radius  of  curvature  at 
that  point  f  which  radius  it  is  the  bu- 
siness of  this  chapter  to  find. 

117.  Let  Ase  be  any  curve,  con- 
cave towards  its  axis  ad  ;  draw  an 
ordinate  db  to  the  point  b,  where 
the  curvature  is  to  be  found  ;  and 


suppose  Kc  perpendicular  to  the  curve,  and  equal  to  the  radius 
of  curvature  sought,  or  equal  to  the  radius  of  a  circle  having 
the  same  curvature  there,  and  with  that  radius  describe  the  said 
equally  eurred  circle  Bse ;  lastly,  draw  td  parallel  to  ad,  and 
de  panllel  and  indefinitely  near  to  ds  :  thereby  making  sd  the 
flaxkm  or  increment  of  the  absciss  ad,  also  ae  the  fliixion  of 
tbe  ordinate  db,  and  se  that  of  the  curve  as«  Then  put  x  » 
As,  Sf  ss  DB,  s  =s  ab,  and  r  =  cb  the  radius  of  curvature  ; 
then  md^i^de^^^  and  bs  =*  i. 

Now,  by  Sim.  triangles,  the  three  lines  bJ,  de^iset 
which  v^ry  as  ±,  y,  i, 

are  respectively  as  the  three       •       •       ob,  go,  cb  ; 
therefore 6o.^s=>oB*y; 

and  the  flux,  of  this  eq.  is  gc  .  x  +  gc  .  i  ss  ob  •  y  +  ob  .y, 

•  .   •  ••        •  ••  • 

or  because  go  =:  — bo,  it  is  gg  •  x  —  bg  •  :fr  =  gb  •  jf  +  gb  •  y« 

But  since  the  two  curves  ab  and  bb  have  the  same  cur- 
vature at  the  point  b,  their  abscisses  and  ordinates  have  the 
same  fluxions  at  that  point,  that  is,  Bd  or  f  is  the  fluxion 

both  of  AB  and  bo,  and  ife  or  y  oc  the  fluxion  both  of  db  and 
GB.    In  the  equation  above  therefore  substitute  ±  for  bg,  and 

^  for  GB,  and  it  becomes 

Gcj;  —  i±^  cry  +  ^y, 

Ml  •• 

or  GOT  —  OFy  =5  i»   +  y*  ^  z*» 

Now  multiply  the  three  terms  of  this  equation  respectively 

•     .>.      • 

V        X        X 

by  these  time  quantities,  -^,  — ,  — ,  which  are  all  equal,  and 

GO    GB     CB 

•3  "a 

it  beeomes  vac  *-  iy  s=^  — •  or  —  ; 

CB        r 

i* 
and  hence  is  found  r  » -rr  — r^,  for  the  general  value  of  the 

yx — ±y 

radius  of  curvature,  for  all  curves  whatever,  in  terms  of  the 
fluxions  of  the  absciss  and  ordinate. 

118.  FurUier,  as  in  any  case  either  ar  or  y  may  be  supposed 
to  flow  equably,  that  is,  either  x  or  y  constant  quantities,  qr 
i  or  y  equal  to  nothing,  it  follows  that,  by  this  supposition, 
either  of  the  terms  of  the  denominator,  of  the  value  of  r,  may 
be  made  to  vanish.  Thus,  when  i  is^  supposed  constant,  x 
being  th^n  =  0,  the  value  of  r  is  barely  ........ 

-^. ;  o'  ^  i>  ^  ^  ^*^n  y  ^  constant 
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EzAK.  1.  To  find  the  radius  of  curvature  to  any  poiot  of 
a  parabola,  whose  equation  is  ox =2^,  its  vertex  being  a,  and 
axis  AD. 

Here,  the  equation  to  the  curve  being  00?  =  ]^,  the  fluxion 
of  it  is  oi  =  2yy  ;  and  the  fluxion  of  this  again  is  ox  =>  2^*, 
supposing  y  constant ;  hence  then  r  or 

^  „,  (^ + y*)^  !»-(«*+ *y')^  „,  (" + ^)* 

for  the  general  value  of  the  radius  of  curvature  at  any  point 
B,  the  ordinate  to  which  cuts  off  the  absciss  ad  =  x. 

Hence,  when  the  absciss  x  is  nothing,  the  last  expression 
becomes  barely  ^a  =  r,  for  the  radius  of  curvature  at  the 
vertex  of  the  parabola  ;  that  is,  the  diameter  of  the  circle  of 
curvature  at  the  vertex  of  a  parabola,  is  equal  to  a,  the  pa- 
rameter of  the  axis.     See,  also,  pa.  535,  vol.  i. 

Exam.  2.  To  find  the  radius  of  curvature  of  an  eUipaOt 
whose  equation  is  a'y*  =^  c^{ax  —  x^). 

2aV 

ExAK.  3.  To  find  the  radius  of  curvature  of  an  hyperbola, 
whose  equation  is  a'y*  =  c^{ax  +  x"*), 

.  [a'c'  +  4(fl«  +  c»)  X  Cox  +  x»)l* 

Ans*  r  -^  ■• ■  ■  —    "■ '  ■ — • 

Ua'c 

Exam.  4.  To  find  the  radius  of  curvature  of  the. cycloid. 
Ans.  r  =^  2  \/(aa  —  ax),  where  x  is  the  absciss,  and 
a  the  diameter  of  the  generating  circle. 


OF  INVOLUTE  AND  EVOLUTE  CURVES. 

119.  Ay  Evolute  is  any  curve  supposed  to  be  evolved  or 
opened,  which  having  a  thread  wrapped  close  about  it,  fas- 
tened at  one  end,  and  bcginniiig  to  evolve  or  unwind  the 
thread  from  the  other  end,  keeping  always  tight  stretched 
the  part  which  is  evolved  or  wound  ofl*:  then  this  end  of  the 
thread  will  describe  another  curve,  called  the  Involute.  Or, 
the  same  involute  is  described  in  the  contrary  way,  by  wrap* 


hyvolittes  and  stolutss. 
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ping  the  thread  about  the  curve  of  the  evolute,  keeping  it  at 
the  same  time  always  stretched. 

120.  Thus,  if  EFGH  be  any  curve, 
and  AS  be  either  a  part  of  the  curve, 
or  a  right  line  :  then  if  a  thread  be 
fixed  to  the  curve  at  h,  and  be 
wound  or  plied  close  to  the  curve, 
d^.  from  H  to  a,  keeping  the  thread 
always  stretched  tight  ;  the  other 
end  of  the  thread  will  describe  a 
certain  curve  abcd,  called  an  Invo- 
lute ;  the  first  curve  efuii  being  its 
evolute.  Or,  if  the  thread,  fixed  at 
H,  be  unwound  from  the  curve,  beginning  at  a,  and  keeping 
it  always  tight,  it  will  describe  the  same  involute  abcd. 

121.  If  AB,  BF,  0(},  DH,  dec.  be  any  positions  of  the  thready 
in  evolving  or  unwinding ;  it  follows,  that  these  parts  of  the 
thread  are  always  the  radii  of  curvature,  at  the  corresponding 
points,  A,  B,  c,  D  ;  and  also  equal  to  the  corresponding  lengths 
AS,  AEF,  ABFO,  AEFOH,  of  the  evolute ;  that  is, 

AB  =  AE  is  the  radius  of  curvature  to  the  point  a, 
BF  =  AEF  is  the  radius  of  curvature  to  the  point  b, 
CO  =  AEO  is  the  radius  of  curvature  to  the  point  c, 
DH  =s  AKH  is  the  radius  of  curvature  to  the  point  d. 

122.  It  also  follows,  from  the  premises,  that  any  radius  of 
curvature,  bp,  is  perpendicular  to  the  involute  at  the  point  b, 
and  is  a  tangent  to  the  evolute  curve  at  the  point  f.  Also, 
that  the  evolute  is  the  locus  of  the  centre  of  curvature  of  the 
involute  curve. 

128.  Hence,  and  from  art.  117,  it 
will  be  easy  to  find  one  of  these 
curves,  when  the  other  is  given. 
T6  this  purpose,  put 

X  SB  ad,  the  absciss  of  the  involute, 

p  3=5  db,  an  ordinate  to  the  same, 

z  =  AB,  the  involute  curve, 

r  =  BC,  the  radius  of  curvature, 

V  =  EF,  the  absciss  of  the  evolute  eg, 

ti  ^  Fc,  the  ordinate  of  the  same,  and 

41  »  AE,  a  certain  given  line. 

Then  by  the  nature  of  the  radius  of  curvature,  it  ia 

=3  BC  3=  AB  +  EC ;  also,  by  aim.  triangleSi 


yx  —  ±y 
i  t  i : :  r ;  GB 


ri- 


±z' 


i« 


yx  -  ±y        — y 


-  » 


MS  vLuxioior. 


/ 


*  •  •  •  •  •  • 

.     .  ry  yz*  yz« 

jzr :  ip  : :  r  :  oc  »  -r  =^-7^ — =-  =«      I^' 

^       Px  -^  xy        — xy 


Hence  sf  =  ob  —  db  =  — :.  -  y  =  « ; 

— y 

•  *  * 

and  FC  =  AD  —  AE+oc  =  a:  —  a+  37;"  =  •* » 

which  are  the  values  of  the  absciss  and  ordinate  of  the  evo- 
lute  curve  ec  ;  from  which  therefore  these  may  be  found, 
when  the  involute  is  given. 

On  the  contrary,  if  v  and  u,  or  the  evolute,  be  given : 
then,  putting  the  given  curve  eg  =  s,  since  cb  =  ab  +  sc» 
or  r  =  a  +  «,  this  gives  r  the  radius  of  curvature.  AUo,  by 
similar  triangles,  there  arise  these  proportions,  viz. 

#  :  ©  :  :  r  :  -^  =  — ;— 1>  =  gb, 

s  9 

•      •  ru        a4"*' 

and  #  :  tt  :  :  r  :  ~  =-; — u  =  gc  ; 

8  8 

theref.  ad  =  ab  +  fc  —  Go  =  a  +  tt  —  — ^ —  u  =  x, 

8 

€L'^8  • 
and  DB  =s  GB  GD  =  GB  —  EP  =  — ^ V  —  ©  =  y  ; 

8 

which  are  the  absciss  and  ordinate  of  the  involute  curve,  and 
which  may  therefore  be  found,  when   the  evolute  is  given. 

Where  it  may  be  noted,  that  i"  =  »'+  ti*,  and  ;^  =  i"  +  ^. 
Also,  either  of  the  quantities  x,  y,  may  be  supposed  to  flow 

equably,  in  which  case  the  respective  second  fluxion,  x  or  y^ 
will  be  nothing,  and  the  corresponding  term  in  the  denomi« 
nator  yx  —  xy  will  vanish,  leaving  only  the  other  term  in  it ; 
which  will  have  the  eflfect  bf  rendering  the  whole  operation 
simpler. 

EXAMPLES. 

Exam.  1.  To  determine  the  nature  of  the  curve  by  whose 
evolution  the  common  parabola  ab  is  described. 

Here  the  equation  of  the  given  evolute  ab,  is  cx  s=  jf* 
where  c  is  the  parameter  of  the  axis  ad.     Hence  then 

ys^^cXf  and  y  =^ii!y/  - ,  also  y  =  -^—  ^-  by  making  i 

X  4Z         x 
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constant.  Con'aeqaently  the  general  values  of  v  and  u^  or 
of  the  absciss  and  ordinate,  ef  and  fc,  above  given,  becomot 
in  that  case, 

Mr=^v  «= — = —  jf  = r. y  =  4x^— ;  and 

—y  — y  ^ 

rc:=tf=3X  —  a  + '  =  3x  +  i«  — «• 

But  the  value  of  the  quantity  a  or  ae,  by  exam.  1  U>  art. 
1 18,  was  found  to  be  ^c ;  consequently  the  Ust  quantity,  fc  or 
u,  is  barely  =  3x. 

Hence  then,  comparing  the  values  of  o  and  u,  there  is 
found  Soy/c  =4ii%/x,  or  ^Z7aP  =  16ti^ ;  which  is  the  equa* 
Uon  between  the  absciss  and  ordinate  of  the  evolute  curve 
so,  showing  it  to  be  the  semicubical  parabola. 

MxaMm  2.  To  determine  the  evolute  of  the  common  cychnd. 

Ans.  another  cycloid,  equal  to  the  fomer. 


TO  FIND  THE  CENTRE  OF  GRAVITY. 

124.  Bt  referring  to  art.  108,  d^c.  in  the  Statiesj  it  is  seen 
what  are  the  principles  and  nature  of  the  Centre  of  Gravity 
in  any  figure,  and  how  it  is  generally 
expressed.  It  there  appears,  that  if 
PA(ibealine,ora  plane,  drawn  through 
any  point,  as  suppose  the  vertex  of 
any  body,  or  figure,  abd,  and  if-  - 
s  denote  any  section  ef  of  the  figure, 
d  =  AG,  its  distance  below  po,  and 
b  =  the  whole  body  or  figure  abd  ; 
then  the  distance  ac,  of  the  centre  of   ' 

.^    ,    ,                              11    J      4  J  u    sum  of  all  the  da 
gravity  below  po,  is  universally  denoted  by ~ 

whether  abd  be  a  line,  or  a  plane  surface,  or  a  curve  super- 
ficies, or  a  solid. 

But  the  sum  of  all  the  (2f ,  is  the  same  as  the  fluent  of  d6, 

and  b  is  the  same  as  the  fluent  of  b  ;  therefore  the  general 
expression  for  the  distance  of  the  centre  of  gravity,  is  ac  = 

fluent  of  x6       fluent  x&  .  .  .  ...     ,. 

r-  = ;  putting  X  =:  a  the  vanable  distance 

fluent  of  6  b         '^       ^ 

AG.     Which  will  divide  into  the  following  four  cases. 
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FLUX1098. 


125.  Case  1.  When  ak  is  ^ome  line,  as  a  curve  suppose* 
Id  this  case  6  is  =  z  or  -^/i"  +  3/*,  the  fluxion  of  the  curve  ; 

aod  h  s 


,       -       _  flueot  of  xz  ^  fluent  of  x  ^i^  -f-  y^ 
•  uierei*  ac  "^~  ——————  ..•  . 


=  ^ —  is  the  distance  of  the  centre  of  gravity  in  a  curve. 

,    z  . 

l2lR.  Case  2.  When  the  figure  abd  is  a  plane  ;  then 
b  ss  y±;  therefore  the  general  expression  becomes  ac  = 

^'^'T'  ^or  the  distance  of  the  centre  of  gravity  in  a  plane. 

127.  Case  3.  IVhen  the  figure  is  the  superficies  of  a  body 
generated  by  the  rotation  of  a  line  aer,  about  the  axis  ait. 
Then  putting  «*  ==  3*14159,  6lc.  2vy  will  denote  the  circum- 
ference of  the  generating  circle,  and  2iryz  the  fluxion  of  the 

-  .       ^  fluent  of  2ir«a:i      fyxz    ... ,      , 

■unkce  :  therefore  ac  = Trr—r  =  ~-r  will  be  the 

fluent  of  Z^yz       fyz 

distance  of  the  centre  of  gravity  for  a  surface  generated  by 
the  rotation  of  a  curve  line  z. 

128.  Case  4.  When  the  figure  is  a  solid  generated  by  the 
rotation  of  a  plane  abh,  about  the  axis  ah. 

Then  is  c^f*  =  the  area  of  the  circle  whose  radius  is  y, 
and  «y:r  =»  5^  the  fluxion  of  the  solid  ;  therefore     ... 

fluent  of  xi      fluent  of  irv'^xi'     ftfxx  .      , 

^^     ^ w  =  ;; :r"o-  ~    .  7^  w  the  distance 

fluent  of  6       fluent  of  '^y'x        fy^x 

of  the  centre  of  gravity  below  the  vertex  in  a  sohd. 


examples. 
Exam.  1.  Let  the  figure  proposed  be  the  Isosceles  triangle 

▲BD, 

It  is  evident  that  the  centre  of  gravity  c,  will  be  some- 
where  in  the  perpendicular  ah.     Now,  if  a 
denote  ah,  c  =  bd,  a;  =  ao,  and  y  =  kf 
any  line  parallel  to  the  base  bd  :   then  as 

a  :  c  : :  a: :  y  =  -? ;  therefore,   by  the  2d 

Cnm^    .^_  fluent  yari  fluent  r»i-       \3? 

fluent  yif  fluent  xx       \x* 

=  f  x  ^  Iah,  when  x  becomes  =  ah  : 
consequently  ch  ==  |ab. 
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tn  like  maimery  the  centre  of  gravity  of  any  other  plane 
triangle,  will  be  fband  to  be  at  ^  of  the  altitude  of  the  trian* 
gle  ;  th^  same  as  it  was  found  in  art.  Ill,  Staiies* 

Exam*  2.  In  a  parabola;  the  distance  from  the  vertex  is 
|a^  or  I  of  the  axis. 

ExAX.  3.  In  a  circular  arc  ;  the  distance  from  the  centi^ 

of  the  circle,  is  — ;  where  a  denotes  the  arc.  e  its  chord,  and 

r  the  radius. 

Exam.  4.  In  a  circular  sector  ;  the  distance  frcmi  the 

flcr  * 

centre  of  the  circle,  is  -^i  where  a,  c,  r,  are  the  same  as  in 

exam.  3. 
Exam.  5.  [n  a  circular  segment ;  the  distance  from  the 

centre  of  the  circle  is  ^^r-  ;  where  c  is  the  chord,  and  a  the 

12a 

area,  of  the  segment* 

ExAK.  6.  In  a  cone,  or  any  other  pyramid ;  the  distance 
from  the  vertex  is  }z,  or  |  of  the  altitude. 

ExAK.  7.  In  the  semisphere,  or  semispheroid ;  the  distance 
from  the  centre  is  ^r^  or  }  of  the  radius :  and  the  distanca 
from  the  vertex  f  of  Uie  radius. 

.Exam.  8.  In  the  parabolic  conoid  ;  the  distance  from  the 
base  is  ^,  or  ^  of  the  axis.  And  the  distance  from  the  ver- 
tex |  of  the  axis. 

ExAX.  9.  In  the  segment  of  a  sphere,  or  of  a  spheroid  ; 

2a-x 
the  distance  from  the  base  is  ^ --x ;  where  x  is  the  height 

(HI— 4x 

of  the  segment,  and  a  the  whole  axis,  or  diameter  of  the 
sphere. 

ExAX.  10.  In  the  hyperbolic  conoid;  the  distance  from 

the  base  is  - — ri"^  >  where  x  is  the  height  of  the  conoid, 
oii+4x 

and  a  the  whole  axis  or  diameter. 

129.  Among  the  preceding  examples,  those  which  relate 
to  circles  and  spheres,  furnish  pleasine  applications  of  the 
fluxional  formula  for  the  trigonometripw  quantities.    Thu'*, 

1.  To  find  the  centre  of  gravity  of  a  circular  arc. 
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Let  ab'  =5  «,  B'b  ss  z 

rad.  =  1. 

— .      fxi     ft  coa.  zz      2  sin.  « 
Then  — ^—-^~^^. 

Hence»  bad  :  bd  : :  rad.  :  diet. 

G*  o.  from  ▲•  BCD 

2.  To  find  the  centre  of  grarity  of  a  circular  segment. 

fxyi      fSt  sin,  z  cos,  z  9  cos,  z  j_  ft  sin.*  z  cos.  %z 

^^  fy^  ^    f^  **'*•  *  ^  ^^"  ^      ""     y^  *^"'*  *^ 

/8  sin.'g  y  sin,  z  _      |  sin.^;g 
~"  /(I — COS.  2jzr)i  ~"  a? — (  sin.  tz 

3.  To  find  the  distance  of  c.  o.  of  a  spheric  surface  from 
its  centre. 

/2r  sin.  z  cos.  zi  <  sin.^  ,  /i    •  \ 

f2€  sin.  a;i  ScCl— cos.  z)       ^^     *  ^ 

that  is,  the  middle  point  of  the  versed  sine. 

4.  For  the  c.  o.  of  a  spherical  segment. 

fy^x±  ^fsin.*z  cos.  z{ — 9  cos.  z)  ^fain.'zcoB.  z^cob.z 
fy*x  fainJz  ( — 9  cos.  z)  /sin.^z  9  cos.  z 

_  / shk.^z  COS.  z  sin,  zz  _    /sin.'z  cos.  zi 
*"  /8in.«z( — 9  COS.  z)       /sin.»z  (—9  cos.  z) 

__    /8in.'z9  8in.  z ^  sin.*z 

^fauL'  z(— 9  C08.Z)  ""/(l-co8.«z)( — 9  COS.  z) 

f  sin.*z I  sin.^z 

/(cos.*z— l)9Cos.  z  *~  i(cos.'z— 3  cos.  z)' 

...  -11  i  sin.*z 

which  corrected  becomes  ==  i(cos.»z-3  cos.  z+2). 

When  the  segment  becomes  a  hemisphere,  this  becomes 
=^  f  of  radius,  as  it  ought  to  be. 

130.  Pressure  of  Earth  against  Walls. 


Lemma,  A  weight,  w,  be. 
ing  placed  on  a  plane,  inclined 
to  the  vertical  in  an  angle  t, 
to  find  a  horizontal  force,  h, 
sufficient  to  sustain  iWso  that 
it  shall  not  run  down  tne  plane, 
taking  friction  into  the  ac* 
count. 


-*^ 
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Each  of  the  forces,  w,  h,  being  resolved  into  two,  the  one 
pardlel,  the  other  pen>endicular,  to  the  plane;  there  will 
result, 

parallel  to  the  plane,  a  force  =  w  cos.  t  —  h  sin.  t, 
perp.      to  the  plane,  a  force  ss  w  sin.  t  +  h  cos.  u 

In  order  to  an  equilibrium,  the  first  of  these  forces  ought  to  be 
precisely  equal  to  the  friction  down  the  plane. 

That  is,  w  cos.  *  —  h  sin.  i  =/w  sin.  t  +fE  cos.  t, 
whence    fu  cos.  t  +  h  sin.  t  =s  — /w  sin.  i  +  w  cos.  t, 

,  COS.  t  —/sin.  t  1  —/tan.  t, 

and  H  =  w  -. — r-r-i =  ^  -: —  .  ,    />  > 

sm.  t  +/ COS.  f  tan.  t  +/ 

CaroL  Hence,  if  instead  of  a  horizontal  force,  the  weight 
w  were  sustained  by  a  wall,  or  by  any  obstacle  whatever,  the 
horizontal  effort  exerted  by  the  weight  against  the  obstacle 

ij  k  1  —/tan.  f 

would  be  w . .  ,   j.  • 

tan.  t  +f 

131.  Pbof.  To  determine  the  horizontal  stress  of  the  ter- 
race  whose  vertical  section  is  bcef,  against  the  wall  whose 
section  is  abcd,  and  the  momentum  of  the  pressure  to  over, 
turn  the  wall  about  the  angle  a. 

Considering,  first,  the  stress  of  a  triangle  cbb,  whose 
sloping  side  be  makes  the  an^le  t  with  the  vertical :  let  be^ 
b  e ,  be  each  parallel  to  be,  limiting  the  elementary  trapezoid 
hh'ee>      Let   bc    =    a,      ^  ^  ^  v 

c5  =  r,  6&'  =  ±;  then  ^^' 

area  of  66Ve=x:^  tan,  i ; 
and  if  8  be  the  specific 
gravity  of  the  earth,  th6 
weight  of  the  portion 
hh'tie  will  be  =  sxi 
tan.  t.  Therefore  the 
horizontal  effort,  against 
the  line  hh\  will  be 


=3  »x±  tan.  i  . 


1  — /tan,  f  __        1 — /tan.  t 


=  8X± 


tan.  t  +/  1  +/cot.  i 

1  —/tan.  f 

=  SZXK  ;   pUttmg  ; r-^r: i  =  X. 

1  +/tan.  % 

The  fluent  of  «xiM,  when  x^^  a^  gives  ^o'^ir,  for  the  whole 
horizontal  thrust  of  the  triangle  cbb. 

Referring  the  momentum  of  the  thrust  of  the  elementary 
portion  66Ve,  to  the  length  of  leve%6B  =  a  —  «,  we  have 
for  that  momentum  lu  (a  —  x)xi.  The  fluent  of  this  when 
jc  =  a,  is  =  ^(^su: 


ggg  FLUXIONS. 

182.  It  remains  to  determine  the  angle  t. 

Now,  it  is  evident  that  ,  Tr    ?  *•   =  *^'  vanishes,  and 

'  1    -f-y  cot.  t 

consequently,  both  the  horizontal  thrust  and  its  momentum 

vanish,  whether  tan.  t  =  0,  or  =  y.      Between  these  two 

values,  therefore,  there  is  one  which  gives  both  the  greatest 
thrust  and  the  greatest  momentum.  This  value  is  found  by 
making 

^  =  0,  that  is,  9  }  ^j-'Zl  !  ^  ^-     ^"'  *'''''  *  "  ^' 

then  ^fz  (1  +  {)  +^  (1  -fi)  =  0  ; 

.   ,fz  _i  —fzz 
or  2f  +  —  =  — :j — I 

that  is,  

tan.  i=-/+ v^l+Z'. 

Substituting  this  value  of  tan.  i  for  it  in  the  above  expres. 
sjon  for  V,  we  have  for  the  horizontal  thrust 

K*  \  -/+\/a  +/^(^  =  |«^tan.«i, 
while  the  momentum  of  the  stress  is  found  to  be 

which  was  to  be  found. 

1 
133.  The  angle  which  has  for  its  tangent  -7  is  the  angle 

J 
of  the  slope,  which  the  earth  would,  of  itself,  naturally  take, 
if  it  were  not  sustained  by  any  wall. 

For  a  body. has  a  tendency  to  descend  along  a  plane  (in- 
clination to  vertical  =i)  with  a  force  =  g  cos.  t,  and  it  presses 
the  plane  with  a  force  =^  sin.  t.  Wherefore  the  friction 
^^fg  sin.  t ;  and  since  it  counterbalances  the  force  with  which 
the  body  endeavours  to  descend,  we  hare 

^     .      .  .       sin.  t  .         1 

/^sm.  t  =:^  COS.  V-.  ^S^TJ  =  tan.  »  ==  y  ; 

alio/  s  cot.  ». 
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Farther,  the  angle  whose  tEDgeot  is —/ +  ^l+Z^iehalf 
the  angle  whose  tangent  is  -^ . 

For  tan.  i  =  , — ^"'  V, . .     (Equa.  17,  pa.  S05,  y6i.  i.) 

1  —  tan.  ^t  '  ' 

Let,  therefore,  bf  be  the  slope  which  loose  earth  would, 
of  itself,  naturally  assume  :  then,  the  line  bb  which  de* 
termines  the  triangle  of  earth  that  exerts  the  greatest  hori* 
sontal  stress  against  the  vertical  wall  bisects  the  angle  osr. 

134.   SCHOLIUIC. 

Sandy  and  loose  earth  takes  a  natural  declivity  ofW)^ 
from  the  vertical ;  stronger  earth  will  take  a  declivity  (tf  58^. 
Therefore,  for  a  terrace  of  loose  earth  we  have  t  =  80^  ;  for 
another  of  strong  and  close  earth  t  :=  26^^. 

Hence,  for  the  former  kind,  where  tan.  80^  =s  f^,  the 
value  of  the  stress  is  fo^s,  and  that  of  the  momentum  of  the 

stress  W  ^*' 
For  the  latter  kind,  where  tan.  26  j^  ==  ^  nearly,  the  stress 

=  ^Af  its  momentum  =s  ^  a^s. 

135.  The  horizontal  stress  and  momentum  being  thus 
known,  it  is  easy  to  proportion  to  them  the  resistance  of  the 

wall  ABCD. 

Let  6  =  AB,  while  bc  =  a,  and  let  8  be  the  spec.  grav.  of 
the  wall.  For  brick,  s  =  2000,  for  strong  earth,  8  »  1428. 
Then  the  momentum  of  the  resistance  referred  to  the  point 
AB|  being  joM  ;  we  shall  have ' 

{laVs  3=  ^tPs  (for  strong  earth) 

/.  5  =  a  v/  ,4-  =  '28034  X  a  ^  -i. 
^    I2s  ^    s 

Thus,  if  a  s  39*37  feet,  s  and  s  as  above,  we  shall  find 
6  =  9*326  feet. 

Exam.  2.  Supposing  the  earth  of  the  same  kind  as  in  the 
above  example,  s  to  s,  as  4  to  5,  and  the  height  of  the  wall 
and  bank  each  12  feet ;  required  the  thickness  of  the  wall, 
being  rectangular.  Ans.  2-986  feet. 

Note.  The  preceding  investigation  proceeds  upon  the 
principles  assumed  by  Cotdomb  and  Ptony,  They  who  wish 
to  go  thoroughly  into  this  subject,  and  have  not  opportunity 
to  make  experiments,  may  advantageously  consult  Traits 
B^cperimaO^  AndlMque  et  Praiijue  de  la  PouMe  de$ 
TwfCtf  4f\%  par  JC  MaynUl* 
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ON  THE  FLEXIBILITY,  STRENGTH,  AND 
RUPTURE  OF  TIMBER,  &c. 

A  piece  of  solid  matter  may  be  exposed  to,  at  least,  four 
distinct  kinds  of  strains  :  viz. 

1st.  It  may  be  pulled,  or  torn,  asunder,  as  in  the  case  of 
ropes,  stretchers,  king-posts,  tie-beams,  &c. 

Sdly.  It  may  be  crushed,  ns  in  the  case  of  pillars,  posts, 
and  truss-beams. 

8dly.  It  may  be  broken  across,  as  in  the  case  of  a  joint  or 
rafter. 

4thly.  It  may  be  wrenched,  or  twisted,  as  in  the  case  of 
the  axle  of  a  wheel,  the  nail  of  a  press,  d^c. 

The  complete  investigation  of  these  particulars,  only  in 
their  principal  varieties,  would  require  a  volume.  The  stu- 
dent  who  wishes  to  go  into  the  inquiry  with  scientific  pre- 
cision, may  consult  M.  Girard's  Treatise  on  the  Resistance 
of  Solids,  an  interesting  essay  on  the  Flexibility  of  Wood,  by 
M.  Dupin,  in  Journal  de  VEcde  Pdylechniquey  tome  10, 
Tredgold's  Principles  of  Carpentry,  and  Mr.  Barlow's  va- 
luable Essay  on  the  Strength  and  Stress  of  Timber^  Having 
attended  many  of  the  experiments  recorded  in  the  latter- 
mentioned  work,  I  can  with  confidence  recomqitod  its  prin- 
cipal results  as  accurate  and  useful  ;  and  .shall,  therefore, 
refer  to  the  work  itself  for  the  experiments  and  investigations 
from  which  the  following  formulee  and  rules  are  deduced. 

Let  I  denote  the  length,  a  the  breadth,  d  the  depth  of  a 

rectangular  beam,  all  in  inches,  w  the  weight  with  which  it 

is  loaded  in  the  middle  (being  supported  at  both  ends),  6  the 

deflection  occasioned  by  that  weight,  and  s  the  measure  of 

wP 
the  elasticity  :  then  it  is  found  that  --j;^  =  b  is  a  constant 

quantity,  for  the  same  timber  ;  or,  which  amounts  to  the 

wP 
same,  that  —  j,  =  ^. 
Ead^ 

This  formula  is  equally  applicable  to  beams  fixed  at  one 
end,  and  loaded  at  the  other,  and  those  w.hich  are  supported 
at  both  ends  and  loaded  in  the  middle  ;  only  the  value  of  s 
in  the  one  case  w411  be  to  that  in  the  other,  as  32  to  1. 

For  the  ultimate  deflection  of  beams  before  their  rupture, 

P 
the  theorem  is  -= —  =  u,  where  A  is  the  last  deflection. 

aA 

If  the  resistance  of  a  rod  an  inch  square  be  s,  thea  adhf 
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will  be  the  reaistanco  of  a  beam  the  same  length,  Ivhoso 
breadth  is  a  and  depth  d  :  also,  if  the  angle  of  deflection  be 
A  9  and  the  breaking  weight  be  w  ;  then 

1.  When  the  beam  U  fixed  at  one  endy  and  haded  at  the 
ether. 

Zw  cos*  ^ 
iw  COS.  A  =  adh,  or -^ =  s,  a  constant  quantity. 

2.  When  the  beam  is  supported  at  each  end^  and  loaded 
in4he  middle. 

Iwsec^  ^ 
ilwse€^  A  =  flcPs,  or  — j— = —  =  s,  constant. 

3.  WJien  the  beam  is  fixed  at  each  end,  and  loaded  in  the 
middle, 

Ivfsec^  A 
^Iwsec^  A  =  ocfti,  or  — -     ■      =  s,  constant. 

4.  When  the  beam  in  either  of  the  itoo  last  c€ues  is  loaded  at 
any  other  point  than  the  centre. 

We  shall  have,  in  the  former  case,  by  denoting  the  two 
unequal  lengths  by  m  and  n, 

miiw      ,  -,        mnvrsec^A 

-^-=--  9e(r  A  =  ooTS,  or  — 7-^= —  =  s : 
I  laar 

and  in  the  second, 

2miiw     ,  ,  -,        2mnyfse(?  A 

-^wc"  A  =  «P8,  or -^^— =  8. 

Still  the  same  constant  quantity. 

And  the  first  formula  will  also  apply  to  a  beam  fixed  at 
any  given  angle  of  inclination ;  observing  only,  that  the 
angle  A,  in  this  case,  will  represent  the  angle  of  the  beam's 
inclination,  increased  or  diminished  by  the  angle  of  its  de- 
flection, according  as  its  first  position  is  ascending  or  de- 
scending ;  or  rather^  it  will  denote  the  angle  of  the  beam's 
inclination  at  the  moment  of  fracture. 

In  all  these  cases,  when  it  is  only  intended  to  apply  the 
results  to  the  common  application  of  timber  to  architectural 
and  other  purposes,  the  emglc  of  deflection  may  be  omitted, 
and  the  equations  then  become  simply, 

^-     ^^•'  ^-     ii?-^' 

Zw    _  fnnw  __ 
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5. 


2innw 


=  s. 


The  absolute  value '  of  direct  cohesion  on  a  square  inch 

s'd* 
is  c  =  ri Ti ;  where  d  is  the  depth  of  the  natural  axisr 

or  of  the  line  which  separates  the  compressed  from  the 
stjretched  portion  of  the  wood. 

Tlie  subjoined  portion  of  data  for  different  kinds  of  wood, 
results  from  the  union  of  these  formulse  with  experiments. 


Name  of  the  kind  of 
Wood. 

Spec. 
Grar. 

Value 
of  u. 

Value  uf  B. 

Value  of 

t. 

Valmof 

a'. 

Valmof 
c. 

Teak 

745 

818 

9657802 

2462 

2488 

15555 

Poon 

579 

596 

6759200 

2221 

2266 

14787 

Eng.  Oak  .  .  . 

969 

598 

3494730 

1181 

1205 

9836 

Do.  Spec.  2.  . 

934 

435 

5806200 

1672 

1736 

10853 

Canadian  Oak 

872 

588 

8595864  1766 

1803 

11428 

Dantzic  Oak  . 

766 

724 

4765750 

1457 

1477 

7386 

Adriatic  Oak  . 

993 

610 

3885700 

1583 

1409 

8808 

Ash  .  . . 

760 

395 

6580750 

2026 

2124 

17337 

Beech  

696 

615 

5417266 

1556 

1586 

9912 

Elm 

553 

509 

2799347 

1013 

1042 

5767 

Pitch  Pine  .  .  . 

660 

588 

4900466 

1632 

1666 

10415 

Red  Pine .... 

657  605 

7359700 

1341 

1368 

10000 

New  Eng.  Fir. 

553  757 

5967400 

1102 

1116 

9947 

Riga  Fir  ...  . 

753 

588 

5314570 

1108 

1131 

10707 

Do.  Spec.  2.  • 

738 

.  • 

3962800 

1051 

1081 

. .  •  • 

Mar  Forest  Fir 

696 

588 

2581400 

1144 

1168 

9589 

Do.  Spec.  2  .  . 

693 

403 

3478328 

1262 

1310 

10691 

Larch 

531 

411 

2465433 

658 

890 

•  •  •  ■ 

Do.  Spec.  2  .  . 

522 

518 

3591133 

832 

850 

•  »  •  • 

Do.  Spec.  3  .  . 

556 

518  4210830 

1127 

1149 

7655 

Do.  Spec.  4  .  . 

560 

518 

4210830 

1149 

1172 

7352 

Norway  Spar  . 

577 

648 

5832000  1474  | 

1492 

12180 

Other  tables  and  observations  on  the  cohesive  strength  of 
metals,  &c.  are  gKren  in  a  subsequent  part  of  this  volume. 

ScHution  of  Practical  PrMemSf  from  the  preceding  Data. 

pROB.  I.     To  find  the  Strength  of  Direct  Cohesion  of  a  Pieee 
of  Timber  of  any  given  Dimensions. 

Rtde. — Multiply  the  area  of  the  transverse  section,  in 
inches,  by  the  value  of  c,  in  the  preceding  table  of  data,  and 
the  product  will  be  the  strength  required. 
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Nolt>  If  the  Bpecilic  gravity  be  nol  the  same  as  the  mean 
tabolw  specific  grsTily  ;  say,  rs  the  latter  is  to  ihe  former, 
so  is  the  above  product  In  the  correct  result. 

ExAX.  1.  What  weight  will  it  require  to  tear  asupder  % 

pieoa  of  toak  3  inches  square,  the  specific  gravity  being  745 1 

Ana.  laoSmtm, 

Exam.  3.  What  weight  will  break  vertically  a  cylinder  gf 

tatk,  2  inches  in  diameter,  and  speciiiG  gravity  700  T 

Ana.  5O]fl0n>s, 

Prob,  n-     1^  comgvXe  the  DefieetUm  of  Beauts  fixed  at  am 
End  and  loaded  at  the  other  with  any  given  Weight. 

Jtak  1.  Multiply  the  tabular  value  of  s  by  the  breadth 
and  cube  of  the  depth  of  the  given  beam,  both  in  inches. 

2.  Multiply  also  the  cube  of  the  length  in  inches  by  tfais 
giwft  weight,  and  that  prodoct  again  by  32. 

8.  Divide  tha  latter  product  by  the  fonner,  for  the  dofle^ 
lion  sought. 

ExAH.  1.  An  aah  batten,  3  inches  square,  is  fixed  ia  % 
wall,  and  projects  from  it  4  feet.  If  a  weight  of  200lb8.  be 
hung  on  its  extremity,  how  much  will  it  be  deflected  1 

Ans.  1^  incbea, 

ExAJC.  S.    What  would  the  same  beam  be  deflected  if  a 

Erop  or  shore,  proceeding  from  the  w^l,  met  it  at  half  it< 
ingthT 

Here,  without  repeating  the  operation,  as  we  know  that 
the  deflections  are  as  the  cubes  of  the  lengths  ;  and  as  by 
means  of  (he  shore  the  length  is  reduced  to  one  half  the 
former,  viz.  to  2  feet,  we  have 

4' :  2' : :  li  inches  (former  deflec.)  : 
1|  X  2=      IJ       4         ,    .        .     , 
-2-^ — =  ft  ~  oi  ~  »        °  '      '  '""'*'■' 

ExAK.  3.     A  batten  of  New  England  fir,  6  feet  long  and 
4  inches  deep,  by  2;  inches  in  breadth,  is  fixed  at  one  end, 
and  loaded,  uniformly  throughout  its  length,  with  2001ba.,  . 
how  much  will  its  extremity  be  deflected  T 
Note.  The  same  rule  will  apply,  when  the  weight  is  dis. 
,  tributed  throughout  the  length,  by  multiplying  the  seconi) 
'  product  by  12  instead  of  32. 

-Pbob.  III.  7*0  compute  the  DejUetian  of  Beam*,  tupportei 
at  each  End,  and  loaded  in  the  Middle  teith  any  gieen  • 
Weight. 

Ride.   1.     Multiply  the  tabular  value  of  x  by  the  breadt^ 
ud  cube  of  the  depth,  both  in  inches. 
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2.  Multiply  also  the  cube  of  the  length,  in  inches,  by  die 
given  weight  in  lbs.  ;  then  divide  the  latter  product  by  the 
former  for  the  deflection  sought. 

Exam.  1  •  A  square  beam  of  English  oak,  whose  side  is  6 
inches,  is  supported  on  two  walls,  20  feet  distant,  and  is  to 
be  loaded  at  its  middle  point  with  lOOOlbs.,  what  will  it  bo 
deflected?  Ans,  1*8  inch. 

ExAJc.  2.  A  beam  of  red  pine,  8  inches  in  breadth,  and 
1  foot  deep,  is  supported  on  two  walls,  distant  88  feet  4 
inches:  how  much  will  it  be  deflected  with  20001bs.  suspended 
at  its  centre  ?  Ans.  1^  inches. 

NaU.  If  the  beam  he  fixed  at  each  end,  the  deflexion  will, 
with  equal  weights,  be  two-thirds  of  that  found  by  the  above 
rule. 

Prob.  IV.  To  cfmipute  the  IMIeetum  rf  Beams  supported  of 
each  end,  and  loaded  uni/omdy  ihrougkout  their  Length 
wM  a  given  Weight. 

Rule.  Compute  the  deflection  the  same  as  in  the  last  pro* 
blem.  Multiply  that  result  by  5,  and  divide  the  product  by 
8,  and  the  quotient  will  be  the  answer. 

ExAJc.  1.  A  uniform  bar  of  Adriatic  oak,  2  inches  square, 
is  rested  upon  two  props,  distant  24  feet,  how  much  will  it 
be  deflected  by  its  own.  weight,  its  specific  gravity  being  960, 
or  OOlbs.  to  the  cubic  foot  ?  Ans.  0|  inches. 

Exam.  2.  A  beam  of  Riga  fir,  12  inches  square,  is  to 
support  the  brick  work  over  a  gateway,  12  feet  wide ;  the 
computed  weight  of  the  brick  work  is  30000lbs.,  what  de- 
flection may  be  expected  ?  Ans.  *b8  inch. 

Prob.  v.     To  compute  the  uUmate  Defection  of  Beams^  or 

Rods,  before  their  Rupture, 

Note.  The  beams  are  supposed  to  be  supported  at  each 
end. 

Rule.  Multiply  the  tabular  value  of  u,  in  the  preceding 
table  of  data,  by  the  depth  of  the  beam  in  inches,  and  divide 
the  square  of  the  length,  also  in  inches,  by  that  product,  for 
the  ultimate  deflection  sought. 

ExAW.  A  square  inch  rod  of  ash,  6  feet  long,  is  broken 
by  a  weight  applied  to  its  centre  :  how  much  will  it  be  de- 
fleeted  before  it  breaks?  Ans.  13*1  inches. 
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hoB.  ▼!•  AjiwI  the  ^fbimaU  irmuverte  SUmgOk  of  anf 
redmigtdar  Aam  of  Timber^  fixed  ai  one  End  and  icadei 
aiihe  other* 

Rule  I.    Moltiply  the  value  of  s,  in  the  preceding  table  of 
data,  by  the  breadth  and  square  of  the  depth,  both  in  inches, 
and  divide  that  product  by  the  length,  also  in  inches,  and 
the  quotient  will  be  the  weight  in  lbs.     This  is  approzima* 
five. 

Rule.  n.  1.  Take  the  ultimate  deflection  8  times  that  of 
the  last  problem,  and  divide  the  deflection  by  the  length, 
which  will  give  the  sine  of  the  angle  of  deflection ;  whence, 
by  a  table,  find  the  secant. 

2.  Multiply  this  secant  by  the  breadth  and  square  of  the 
depth  in  inches,  and  the  product  again  by  the  value  of  s'  ia 
the  table  of  data. 

3.  Divide  this  last  product  by  the  length  in  inches,  and 
the  quotient  will  be  the  answer,  in  lbs. 

Exam.  1.  What  weight  will  it  require  to  break  a  piece  of 
Mar  forest  fir,  fixed  by  one  end  in  a  wall,  and  loaded  at  the 
other ;  the  breadth  being  2  inches,  depth  3  inches,  and  lensth 
4  feet  ?  Ans.  5181b8. 

• 

lExAM.  2.  A  square  oaken  balk,  12  inches  square,  projects 
8  ftet  4  inches  from  a  solid  wall,  in  which  it  is  fixed ;  what 
weight  will  be  sufficient  to  break  it  ?  Ans.  503451bs. 

Exam.  3.  A  piece  of  ash,  2  inches  square,  projects  6  feet 
from  a  wall  in  which  it  is  fixed ;  what  weight,  uniformly  dis- 
tributed through  its  length,  will  be  required  to  break  it  7 

PsoB.  vn.  To  compute  the  uUimate  ircmsveree  Strength  of  any 
rectangular  Beam^  when  supported  at  both  Ends  and  loaded 
in  the  Centre. 

22|i2e  I.  Multiply  the  tabular  value  of  s  by  4  times  the 
breadth  and  square  of  the  depth  in  inches,  and  divide  that 
prodiibt  by  the  jength,  also  in  inches,  for  the  weight. 

Ride  n.  1.  Compute  the  ultimate  deflection  by  Prob.  v.  ^ 
square  that  deflection,  and  divide  it  by  the  square  of  half  the 
length  of  the  beam,  and  aod  the  quotient  to  1,  for  the  square 
of  the  secant  of  deflection ;  which  multiply  by  the  length  in 
inches. 

2.  Multiply  the  tabular  value  of  s'  by  4  times  the  breadth, 
and  the  square  of  the  depth  ;  and  divide  that  product  by  the 
6nner,  for  the  answer  in  lbs. 


EzAJi*  What  weight  will  be  necessary  to  break  a  pie^  of 
tarch  similar  to  the  8rd  specimen,  the  length  being  8  foel  4 
inches,  the  breadth  8  inches,  and  depth  10  inches ;  being 
topportod  at  each  end,  and  loaded  in  the  middle  1 

Ans.  366761bs. 

Note  1.  When  the  beam  is  loaded  uniformly  throughout 
its  length,  the  same  rule  will  apply,  but  the  result  must  b^ 
doubled. 

2.  If  the  beam  he  fixed  at  each  end  and  loaded  in  the  mid- 
file,  then  the  result  obtained  in  the  problem  must  be  increase 
hd  by  its  half. 

8*  If  the  beam  be  fixed  at  both  ends  and  loaded  uniformly 
tbroiighout  its  length,  the  same  result  must  be  multiplied  by 
b.     That  is,  the  strength  under  these  several  circumstances : 

Supported  and  loaded  in  the  centre...  ^        T 1    :  2 
Do.  and  loaded  throughout  its  length  f  are  1 2    :  4 

Fixed  and  loaded  in  the  centre i   as  ^  1  j-  :  3 

Do.  loaded  throughout  its  length )       \S    :6  ' 

Exam.  A  piece  of  New  England  fir,  10  feet  long  and  0 
inches  square,  being  fixed  at  each  end,  and  loaded  uniformly 
IhroUgh  its  entire  length  :  it  is  required  to  &ad  the  weight  ne- 
teS8a?y  to  break  it.  Ans.  24036lbs^ 

iStofi.  viit.  Tofindthe  Weight  under  which  a  Column  of  7¥m- 
her  of  given  Dimensions  and  Elasticity  will  begin  to  bendi 
when  j^acedy  vertically  ^  on  a  horizontal  Plane. 

Rvie,  Multiply  into  one  sum  the  value  of  b  for  the  propos- 
ed wood,  the  cube  of  the  least  thickness,  and  the  greatest 
thickness,  the  two  latter  both  in  inches ;  and  that  product 
again  by  the  constant  number  '2056.  Then  divide  the  last 
product  by  the  square  of  the  length,  in  inches,  for  the  an- 
swer, or  weight  in  lbs.* 


*  'This  rule  is  founded  upon  the  formule  which  have  been  giv^n  for 
Ihifl  particular  case,  by  Evter^  Poisson,  &.c.  • 

^  =  -Tf-  =  T^{  =  ^he  toeis^ht,  under  which  a  column  begins  X6 

bi^Bd.  Where  ^  is  half  the  weight,/  half  the  length,  and  b  the  deflec- 
tibn,  when  the  beam  or  column  is  loaded  in  the  middle,  and  supported 
tilt  its  two  ends:  also,  «•  =  3-14159,  &c.  or  the  semicircumference  of  a 

^iHstts  to  ndids  1 1  that  is^  according  td  our  notation,  kkk  =  -    ~-^,o^ 


EsAiC.  L  WImI  weight  will  be  reqoiaite  to  bend  a  rod  of 
ted  piiie«  10  inebev  in  length  and  1  inch  aqaare,  wk^n  pUioe4 
Tertieally  on  a  plane,  the  weight  being  aptilied  at  its  uppeof 
extremity?  Ana.  151311b8. 

Exam.  2.  Assuming  the  elasticity  of  English  oak  at 
5806200,  what  weight  will  it  require  to  bend  a  column,  8  feet 
4  inches  in  length  and  10  inches  square  ? 

Ans.  11937541b8. 

Exam.  3.  What  weight  will  it  require  to  bend  a  column 
of  the  same  wood,  and  the  same  lateral  dimensions,  but  of 
double  the  length  ?  Ans.  2984881b8. 


PRACTICAL  QUESTIONS. 


dUBSTION  I. 

A  LABGB  vessel,  of  10  feet,  or  any  other  given  depth,  and 
iof  any  shape,  being  kept  constantly  full  of  water,  by  meana 
of  a  supplying  cock,  at  the  top  ;  it  is  proposed  to  assign  the 
place  where  a  small  hole  must  be  made  in  the  side  of  it,  So 
that  the  water  may  spout  through  it  to  the  greatest  distance 
on  the  plane  of  the  base. 

Let  AB  denote  the  height  or  side  of 
the  vessel ;  d  the  required  hole  in  the . 
side,  from  which  the  water  spouts,  in 
the  parabolic  curve  do,  to  the  greatest 
distance  bg,  on  the  horizontal  plane. 

By  the   scholium    art.    268,    Hy- 
draUlics,  the  distnnce  bg  is  always  equal 
to  2.  v^(ad  .  db),   which   is  equal  to 
2  y/[x{a^x)]  or  2  ^(or— x^),  if  a  be  put  to  denote  the  whole 
height  AB  of  the  vessel,  and  a:  =  ad  the  depth  of  the  hole. 
Hence  2  y/  (ax  —  x^ ),  or  ax  —  x^ ,  must  be  a  maximum.     In 
fluxions,  ax  —  2xx  ==0,  or  a  —  2x  s=  0,  and  2x  a  a,  or 


itkk  =  'T^.  but  we  have  £  =--=-. ;  whence  Ekk  =  -7—.    And  sabttitatb 

4od  atPo  48 

ing  this  in  our  second  formula  for  itkk,  and  I  for  2/,  we  have 

_  «3Ead^_'2056£a<i* 

which  is  the  same  as  the  rate  in  words. 
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z  an  )a.  So  thai  the  bole  d  must  be  ia  ihe  middle  between 
(he  top  And  bottom  ^  the  same  as  before  found  at  the  end  of 
the  acboliutn  ubove  quoted. 


qoEsnoK  a. 

If  the  same  vessel  as  in  Quest.  1,  stand  on  high,  with  Ita 
bottom  ft  given  heigbt  above  s  horizontal  plane  below  ;  it  i» 
proposed  to  determino  where  the  small  hole 
«o  as  to  apout  farihest  on  the  said  plane. 

Let  the  annexed  figure  represent  the 
vessel  as  before,  and  ic  the  greatest 
distance  spouted  by  the  fluid,  so,  on 
the  plane  bo. 

Here,  ns  before,  ba  =  2  v^(ai>  .  vi) 
==  VWc  -  ^)]  =  2v/C"  -  ^).  by 
putting  ib  =  c,  and  ad  <=  x.  So 
that  2  ^(cx  —  ^)  or  ex  —  x*  must  be  a  maximum.  And 
hence,  like  as  in  the  former  question,  x  ^  |C  =  ^^b.  So  that 
the  hole  -n  must  be  made  in  the  middle  between  the  top 
of  the  vessel,  end  the  given  plane,  that  the  water  may  spout 
^heat. 


QUESTION  III. 


s  before,  stand  on  the  lop  of  an 
vcn  nngle,  as  suppose  of  SO  de- 
is  proposed  to  determine  ths 
:ho  water  may  spout  the  farthoit 


But  if  the  Same  vessel,  i 
taclined  plane,  making  a  g 
grees,  with  the  horizon ;  il 
place  of  the  small  hole,  so  as 
on  the  said  inclined  plane. 

Here  again  (d  being  the  place  of  tho 
hole,  and  bq  the  given  inclined  plane), 
6o=2^(ai>  .  06)  =  2  y/[T{a~:c±.z)], 
putting  z  ='  eb,  and,  as  before,  a  =^  ah, 
and  X  =  AD.  Then  bo  must  still  be  a 
maximum,  as  also  b6,  being  in  a  given 
ntio  to  the  maximum  no,  on  account 
of  the  given  angle  b.  Tliercfore  ax  — 
t*  ±  xz,as  well  as  if,  is  n  maximum.  Hence,  by  art.  94  of 
the  Fluxions,  a£  —  2ai  ±  zi  =  0,  or  a  —  2x  ±  z  =  0; 
«onseq.  ±  «  =  2^  —  a  ;  and  hence  bo  =  2y/x(a  —  x  d:  x) 
becomes  barely  2x.  But  ns  the  given  angle  sab  is  =  30°, 
the  sine  of  which  is  J  ;  therefore  bu  =2d6  or  2z,  and  6e*  = 
ho'— b6»  ~-  3i'  =3;2x  — o)>,  orha=  ±  {2x —■  a)  ^3. 

Putting,  now,  these  two  values  of  6a  equal  to  each  other, 
.gives  the  equation  2x=:  ±(2x — a)  ^3,  from  which  il  found 
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9  =  -^^-.  ,  =s  — ~  —  a,  the  value  of  ad  required. 
V3±l  4  ^ 

A  neat  solotion  may  also  be  deduced  from  a  trigonemetri" 

cal  aoalyna* 

QUESTION  IV. 

It  18  required  to  determine  the  size  of  a  ball,  which,  being 
let  fall  into  a  conical  glass  full  of  water,  shall  expel  the  most 
water  possible  from  the  glass  ;  its  depth  being  6,  and  diame* 
er  5  inches. 

Let  ABC  represent  the  cone  of  the 
glass,  and  dhe  the  ball,  touching  the 
sides  in  the  points  d  and  b,  the  centre  of 
the  ball  being  at  some  point  f  in  the 
axis  00  of  tlie  cone. 


Put  AO  =s  gb  =  2}  =::  a, 
CO  £=  6  =6, 

AC  =  y(AG*  +  OC")  =  6J  =  C, 

'    FD  =  FK  =  FH  =  X  the  radius  of  the  ball. 

The  two  triangles  acq  and  dcf  are  equiangular  ;  theref 

ex 
AG  :  AC  : :  DF  :  fc,  that  is,  a  :  c  :  :  x  :  —  =>  fc  ;  hence  gf  =: 

a 

ex  ex 

oc  —  TC  =  b  —  ' — ,  and  oh  ^  gf  +  fh  =  6  +  x ,  the 

a  a 

height  of  the  segment  immersed  in  the  water.  Then  (by 
rule  1  for  the  spherical  segment,  p.  428,  vol.  i.),  the  content 
of  the  said  immersed  segment  will  be  (6df  —  2oh)  X  gb' 

ex  ex 

X  -5236  =  (2x—b  +  — )  X  (x  +  6 )>    X    1-0472, 

^  a  ^  a  ^ 

which  must  be  a  maximum^  by  the  question  ;  the  fluxion  of 
this  made  :=  0,  and  divided  by  2x  and  the  common  factors, 

2a+e    ^  ,.       e — a  .     ,2a+c       ..    ,    e — a    ^ 
gives X  (b «)-( —X'-b)  X X2=Q; 


this  reduced  gives  x  = 


a  be 


=  2  JJ,  the  radi' 


(c— a)  X  (c  +  2a) 

us  of  ihe  ball.     Consequently  its  diameter  is  4|^  inches,  as 
required* 
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PRACTICAL  EXERCISES  CONCERNING  FORCES  i 
WITH  THE  RELATION  BETWEEN  THEM  AND 
THE  TIME,  VELOCITY,  AND  SPACE  DESCRIBED, 

Befohb  entering  on  the  following  problems,  it  will  be 
convenient  here  to  lay  down  a  synopsis  of  the  theorems 
which  expresd  the  several  relations  between  any  forces,  and 
their  corresponding  times,  velocities,  and  spaces  described  ; 
which  are  all  comprehended  in  the  following  12  theorems, 
as  collected  from  the  principles  in  the  foregoing  parts  of  this  ' 
work. 

Let  ff  F,  be  any  two  constant  accelerative  forces,  acting 
on  any  body,  during  the  respective  times  f,  t,  at  the  end  of 
which  are  generated  the  velocities  o,  v,  and  described  the 
spaces  s,  s.  Then,  because  the  spaces  are  as  the  times  and 
velocities  conjointly,  and  the  velocities  as  the  forces  and 
times  ;  we  shall  have, 

1.  In  Constant  Forces, 


h 


8  TV  T*F  V*y" 


V  FT  8t  FS  * 

o        _^  «-     ^^     —     *^    ^     y    ^' 
T  fv  BV  fi* 

y   ^    T»    __  T^S    ^    I?'S 

F  tV  <»S  V'^ 


And  if  one  of  the  forces,  as  f,  be  the  force  of  gravity  at 
the  surface  of  the  earth,  and  be  called  1,  and  its  time  t, 
be  =  r  ;  then  it  is  known  by  experiment  that  the  corres-^ 
ponding  space  s  is  =  l^-f^  feet,  and  consequently  its  velof 
jcfly  V  =  28  =  32J,  which  call  g.  Then  the  above  four 
theorems,  in  this  case,  become  as  here  below  : 

6.    v  =  y=^g/i    =v^g/». 


jnuoriCAft  xzBicttM  on  womcm^  4M 

And  from  these  are  deduced  the  following  four  theorems} 
for  variable  forces,  viz. 

II.  In  Variable  Forces^ 


9. 

©0 

^              V 

•              ■ 

10. 

11. 

•                    • 

12. 

^        TV            V      . 
J 

8^      gt 

In  these  last  four  theorems,  the  force/,  though  variable^' 

is  supposed  to  be  constant  for  the  indefinitely  small  time  U 
and  they  are  to  be  used  in  all  cases  of  variable  forces,  as  the 
former  ones  in  constant  forces ;  namely,  from  the  circum- 
stances of  the  problem  under  consideration,  an  expression  is 
deduced  for  the  value  of  the  force/,  which  being  substituted 
in  one  of  these  theorems,  that  may  be  proper  to  the  case 
in  hand ;  the  equation  thence  resulting  will  determine  the 
corresponding  values  of  the  other  quantities,  required  in  the 
problem. 

When  a  motive  &rce  happens  to  be  coHcerned  in  the 
tiuestion,  it  may  be  proper  to  observe,  that  the  motive  force 
m,  of  a  body,  is  equal  to^^,  the  product  of  the  accelerative 
force,  and  the  quantity  of  matter  in  it  9  ;  and  the  relation 
between  these  three  quantities  being  universally  expressed 
by  this  equation  m  =  ^,  it  follows  that,  by  means  of  it,  any 
one  of  the  three  may  be  expelled  out  of  the  calculation,  or 
else  brought  into  it. 

Also,  the  momentum,  or  quantity  of  motion  in  a  moving 
body,  is  gr,  the  product  of  the  velocity  and  matter. 

It  is  also  to  be  observed,  that  the  theorenw  equally  hold 
good  for  the  destruction  of  motion  and  velocity,  by  means  of 
retarding  forces,  as  for  the  generation  of  the  same,  by  means 
of  accelerating  forces. 

To  the  following  problems,  which  are  all  resolved  by  the 
application  of  these  theorems,  it  has  been  thought  proper  to 
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subjoia  their  solutions,  for  the  better  infonoation  and  con- 
Tenience  of  the  student. 

FBOBLBM  I. 


3b  determine  the  tme  and  vdocUy  ofahody  descending,  bp  the 
force  of  granUy,  down  an  indinedfkme;  the  length  of  iha 
plane  oemg  20  feet,  and  its  height  1  foot. 


Here,  by  Mechanics,  the  force  of  gravity  being  to  the 
force  down  the  plane,  as  the  length  of  the  plane  is  to  its 
height,  therefore  as  20  :  1  : :  1  (the  foree  of  gravity)  :  iV^r 
the  force  on  the  plane. 

Therefore,  by  theor.  6,  v  or  ^/2gfe  is  \/(4  X  16^  X  ^  x 
20)  =  V(4  X  16^1^  =  2  X  4^  or  8^  feet  nearly,  the  lasl 
Telocity  per  second.     And, 

„^^  *./20  40020 

By  theor.  7,  t  or  ^^^is  ViOAXTV  ^  ^I^A  "5^=^ 
4f  4  seconds,  the  time  of  descending. 

FBOBLBM  II. 

If  a  cannon  haU  hefred  with  a  vehciiff  of  1000  feet  per  je- 
condy  up  a  smooth  inclined  plane,  which  rises  I  foot  m  20  ^ 
U  is  proposed  to  warign  the  length  tehieh  it  wSl  ascend  np 
the ]^anethefore  it  stops  and  be^ns  to  retium  down  again,  and 
the  time  of  its  ascent. 

Here/  ss  ^  as  before. 

ftu     i_  .u      ^        ^"^         low*  eooooooa 

nien,  by  theor.  6,  .  =  _  =_-j^^-^  =   ___ 

=  310880||f  feet,  or  nearly  59  miles,  the  distance  BMved. 

^  ^    ^       ^         ^  V  1000  120000 

And.  by   theor.   7,  t  =  -^«^__.  =-j_. 

»  eSiVm  =:  10'21'HI»  the  time  of  ascent 

PBOB&EM  m. 

JTa  haU  be  projected  up  a  smooth  incUned plane,  which  rises  I 
foot  in  10,  <md  ascend  100  feet  before  it  stop  :  required  the 
time  of  ascent,  and  the  velocity  of  projection. 

Krst,  by  theor.  6,  tj  =  ^/2gfs  =  v/(4  X  16^1,  XtVX  100) 
ss  8^  ^10  =  25*86408  feet  per  second,  the  velocity. 

A  J  1^*1.        «  .  «  ^     100  la   ^' 

And,  by  theor.  7,t=^^  -^  =  ^__=  _^10= 

\ff  v^O  a  7*885ieMC0iid%  the  time  in  mo&m. 
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VBOBLBM,  XT. 

If  a  iaiU  be  obterved  to  ascend  up  a  emooih  indmed  planer 
lOOfeei  in  10  seconds^  before  U  stop^  to  return  baek  again : 
requiredtke  wdocUy  ofprqjeeUonf  andiheangle  of  the  ^^amfe 
mcUnaUoa. 

2e      200 
First,  by  theor.  6,  «  =  ---=  -^  =  20  feet  per  secondy 

the  velocity. 

Qe  2*100  12 

And.  by  theor.  8./=^=j:jg^^j^  =  j^.  Thti.. 

the  length  of  the  plane  ie  to  its  height,  aa  193  to  12. 

Therefore  198  :  12  ::  100  :  6-2176  the  height  of  the  plane, 
or  the  sine  of  elevation  to  radius  100,  wnich  answera  to 
S^  84',  the  angle  of  elevation  of  the  plane. 

PROBLEX  V« 

By  a  mean  of  eeoerei  experimentey  I  have  founds  ihaJt  a  eaeU 
iron  baUy  of  2  inches  diameter ^  fired  perpendicularly  tula 
the  face  or  end  of  a  Hock  of  dm  wood^  or  in  the  dtreeOon 
cf  the  fibres^  wUh  a  velocity  of  1500  feet  per  second,  pe. 
netrated  13  inches  deep  into  its  substance.  It  is  proposed 
thence  to  determine  the  time  of  the  penetration,  and  Ae  re- 
siriing  force  of  the  vfood,  as  compared  to  the  force  of  gnh^ 
vity,  supposing  that  force  to  he  a  constant  quantity. 

o-  2X13  1 

Fini,  by  theor.  7,«  =  -  =^^.^^  =  _  part  of  a 

second,  the  time  in  penetrating. 

.JVC        c    J-       ^  ^^^  81000000 

And,hytheor.8,/=^  =  j^g-i-^— =    ^^^^^^ 

=  32284.    That  is,  the  resisting  force  of  the  wood,  is  to  the 
force  of  gravity,  us  32284  to  1. 

But  this  number  will  be  different,  according  to  the  diame- 
ter of  the  ball,  and  its  density  or  specific  gravity.    For 

since  /  is  as  —  by  theor.  4,  the  density  and  size  of  the  bafl 

9 

remaining  the  same  ;  if  the  density,  or  specific  gravity,  it, 
vary,  and  all  the  rest  be  constant,  it  is  evident  that  /  will 

#a#v* 

be  as  ft ;  end  therefore  /as  —  when  the  aise  of  the  ball 
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only  is  constant.  But  when  only  the  diameter  d  variea,  all 
the  rest  heing  constant,  the  force  of  the  blow  will  vary  as  iT, 
or  as  the  magnitude  of  tlie  ball ;  and  the  resisting  surface,  or 

force  of  resistance,  varies  as  iT ;  therefore/  is  as  -^  or  as  li 

only,  when  all  the  rest  are  constant.    Consequently  f  is  nm 

when  they  are  all  variable. 

s 

^    ,        f       dnt^s        ,  s        dm^T       ,         -,  . 

And  so  ^^  = r ,  and  —  = «>;  where /denotes  the 

strength  or  firmness  of  the  substance  penetrated,  and  is  here 
supposed  to  be  the  same,  for  all  balls  and  velocities,  in  the 
same  substance,  which  is  either  accurately  or  nearly  so.  See 
page  214,  vol.  iii.  of  my  Tracts. 

Hence,  taking  the  numbera  in  the  problem,  it  is     •      •     • 

/=*!?=A2i!i2il^=M4l^  =  2538462  the 

value  of/  for  elm  wood.  Where  the  specific  gravity  of  the 
ball  is  taken  7^,  which  is  a  little  less  than  that  of  solid  cast 
iron,  as  it  ought,  on  account  of  the  air-bubble  which  is  found 
in  all  cast  balls. 

PROBLEII   VI. 

To  find  how  far  a  24lb.  ball  of  cast  iron  w3l  peneirate  into 
a  block  of  sound  eZm,  when  fired  with  a  vdodiy  of  1600 
feet  per  second. 

Here,  because  the  substance  is  the  same  as  io  the  last 
problem,  both  of  the  balls  and  wood,  m  =  n,  and  f  =  / ; 

^      ^        s        Dv^  Dv««      5-55X1600^X18       ..  , 

therefore  -  =  _,  or  s  =  ^  =  ____^=41A 

inches  nearly,  the  penetration  required. 

FROBLBM  Vn. 

It  was  found-  by  Mr.  Robins  (vol.  i.  p.  273,  of  his  wcrks)f 
that  an  IS-powider  ball,  fired  with  a  velocity  of  1200  feet 
ptr  second,  penetrated  34  inches  into  sound  dry  oak.  It  is 
required  thence  to  ascertain  the  comparative  strength  or  firm* 
ness  of  oak  and  elm. 

The  diameter  of  an  161b.  ball  is  5-04  inches  =:  p.    Then, 
by  ihe  numbers  given  in  this  problem  for  o»kf^yMA  in  prolK  6^ 
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for  elm,  we  have      -  •        •        • 

/  ^  4^  _    2X1506'X34     ^      100X17      _  1700 

F       Dv«»      50'1X1200«X13       604X16X13       1048^' 

=  1  nearly. 

From  which  it  would  seem,  that  elm  timber  resists  more 
than  oak,  in  the  ratio  of  about  8  to  5 ;  which  is  not  proba- 
ble, as  oak  is  a  much  firmer  and  harder  wood.  But  it  is  to 
be  suspected  that  the  great  penetration  in  Mr.  R.'s  experi- 
ment was  owing  to  the  splitting  of  the  timber  in  some  degree. 

PROBLEM  Yin. 

A  2A.pownder  ball  being  fired  into  a  bank  affirm  earthy  wUh  a 
vdocity  of  1300  feet  per  second,  penetrated  15  feet.  It  is 
required  thence  to  ascertain  the  comparative  resistances  of 
dm  and  earth. 

Comparing  the  numbers  here  with  those  in  prob.  5,  it  is 

/  _  dWs  _  2X1500'X15X12  _    15«X24    _  _ 

p        Dv««        5-55  X 1300=*  X 13         13^X0  37       ^"^^       " 

nearly  =  6|  nearly.     That  is,  elm  timber  resists  about  Of 
times  more  than  earth. 

PROBLEM  XI. 

To  determine  Jiowfar  a  leaden  buUei,  of  ^  of  an  inch  diameter^ 
will  penetrate  dry  dm  :  supposing  it  fired  with  a  vdocity  of 
1700  feet  pp'  second,  and  that  the  lead  does  not  change  its 
figure  by  the  stroke  against  the  wood. 

Here  d  =  J,  n  =  11|,  n  =  71.     Then,  by  the  numbers 
and  theorem  in  prob.  5,  it  is  s  == 

pyv«>  _  I  X  11^  X  1700' X  13  _  ir»X13  _  63869  _.  _ 

dntr=»  "■       2  X  7i  X  1500"        "  200X33        6600        ^ 

inches  nearly,  the  depth  of  penetration. 

But  as  Mr.  Robins  found  this  penetration,  by  experiment,, 
to  be  only  5  inches;  it  follows,  cither  that  his  timber  must 
have  resisted  about  twice  as  much  ;  or  else,  which  is  much 
more  probable,  that  the  defect  in  the  penetration  arose  from 
the  change  of  figure  in  the  leaden  ball  he  used,  from  the 
blow  against  the  wood. 

PROBLEM  X. 

A  one  pound  baU,  projected  with  a  velocity  of  1500  feet  per 
second,  having  been  found  to  penetrate  13  inches  deep  into 
dry  dm :  It  is  required  to  ascertain  the  time  of  passing 
through  et^nry  single  inch  of  the  13,  ttnd  the  vdocvfy  lost  of 
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each  of  them;  supposing  the  renHatieerf  the  wood  eomUad 
orua^form. 

The  Telocity  v  beiog  1500  feet,  or  1500  X  12  «  18000 
inchesy  and  velocities  and  times  being  as  the  roots  of  the 
spacesi  in  constant  retarding  forces,  as  well  as  in  accelerating 

2«  26  13  1 

ooea,  and  «  b<«ng  =  -  =  j^^^jggg  =  5555  =  g^  part  of 

a  seeoody  the  whole  time  of  passing  through  the  18  inches ; 
therefore  as 

-/13: -/IS  — v'12::t>: 

veloc.  lost  Time  in  the 

/^•-/Ig.  =  689  ; :  n  5^-^i5e  =H)0006 Itinch. 
-/ 18  ^\^ 

V2W10.  =   64-2.  &c.  ^^^  =  00006  8d 

VOSZI^.^    67.6  ^^^,,^%=.K>00(ff4«h 

^-;^^T=.   71-4  vg-y Q  r  =  -OOOOT  5th 

^  13  <^  13 

_S^^l^p=:    760  y®IL^,  =  .OOOW 6th 

V^~y'^»=    81-7  J^  A^«-,  =  KWOOS  7th 

_!^«ri^„=   888  ^^y ^  <  = -00006 8th 

<^  13  ^  lU 

^^1/^"°    98-2  :5^5=_^  =  H)00099th 

■'^'r.^' '  =  ™'        •^y  < - ■00017 lai. 

-.^^.  =  417.0  ^^1=^,=  . 00040  18.h 


Sum  15000  Sum  ^^j  or  -00144 


«*■ 
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Hciace>  |i  Aie  mtion  lost  at  the  begiimiiq;  it  teiy  mnall ; 
and  cbnse^idittiy  di^  motioa  commmicsted  to  cny  body,  «■ 
an  inch  plank,  in  paasing  through  it,  is  very  imall  also  ;  hb 
can  conceive  how  such  a  plank  may  be  riiot  through,  Wh^ 
stlmdiiig  upright,  without  oversetting  it. 

PR0BLS1E  XI. 

The  force  of  attraction^  abote  the  earthy  heing  invendy  as 
the  square  of  the  distance  from  the  centre  ;  U  is  proposed 
to  determine  the  timCf  velocity^  and  other  drcymstanceSf  at" 
tending  a  heany  body  faUing  from  any  fieek  height ;  ike 
descent  at  the  earih^s  surface  being  16^/eett  or  193  inches^ 
in  the  first  second  of  time. 

Put 
r  =  cs  the  radius  of  the  earth, 
a^  CA  the  di0t.  fallen  fitmi, 
s  =  cp  any  variable  distance, 
V  =s  the  velocity  at  p, 
t  as  time  of  falling  there,  and 
JM  =  ^^i^f'  half  the  veloc.  or  force  at  s, 
/  =  the  force  at  the  point  p. 

Then  we  have  the  three  following  equations,  viz. 
a^  If*  i:  1  :  f=^  zi  ^ke  force  at  p,   when  the   forCjS  of 

* 

gravity  at  the  surfkce  is  considered  m  1 ; 
to  as  —  i,  because  x  decreases  ;  and 

^ — gfi — ^, 

The  fluents  of  the  last  equation  give  o^=^— .  But 
when  X  s=  a,  the  velocity  v  =  0 ;  therefore,  by  correction, 

X  a  ax  a  x   ' 

a  general  expression  for  the  velocity  at  any  point  p. 

a  -^  r 
When  jc  =s  r,  this  gives  c  =  \/(2^  X )  for  the 

greatest  velocity,  or  the  velocity  when  the  body  strikes  the 
earth. 

When  a  is  very  great  in  respect  of  r,  the  last  velocity  be- 
f 
comes  (1  — ^)  X  ^2gr  very  nearly,  or  nearly  v'^  ^y* 
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* 

which  is  accurately  the  greatest  veloci^hy  fidlinj^  firoai  an 
infinite  height.  And  this,  when  r  =  3065  mitoa,  is  6*9500 
miles  per  second.  Also,  the  velocity  acquired  in  fidliBg  fipom 
the  distance  of  the  sun,  or  12000  diameters  of  the  earth,  is 
6'9505  miles  per  second.  And  the  velocity  acquired  in  fidl- 
ing  from  the  distance  of  the  moon,  or  30  diameters,  is  6*8987 
mUes  per  second. 

Again,  to  find  the  time  ;    since  io  =  —  ±   therefore 

—  X            a              —  XX 
t  = =  a/^t—z  X  --7 — : ;    the  correct  fluent  of 


a 


which  gives  t  =  y/^ — ;  X  (\/ax  — xx  +  arc  to  diameter  a 

Zgr 

and  vers,  a  —  x) ;  or  the  time  of  failing  to  any  point  p  ss 
s-  \/t-  X   (ab  +  BP).      And    when  .  x  =  r,  this  becomes 

t  =  i-v/r-  X for  the  whole  time  of  falling  to  the 

surface  at  s  ;  which  is  evidently  infinite  when  a  or  ac  ia 
infinite,  though  the  velocity  is  then  only  the  finite  quantity 


*is 


:hen  the  height  above  the  earth's  surface  is  given  =^; 
because  r  is  then  nearly  =  a,  and  ad  nearly  =  ds,  the  time 
t  for  the  distance  g  will  be  nearly       .-..•... 

^5--  X  2ds  =  ^^—  X  .y2gr  =  1',  as  it  ought  to  be. 
Zgr  2gr 

If  a  body,  at  the  distance  of  the  moon  at  a,  fall  to  the 
earth's  surface  at  s.  Then  r'=  3965  miles,  a  =  60r,  and 
t  =  416806'  =r  4  da.  19  h.  46  m.  46  s.  which  is  the  time  of 
falling  from  the  moon  to  the  earth. 

In  Hke  manner  the  time  of  falling  from  the  distance  of  the 
sun  would  be  64  da.  13  h.  45  m.  46  s. 

When  the  attracting  body  is  considered  as  a  point  c  ;  the 
whole  time  of  descending  to  c  will  be      -- 

1        a  ^  -78540       a        10a    ,         -7854    /f 

2r^ig  r      ^jg      5lr^  r     ^  ig 

Hence,  the  times  employed  by  bodies,  in  falling  from 
quiescence  to  the  centre  of  attraction,  are  as  the  square  roota 
of  the  cubes  of  the  heights  from  which  they  respectively  fall. 

PROBLEM  xn. 

The  force  ofaUraction  below  the  earth^s  sutface  being  dtrecdp 
as  the  distance  from  the  centre :  it  is  proposed  to  determine 
ihc  ckcumstmxs  of  vdqcUy,  Ume^  and  spate  ftOen  by  a 
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Aeovy  body  frtm  the  surface^  through  a  per^oraOon  made 
Mtraighl  to  the  eeutre  of  the  earth :  abstracting  from  the  ef" 
fectoftheearth^srotatunh  andsuppodngUtobeahamogenen 
iMU  sphere  3965  miles  radius. 

I^it  r  »  AC  the  radius  of  the  earth, 
^  ssz  CF  the  diflt.  from  the  centre, 
V  =:  the  velocity  at  p, 
t  ss  the  time  there, 
^g  =  16^,  half  the  force  at  a, 
J  =p  the  force  at  p. 
Then  oa  :  cp  : :  1  :/ ;  and  the  three 

•  • 

equations  are  tf  =  Xf  and  w  =  — gfx,  and  tv  =  — i*. 

Hence/ =  -,  and  vv  =  — - —  ;  the  correct  fluent  of  which 

r*  —  X*  ^  ff 

giveso  =  ^{g  X )  =  PD  y^  =  PD  v'— ,  the  velo" 

r  r  CB 

city  at  the  point  p  ;  where  fd  and  ce  are  perpendicular  to  ca. 
So  that  the  velocity  at  any  point  p,  is  as  the  perpendicular  or 
sine  PD  at  that  point. 

When  the  body  arrives  at  c,  then  v  =  y/gr  =  y/{g  .  ac) 
=:  25950  feet  or  4*9143  miles  per  second,  which  is  the 
greatest  velocity,  or  that  at  the  centre  c. 


*      "^^i  r  ""^i 

Affain,  for  the  time  ;  <  = =  ^-X    „  ^-^^ 


.T ;  and  the 


r  X  1 

fluents  ffive  t  =*  ^/-  X  arc  to  cosine  -  =  \/ —  X  arc  ad. 

,         g  r  gr 

So  that  the  time  of  descent  to  any  point  p,  is  as  the  corres* 
ponding  arc  ad. 
When  p  arrives  at  c,  the  above  becomes  t  =s     ♦    •     -    * 

^  X  quadrant  AE  =  ~v/-  =  1-5708^-  =?=  1267^  se. 
^gr       ^  Ac^  g  g  ' 

conds  =  21  m.  7j-  s.  for  the  time  of  falling  to  the  centre  c* 
The  time  of  falling  to  the  centre  is  the  same  quantity 

l«6708y/-,  from  whatever  point  in  the  radius  ac  the  body  be- 

g 
gins  to  move.     For,  let  n  be  any  given  distance  from  c  at 
which  the  motion  commences:  then  by  correction,  v  = 


fg 


s/(-.  fi"  —  X*),  and  hence  t=i  J-  X    '      , ^.  the  fluents 

^V  '  g      ^(n'— x«) 

r  X 

of  which  give  /  =  ^  -  X  arc  to  cosine  -  ;  which,  when  x 

Vol.  II.  53 
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T  T 

«s  0,  gives  t  *5=  v'-  X  quadrant  ^  1*9706  ^-,  forfbe  taoe 

of  descent  to  the  ceotre  c,  the  same  as  before* 

As  an  eqiml  force,  acting  in  contrary  directions,  generstes 
or  destroys  an  equal  quantity  of  motion  in  the  same  time  ; 
it  follows  that,  ailer  passing  the  centre,  the  body  wifl  just 
ascend  to  the  opposite  surface  at  b,  in  the  same  time  in 
which  it  fell  to  the  centre  from  a.  Then  from  b  it  will  re- 
turn again  in  the  8nme  manner,  through  c  to  a  ;  and  so  oscil- 
late continually  between  a  and  b,  the  velocity  being  always 
equal  at  equal  distances  from  c  on  both  sides  ;  and  the  whole 
time  of  a  double  oscillation,  or  of  passing  from  a  and  arriv- 
ing at  a  r.gain,  will  be  quadruple  the  time  of  passiiig  over  the 

radius  ac,  or  :=  2  X  31416  y/-^  =  Ih.  24m.  29«. 

i 


PROBLEM  Xin. 


TojM  the  Time  of  a  Pendulum  vibrating  in  ike  Arc  of  a 

Cycloid, 

Let  s  be  the  point  of  suspension  ; 
8A  the  length  of  pendulum  ; 
.CAB,  the  whole  cycloidal  arc  ; 
AiKD,  the  generating  circle,  to  which  fks,  hio  are  perpendi- 

culars. 
scy  SB  two  other  equal  semicy- 

cloids,  on  which  the  thread 

wrapping,  the  end  a  is  made 

to  describe  the  cycloid  bac. 

By  the  nature  of  the  cycloid, 
AD  =  PS  ;   and  sa  =  2ad  = 

8C  =  =  SB  =  CA  =  AB.      Also,  if 

at  any  point  o  be  drawn  the 
tangent  o? ;  gq  parallel  and 
PQ  perpendicular  to  ad  :  then 
PG  is  parallel  to  the  chord  ai,  by  the  nature  of  the  citrve. 
And,  by  the  nature  of  forces,  the  force  of  gravity  :  force  in 
direction  op  :  :  gp  :  oa  :  :  ai  :  ah  :  :  ad  :  ai  ;  in  like  man- 
ner, the  force  of  gravity  :  force  in  the  curve  at  b  : :  ad  :  ak  ; 
that  is,  the  accelerative  force  in  the  curve,  is  every  where  as 
the  corresponding  chord  ai  or  ak  of  the  circle^  or  as  the  are 
AG  or  AE  of  the  cycloid,  since  ao  is  always  =*  2ai,  by  the 
nature  of  the  curve.    So  that  the  process  and  cQfOclo8ion% 


fiyr  the  Telocity  and  time  of  describing  any  arc  in  this' case, 
will  be  the  reiy  same  as  in  the  last  problem,  the  nature  of 
the  forces  being  the  same^  viz.  as  the  distance  to  be  passed 
over  to  the  lowest  point  ▲• 

From  which  it  follows,  that  the  time  of  a  semi-vibration, 
in  all  arcs,  aG|  as,   dec.  is  the  same  constant  quantity 

1*5708  v^  -^  =  1-5708 ^—  =  1-5708 V—;  andthetimeof 

a  whole  vibration  from  b  to  o,  or  from  o  to  b,  is  3*  1416  \/ —  ; 

g 
where  I  =  as  ^s  ab  is  the  length  of  the  pendulum,  and 
3*1416  the  circumference  of  a  circle  whose  diameter  is  1, 

Since  the  time  of  a  body's  falling  by  gravity  through  ^2, 
or  half  the  length  of  the  pendulum,  by  the  nature  of  descents, 

is  tZ-jy  wliich  being  in  proportion  to  3*1416  ^ — ,  as  1  is  to 

3*1416;  therefore  the  diameter  of  a  circle  is  to  its  circam- 
ference,  as  the  time  of  falling  through  half  the  length  of  a 
pendulum,  is  to  the  time  of  one  vibration. 
If  the  time  of  the  whole  vibration  be  1  second,  this  equa* 

tion arises, viz.  r  =  3*1416^i:;  hence  Z-g:j|^,==^^:^, 

and  \g  s=  3*1416*  X  /{  =  4*9348{.  So  that  if  one  of  these, 
^  or  1,  be  givenby  experiment,  these  equations  will  give  the 
other.    See  pa^es  206  and  231. 

Hence  the  times  of  vibration  of  pendulums,  are  as  the 
square  roots  of  their  lengths  ;  and  the  number  of  vibrations 
made  in  a  given  time,  is  reciprocally  as  the  square  roots  of 
the  lengths.  And  hence  also,  the  length  of  a  pendulum 
vibrating  n  times  in  a  minute,  or  60'',  is   Z   =«  39|    X 

60»  _  140850  ^  ^ ., 

■j^= — j^,—  ;  as  at  page  241. 

When  a  pendblum  vibrates  in  a  circular  arc :  as  the  length 
of  tike  string  is  constantly  the  same,  the  time  of  vibration 
will  be  longer  than  in  a  cycloid  ;  but  the  two  times  will  ap. 
proach  nearer  together  as  the 'circular  arc  is  smaller ;  so  that 
when  it  is  very  small,  the  times  of  vibration  will  be  irearly 
equal.  And  hence  it  happens  that  39^  inches  is  the  length  of 
a  pendulum  vibrating  seconds,  in  the  very  small  arc  of  a  circle. 
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PROBLEM  XIV. 

To  deUrmine  the  time  qf  a  Body  descending  down  the  Chord 

of  a  Circle, 

Let  c  be  the  centre ;  ab  the  vertical 
diameter ;  ap  any  chord,  down  which  a 
body  is  to  descend  from  p  to  a  ;  and  ^Q> 
perpendicular  to  ab. 

NoWy  as  the  natural  force  of  gravity  in 
the  vertical  direction  ba,  is  to  the  force  . 
tirging  the  body  down  the  plane  pa,  as  the 
length  of  the  plane  aP)  is  to  its  height  aq  ; 
therefore  the  velocity  in  pa  and  oa*  will  be  equal  at  aU  equal 
perpendicular  distances  below  pq;  and  consequently  the 
time  in  pa  :  time  in  oa  :  :  pa  :  qa  :  :  ba  :  pa  ;  but 
time  in  ba  :  time  in  qa  :  t  y^  ba  !  i/  qa  !  :  ^  (ba  •  ba)  : 
^  (OA  .  ba)  : :  ba  :  pa  ;  hence,  as  three  of  the  terms  in  each 
proportion  are  the  same,  the  fourth  terms  must  be  equals 
namely,  the  time  in  ba  =  the  time  pa. 

And,  in  like  manner,  the  time  in  bp  ss  the  time  in  ba« 
So  that,  in  general,  the  times  of  descending  down  all  the 
chords,  BA,  bp,  br,  bs,  &c.  or  pa,  ra,  sa,  dee.  are  all  equal> 
tmd  each  equal  to  the  time  of  falling  freely  through  the 
diameter ;  as  before  found  at  art.  194,  Dynamics.     Which 

2r 
time  13  i/  j-y  where  ^g  =  IGy^^  feet,  and  r  =  the  radius  ac. 


for  Vig'  \/2r::  l':^ 


2r 
Tg 


problem  XV. 

To  determine  the  Time  of  filling  the  Ditches  qf  a  Work  teiih 
Watery  at  tlic  Top,  by  a  Sluice  of  2  Feet  square;  the  Head 
qf  Water  above  tlie  Sluice  being  10  Feet,  and  t?ie  Dimensiom 
of  the  Ditch  being  20  Feet  wide  at  Bottom,  22  at  Top,  9  deep^ 
and  1000  Feet  long. 

The  Capacity  of  the  ditch  is  l890d0  cubic  feet. 

But  y/ig I  ^  10::  g  I  2y/5g  the  velocity  of  the  water 
through  the  sluice,  the  area  of  which  is  4  square  feet ;  there* 
fore  8\/5^isthe  quantity  per  second  running  through  it ; 

ttnd  consequently  8y/5g  i  189000  :  :  1"  :  ^^-  =  1863"  or 

dl  n^.  3  8«  nearlyi  which  is  the  time  of  filling  the  ditch. 
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FROBLSM  ZVI« 


A  determihe  iht  Time  of  emptying  a  Vend  of  Water  by  a 
Sluice  in  the  Bottom  of  it,  or  in  the  Side  near  the  Bottom : 
the  Height  cf  the  Aperture  being  very  small  in  reepeet  of  the 
AUitude  of  the  Fluid. 

Puttf  ^  the  urea  of  the  aperture  or  sluice ; 

g  =  82j-  feet,  the  force  of  gravity ; 

d  =  the  whole  depth  of  water  ; 

a:  =  the  variable  altitude  of  the  surface'  above  the  aper* 
ture; 

A  e=  the  area  of  the  surface  of  the  water. 
Then  ^jtg  •'  ^/x  :i2g  :  2^igx  the  velocity  with  which  the 

fta  y^ffx 
fluid  will  issue  at  the  sluice ;  and  hence  a:  a:  :2y/^gx  i — ^*^  » 

the  velocity  with  which  the  surface  of  the  water  will  descend 
at  the  altitude  x,  or  the  space  it  would  descend  in  1  second 
with  the  velocity  there.  Now,  in  descending  the  space  ±f  the 
velocity  may  be  considered  as  uniform ;  and  uniform  descents 

1    .     .  t^      /.      2aA/igx  ,.      —Alt 

are  as  their  times ;  therefore  — ii— 2_ ;  — ± : ;  1'  :  rr ; — 

A  2ay/igx 

the  time  of  descending  f  spaco)  or  the  fluxion  of  the  time  of 
exhausting.     That  is,  t  =  ^-^j^ — ;  which  is  made  negative^ 

because  x  is  a  decreasing  quantity,  or  its  fluxion  negative. 

Now,  when  the  nature  or  figure  of  the  vessel  is  given,  the 
area  a  will  be  given  in  terms  of  a: ;  which  value  .of  a  being 
substituted  into  thi^  fluxion  of  the  time,  the  fluent  of  the 
result  will  be  the  time  of  exhausting  sought. 

So  if,  for  example,  the  vessel  be  any  prism,  or  every- 
where of  the  same  breadth  ;  then  a  is  a  constant  quantity, 

A  X 

and  therefore  the  fluent  is v^  -r-*  But  when  x  =d,  this 

a^  ig 

becomes ^  -r-.  and  should  be  0 :  therefore  the  correct 

<^       ig 

fluent  is  t=  —  X  ^  ■  ^  for  the  time  of  the  surface  de- 
acending  till  the  depth  of  the  water  be  x.    And  when  x  ^xO^ 
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the  whole  time  of  exhausting  is  barely  —  ^  --.* 

Hence,  if  a  be  '=  10000  square  feet,  a=  I  square  foot, 
and  d=lO  feet ;  the  time  is  7685^  seconds,  or  2h.  11m.  25^ 

Again,  if  the  vessel  be  a  ditch,  or  canal  of  20  feet  broad 
ftt  the  bottom,  22  at  the  top,  9  deep,  and  1000  feet  long; 

tten   is  90  :  90  +  2; : :  20  :  -^  X  2  the  breadth  of  the 

surface  of  the  water  when  its  depth  in  the  canal  is<s ;  and 

90+j: 
therefore  a  =  — ^ —  X   2000  is  the  surface  at  that  time. 

—  iLX  90+a:  — ± 

Consequently  t  or  rr-^r ,—  =  ^^^  ^  — s*-  ^  — 7, —    ■* 

the  fluxion  of  the  time ;  the  correct  fluent  of  which,  when 
^  .    ^^i^r.      ISO+id         ,    d        1000  X  186  X  3 

«  =  0,  IS  1000  X  —5^^  X  v^  -r-  =  — crrrrr —  == 

-  9a  ^    ig  9X4^ 

I^459''|  nearly,  or  4h.  I7m.  39|s' ,  being  the  whole  time  of 
exhaustibg  by  a  sluice  of  1  foot  square. 

FROBLEK  XTU. 

7b  determine  the  Velocity  with  which  a  Ball  is  discharged 
from  a  given  Piece  of  Ordnance,  with  a  given  Charge  of 
Gunpowder. 

Let  the  annexed  figure      a    -n  c  IS 

represent  the  bore  of  the       WMnST^    "        jg— — — — » 
in ;  AD  being  the  part       WP"  •  Iw 


illed  with  gunpowder.  D 

And  put 

a  =  AB,  the  part  at  first  filled  with  powder  and  the  bag ; 

b  s=  AE,the  whole  length  of  the  gunbore  ; 

e  =  •7854,  the  area  of  a  circle  whose  diameter  is  1 ; 

d  =  BD,  the  diameter  of  the  ball ; 

e  =  the  specific  gravityof  the  ball,  or  weight  of  1  cubic  foot; 
^g  =  I0|-^  feet,  descended  by  a  body  in  1  second  ; 

m  =  24O0Z,  151h,the  pressureofthc  atmosphere  on  asq.inch; 

n  to  1  the  ratio  of  the  first  force  of  the  fired  powder,  to  the 
pressure  of  the  atmosphere  ; 

to  =3  the  weight  of  the  ball.     Also,  let 


*  This  last  result  i»  obviously  inconsistrnt  with  the  result  in  Prob.  39, 
Promiscuous  Exercises,  near  the  end  of  this  volume.  The  reason  is, 
that  the  supposition  of  z  =  0,  is  incompatible  with  the  hypothesis  that 
the  height  01  the  aperture  is  very  small  compared  with  z.  The  nu  of 
tlie  aolution  is  correct. 
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X  =  AC,  be  any  variable  distance  of  the  ball  from  ▲,  in 
.  moving  .loi«  the  gunbarrel. 

First,  ed^  is  =  the  area  of  the  circle  bd  of  the  ball ; 
thjeref.  mcd^  is  the  pressure  of  iho  atmosphere  on  bd  ; 
conseq.^mnoP  is  the  first  force  of  the  powder  on  bo* 

But  .the  force  of  the  inflamed  powder  is  pfoponkmal  lo.  if^, 
im^jf  and  the  density  is  inversely  as  the  apiKse  tl  ttls*) 
therefore  the  force  of  the  powder  on  the  brJl  at  b,  is  to  the 
ibree  on  ihe  same  at  c,  as  ac  is  to  ab  ;  that  is,     .... 

« :  a  : :  mncar : =  p,  the  motive  force  at  c  2 

X 

opnseq.  —  = «^—  =/,  the  accelerating  force  there. 


Hence,  theor.  10  offerees  gives  w>  =^yi=?- X  -.,; 

to  '  X 

the  fluent  of  which  is  t>»  =  "^^"^^      X  hyp.  log.  of*. 

'  But  when  0  =  0,  then  x=ia\  therefore  by  ooirvecti^n^ 

,       2gmnacd?      ,        •      ^c  .      ,  _ 

ir=  -^ X  hyp.  log  -  is  the  correct  fluent;  conseq. 

t>  =  -v/  (-^— X  hyp.  log.  -)  is  the  veloc.  of  the  ball  at  c, 


ando=  i/  (-^— X  hyp.  log.  -)  the  velocity  with  which 

the  ball  issues  from  the  muzzle  at  e  ;  where  h  denotes  the 
length  of  the  cylinder  filled  with  powder ;  and  a  the  length 
to  the  hinder  part  of  the  ball,  which  will  be  more  than  h 
when  the  ball  does  not  touch  the  powder. 

Or,  by  substituting  the  numbers  for  g^  m,  c,  and  chang. 
ing  the  hyperbolic  logarithms  for  the  common  ones,  then 

t)  =  v/  ( X  com.  log.  -),  the  velocity  at  k,  m  feet. 

But,  the  content  of  the  ball  being  |ccP,  its  weight  is     • 
le,  =  t£_l  =  _-  =^  ^  ;  which  being  substituted  for  19. 

in  the  value  of  v,  it  becomes* 
9  =  2758  ^  (-=-  X  com.  log.  — ),  the  velocity  at  e. 

When  the  ball  is  of  cast  iron ;  taking  c=7368=10(27a4)", 

nA  h 

the  rule  becomes  r  =  32  v  (-t-  x  log. — )  for  the  veloc.  of 

thfi  cast  iron  ball 

Or,  when  the  baU  is  of  lead ;  then  c=11325=10(33-652)», 
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nh  b 

andc  =  26-^(-^  X  log.  — )rortheveloc.oftfaeleadeabaIl^. 

CoroL  From  the  general  expression  for  the  v^Ioci^  v, 
above  given,  may  be  derived  what  must  be  the  length  of  tho 
eharge  of  powder  a,  in  the  gun.barrel,  so  as  to  produce  the 
greatest  possible  velocity  in  the  ball :  namely,  by  making  tbe 


*  Some  practical  artillerists  having  expressed  a  wish  to  the  Editor, 
to  see  a  solution  to  this  problem  upon  the  supposition  thai  t&egtoi- 
powder  explode*  gradually y  to  cu  to  be  all  ignited  uJien  the  ball  quits 
the  mouth  ^f  a  gun,  be  avails  himself  of  the  opportunity  of  giving  it 
in  this  place. 

Here  we  must  first  investigate  the  relation  between  the  time  and 
the  space  described.    By  the  hypofhesb  we  shall  iiave  the  force  as 

— ;  and  we  have  x  varying  as  f*  to  find  n.    We  have,  fcom  the  pri* 

± 

mitive   formulae,   pa.   400.  w  =  gfx  <x  fx  ,  and/  a  —  oc  — 

X  X 

cc  -r-t«    Therefore  w  oc  — — ;  and  the  fluent  ••  a  nx*. 

XX  ^ 

Fartler, 

ioct^oc*.—  «*     X   aa?^x  a;*""    «   oc  ar     2n    x' ;  so  that 

9 
—  o 

the  fluent  x  oc  x^*.    Conseq.  1  =  s" »  *"*^  n  =  f  •    That  is,  in 

this  case,  x  a  t^. 

Now,  taking  the  notation  of  the  problem  in  the  text,  we  have 

fnncd^ 
f*  =s ,  the  accelerative  force  at  the  first  instant  of  explosion ; 

and,  by  hyp.  at  e,  where  the  whole  is  exploded,  the  force  will  be  ~-  • 

To  find  the  force  at  c,  if  t  be  put  for  the  whole  time  of  explosion, 
we  shall  hi^ve 

T  /  time  \     af  ,-  ,    ,        t  f  time  \      aft 

-r-(  1  :  ~  (force  at  x) : :  — f )  ;  -^C-, 

6  \ space  /       b    ^  '        x\^opace/       tx 

force  at  c,  or  the  value  of /there,  in  the  general  formulie. 
Hence  we  have  w  =  ^x  =  ^  *  . 


TX 


^ 

.» 


«L  a,  T    X  TX' 

But  6  :  t'  : :  X  ? ««  =— "r-  •'•  I  =  -To-;  and  by  substituting  this 


value  of  t  for  it,  we  have 
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v^Uie  of  9  a  maximiuq,  or,  by  squaring  and  omittiiig  tbe 

ponstant  quantitieSy   the  exptcssion  a  X  hyp.  log.  of  — 

a   mazimuniy    or  its    fluxion    equal  to    nothing ;  '  that  ia 

a  X  hjrp.  log. a  =  0,  or  hyp,  log.  of —  =  1 ;  hence  ^- 

ss  2*71828,  the  number  whose  hyp.  log.  is  1.  So  that 
a  I  b  ::  I  I  2*71828,  or  as  4  to  11  nearly,  or  nearer  as  7  to 
19  ;  that  is  the  length  of  the  charge,  to  produce  the  greatest 
velocity,  is  the  /pth  part  of  the  length  of  the  bore,  or  nearer 
fj  of  it. 

By  actual  experiment  it  is  found,  that  the  charge  for  the 
greatest  velocity,  is  but  little  less  than  that  which  is  her0 


vv  —  -  — —   •        ,  _      —  .  _ 

TX        6}  6} 

Taking  the  flnents,  wo  have 

When  X  becomes  =  6,  this  becomes 

Cbr.  1.  Hence,  so  long  as  a  and  d  remain  the  same,  tbe  velocity 
at  the  muzzle  e  will  be  the  same  whatever  be  the  length  of  the  gun ; 
for  6  does  not  appear  in  the  ultimate  value  of  v. 

This  is  contrary  to  all  experience,  and  proves  that  the  hypothesis 
IB  untenable. 

Cbr.  2.  The  powder  bein^  the  same,  the  velocity  at  the  muzzle 
(d  remaining  the  same)  will  be  as  the  square  root  of  the  charge.    . 

Cor,  3.  In  guns  of  different  bores,  tbe  velocity  at  the  muzzfe  will 
Cor.  4.  If  the  charge  be  g^ven,a  will  be  inversely  as  (f',  and?! 


oc 


V  5^' 


C  r.  5.  If  6  be  the  length  of  a  gun  in  which  the  charge  of  powder 
will  be  all  fired  when  the  ball  reaches  the  muzzle,  then  in  a  shorter 
gun  AC,  the  same  powder,  and  an  equal  charge  will  give  an  nltimat|> 


relocity  ▼•ryiDgp  at  V  rj  <"'  *•  V  "t"  • 
Yql.  II.  54 
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computed  from  theory  ;  as  may  be  seen  by  turning  to  page 
213,  vol.  3,  of  the  Tracts,  where  the  corresponding  parts  are 
found  to  be,  for  four  difTorent  lengths  of  gun,  thus,  jV»  iV» 
W>  i\  1  ^^®  P^^^^  ^^^  varying,  as  the  gun  is  longer,  which 
allows  time  for  the  greater  quantity  of  powder  to  be  fired,  be* 
fore  the  ball  is  out  of  the  bore. 


SCHOLIUM. 

In  the  calculation  of  the  foregoing  problem,  the  value  of 
the  constant  quantity  n  remains  to  be  determined.  It  denotes 
the  first  strength  or  force  of  the  fired  gunpowder,  just  before 
the  ball  is  moved  out  of  its  place.  This  value  is  assumed,  by 
Mr.  Robins,  equal  to  1000,  that  is,  1000  times  the  pressure 
of  the  atmosphere,  on  any  equal  spaces. 

But  the  value  of  the  quantity  n  may  be  derived  much 
more  accurately,  from  the  experiments  related  in  my  Tracts, 
by  comparing  the  velocities  there  found  by  experiment,  with 
the  rule  for  the  value  of  v,  or  the  velocity,  as  computed  by 
theory,  viz.         -  -         •         -         •         -         - 

«  =  100  ^(~  X  log.  of -L). or=  100^(^  X  log  of  ^). 

Now,  supposing  that  v  is  a  given  quantity,  as  well  as  all  the 
other  quantities,  excepting  only  the  number  n,  then  by  re- 
ducing this  equation,  the  value  of  the  letter  n  is  found  to  be 
as  follows,  viz.  •••-.... 

dw  ,  ^  b  dm         ,         ^  h 

"==  loooi  -^  '='""•  '**«•  '•^T'  *»'  =  ioooA -^ ""s- ^'^ T ' 

when  h  is  different  from  a. 

Now,  to  apply  this  to  the  experiments.  By  pa.  99.  vol.  8,  of 
the  Tracts,  the  velocity  of  the  ball,  of  1'96  inches  diameter, 
with  4  ounces  of  powder,  in  the  gun  No.  1,  was  1100  feet  per 
second ;  and,  by  pa.  316,  vol.  2,  the  length  of  the  sun,  when 
corrected  for  the  spheroidal  hollow  in  the  bottom  of  the  bore, 
was  28*53 ;  also,  by  pa.  48,  vol.  3,  the  length  of  the  charge, 
when  corrected  in  like  manner,  was  3*45  inches  of  powder 
and  bag  together,  but  2*54  of  powder  only  :  so  that  the 
values  of  the  quantities  in  the  rule,  are  thus  :  a  =.  3*45 ;  h 
=c  28*53  ;  d  =  1*96  ;  h  =  2*54  ;  and  ©  =  1100  :  then,  by 
substituting  these  values  instead  of  the  letters,  in  the  theorem 

dcv  h 

n  =  jQQQ-  -r-  com.  log  of  — ,  it  comes  out  n  =s  750,  when 

h  is  considered  as  the  same  as  a.  And  so  on,  for  the  other 
experiments  there  treated  of. 
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It  is  here  to  be  noted,  however,  that  there  is  a  circum* 
•lance  in  the  experiments  delivered  in  the  Tracts,  just  men- 
tioned, which  will  alter  the  value. of  the  letter  a  in  this  ibeo. 
rem,  which  is  this,  viz  that  a  denotes  the  distance  of  the 
shot  from  the  bottom  of  the  bore  ;  and  the  length  of  the  ct\arge 
of  powder  alone  ought  to  be  the  same  thing ;  bur,  in  the  ex- 
.  periments,  that  length  included,  besides  the  length  of  real 
powder,  the  substance  of  the  thin  flannel  bag  in  which  it  was 
always  contained,  of  which  the  neck  nt  least  extended  a  con- 
siderable  length,  being  the  part  where  the  open  end  was 
wrapped  and  tied  close  round  with  a  thread.  This  circum- 
stance causes  the  value  of  n,  as  found  by  the  theorem  above, 
to  come  out  less  than  it  ought  to  be,  for  it  shows  the  strength 
of  the  inflamed  powder  when  just  fired,  and  when  the  flame 
fills  the  whole  cipace  a  before  occupied  both  by  the  real  pow^ 
der  and  the  bag,  whereas  it  ought  to  show  the  first  strength 
of  the  flame  when  it  is  supposed  to  be  contained  in  the  space 
only  occupied  by  the  powder  alone,  without  the  bag.  The 
formula  will  therefore  bring  out  the  value  of  n  too  little,  in 
proportion  as  the  real  space  fill^  by  the  powder  is  less  than 
the  space  filled  both  by  the  powder  and  its  bag.  In  the  same 
proportion  therefore  must  we  increase  the  formula,  that  is, 
in  the  proportion  of  ^,  the  length  of  real  powder,  to  a  the 
length  of  powder  and  bag  together.    When  the  theorem  is 

so  corrected,  it  becomes  tkkrt  "?•  ^^m.  log.  of  — . 

liiuuA  a 

Now,  by  pa.  48  and  40,  vol.  8.  Tracts,  there  are  given 
both  the  lengths  of  all  the  chi^'ges,  or  values  of  a,  including 
the^ag,  and  also  the  length  of  the  neck  and  bottom  of  the 
4bag,  which  is  0*91  of  an  inch«  which  therefore  must  be  sub- 
tracted from  all  the  values  of  a,  to  give  the  corresponding 
values  of  h.    This  in  the  example  above  reduces  3*45  to  2*54. 

Hence,  by  increasing  the  above  result  750,  in  proportion 
«f  2*54  to  3«45y  it  becomes  1018.  And  so  on  for  the  other 
experiments. 

but  it  will  be  best  to  arrange  the  results  in  a  table,  with 
the  several  dimensions,  when  corrected,  from  which  they  are 
computed,  ss  follows. 


m 
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f'abh  of  VOi^ies  of  BaUs  and  First  Force  of  Pouder^  4^3 


Quo. 

Charge 

of  Powder. 

Velocity 

or  value 

of  V. 

First 
force,  or 
value  of 

No. 

1 

Length, 

or  value 

of  6. 

Weight 

in 
ounces. 

Leng 

val 
of  a. 

3-45 

5-99 

11-07 

th  or 
ue 
of  A. 

2-64 

5-08 

10- 16 

2-64 

5-08 

10-16 

2-64 

5-08 

1016 

2-64 

608 

1016 

inches. 
28-63 

4 

8 

16 

1100 
1340 
1430 

1018 

1191 

967 

38-43 

4 

8 

16 

3-45 

5-99 

11-07 

3-45 

5-99 

11-07 

3-4!) 

5-99 

11.07 

1180 
1680 
1660 

1077 
1193 
984. 

3 

4 

57-70 

4 

8 

16 

13t)0 
1790 
2000 

1067 
1256 
1076 

80-23 

4 

8 

16 

1370 
1940 
2200 

1060 
1289 
1085 

Whteife  it  hiay  be  observed,  that  the  huinbeirs  iii  the  cohinnii 
bf  velodties,  1430  and  2200,  are  a  little  increased,  as,  from 
a  View  of  the  table  of  experiments,  ihey  evidently*  reqmred 
to  b^.*  Also  the  value  of  the  letter  d  is  constantly  1-96 
inch. 

Heiice  it  af^pears,  that  the  value  of  the  letter  n,  used  in 
Vn6  theorem,  though  not  yet  greatly  different  from  the  num- 
W\p  1000,  assumed  by  Mr.  Itobins,  is  rather  various,  both 
feirthe  different  leilgths  of  the  gun,  and  for  the  diflerettt 
l^haVges  with  the  same  gun. 

But  this  diversity  in  the  value  of  the  quantity  n,  or  the 
Ifir&l  force  of  the  inflamed  gunpowder,  is  probably  owing  in 
loVhe  measure  to  the  omission  of  a  material  datum  in  the 
^calculation  of  the  problem,  namely,  the  weight  of  the  charge 
^T  P^.^^^*"'  >^l^ich  has  not  at  aU  been  brought  into  the  com- 
jj^utation.  For  it  is  manifest,  that  th6  elastic  fluid  has  not 
Virtty  the  bail  to  move  and  impel  before  it,  but  its  own  weight 
Jif  ifiatter  also.  The  <;on^putation  may  therefore  be  renewed, 
^  th6  ^^osaing  p'robleni,  b  take  that  datunl  into  the  aeeount. 
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inr^latrmine  the  same  as  in  the  last  Probiem  ;  takittg  kdk  ihi 
Weight  of  Powder  and  the  Bail  into  the  Cakulalkm. 

Bemdes  the  notadon  used  in  the  last  problem,  let  2p  de« 
Mte  the  weight  of  the  powder  in  the  charge,  with  the  flan& 
nel  bag  ia  which  it  was  inclosed. 

Now,  because  the  inflamed  powder  occupies  at  all  times  the 
fwn  of  the  ffun  bore  which  is  behind  the  ball,  its  centre  ot 
grafity,  or  the  middle  part  of  the  same,  will  move  with  only 
half  the  velocity  that  the  ball  moves  with ;  and  this  wiU  reqaiit 
tiMl  same  force  as  half  the  weight  of  the  powder,  dec.  moved 
with  the  whole  velocity  of  the  ball.  Therefore,  in  the  con- 
ekiston  derived  in  the  last  problem,  we  are  bow,  instead  of  v. 
Id  substitute  the  quantity  p+w ;  and  when  that  i»  dooei 

w%  last  velocity  whI  come  out,  v  ««  v^( — -r X  com.  log.-). 

An^  from  this  equation  is  found  the  value  of  n,  which  is 

stituting  for  d  its  value  1*96,  the  diameter  of  the  balK 

Now  as  to  the  ball,  its  medium  Weight  was  16  oz.  18  dr. 
s  16*81  oz.  And  the  weights  of  the  bags  containing  the 
several  charges  of  powder,  viz.  4  oz.,  8  oz.,  16  oz.,  were 
8  dr.,  12  dr.,  and  1  oz.,  5  dr. ;  then,  adding  these  to  the 
respective  contained  weights  of  powder,  the  sums,  4*5  oz., 
8*75  oz.,  17*31  oz.,  are  the  values  of  2p,  or  the  weights  of 
the  powder  and  bags  ;  the  halves  of  which,  or  2-25,  and 
4*38,  and  8*66,  are  the  values  of  the  quantity  p  for  those 
three  charges  ;  and  these  being  added  to  16*81,  the  constant 
weight  of  the  ball,  there  are  obtained  the  three  values  d 
p+w  for  the  three  charges  of  powder,  which  values  there- 
fore  are  19*06  oz.,  and  21*19  oz.  and  2547  oz.  Then,  by 
calculating  the  values  of  the  first  force  n,  by  the  last  rule 
above,  with  these  new  data,  the  whole  will  be  found  as  in  the 
following  tables 


422 


PRACTICAL  EXSBCZSSS  OH  F0B0B8. 


The  gan. 


No. 


Length 

or  value 

of  6. 


Inches. 
28*63 


38-43 


67-70 


80*83 


Weight 

ID 

ouDces. 


4 

8 

16 


4 

8 

16 


4 

8 

.16 


4 

8 

16 


Length  or 
value 


Charge  of  Powder.   VV eight  of 

ball  and 
charge, or 
values  of 


of  a. 

3-46 

6-99 

11-07 

3-46 
6-9} 
HO' 

3-46 

6-99 

11-07 

i 

3-46 

6'95 

II  07 


of  ^. 


2-6-J 

50b 

10-16 

254 

5-08 

10*16 


1906 
21-19 
25-47 


19-06 
2119 
25-47 


19-06 
21-19 
25-47 


Velocity,  ij:  '"* 
or  tluB  "^^ 
values     °'f^^ 

ol  ffl. 


1100 
1340 
1430 


1180 
1680 
1660 


1300 
1790 
2000 


1155 
1877 

1466 


1167 
1506 
1492 


19-06 
21-19 
26-47 


1370 
1940 
2200 


12101 

1581 

1646 

120S 
1627 
1648 


And  here  it  appears  that  the  values  of  n,  the  first  force  of 
the  charge,  are  much  more  uniform  and  regiflar  than  by  the 
former  calculations  in  the  preceding  problem,  at  least  in  all 
excepting  the  smallest  charge,  4  oz.  in  each  gun ;  which  it 
would  seem  roust  be  owing  to  some  genera!  cause  or  causes. 
Nor  have  we  long  to  search,  to  find  out  what  those  causes 
may  be.     For  when  it  is  considered  that  these  numbers  for 
the  value  of  n,  in  the  last  column  of  the  table,  ought  to  ex- 
hibit the  first  force  of  the  fired  powder,  when  it  is  supposed 
to  occupy  the  apace  only  in  which  the  bare  powder  itself 
lies  ;  and  that  whereas  it  is  manifest  that  the  condensed  fluid 
of  the  charge   in  these  experiments   occupies  the    vichole 
space  between  the  ball  and  the  bottoni  of  the  gun  bore,  or 
the  whole  space  taken  up  by  the  powder  and  the  bag  or  car* 
tridge  together,  which  exceeds  the  former  space,  or  that  of 
the  powder  alone,  at  least  in  the  proportion  of  the  circle  of 
the  gun  bore,  to  the  same  as  diminished  by  the  thickness  of 
the  surrounding  flannel  of  the  bag  that  contained  the  pow 
der  ;  it  is  manifest  that  the  force  was  diminished  on  that  ac- 
count.     Now  by  gently  compressing  a  number  of  folds  of 
the  flannel  together,  it  has  been  found  that  the  thickness  of 
the  single  flannel  was  equal  to  the  40th  part  of  an  inch  ; 
the  double  of  which,  ^\  or   -05  of  an  inch,  is  therefore  the 
quantity  by  which  the  diameter  of  the  circle  of  the  powder 
within  the  bag,  was  less  than  that  of  the  gun  bore.    But 
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the  diameter  of  the  gan  bores  was  2-02  ioches  ;  therefere« 
deducting  the  *05,  the  remainder  1*97  is  the  diameter  of  the 
powder  cylinder  within  the  bag ;  and  because  the  areas  of 
circles  are  to  each  other  as  the  squares  of  their  diameters, 
and  the  squares  of  these  numbers,  1*07  and  2*02,  being  to 
each  other  as  388  to  408,  or  as  97  to  102  ;  therefore,  on  this 
account  alone,  the  numbers  before  found,  for  the  value  of  n, 
must  be  increased  in  the  ratio  of  97  to  102. 

But  there  is  yet  another  circumstance,  which  occasions 
the  space  at  first  occupied  by  the  inflamed  powder  to  be 
larger  than  that  at  which  it  has  been  taken  in  the  foregoing 
calculations,  and  that  is  the  difference  between  the  content 
of  a  sphere  and  cylinder.  For,  the  space  supposed  to  be 
occupied  at  first  by  the  elastic  fluid,  was  considered  aa  the 
length  of  a  cylinder  measured  to  the  hinder  part  of  the  curve 
aurface  of  the  ball,  which  is  manifestly  too  little  by  the  dif- 
ference between  the  content  of  half  the  ball  and  a  cylinder 
of  the  same  length  and  diameter,  that  is,  by  a  cylinder 
whose  Ibngth  is  \  the  semidiameter  of  the  halt  Npw  that 
diameter  was  1  *96  inches  ;  the  half  of  which  is  0*98,  and  j- 
of  this  is  0*33  nearly.  Hence  then  it  appears  that  the 
lengths  of  the  cylinders,  at  first  filled  by  the  dense  fluid, 
viz.  3*45,  and  5*99,  and  11*07,  have  been  all  taken  too  little 
by  0*33  ;  hence  it  follows  that,  on  this  account  also,  all 
the  numbers  before  found  for  the  value  of  the  first  force  n, 
must  b®  further  increased  in  the  ratios  of  3*45  and  5*99  and 
11*07,  to  the  same  numbers  increased  by  0-33,  that  is,  to  the 
numbers  3*78  and  6*32  and  11*40. 

Coitipounding  now  these  last  ratios  with  the  foregoing 
one,  viz.  97  to  102,  it  prodcues  these  three,  viz.  the  ratioe 
of  334  and  581  and  1074,  respectively  to  385  and  647  and 
1163.  Therefore  increasing  the  last  column  of  numbers, 
for  the  value  of  n,  viz.  those  of  the  4  oz.  charge  in  the  ratio 
of  334  to  385,  ^nd  those  of 
the  8  oz.  charge  in  the  ratio 
of  581  to  647,  and  those  of 
the  16oz.  charge  in  the  ratio 
of  1074  to  1163,  with  every 
gun,  they  will  be  reduced  to 
the  numbers  in  the  annexed 
table  ;  where  the  numbers 
are  still  larger  and  more  re- 
gular than  before*. 


Powder. 

The  Gods. 

oz. 
4 
8 

16 

1 

1372 
1637 
1577 

2 

1387 
1677 
1616 

* 

3 

1438 
1766 
1782 

4 

1430 
1812 
1784 

*  From  tbe  esperimenti  of  1815, 1816,  it  appears  that  o  exoe  edt  9000 
fa  the  best  gunpowder. 
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Tbuf  then  at  length  it  appears  that  the  first  force  of  the 
inflained  gunpowder,  when  occupying  only  the  space  at  first 
filled  with  the  powder,  is  about  180(),  that  is,  1800  times  the 
elasticity  of  the  natural  air,  or  pressure  of  the  atmosphere, 
in  the  charges  with  8  oz.  and  16  oz*  of  powder,  in  the  two 
longer  guns  ;  but  somewhat  less  in  the  two  shorter,  probably 
owing  to  the  gradual  firing  of  gunpowder  in  some  degree  ; 
and  also  less  in  the  lowest  charge  4,  oz.  in  all  the  gups, 
which  may  probably  be  owing  to  the  less  degree  of  heat  in 
the  small  charge.  But  besides  the  foregoing  circumstances 
that  have  been  noticed,  or  used  in  the  calculations,  there  are 
yet  several  others  that  might  and  ought  to  be  taken  into  the 
account,  in  order  to  a  strict  and  perfect  solution  of  the  pro- 
blem ;  such  as,  the  counter  pressure-  of  the  atmosphere,  and 
the  resistance  of  the  air  on  the  fore  part  of  the  ball  while 
^  moving  along  the  bore  of  the  sun  ;  the  loss  of  the  elastic 
fluid  by  the  vent  and  windage  of  the  gun  ;  the  gradual  firing 
of  the  powder  ;  the  unequal  density  of  the  elastic  fluid  in  the 
difibrent  piiits  of  the  space  it  occupies  between  the  ball  am) 
the  bottom  of  the  bore  ;  the  diSerence  between  pressure  and 
percussion  when  the  ball  is  not  laid  close  to  the  powder ;  and 
perhaps  some  others  :  on  all  which  accounts  it  is  probable 
that,  instead  of  1800,  the  first  force  of  the  elastic  fluid  is  not 
less  than  2000  Umes  the  strength  of  natural  air. 

Cktrol.  From  the  theorem  last  used  for  the  velocity  of  the 
ball  and  elastic  fluid,  viz.  v  =  \/  ( — -j--^  n  x  log.  — )   =: 

^  — nr —  ^  Jog.—,  we  may  find  the  velocity  of  the  elas- 

tic  fluid  alone,  viz.  by  taking  tr,  or  the  weight  of  the  ball, 
=s  0  in  the  theorem,   by  which  it  becomes  barely  p  =» 

y/  ( X  log. — ),  for  that  velocity.    And  by  computing 

the  several  preceding  examples  by  this  theorem,  supposing 
the  value  of  n  to  be  2000,  the  conclusiono  come  out  a  littie 
various,  being  between  4000  'and  5000,  but  most  of  them 
nearer  to  the  latter  number.  So  that  it  may  be  concluded 
that  the  velocity  of  the  flame,  or  of  the  fired  gunpowder, 
jMcpands  itself  at  the  muzzle  of  the  gun,  at  the  ratp  of  about 
6000  feet  per  second  nearly, 
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f  ROBL£M  XIX. 

To  determine  the  Farce  of  Fluids  in  Motion  ;  and  the  Cir* 
cumstances  attending  Bodies  moving  in  Fluids, 

1.  It  is  evident  that  the  resistance  to  a  plane,  moving 
perpendicalarly  through  an  infinite  fluid,  at  rest,  is  equal  to 
{he  pressure  or  force  of  the  fluid  on  the  plane  at  rest,  and 
the  fluid  moving  with  the  same  velocity,  and  in  the  contrary 
direction,  to  that  of  the  plane  in  the  former  case.  Bat  the 
force  of  the  fluid  in  motion,  must  be  equal  to  the  weight 
or  pressure  which  generates  that  motion  ;  and  which,  it  ift 
known,  is  equal  to  the  weight  or  pressure  of  a  column  of 
the  fluid,  whose  base  is  equal  to  the  plane,  and  its  altitude 
equal  to  the  height  through  which  a  body  must  fall,  by  the 
force  of  gravity,  to  acquire  the  velocity  of  the  fluid  :  and 
that  altitude  is,  for  the  sake  of  brevity,  called  the  altitude 
due  to  the  velocity.  So  that,  if  a  denote  the  area  of  the 
planoi  V  the  velocity,  and  n  the  specific  gravity  of  ^  the  fluid ; 

then,  the  altitude  due  to  the  velocity  v  being  jr-,  the  whole 

resistance,  or  motive  force  m,  will  be  «  X  n  X  ^r-  =  -=—  ; 

/^g      ^g 

g  being,  as  we  have  all  along  assumed  it,  =  S2^  feet.     And 

hence,  cateris  paribus^  the  resistance  i»  as  the  square  of  the 

velocity. 

2.  This  ratio,  of  the  square  of  the  velocity,  may  be  other, 
wise  derived  thus.  The  force  of  the  fluid  in  motion  must 
be  as  the  force  of  one  particle  multiplied  by  the  number  of 
them ;  but  the  force  of  a  particle  is  as  its  velocity ;  and  the 
number  of  them  striking  the  plane  in  a  given  time,  is  also  as 
the  velocity ;  therefore  the  whole  force  is  as  v  X  o  or  o",  that 
is,  as  the  square  of  the  velocity. 

3.  If  the  direction  of  motion,  instead  of  being  perpen- 
dicular to  the  plane,  as  above  supposed,  be  inclined  to  it  in 
any  angle,  the  sine  of  that  angle  being  «,  to  the  radius  1 ; 
then  the  resistance  to  the  plane,  or  the  force  of  the  fluid 
against  the  plane,  in  the  direction  of  the  motion,  as  assigned 
above,  will  be  diminished  in  the  triplicate  ratio  of  radius  to 
the  sine  of  the  angle  of  inclination,  or  in  the  ratio  of  1  ^  r*. 
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For,  AB  being  the  direction  of  the  plane, 

and  BD  that  of  the  motion,  making  the        NJ3  ^i 

angle  abd,  whose  sine  is  s ;  the  number  /^v 

of  particles,  or  quantity  of  the  fluid        /        >v 

striking  the  plane,  will  be  diminished  in     /^ \^ 

the  ratio  of  1  to  «,  or  of  radius  to  the    E         "         A 
sine  of  the  angle  b  of  inclination  ;  and 
fine  force  of  each  particle  will  also  be 
diminished    in  the  same  ratio  of  1  to  «  :  so  that,  on  both 
these  accounts,  the  whole  resistance  will  be  diminished  in 
the  ratio  of  1  to  «",  or  in  the  duplicate  ratio  of  radius  to  the 
sine  of  the  said  angle.    But  again,  it  is  to  be  considered 
Uiat  this  whole  resistance  is  exerted  in  the  direction  be  per* 
pendlbular  to  the  plane  ;  and  any  force  in  the  direction  bb, 
IS  tollta  effect  in  the  direction  ae,  parallel  to  bb,  as  ab  to  be, 
that  Is,  as  1  to  «•     So  that  finally,  on  all  these  accounts,  the 
resistance  in  the  direction  of  motion,  is  diminished  in  the 
ratio  of  1  to  s*,  or  in  the  triplicate  ratio  of  radius  to  the  sine 
of  inclination.    Hence,  comparing  this  with  article  1,  the 
whole  resistance,  or  the  motive  force  on  the  plane,  will  be 

4.  Also,  if  19  denote  the  weight  of  the  body,  whose  plane 
face  a  is  resisted  by  the  absolute  force  m ;  then  the  retarding 

force/,  or — ,will  be  -^ — . 
•'        to  2gu> 

5.  And  if  the  body  be  a  cylinder,  whose  face  or  end  is  d, 
and  diameter  d,  or  radius  r,  moving  in  the  direction  of  its 
axis ;  because  then  *  =  1,  and  a  aepr*  =  ipcPy  where 
jp  as  8*1416 ;  the  resisting  force  m  will  be 

npdV    npiV  nptPv'    npr^* 

•^ — =»-^; — I  and  the  retardme  force  f  =  -^ — =-5^ — - 

Sg         2g  '  ^  -^        Sgw      2gw 

G*  This  is  the  value  of  the  resistance  when  the  end  of  the 
cylinder  is  a  plane  perpendicular  to  its  axis,  or  to  the  direc- 
tion of  motion.  But  were  its  face  a  conical  surface,  or  an 
elliptic  section,  er  any  other  figure  every  where  equally  in- 
clined to  the  axis,  the  sine  of  inclination  beings:  then  the 
number  of  particles  of  the  fluid  striking  the  face  being  stiU 
the  same,  but  the  force  of  each  opposed  to  the  direction 
of  motion^  diminished  in  the  duplicate  ratio  of  radius  to  the 
sine  of  inclination,  the  resisting  force  m  would  be 

«tt  if  the  My  wttt  tentiniited  by  an  end  or  face  of  any 
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Other  form,  as  a  spherical  one,  or  such  like,  where  every 
part  of  it  has  a  different  inclination  to  the  axis ;  then  a  fur^ 
ther  investigation  becomes  necessary,  such  as  in  the  following 
proposition. 


PROBLEM  XX* 


Td  determine  the  Resistance  of  a  Fluid  to  any  Body,  mamng  in 
itj  of  a  Curved  End ;  as  a  Sphere^  or  a  Cytmder^  with  a 
Hemispherical  End,  4^. 


1.  Let  bead  be  a  section  through  the 
axis  CA  of  the  solid,  moving  in  the  direc- 
tion of  that  axis.  To  any  point  of  the 
curve  draw  the  tangent  eg,  meeting  the 
axis  produced  in  o  :  also,  draw  the  per- 
pendicular ordinates  ef,  ef  indefinitely 
near  each  other ;  and  draw  ae  parallel  to 

€0. 

Putting  cp  =  X,  ef  =  y,  BE  =  a:,  «  =  sine  id  o  to  radius 
1,  and  p  =  3*1416 :  then  2py  is  the  circumference  whose 
radius  is  ef,  or  the  circumference  described  by  the  point  b, 
in  revolving  upon  the  axis  ca  ;  and  2py  X  e«  or  2pyz  is  the 
fluxion  of  the  surface,  or  it  is  the  surface  described  by  Be, 
in  the  said  revolution  about  ca,  and  which  is  the  quantity 
represented  by  a  in  art.   3   of  the   last  problem :    hence 

-j^ —  X  2pyz  or  ^- X  yz  is  the  resistance  on  that  ring, 

or  the  fluxion  of  the  resistance  to  the  body,  whatever  the 
figure  of  it  may  be.  And  the  fluent  of  which  will  be  the  re- 
sistance required. 

2.  In  the  case  of  a  spherical  form :  putting  the  radius  ca 
or  CB  =  r,  we  have  y  »  \/(r*-*^)»  *  =  —  =  —  ==  — >  ^^^ 

£Q        CE  I* 

5^i  or  EF  X  Be  =  cb  X  ae  =  ri ;   therefore  the  general 

fluxion  ^—  X  sf^yz  becomes  ^—  X  — ::  X  rf  =  ^^  X  3^± ; 
g  8         r"  gr* 


is   the  resistance    to    the 


the  fluent  of  which,  or  -t--^2c*> 
spherical  surface  generated  by  be.     And  when  a;  or  of  is  :=  r 

^       for  the  resistance  on  the  whde 


or  OA,  it  becomes 


4? 
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hemisphere  ;    which  is  also  equal  to  ^       ,  where  <!  =  2r 

the  diameter. 

3.  But  the  perpendicular  resistance  to  the  circle  of  the 
same  diameter  <2  or  bd,  hy  art.  5  of  the  preceding  problem^ 

is  ?-^ — ;  which,  being  double  the  former,  shows  that  the 

resistance  to  the  sphere,  is  just  equal  to  half  the  direct 
resistance  to  a  great  circle  of  it,  or  to  a  cylinder  of  the  same 
diameter. 

4.  Since  ^pd*  is  the  magnitude  of  the  globe  ;  if  n  denote 
its  density  or  specific  gravity,  its  weight  w  will  be  =  ipd^% 

and  therefore  the  retardive  force  /or  —  =  ^-~ —  X  — 5^ 

•^         w         I6g       pntP 

«=  - — = ;   which  is  also  =  =—    by   art.  8  of  the   general 

theorems  in  page  401 ;  hence  then  r--i  =i  — ,  and  «  =  — 

4Na         8  n 

X  ^ ;  which  is  the  space  that  would  be  described  by  the 
globe,  while  its  whole  motion  is  generated  or  destroyed  by 
a  constant  force  which  is  equal  to  the  force  of  resistances 
if  no  other  force  acted  on  the  globe  to  continue  its  motion. 
And  if  the  density  of  the  fluid  were  equal  to  that  of  the 
globe,  the  resisting  force  is  such,  as,  acting  constantly  on  the 
globe  without  any  other  force,  would  generate  or  destroy  its 
motion  in  describing  the  space  ^<2,  or  ^  of  its  diameter,  by 
the  accelerating  or  retarding  force. 

5.  Hence  the  greatest  velocity  that  a  globe  will  acquire 
by  descending  in  a  fluid,  by  means  of  its  relative  weight  in 
the  fluid,  will  be  found  by  making  the  resisting  force  equal 
to  that  weight.  For,  aflcr  the  velocity  is  arrived  at  such  a 
degree,  that  the  resisting  force  is  equal  to  the  weight  that 
urges  it,  it  can  increase  no  longer,  and  the  globe  will  after- 
wards continue  to  descend  with  that  velocity  uniformly. 
Now,  N  and  n  being  the  separate  specific  gravities  of  the 
globe  and  fluid,  n— n  will  be  the  relative  gravity  of  the 
globe  in  the  fluid,  and  therefore  to  =  ^pd^  {^'^^)  is  the 
weight  by  which  it  is  urged  ;  also  m  =      . 

^     -  is  the  resistance  ;  consequently^^ —  =  i|Kp  (?r— n) 

when  the  velocity  becomes  uniform-;  from  which  eqnatioii 
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is  found  vss  y/{2g  •  {d  . ),  for  the  said  uDiform  or  great- 
est velocity. 

And,  by  comparing  this  form  with  that  in  art.  6  of  the 
general  theorems  in  page  400,  it  will  appear  that  its  greatest 
velocity  is  equal  to  the  velocity  generated  by  the  accelerat- 

ing  force ,  in  describing  the  space  |c2,  or  equal  to  the 

velocity  generated  by  gravity  in  freely  describing  the  space 

X  f  d.     If  N  =  2»,  or  the  specific  gravity  of  the 

globe  be  double  that  of  the  fluid,  then =  1  =  the 

.  n 

natural  fofce  of  gravity  ;  and  then  the  globe  will  attain  its 
greatest  velocity  in  describing  |^  or  |  of  its  diameter. — It 
is  further  evident  that  if  the  body  be  very  small,  it  will  very 
soon  acquire  its  greatest  velocity,  whatever  its  density  may 
be. 

Exam.  If  a  leaden  ball,'of  1  inch  diameter,  descend  in 
water,  and  in  air  of  the  same  density  as  at  the  earth's  surfac^t 
the  three  specific  gravities  being  as  11^,  and  1,  and  jfyj* 
Then  ©=  -v/(4  .  16^  .  ^^  .  10^)  =  i  ^(fil  .  193)=8;6044 
feet,  is  the  greatest  velocity  per  second  the  ball  can  acquire  by 
descending  in  water.  And  v  «=  y/{4  •  SV  •  A  •  V  •  *  V) 
nearly =y  ^IL^^lA  =  259*82  is  the  greatest  velocity  it  can 
acquire  in  air. 

But  if  the  globe  were  only  y^^  of  an  inch  diameter,  the 
greatest  velocities  it  could  acquire,  would  be  only  ^  of  thesoy 
namely  ff^  of  a  foot  in  water,  and  26  feet  nearly  in  air. 
And  if  the  ball  were  still  further  diminished,  the  greatest 
.velocity  would  also  be  diminished,  and  that  in  the  subdupli- 
cate  ratio  of  the  diameter  of  the  ball. 

PROBLEM  XXI. 

To  determine  the  Relations  of  Velocity,  Space,  and  Time,  of 
a  Ball  momngjn  a  Fluid,  in  which  it  is  projected  tnth  a 
given  Vehcity. 

1.  Let  a  •=  the  first  velocity  of  projection,  x  the  space 
.  described  in  any  time  ^  and  v  the  vefocity  then.    Now,  by 

ittt  4  of  the  last  problem,  the  accelerative  fbros  /«  g^i 
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where  n  is  the  density  of  the  fluid,  n  that  of  the  ball,  and 
d  its  diameter.  Therefore  the  general  equation  vo  ca  gfg 
becomes  w= 

■'^   ,  ± :  and  hence  -  =  -^ — :t=  —  hi,  putting  b  for  5-3. 

11.0  correct  fluent  of  this,  is  log.  «-log.  .  or  log.  ±  -  6x. 
Or,  putting  c  s  2*718281828,  the  number  whose  h3rp.  log* 
is  1,  then  is  -  =  c**,  and  the  velocity  «  =  -^  =»  acr-^. 

2.  Tlie  velocity  v  at  any  time  being  the  €r^  part  of  the 
^ist  velocity,  therefore  the  velocity  lost  in  any  time,  will  be 

c**— 1 
jti^  J  —  r-**  part,  or  the  — -7—  part  of  the  first  velocity* 

EXAMPLES. 

EzAX.  1.  If  a  globe  be  projected,  with  any  velocity,  in  a 
medium  of  the  same  density  with  itself,  and  it  describe  a 
i^ce  fBqual  to  3<2  or  3  of  its  diameters.    Then  x  =  Sd,  and 

velocity  lost,  or  nearly  |  of  the  projectile  velocity. 

ExAX.  2.  If  an  iron  ball  of  2  inches  diameter  were  pro- 
jected with  .a  velocity  of  1200  feet  per  second ;  to  find  the 
velocity  lost  after  moving  through  any  space,  as  suppose 
800  feet  of  air :  we  should  have  3  =  A  =  |,  a  =  1200,  «= 
500,  H  s=  7^,  It  =  *0012  ;  and  therefore  6x  =s    - 

ana;       3.12.500.3.6       81         .  1200     ^^^ 

m"^     8.22.10000      =jJQ>andt  =  — =998feet 

per  second  :  having  lost  202  feet,  or  nearly  |  of  its  first  ve- 
locity. 

Exam.  3.  If  the  earth  revolved  about  the  sun,  in  a  me- 
dium as  dense  as  the  atmosphere  near  the  earth's  surface  ; 
and  it  were  required  to  find  the  quantity  of  motion  lost  in  a 
year.  Then,  if  the  earth's  mean  density  be  about  4^,  and 
its  distance  from  the  sun  12000  of  its  diameters,  we  have 
5^000  X  3-1416  =:  75398  diameters  =  x,  and  6a:  =  .      -    • 

3  .  75398  .  12  .  2       ^  ,„,^     ,  c**— 1 


'» 
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mre  lost  of  the  first  motion  in  the  space  of  a  year,  and  only 
the  T^r  P^  remains.    If  the  earth's  mean  density  be  taken 

885 
,  =  5,  the  result  will  become  ^^^  for  the  motion  lost. 

ExAH .  4.  If  it  be  riequired  to  determine  the  distance 
moved,  x,  when  the  globe 'has  lost  any  part  of  its  motion,  as 
suppose  ^,  and  the  density  of  the  globe  and  fluid  e<iual ; 

the  general  equation  gives  x  =  ^r  X  log,  -  =:  ~-  X  log.  of  2 

=  1-848392&2.     So  that  the  ^lobe  loses  half  its  motion  be- 
fore it  has  described  twice  its  diameter. 

3.  To  find  the  time  t ;  we  have  !=:-=-■»  — . . 

V       V        a 

Now,  to  find  the  fluent  of  this,  put  «  =  c^;  then  is  &j?  » 

Z  Z  *        c*(i         Zit 

log.  z,  and  ^i  =  -,  or  f  =  -t-  ;  conseq.  i  or =  —  =» 


bz 
^  ,  ,«.«  ^^..^^ ,  _  ^  _  ^ 


21  «r  C** 

-7- ;  and  hence  t  =  — =  -r* .     But  as  t  and  x  vanish  togt^ 


d^  1 

ther,  and  when  x  =  0,  the  quantity  -r  is  =  -r  ;  therefore, 

€Lo  ao 

by  correction,  t  =  -^  =  .1  _-L  =  ^(_  _  1)  the  time 

sought ;  where  b  =  ^ — ,  and  «>  ==  -j^  the  velocity. 

ExAK.  If  an  iron  ball  of  2  inches  diameter  were  projected 
in  the  air  with  a  velocity  of  1200  feet  per  second  ;  and  if 
were  required  to  determine  in  what  time  it  would  pass  over 
500  yards  or  1500  feet,  and  what  would  be  its  velocity  at  the 
end  of  that  time  :  We  should  have,  as  in  exam.  2  above» 

.        3 .  12  .  3  .  6  1  _,  ^         1500       375  ,  I 

*^  8722  .  10000  =  27i6' ^°^  ^"^  =  2718  "^  679' ^^""^  6 

2716       ,1  I  ^  1      c»'      1-7372         1 
j-,and-  =  j^,  and  -  =  _  =.  -.^^^  =  _  near. 

ly.     Consequently  v  =  690  is  the  velocity  ;  and  <  x=s  -  (-«. 

j)  =  2716  X  (— _  j_)  =  Ijl  secoBda  is  the  time  re- 
quired, or  1"  and  f  neoriy. 
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PHOBL£M  XXII. 

To  determine  the  Relatione  of  Space^   Tme^  and   VdocUff 
when  a  Globe  descends^  by  its  own  Weight,  in  a  Fluid. 

The  foregoing  notation  remaining,  viz.  d  s  diameter, 
ir  and  n  the  density  of  the  ball  and  fluid,  and  v,  «,  t,  the 
velocity,  space,  and  time,  in  motion  ;  we  have  Ipd*  =  the 
magnitude  of  the  ball,  and  }pd^  (n  —  n)  =>  its  weight  in  the 

fluid,  also  m  =  ^~ —  =  its  resistance  from  the  fluid  ;  con* 

li5g 

sequently  ipd^  (n— n)  —  rjT      is  the  motive  force  by  which 

the  ball  is  urged  ;  which  being  divided  by  ipnd?,  the  qaanti  • 

n       3iio'  ■ 
ty  of  matter  moved,  gives/  =1 —  g— -^  for  the  acee*' 

lerative  force. 
2.  Hence  w,  =  g/i,  and  «  =  ^= 


T  X  — -J,  putUng  6  =  —-,  and  -  =        ^.. • ,  or cb 

b      a  -tr  ^       °  8N<i  a       g .  8d(N  —  n) 

=5  g  nearly  ;  the  fluent  of  which  is  «  = - 

gr-  X  log.  of  — -5-,  an  expression  for  the  space  *,  in  terms 

of  the  velocity  v.    That  is,  when  a  and  v  begin,  or  are  equal 
to  nothing,  both  together. 

But  if  the  body  commence  motion  in  the  fluid  with  a  cer- 
tain given  velocity  6,  or  enter  the  fluid  with  that  velocity, 
like  as  when  the  body,  after  falling  in  empty  space  from  a 
certain  height,  falls  into  a  fluid  like  water ;  then  the  correct 

fluent  will  be  «  =  --5-  x  hyp.  log.  of  ^^^. 

3.    But  now  to  determine  v  in  terms  of  s^  put  c  sa 

2-718281828  ;  then,  since  the  log.  of— ^  =  26*,  therefor^ 

-^-  =  c^',  or  ^^I^  =  c~ai* ;  hence  v  =  y/(a—acr^) 
a— — t)3  a 

is  the  velocity  sought. 
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4.  Th9  greatest  velocity  is  to  be  found,  as  in  art.  5  of 
prob.  20,  by  makiog  /or  X 5 — -^  =  0,  whicb  gives 

r  =  ^{g  'M  .  -^ — )  =  -v/a.     The  same  value  of  v  is 

obtained  by  qiaking  the  fluxion  of  t?*,  or  of  a  —  ac-^^'y  =  0, 
And  the  same  value  of  v  is  also  obtained  by  making  8  in.  «, 
finite,  for  then  c"-^'  =  0.  But  this  velocity  y/a  cannot  be 
attained  in  any  linitc  time,  and  it  only  denotes  the  velocity 
to  which  the  general  valqe  of  o  or  \/{a — ac— ^* )  continually 
approaches.  It  is  evident,  however,  that  it  will  approximate 
towards  it  the  faster,  the  greater  h  is,  or  the  less  d  is  ;  and 
thaty^the  diameters  being  very  small,  the  bodies  descend  by 
nearly  uniform  velocities,  which  are  directly  in  the  subdupli« 
cate  ratio  of  the  diameters.  See  also  art.  5,  prob.  20,  for 
other  observations  on  this  head. 

6.  To  find  the  time  t.  Now  /  ==  JL  =  ^  —  X     ,,  *    ^  ■* 

Then,  to  find  the  fluent  of  this  fluxion,  put  z  =  v'(l  — c-^') 

t)  .  •   '        xz 

= ,  or  «'  =  I  — c— ^' ;  hence  zz  =  bsc-^\  and  s  =7 — rr- 

\/a  bcr^* 

I        zz                       ,     •           1  i 

and  therefore  the  fluent  is  <  =  ?r, X  log. 


2by/a  °    1— «       2b^a 

X  log.  r — ^,^5 7n7=Fr: X  log.  -5-- ,  which  is  the 

general  expression  for  the  time. 

•         1        w?  •        1  1? 

Or  thus  :  because  5  ==  -^  . 5,  theref.  <  =  --.. ; ; 

h     a  —  v^  0      a  —  tr 

and  the  fluent,  by  form  10,  is  -,— --  X  log.  -^^ .     , 

Exam.  If  it  were  required  to  determine  the  time  and  velo- 
city, by  descending  in  air  1000  feet,  the  ball  being  of  lead, 
and  1  inch  diameter. 

Here  n  =  11^,  n  =  j/^ttj  ^  =  tV»  *^"^  *  ~  1000. 

_2  .  16  .  T^y  .  tV  .  1H_2  .  193  .  8  .  34  .  2500_ 

^^"^""^  "*  TT^ 3.3.12.12.3     "" 

^93  .  34  .  50»        .  r^  3  .  yjVy       3  .  3  .  3  .  12      9.9 
-      9.27        '  8. 11^.^,-8. 34.  2500  ""tW.oU^^ 

Vql.  II.  56 
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consequently  ©  =  -^  a  X  y/{l  —  «~~)=7^ OTUT —  ^ 

-1'  1 

^(1  —  c    *^)  =  203|  the  velocity.    And  I  =  5^—  Xlog. 

the  time. 

Note.  If  the  globe  be  so  light  as  to  ascend  m  the  fluid ;  tl 
is  only  neces^bry  to  change  the  signs  of  the  fint  two  VtimM 
in  the  value  of/,  or  the  accelerating  force,  by  which  ft  IM* 

comes  f= 1  —  ^ — J ;  aod  then  proceed  in  all  re- 

N  ogxa 

spects  as  before. 


SCHOLIUM. 

To  compare  this  theory,  contained  in  the  last  four  pfob- 
lems,  with  experiment,  the  few  following  numbers  are  here 
extracted  from  extensive  tables  of  velocities  and  resistances, 
resulting  from  a  course  of  many  hundred  very  aceorate  ex- 
periments, made  in  the  course  of  the  year  178G* 

In  the  first  column  are  contained  the  mean  uni&nn  or 
greatest  velocities  acquired  in  air,  by  globes,  hemispheres, 
cylinders,  and  cones,  all  of  the  same  diameter,  and  the  aW. 
tilde  of  the  cone  nearly  equal  to  the  diameter  also,  when 
urged  by    the    several   weights  expressed  in  avoirdapois 
ounce?,  and  standing  on  the  same  line  with  the  velocities, 
each  in  their  proper  column.    So,  in  the  first  line,  the 
numbers  show,  that,  when  the  greatest  or  uniform  velocity 
was  accurately  3  feet  per  second,  the  bodies  were  urged  1^ 
these  weights,  according  as  their  dlfierent  ends  went  fore- 
most ;  namely,  by  "028  oz.  when  the  vertex  of  the  cone  went 
foremost ;  by  '064  oz.  when  the  base  of  the  cone  went  fore- 
most ;  by  '027  oz.  for  a  whole  sphere  ;  by  *050  oz.  for  a 
cylinder ;  by  *051  oz.  for  the  flat  side  of  the  hemisphere ; 
and  by  *020  oz.  for  the  round  or  convex  side  of  the  hemi- 
sphere.    Also,  at  the  bottom  of  all,  are  placed  the  mean 
proportions  of  the  resistances  .of  these  figures  in  the  nearest 
whole  numbers.    Note,  the  common  diameter  of  all  the 
figures  was  6*375,  or  6}  inches ;  so  that  the  area  of  the  circle 
of  that  diameter  is  just  32  square  inches,  or  f  of  a  square 
foot ;  and  the  altitude  of  the  cone  was  6|  inches.     Akio,  the 
diameter  of  the  small  hemisphere  was  4|  inches,  and  conse- 
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qo^Uy  ibe  ima  of  its  base  17f  squi^re  inches,  or  |  of  a 
9quafft  {bol  oei^rly. 

Ffom  the  given  dimensions  of  the  cone,  it  appears,  that 
the  angle  made  by  its  side  and  axis,  or  direction  of  the  path, 
is  25<^  42^,  very  nearly. 

The  mean  height  of  the  barometer  at  the  times  of  making 
"the  experiments,  was  nearly  30*1  inches,  and  of  the  ther- 
mometer 62<* ;  consequently  the  weight  of  a  cubic  foot  of  air 
was  equal  to  If  oz.  nearly,  in  those  circumstances. 


Cone. 

Hemisphere. 

Small 

Hemis. 

fiat. 

Veioc. 
porsec. 

Whole 
^obe. 

Cylin. 
der. 

vertei^. 

base. 

flat. 

round. 

Ibet. 

oz. 

oz. 

oz. 

oz. 

oz. 

oz. 

• 

oz. 

8 

*028 

•064 

•027 

•050 

•051 

•020 

•028 

4 

•048 

•109 

•047 

•090 

•096 

•039 

•048 

5 

•071 

•162 

•068 

•143 

•148 

•063 

•072 

6 

•098 

•225 

•094 

•205 

•211 

•092 

•103 

7 

•129 

•298 

•125 

•278 

•284 

•123 

•141 

8 

•168 

•382 

•162 

•360 

-368 

•160 

•184 

9 

•211 

•478 

•205 

•456 

•464 

•199 

-233 

10 

•260 

•587 

•255 

•565 

•573 

•242 

-287 

11 

•315 

•712 

•310 

•688 

•698 

•297 

•349 

12 

•376 

•850 

•370 

•826 

•836 

•347 

•418 

13 

•440 

1-000 

•435 

•979 

•988 

•409 

•492 

14 

•512 

M66 

•505 

1145 

1-154 

-478 

•573 

15 

•589 

1^346 

•581 

1-327 

1-330 

-552 

-661 

16 

•673 

1*546 

•663 

1-526 

1-538 

•034 

•754 

17 

•762 

1-763 

•752 

1-745 

1-757 

•722 

-853 

18 

•868 

2-002 

•848 

1-986 

1-998 

-818 

•959 

10 

•959 

2^260 

•949 

2-246 

2-258 

•922 

1-073 

20 

1^069 

2-540 

1^057 

2-528 

2-542 

1-033 

1-196 

Proper. 
Numb. 

126 

291 

124 

285 

288 

119 

140 

From  this  table  of  resistances,  several  practical  inferences 
may  be  drawn.     As, 

1.  That  the  resistance  is  nearly  as  the  surface  ;  the  resist- 
ance increasing  but  a  very  little  above  that  proportion  in  the 
greater  surfaees.    Thus,  by  comparing  together  the  numbers 
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lb  ttie  6th  and  last  columns,  for  the  bases  of  the  two  heiSA* 
Spheres,  the  areas  of  which  are  in  the  proportiod  of  17J  t<^ 
^y  or  as  5  to  9  very  nearly  :  it  appears  that  the  numbers  in 
those  two  columns,  cxptoHaing  the  i*csistances,  are  nearly  ad 
1  to  2,  ot  as  5  to  10,  as  far  as  to  the  velocity  of  12  feet} 
aHer  which  the  resistances  on  the  greater  surface  increase 
gradually  more  and*  more  above  that  proportioii.  And  thd 
knean  resistances  are  as  140  to  288,  or  as  5  to  lOf .  This  cii^ 
cumstance  therefore  agrees  nearly  with  the  theory. 

2.  The  resistance  to  the  same  surface,  is  nearly  as  the 
square  of  the  velocity ;  but  gradually  increasing  more  and 
more  above  that  proportion,  as  the  velocity  increases.  Thiii 
is  manifest  from  all  the  columns.  And  therefore  this  cir« 
cumstance  also  diffei^  but  little  from  the  theory,  in  small  velo* 
tities. 

3.  When  thd  hinder  parts  of  bodies  are  of  different  formSi . 
the  resistances  are  different,  though  the  fore  parts  be  alike  t 
owing  to  the  different  pressures  of  this  air  oti  the  hinder 
parts.  Thus,  the  resistance  to  the  fore  part  of  the  cylinder, 
is  less  than  that  on  the  flat  base  of  the  hemisphere,  or  of  the 
icone  ;  because  the  hinder  part  of  the  cylinder  is  more  pressed 
or  pushed,  by  the  following  air,  than  those  of  the  other  two 
figures^ 

4.  The  fesi^tdncie  oti  the  base  of  the  hetTiis|)here,  is  to  that 
on  the  convex  side,  nearly  as  2|  to  1,  instead  of  2  to  1,  as 
the  theory  assigns  the  proportion.  And  the  experimented 
resistance,  in  each  of  these,  is  nearly  ^  part'tiaol^  than  that 
which  is  assigned  by  the  theory. 

5.  The  resistance  on  the  base  of  the  coiie  is  to  that  on 
the  vettex,  nearly  as  2fV  to  1.  And  in  the  same  ratio  is 
Radius  to  the  sine  of  the  angle  of  the  inclination  of  the  side 
lof  the  cone,  to  its  i>ath  or  axis.  So  that,  in  this  instancei 
the  resistance  is  directly  as  the  sine  of  the  angle  of  incidence^ 
the  transverse  section  being  the  same,  instead  of  the  square 
t)f  the  sine. 

0.  Hence  we  can  find  the  altitude  of  a  coluitid  of  air,  whose 
^Iressure  shall  be  equal  to  the  Resistance  of  a  bod}',  moving 
through  it  with  any  velocity.     Thus, 

Let  a  =  the  area  of  the  section  of  the  body,  similar  to  any 
of  those  in  the  tubic,  perpendicular  to  the  di> 
rectiou  of  motion  ; 
r  ==  the  resistance  to  the  velocity,  in  the  table  ,•  and 
4t  =i=  the  altitude  sought,  of  a  column  of  air,  wbosil 
base  is  a,  and  its  pressure  n 
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'thetk  09  s  the  content  of  the  column  in  feet, 
tad  1  Joa? or |<ix  its  weight  in  ounces;         •        •        a        • 

am 

therefore  {a»  =  r,  and  x  =  f  X  —  is  the  altitude  sought  ill 

feet,  namely,  ^  of  th^  quotient  of  the  resistance  df  any  body 
divided  by  its  transvetse  section  ;  which  is  a  constant  quan<* 
tity  for  all  similar  bodies,  however  different  in  magnitudet 
■ince  the  resistance  r  is  as  the  section  a,  as  was  found  in  art.  1* 
When  a  =  |  of  a  foot,  as  in  all  the  figures  in  the  fore- 
going table,  except  the  small  hemisphei^ :  then,  x  as  |  X  — 

II 

becomes  x  ^  yr,  where  t  is  the  ^i^tanfte  in  the  tablej  to 
the  similar  body. 

If,  for  example,  we  take  the  convex  side  of  the  lafgd 
hemispkere,  whose  resistance  is  '634  oz.  to  a  velocity  of  16 
feet  per  second,  then  r  =  *634,  and  x  =  y  r  =  2'9fn5  feet| 
is  the  altitude  of  the  column  of  air  whose  pressure  is  equal 
to  the  resistance  on  a  spherical  surface,  with  a  velocity  of  Id 
feet.     And  to  compare  the  above  altitude  with  that  which 
is  due  to  the  given  velocity,  it  will  be  32^  :  13' :  :  16  :  4| 
the  altitude  due  to  the  velocity  16  ;  which  is  near  double  the 
altitude  that  is  equal  to  the  pressure.     And  as  the  altitude 
IS  proportional  to  the  square  of  the  velocity,  therefore,  in 
email  velocities^  the  resistance  to  any  spherical  surface,  ii 
ecjual  to  the  pressure  of  a  column  of  air  on  its  great  circle, 
>vh0^e  altitude  is  4|  or  '594  of  the  altitude  due  to  its  velo* 
c  ity. 

But  if  the  cylinder  be  taken,  whose  resistance,  r  =  1*526  : 
then  X  =  yr  =  5*72  :  which  exceeds  the  height,  4,  due 
to  the  velocity,  in  the  ratio  of  23  to  16  nearly.  And  the 
difference  would  be  still  greater,  if  the  body  were  larger  ; 
and  also  if  the  velocity  were  more. 

7.  Also,  if  it  be  required  to  find  with  what  velocity  any 
fiat  surface  must  be  moved,  so  as  to  suffer  a  resistance  just 
equal  to  the  whole  pressure  of  the  atmosphere  : 

The  resistance  on  the  whole  circle  whose  area  is  |  of  a 
foot,  is  *051  oz.  with  a  velocity  of  3  feet  per  second  ;  it  is 
^  of  "051,  or  -0056  oz.  only,  with  a  velocity  of  1  foot.  But 
Ui  X  13600  X  i  =  7555|  oz.  is  the  whole  pressure  of  the 
atmosphere.  Therefore,  as  ^0056  :  ^  7556  :  :  1  :  1162 
nearly,  which  is  the  velocity  sought.  Being  almost  equal  to 
the  velocity  with  which  air  rushes  into  a  vacuum^ 

8.  Hence  may  be  inferred  the  great  resistance  suffered  by 
military  projectiles.  For,  in  the  table,  it  appears,  that  a 
globe  of  6  J  inches  diameter,  which  is  equal  to  the  size  of  an 
iron  ball  weighing  3Glb.  moving  with  a  velocity  or.only 
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16  feet  per  second,  meets  with  a  resistance  equal  to  the 
pressure  of  |  of  an  ounce  weight ;  and  therefore,  com« 
puting  only  according  to  the  square  of  the  velocity,  the  least 
resistance  that  such  a  ball  would  meet  with,  when  moving 
with  a  velocity  of  1600  feet,  would  be  equal  to  the  pressure 
of  4171b.,  and  that  independent  of  the  pressure  of  the  atmo- 
sphere itself  on  the  fore  part  of  the  ball,  which  would  be 
4971b.  more,  as  there  would  be  no  pressure  from  the  atmo* 
sphere  on  the  hinder  part,  in  the  case  of  so  great  a  velocity 
as  1600  feet  per  second.  So  that  the  whole  resistance  would 
be  more  than  0001b.  to  such  a  velocity. 

9.  Having  said,  in  the  last  article,  that  the  pressure  of  the 
atmosphere  is  taken  entirejy  off  the  hinder  part  of  the  ball 
moving  with  a  velocity  of  1600  feet  per  second  ;  which  must 
happen  when  the  ball  moves  faster  than  the  particles  of  air 
can  follow  by  rushing  into  the  place  quitted  and  left  void  by 
the  ball,  or  when  the  ball  moves  faster  than  the  air  rushes 
into  a  vacuum  from  the  pressure  of  the  ihcumbent  air  :  let 
us  therefore  inquire  what  this  velocity  is.  Now  the  velocity 
with  which  any  fluid  issues,  depends  on  its  altitude  'above 
the  orifice,  and  is  indeed  equal  to  the  velocity  acquired  by 
a  heavy  body  in  falling  freely  through  that  altitude.  But, 
supposing  the  height  of  the  barometer  to  be  30  inches,  or 
2|  feet,  the  height  of  a  uniform  atmosphere,  all  of  the  same 
density  as  Ut  the  earth's  surface,  would  be  2^  X  14  X  83di- 
or  29167  feel ;  therefore  ^16  :  v^29167  : :  32 :  8  y/  29167 
=  1366  feet,  which  is  the  velocity  sought.  And  therefore,' 
with  a  velocity  of  1600  feet  per  second,  or  any  velocity 
above  1366  feet,  the  ball  must  continually  leave  a  vacuum 
behind  it,  and  so  must  sustain  the  whole  pressure  of  the  at. 
mosphere  on  its  fure  part,  as  well  as  the  resistance  arising 
from  the  vU  inertia  of  the  particles  of  air  struck  by  the  ball. 

10.  On  the  whole,  we  find  that  the  resistance  of  the  air, 
as  determined  by  the  experiments,  differs  very  widely,  both 
in  respect  to  its  quantity  on  all  figures,  and  in  respect  to  the 
proportions  of  it  on  oblique  surfaces,  from  the  same  as  de* 
termined  by  the  preceding  theory  ;  which  accords  with  that 
of  Sir  Isaac  Newton,  and  must  modern  philosophers.  Nei. 
ther  should  we  succeed  better  if  we  have  recourse  to  the 
theory  given  by  Professor  Gravesande,  or  others,  as  similar 
differences  and  inconsistencies  still  occur. 

We  conclude  therefore,  that  all  the  theories  of  the  resist, 
ance  of  the  air  hitherto  given,  are  very  erroneous.  And  the 
preceding  one  is  only  laid  down,  till  further  experiments,  on 
this  important  subject,  shall  enable  philosophers  to  deduce 
hom  them  another,  that  shall  be  more  consonant  to  the  true 
l^hfiM^omeaa  of  oaturo. 


APPENDIX. 


TABLES,  &c.  OF  COMPARATIVE  STRENGTH  | 

OB,  THB  SPECIFIC  C0UB810N  OF  DIFFEBEKT 

SUBSTANCES. 

(Front  Tables  drawn  up  by  Mr.  TJunnas  TredgM.) 

It  is  the  cohesion  of  the  parts  of  solid  bodies,  which  not 
only  serves  to  characterize  different  substances,  but  also  to 
determine  their  relative  value  in  the  various  uses  to  whieh 
they  may  be  appropriated.  The  standard  degree  of  cohe- 
sion, employed  in  the  following  tables,  is  plate-glass,  which 
is  taken  as  xaiity^  and  the  other  substances  are  stronger  or 
weaker  in  proportion  as  they  are  above  or  below'  !•  The 
strength  of  woods  of  the  same  kinds  is,  it  will  be  obsm^^, 
extremely  variable,  depending  on  the  age,  the  nature  of  the 
soil,  and  the  situation  of  the  climate  where  they  are  grown* 


Table  I.— WcKHfo. 


Specific 

Lance-wood 
Locust-tree 
Jujube  (Ziziphus) 

Ash  (Fraxinus). 
Red,  seasoned 
Ash 

White,  seasoned 
Ash 

Oak  (Quercus) 
-,  highest  result 


Cah^cion. 

Specific  Cohesion. 

2-621 

Oak        -         -        ^  1-836 

2185 

Dry,  cut  4  years      -     1-701^ 

2-008 

Provence,  seasoned*     1-550 

English,  seasoned    •     1-500 

1-899 

Oak        -        -         -     1-481 

1-804 

French,  seasonedf         1*450 

1-509 

Provence,  seasoned^   *  1-444 

1-274 

Provence,  seasoned. 

1-891 

young          .        .     1-363 

1-861 

Oak,  dry          -        -     1-274 

*  Its  coloar  brown,  and  it  was  hard  and  large-veined. 

t  This  specimen  lay  six  monthn  in  water  after  it  was  cot,  and  was 
afterwards  dried.  When  the  trial  was  made,  it  had  been  cut  foar 
years. 

X  Middle-aged  timber,  fine-veined,  light  and  pliant. 
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TABLBS  OF  COXPARATIVB  BTBBIfOTB. 


Specific 

Cohesion. 

Specific 

CobMka, 

Baltic,  seasoned 

1-211 

Fir,  yellow  deal 

0-900 

Oak,  lowest  result 

1140 

Fir,  weakest    • 

0-879 

M07 

Larch,  Scotch,  tea-- 

£ngUsb 

OaS        -        .        - 

1-086 

soned 

0-837 

1-070 

Pilch  pine 

0-880 

French,  uDseasoaed 

1-060 

Larch,  Scotch,  yery 

White  American,  sea- 

dry      ... 

0-745 

soned 

1-009 

Fir,  Scotch  (P.  syl- 

Oak 

1-009 

vestris) 

0-711 

French,  unseasoned 

0-960 

Fir,  white  deal 

0-465 

Oak        .        .        - 

0-965 

Sissor,  of  Bengal      ^ 

1-395 

English 

0-936 

Saul,  of  Bengal 

1-376 

Dant9(io 

0-818 

Plum,  (Prunus) 

1367 

Beech  (Fagus  sylva- 

to 

1-205 

ticus) 

1-880 

Willow,  (Salix) 

1-357 

Arbutus,  from          r 

1-645 

Willow,  dry 

0-809 

lo         -        • 

0-814 

Mahogany 

Orange  (Aurantium) 

1-764 

(Swicteuia). 

to         •        • 

1-629 

Spanish 

1-283 

Bay  (liaurus) 

1-547 

Citron  (Citreum) 

1-857 

to 

1-085 

to 

0-868 

Tbak  (Tectona 

CuESTNrr,  Sweet 

grandis). 

• 

(Fagus  castanea). 

Java,  seasoned 

1-509 

100  years  in  use 

1-291 

Pegu,  seasoned 

1-400 

Jasmine  (Jasminum) 

1-276 

Malabar,  seasoned 

1  -395 

to 

1-248 

Alber  (Bet.  Alnus) 

1  506 

Pomegranate  (Punica] 

)  i-2tai 

Mulberry  (Moras) 

1  -492 

to 

0-882 

to         -        . 

1-221 

Tamarisk  (Tamaris- 

Elm  (Ulmus) 

Firs  (rinus). 

1-432 

cus) 
to 

1-194 
0-732 

Pitch  pine   >    ^ 

1  398 

Maple  (Acer). 

Fir          .        -        . 

1-380 

Norway 

1-128 

Fir  (strongest) 

J-318 

Elder  (Sambucus) 

1086 

Pitch  pine        -        r 

1-281 

Lemon  (Liruon) 

1004 

Pipe  (Pin  du  Nord) 

1-264 

Quince  (Cyilonia) 

0-841 

Larcq  (Pinus  Larix) 

1177 

to 

0-624 

Fir,  strong  red 

1-172 

Cypress  (Cupressus) 

0-732 

F>r,  Memel,  seasoned 

1-154 

to 

0-643 

Fir,  Russian 

1062 

Poplar  (Pop.  alba) 

A                       '              • 

0705 

Fir          ... 

1-061 

to            -           • 

0'48S 

Fir          -        .        . 

1-030 

Poplar  (P.  nigra)  la- 

Fir, Riga 

0963 

teral   cohesion  of 

Fir,  American 

0  942 

the  animal  ring^ 

0-J89 

Fir         ... 

0-903 

Ced^r 

0-529 

COXPASATIVK  sntHOttf  Of  MXtAhL 
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Table  II. — Ckmiparative  Sttength  of  MeimU* 


(h)  and  (/)  mark  the  highest  and  lowest  result  obtainad  from 

each  kind  of  iron. 


Specific  < 

Cohenoa.  i 

Specific  Coheiion. 

Pt.  Glafs  as  I. 

Pi.  GlM.et  1. 

Steel. 

Cast  Iron. 

Razor  temper  - 

15-927 

Frettch    -        - 

7-470 

Soft 

12-739 

Grerman  -        -        • 

7*250 

ISON. 

French,  soft    - 

6-754 

English  -        .        . 

5-^20 

Wire 

12-004 

French    - 

5*412 

German    bar,    mark 

BR  (h) 
SwedMk  bar  (A) 

4-540 
4-384 

9-680 

English,  soft    • 

9-445 

French  gray    • 

4-000 

German    Wr,    mark 

Gray,  of  Ctuzet,  2iid 

L  (A)  - 

9-119 

fudon  - 

3-257 

Wire       - 

9106 

Gray,  of  Cnizot,  Ist 

Bar 

6-964 

foBion 

3-202 

Liege  bar  (A) 

6-794 

CjAPPKS. 

« 

Spanish  bar     • 

8-685 

v/vrx^jiiH. 

Bar         -        .        • 

6-561 

Wipe                -        . 

6-606 

Bar         •        -        - 

8-492 

Cast^  Barbary 

2*806 

Oosemenibar(A) 

6-142 

—,  Japan     . 

2*162 

Cable      - 

German    bar,    mark 

7-752 

Platinux. 

L{1)            .        - 

7-362 

Wire       - 

5-995 

German  Bar,  common 

I  7-339 

Wire       - 

5*635 

Swedish  bar     )  ,j. 
Oosement  bar  ^^  ' 

7-296 

Silver. 

Bar  of  best  quidity  • 

7-006 

Wire       - 

4090 

Liege  bar  (l)  • 

6-621 

Cast 

4-342 

German    bar,    mark 

• 

GOLO. 

BR  (I) 

6-514 

Bar* 

6-480 

Wire       - 

3-279 

Bar  of  good  quality 

5-839 

Cast 

2171 

Cable      . 

5-787 

Tin, 

Bar,  fine-grained 

5-306 

,  medium  fineness 

3-618 

Wire       - 

0-7568 

,  coarse-grained 

2-172 

Cast,  English  block 

0-706 

*  This  is  tlic  mean  result  of  Cbirty-tbree  experiments. 
Vol.  II.  57 
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specific 

CohMion.  1 

Sptcific  CobMMKr 

PI.  Glut  as  1.  1 

PLGlaasMl. 

Cast,  English  block 

0-565 

Cast,  Groslar,  from 

0-3118 

,  Banca  - 

• 

0-3906 

to 

0-2855 

,  Malacca 

* 

0-342 

T^KAn. 

Bismuth. 

Cast      - 

. 

0-345 

Milled   . 

0-3538 

rw 

- 

0-3193 

Wire     . 
Wire     - 

0-334 
0-274 

ZiMC. 

Wire     - 

0-2704 

Wire     . 

• 

2-394 

Cast,  English 

0-094 

Patent  sheet  - 

• 

1-762 

Antimony,  cast 

0-1126 

Table  III. — ComparaHve  Strength  of  MarUt^  Iwry^  and 
other  MUceUaneowi  Substances. 


Specific  CobeeioQ. 

GUmuI. 

Hemp  fibres  glued  to- 

gether 

-    9-766 

Paper  strips  g^ued  to- 

gether 

-    3-184 

Ivory    - 

-     1-765 

Slate,  Welsh, 

(clay 

slate) 

-     1-358 

Plate-glass     - 

.     1-000 

Marble  (white) 

.    0-955 

Horn  of  an  ox 

-     0-950 

Whalebone    - 

-     0-814 

Bone  of  an  ox 

-    0-559 

Hard     stone* 

of 

Givry 

.     0-230 

Specific  Cobetioa. 
Glanut. 

Portland  stone  (com- 
pact lime-stone)  • 

Soft      stonet      of 
Giviy 

Brick  from     • 

to         -        - 

Brick  from  Dorking 

Stone,  homogeneous 
white,  of  a  fine 
gram 

Plaster  of  Paris 

Mortar  of  sand  and 
lime,  16  years 
made 


0-083 

0-041 
0-031 
0080 
0029 


0-022 
0-0077 


.    0-0054 


Comparative  Strength  of  Substances. 

Note.  If  any  of  the  numbers  in  these  tables  be  multiplied 
by  9420,  the  product  will  express  the  force  in  pounds  avoir- 
dupois that  would  tear  asunder  a  bar  of  the  respective  sub- 
stance an  inch  square.      By  this  process,  therefore,  these 


•  Thu  stone  wu  hard,  of  a  red  coloor,  and  tbe  beds  distinctiy  mark- 
ed. 

t  This  stone  was  white,  rather  soft,  and  the  beds  not  distinctly  mark- 
ed. These  nnmben  were  ealculated  from  experiments  on  the  traos- 
vene  itren^' 
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numbers  wiR  ibniish  values  of  c,  similar,  in  nature,  and  ap. 
I^cable  to  the  same  purposes,  as  the  values  of  c  in  the  table 
at  pa.  993; 

Thus,  6*754  X  9420  =  63622-66,  value  of  o  for  French 
soft  cast  iron. 

Again,  1-123  XM20=  10578-66,  value  of  c  for  Norway 
maple.  ^"^"^ 

,  And  -3538  X  9420  =  3332-796,  value  of  c  for  milled 
lead.     And  so  with  regard  to  others. 

Practical  Rides  for  aicertaimng  the  Dimensions  of  Gvdgeonsy 

Shafts,  4-c.* 

1.  Let  w  utmost  amount  of  the  stress  in  cwts.,  I  the  length 
of  the  gudgeon  in  inches  from  the  shoulder  to  the  extreme 
point  of  bearing,  d  the  diameter  of  the  gudgeon  in  inches ; 
Chen 

0-42  (w?)^  =  d. 

2.  If  a  cylindrical  shaft  have  no  other  lateral  stress  to  sus- 
tain than  its  own  weight,  then  the  rule  is  ^(*007r)  &=  J,  dia« 
meter  of  the  shaft  in  inches. 

3.  Let  the  stress,  supposed  to  be  at  the  middle,  be  n  times 
the  weight  of  the  shaft ;  then 

^(•0122^)  =  d,  in  inches. 

4.  For  hoOow  cylindrical  shafts  of  cast  iron,  to  resist  la- 
teral stress,  let  d,  the  exterior  diameter,  and  nd,  the  interior 
one ;  then  w  being,  as  before,  in  cwts. 

[W*  T  * 

— — —  I    =  D,  diameter  in  inches. 

5.  If  the  hollow  shaft  support  n  times  its  own  weight ; 
then 


v/ 


•012^1 

=  D. 


1+N» 

6.  For  wrought  iron  shafts,  find  the  adequate  diameter  for 
east  iron,  and  multiply  by  -935. 

7.  For  oak  shafts,  multiply  the  adequate  dimension  for 
cast  iron  by  1-83. 


*  Theie  are  fcleetsd,  for  their  obvioot  atility»  from  Tredgold*i  eddi- 
tions  to  finchanaii'i  £miky§  on  Mill  work,  kc.  See  farther  the  ralet  and 
eiample»  ifl  a  0abfeq«ient  part  of  tbii  volons. 
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8f  For  fir  shafU,  multiply  the  requisite  dimemmi  for 
iron  by  1*716. 

9.  For  cylindrical  shafts  of  cast  iron  to  resist  torsion,  let 
M  be  the  Miniber  of  horses*  power,  v  tlM  revolulKNis  of  the 
shaA  in  a  minute  ;  then, 

=s  c2,  inches. 


«    /240i 
V  "IT 


N 

10.  For  wrought  iron  multiply  the  preceding  resalt  by 
0-968. 

11.  For  od^,  the  multiplier  is  2-238w 

12.  For  /r,  the  multiplier  is  2'06. 

13.  If  a  shafl  have  to  sustain  both  lateral  stress  and  tor« 
sion,  the  sum  of  the  straining  forces  must  be  taken.  Th» 
practical  rule  to  be  then  employed,  for  tatl  iron,  is 

1 


/'240H   ,   wP\»        ,  .    .     . 
{ r  -^  )    =  a,  m  mches. 


EXAMPLES. 

1.  Let  the  length  of  a  cast  iron  shaft  be  12  feet,  the  lateral 
stress  double  its  own  weight.     Required  the  diameter. 

Ans.  0*44  inches. 

2.  Supposing  the  length  the  same,  and  the  lateral  stress 
quadruple  its  own  weight.     Required  the  diameter. 

Ans.  9*1  inches. 

3.  Required  the  corresponding  diameters  of  shaAs  of  oak^ 
and  of  jir,  in  both  cases. 

Ans.  in  the  first,  for  oak  11*78,  fbrjCr  11-05. 
In  the  second,  for  oak  16*65,  for  jSr  15*62. 

4.  Let  the  interior  dian>eter  of  a  hollow  cast  iron  shafl,  of 
12  feet  long,  be  six.tenths  of  the  exterior  diameter,  and  the 
stress  four  times  the  weight  of  the  shafl :  required  both  dia- 
meters. Ans.  exterior  7*9  )  .     , 

interior  4*7  ]  '"^^^*- 

5.  Let  the  moving  force  be  equal  to  7  horses,  the  number 
of  turns  per  minute  11^  :  required  the  diameter  of  the  shaft 
to  resist  the  torsion,  both  for  cast  iron  and  fir. 

Ans.  cast  iron  5*267  )  .     . 

fir        10-850  (  ''^*'^' 

%  Suppose  that  a  cylindrical  shaft  of  oast  iron  is  to  make 
M  revolutions  per  minute,  the  power  of  the  first  mo^^er  being 
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aiial  to  tbrae  horteff,  the  length  of  the  shaft  8  feet,  and  the 
eral  stress  8  cwts.   when  reduced  to  the  middle  point. 
Required  the  diameter  of  the  shaft. 

Ans/?^|^+?^'Y=V(2M8  +  96)  =  4*86s  inches. 


ON  MODELS. 

From  an  experiment  made  to  ascertain  the  firmness  of  the 
model  of  a  machine,  or  of  an  edifice,  certain  precautions  are 
necessary  before  we  can  infer  the  firmness  of  the  structure 
itself. 

The  classes  of  forces  must  be  distinguished ;  as,  whether 
they  tend  to  draw  asunder  thn  parts,  to  break  them  trans- 
versely, or  to  crush  them  by  compression.  To  the  first  class 
belongs  the  stretching  sufiered  by  key-stones,  or  bonds  of 
vaults,  &c.  ;  to  the  second,  the  load  which  tends  to  bend  or 
break  horizontal  or  inclined  beams  ;  to  the  third,  the  weight 
which  presses  vertically  upon  walls  and  columns. 

Prof.  1*  If  the  side  of  a  model  be  to  the  corresponding 
side  of  the  structure  as  1  to  n,  the  stress  which  tends  to  draw 
asunder,  or  to  break  traaMvtrsely,  the  parts,  increases  from 
the  smaller  to  the  greater  scale  as  1  to  n^ ;  while  the  resist, 
ance  to  those  ruptures  increases  only  as  1  to  n\ 

The  structure*  therefore,  will  have  so  much  less  firmness 
than  the  model,  as  n  is  greater. 

If  w  be  the  greatest  weight  which  one  of  the  beams  of  the 
model  can  bear,  and  w  the  weight  or  stress  which  it  actually 

w 
sustains,  then  the  limit  of  n  will  be  n  =  — . 

w 

Prop.  2.  The  side  of  a  model  being  to  the  corresponding 
sic^e  of  the  structure  as  1  to  n,  the  stress  which  tends  to  crush 
the  parts  by  compression,  increases  from  the  smaller  to  the 
peater  scale,  as  1  to  n^  while  the  resistance  increases  only 
ip  the  ratio  of  1  to  n. 

Hence,  if  w  were  the  greatest  load  which  a  modular  wall, 
or  column,  could  carry,  and  w  the  weight  with  which  it  is 
actually  loaded  ;  then  the  greatest  limit  of  increased  dimen* 

w 
sions  would  be  found  from  the  expression  n  =  ^  — • 
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If,  retaining  the  length  or  height  nA,  and  the  breadth  nK, 
we  wished  to  give  to  the  solid  such  a  thickness  xtj  as  that  it 
should  not  break  in  consequence  of  its  increased  (Umensionty 

we  should  have  x  =  n'  v'  — • 

w 

In  the  case  of  a  pilaster  with  a  square  base,  or  of  a 
cylindrical  column,  if  the  dimension  of  the  model  were  d, 
and  of  the  largest  pillar,  which  should  not  crush  with  its 
own  weight  when  n  times  as  high,  rd,  we  should  have 

w 

These  theorems  will  often  find  their  application  in  the 
profession  of  an  engineer,  whether  civil  or  military. 


..'' 


•« 


ON  THE  MOTION  OF  MACHINES  AND  THEIR 

MAXIMUM  EFFECTS. 

• 

Art.  1.  When  forces   acting  in  contrary  directions,  or 
in  any  such  directions  as  produce  contrary  effects,  are  ap- 
plied to  machines,  there  is,  with  respect  to  every  simple  ma- 
chine (and  of  consequence  with  respect  to  every  combinatioD 
of  simple  machines)  a  certain  relation  between  the  powers 
and  the  distances  at  which  they  act,  which,  if  subsisting  in 
any  such  machine  when  at  rest,  will  always  keep  it  in  a  state 
of  rest,  or  of  statical  equilibrium  ;  and  for  this  reason,  be. 
cause  the  efforts  of  these  powers,  when  thus  related,  with 
regard  to  magnitude  and  distance,  being  equal  and  opposite, 
annihilate  each  other,  and  have  no  tendency  to  change  the 
state  of  the  system  to  which  they  are  applied.     So  also,  if 
the  same  machine  have  been  put  into  a  state  of  uniform  mo- 
tion, whether  rectilinear  or  rotatory,  by  the  action  of  any 
power  distinct  from  those  we  are  now  considering,  and  these 
two  powers  be  made  to  act  upon  the  machine  in  such  motion 
in  a  similar  manner  to  that  in  which  they  acted  upon  it  when 
at  rest,  their  simultaneous  action  will  preserve  it  in  that  state 
of  uniform  motion,  or  of  dynamical  equilibrium  ;  and  this  for 
the  same  reason  as  before,  because  their  contrary  effects  de- 
stroy each  other,  and  have  therefore  no  tendency  to  change 
the  stale  of  the  machine.     But,  if  at  the  time  a  machine  is 
in  a  state  of  balanced  rest,  any  one  of  the  opposite  forces  be 
increased  while  it  continues  to  act  at  the  same  distance,  this 
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vzcesfl  of  forca  will  disturb  the  statical  equilibrium,  and  pro- 
duce motion  in  the  maclline  ;  and  if  the  same  excess  of  force 
continues  to  act  in  the  same  manner,  il  will,  like  every  con> 
■taot  force,  produce  an  accelerated  motion  ;  or,  if  it  should 
undergo  particular  modifications  when  the  machiM  is  in  dif- 
ferent positions,  it  may  occasion  such  variations  in  the  motion 
as  will  render  isolteruately  accelerated  and  retarded.  Or  the 
diflereol  species  of  resiatance  to  which  a  moving  machine  is 
subjected,  as  the  ligidily  of  ropes,  friction,  resistance  of  the 
air,  &c.  may  so  modify  a  motion,  as  to  change  a  regular  or 
irregular  variable  motion  inlo  one  which  is  uniform. 

3.  Hence  then  the  motion  of  machines  may  be  considered 
as  of  three  kinds.  1,  That  which  is  gradually  accelerated, 
which  obtains  commonly  in  the  first  instants  of  the  commu- 
nication. 2.  That  which  is  entirely  uniform.  3.  That  which 
is  alternately  accelerated  and  retarded.  Pendulum  clocks, 
and  machines  which  are  moved  by  a  balance,  are  related  to 
the  third  class.  Most  other  machines,  a  short  time  afier 
their  motion  is  commenced,  fall  under  the  second.  Now 
though  the  motion  of  a  machine  is  alternately  accelerated 
and  retarded,  it  may,  notwithstanding,  be  measured  by  a 
uniform  motion,  because  of  the  perioaical  and  regular  repe* 
tition  which  may  exist  in  the  acceleration  and  re(ardation> 
Thus  the  motion  of  a  seconds'  pendulum,  considered  in  re- 
spect to  a  single  oscillation,  is  accelerated  during  the  first 
half  second,  and  retarded  during  the  next  r  but  the  same  mo- 
tion taken  for  many  oscillations  may  be  considered  as  uni- 
form. Suppose,  for  example,  that  (he  e.xtent  of  each  oscilla- 
tion is  5  inches,  and  that  the  pendulum  has  made  10  oscilla. 
tions  :  its  total  effect  will  be  to  have  run  over  50  inches  In 
10  seconds  ;  and,  oa  the  space  described  in  -each  second  is  the 
same,  we  may  compare  (he  eScct  to  that  produced  by  a 
moveable  which  moves  for  10  seconds  with  a  velocity  of  6 
inches  per  second.  We  see,  therefore,  that  tbo  theory  of  ma- 
chines whose  motions  are  uniform,  conduces  naturally  to 
the  estimation  of  the  effects  produced  by  machines  whoso 
motion  is  alternately  accelerated  and  retarded  :  so  that  the 
problems  comprised  in  this  chapter  will  be  directed  to  lhos# 
machines  whose  motions  fall  under  (he  first  two  heads  ;  such 
problems  being  of  far  the  greatest  utility  in  practice. 

Deft.  I,  When  in  a  machine  there  is  a  system  of  forces 
or  of  powers  mutually  in  opposition,  l^ose  which  produce  or 
tend  to  produce  a  certain  effect  are  called  movers  or  momiig 
powcTM ;  and  those  which  produce  or  tend  to  produce  an 
effect  which  opposes  those  of  the  moving  powers,  are  called 
reaialances.  If  various  movers  act  at  the  same  time,  their 
«<]utvalent  (found  by  means  of  prop.  7,  Motion  and  Forces) 
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is  called  individually  the  moving  force ;  and,  in  like  maQner, 
the  resultant  of  all  the  resistances  reduced  to  some  one  point, 
ike  resistance*  This  reduction  in  all  cases  mmpUfies  the  in- 
vestigations 

2.  The  impelled  poinl  of  a  machine  is  that  to  which  the 
action  of  the  moving  power  may  be  considered  as  imme- 
diately applied ;  and  the  toorking  point  is  that  where  the  re- 
sistance arising  from  the  work  to  be  performed  immediately 
acts,  or  to  which  it  ought  all  to  be  reduced.  Thus,  in  the 
wheel  and  axle,  (Mechan.  prop.  62),  where  the  moving  pow- 
er p  is  to  overcome  the  weight  or  resistance  w,  by  the  appli- 
cation of  the  cords  to  the  wheel  and  to  the  axle,  b  is  the  im- 
pelled point,  and  a  the  working  point. 

3.  The  vehcity  of  the  moving  power  is  the  same  as  the  ve- 
locity of  the  impelled  point ;  the  velocity  of  the  resietanee  the 
same  as  that  of  the  working  point. 

4.  The  performance  or  effect  of  a  machine,  or  the  work 
done,  is  measured  by  the  product  of  the  resistance  into  the 
velocity  of  the  working  point ;  the  momentum  of  impulse  is 
measured  by  the  product  of  the  moving  force  into  the  velo- 
city of  the  impelled  point. 

These  definitions  being  established,  we  may  now  exhibit  a 
few  of  the  most  useful  problems,  giving  as  much  variety  in 
their  solutions  as  may  render  one  or  other  of  the  methods  of 
easy  application  to  any  other  cases  which  may  occur. 

PROPOSITION   I. 

If  R  and  r  be  the  distances  of  the  power  p,  and  the  weight 

or  resistance  w,  from  the  fulcrum  v  of  a  straight  lever ;  then 

^  will  the  velocity  \)f  the  power  and  of  the  weight  xU  the  end  of 

any  time  t  be  - — ,    ^    gt,  and  -- — ,—--gty   respectively j  thd 

weight  and  inertia  of  the  lever  itself  not  being  considered, 

•    If  the    effort  of   the   power  bji-      »                       l?"      xf 
lanced  that    of   the   resistance,    p      p~ ^ S 

would    be    equal    to    ^.     Couse-     QP  ^0 

quently,  the  difference  between  this  value  of  p  and  its  actual 

r 
value,  or  p w,  will  be   the  force   which  tends  to  move 

R 

the  lever.     And  because  this  power  applied  to  the  point  a 
accelerates  the  masses  v  and  w,  the  mass  to  be  substituted 


I 
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1*3 

lOf  w,  ID  Ae  point  ▲»  must  be  -^w,  (Dynam.  art.  225),  in 

order  that  this  mass  at  the  distance  r  may  be  equally  accele- 
rated with  the  maaa  w  at  the  distance  k.    HendBthe  power 

r  r* 

F  —  w  will  accelerate  the  quantity  of  matter  p  +— w  ;  and 

T  T^  PR^'~~'1irW 

the  accelerating  force  p  =  (p — w)-r-(pH — -w)= r—r-* 

^  ^      n  '  ^      VL^    ^     pR»+r«w  • 

But   (page  400)  o  qo  Ft  or  is  =  gtv  {g  being  =  82^  feet) ; 

RP  ^  Krw 
which  in  this  case  «=  -- — r  -5  -  .  ^,  the  velocity  of  p.     And 

R*p+rw 

because  veloc.  of  p  :  veloc.  of  w  :  :  r  :  r,  therefore  veloc.  of 

r      ,          -          r  _  r'p— Rrw           Rrp — r'w 
w  =  -  veloc.  of  p  =»  -  X  -7— .  -r— ^/  =  -T— ; •  gi» 

Chr.  1.  The  space  described  by  the  power  in  the  time /^ 

R  P^^^R}*  W 

will  be  a=  -r — . .  ^ei^ ;  the  space  described  by  w  in  the 

same  time  will  be  = ; — - —  .  ^si-. 

Cor.  2.  If  R  :  r  :  :  n  :  1,  then  will  the  force  whiqh  accer 

,  pn'— wn 

lerates  a  be  —  — 5-, — . 

pn''+w 

Cor.  3.  If  at  the  same  time   the   inertia   of  the  moving 
force  p  be  =0,  as  in  muscular  action,  the  force  accelerating 


pn^ — wn 


A  will  be  = 

w 

Cor.  4.  If  the  mass  moved  have  no  weight,  but  possesses 
iaertia  only,  as  when  a  b^dy  is  meved  along  a  hoiizon^l 

plane,  the  force  which  accelerates  a  will  be  =  — ^- — .    And 
^  p/r+w 

either  of  these  values  may  be  readily  introduced  into  the  in? 

yestigation. 

Cor.  5.    The  work  done  in  tbe  time  /,  if  we  retain  the  ofi. 

RTP  —  r*w  Rrpw  —  r'w' 

final  notation,  will  be  =  ---  —  -.  -  a'^  X  w  =  — - — -—_ —  .  at. 
o  K''p-rr-w  R''p+r^      ®  • 

Cor.  6.  When  the  work  done  is  to  he  a  maximum,  and  we 
wish  to  know  the  weight  when  p  is  given,  we  must  make  the 
fluxion  of  the  last  expression  =  0.     Then  we  shall  have 

,i|fra--2r'R^w— r*w».=:  0  and  w  =  p  X  [  y/^  +  %•-  -]. 

Vol.  II.  58 
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Car.  7.  If  R  :  r  : :  n  :  1»  the  preceding  expreeeUm  wiD 
become  w  =  f  X  [  i/(n«+«*)— n*]. 

Cot.  6L  '  Wheo  the  arms  of  the  lever  are  equal  in  lengthy 
that  U,  wk§l^m  ^'  h  then  is  w  »  p  X  (V^-l)  =  -4l4214p, 
or  nearly  A  ^^  ^^®  moving  force. 

If  we  in  like  manner  investigate  the  fornmU  relating  to 
motion  on  the  axis  in  peritrochio,  it  will  be  eeen  that  the 
expression^  correspond  exactly.  Hence  it  follows,  that  when 
it  is  required  to  proportion  the  power  and  weight  so  at  to 
obtain  a  maximum  effect  on  the  wheel  and  axle,  (the  weight 
of  the  machinery  not  being  considered),  we  may'  adopt  the 
conclusions  of  cors.  6  and  7  of  this  prop.  And  in  the  ex- 
treme case  where  the  wheel  and  axle  becomes  a  pulley,  the 
expression  in  cor.  8  may  be  adopted.  The  like  conclusieiis 
may  be  applied  to  machines  in  genera],  if  b  and  r  represent 
the  distances  of  the  impelled  and  working  points  fifom  the 
axis  of  motion  ;  and  if  the  various  kinds  ofresistance  arising 
from  friction,  stiffness  of  ropes,  dec,  be  properly  reduced  to 
their  equivalents  at  the  working  points,  so  as  to  be  compre- 
hended in  the  character  w  for  resistance  overcome. 

PROPOSITION  II. 

6iven  R  and  r,  the  arms  of  a  straight  leoer^  m  and  m  their 
respective  weights,  and  p  the  power  acting  at  the  extremUy 
of  the  arm  r  ;  to  find  the  weight  raised  at  the  extremity  of  the 
other  arm  when  the  effect  is  a  maximum. 

In  this  case  ^m  is  the  weight  of       ^ IV!B 

the  shorter  end  reduced  to  b,  and       f  a      H 

conseq.  —  is  the   weight  which,      U^  ^'mI 

applied  at  a,  would  balance  the  shorter  end  :    therefore 

ci — I w,  would  sustain  both  the  shorter  end  and  the 

2r        r 

weight  w  in  equilibrio.     But  p  +  ^m  is  the  power  really 

acting  at  the  longer  end  of  the  lever  ;  consequently 

mr       r 
p  +  ^M —  ' — I w,  is  the  absolute  mooing  power.    Now 

^R  R 

the  distance  of  the  centre  of  gyration  of  the  beam  from  p* 

*  The  distance  of  r,  the  centre  of  gyration,  from  c  the  centrBor  axis 
of  Diotioni  in  some  of  the  most  usefal  cases,,  is  as  below : 
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'  3(R+r)' 

■JR.  236)  -—  .  (k  +  ffl)  will  represent  the  msMg^quivalent 

to  tbe  beam  or  lever  when  reduceil  to  the  potlit  a  ;  while 
the  weight  equivalent  to  w,  when  referred  to  that  point, 

will  be  —  w.  Hence,  proceeding  as  in  (be  last  prop,  wo 
Anil  haTe  -^  ■  (m  +  »)  +  p  +  —  w  for  the  inertia  lo  be 

ovarcome;  and{F+j^ii-^ 

=  the  accelerating  force  of  p,  or  of  w  reduced  to  a.  .Mul- 
tiply thii  by  w ;  and,  for  tbe  soke  of  sioiplifying  the  pro- 

CBM,  pat  y  for  r  +  in — ^,  and  »  for  p  +  ^  (m  +  m), 

rw" 

*''*''  ^' n —  ^*  "  quantity  which  varies  as  the  effect 

Tariea,  and  which,  indeed,  when  multiplied  by  gt,  denotes 
the  effect  itself.  Putting  the  fluxion  of  this  eqtml  to  nothing, 
and  reducing,  we  at  length  find 

K      ..noR  ,  »V,       tat* 

Car.  When  k  ^  r,  and  x  =  m,  if  we  restore  the  value* 
"of  R  and  q,  tbe  expiesaion  will  become  w  =  v'  i^^  +  ^mr 


Id  a  drcaltr  irheel  of  Bniform  Ihicknm    .    .    .    cb  =  raiL  Vi- 
iDtbepcripbaryoficircleraToWingBbODttbedlam.  rR^rad.  Vj. 
Id  the  phne  of  a  circle  .    .     .    ditto    .    .     .    .    cr  =  jnid. 
lo  therarftcB  ofatphwe  .    .    ditto    ....    o  =  nid  V]. 

Ib  ■  Milid  sphere dilto    .    .    .    .    ca  =  rad  v^ 

laaplaneriaEfornadof  clrelemhoienidiiaTeii,  )       _       b' — r* 
T,  reTolTiDg  about  centra J  ca  —  v^^— ^ 

InaconenTdTiniaboal  <U  vert«i      ....  ca  =  jv'.i^a' jr*. 

Id  a  cone Itiaiit cr  =  (VW- 

!■  a  rtnig^t  lern  who*e  anni  are  a  and  r   .    .  ca  =  y. ,    "  T^. 
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Given  the  U^gf^  I  and  angle  a  of  rfi'iNiHili  of  .mi  imcUnei 
platie  Bc ;  to  find  the  length  l  of  another  indmed  jdane  Ai^i 
xdong  which  a  given  wcigfU*w  shall  be  raised  from  the  hori* 
zontal  line  aii  to  the  point  c,  in  the  least  time  possible^  by  means 
of  another  given  weight  p  des.cendittg  along  the  given  plane  cb  : 
the  two  weiglUs  being  connected  by  an  inexiensible  thread  tcm 
running  always  parcdlel  to  the  two  planes. 

Here  we  must,  as  a  preliminary 
to  the  solution  of  this  proposition, 
deduce  expressions  for  the  motion 
bf  bodies  connected  by  a  thread,  and 
running  upon  double  inclined  planes. 
Let  the  angle  of  elevation  cad  bo 
R,  while  e  is  the  elevation  cbd. 
l^hen  at  the  end  of  the  time  f,  p 
^ill  have  a  velocity  v  ;  and  gravity  would  impress  upon  it, 

in  the  instant  t  following,  a  new  velocity  =  g  sin  e  .  f,  pro- 
vided  the  weight  p  ^erc  then  entirely  free  :  but,  by  the  dis- 

position  of  the  system,  v  will  be  the  velocity  which  obtaioli 
in  reality.  Then,  estimating  the  spaces  in  the  direction  cp, 
as  the  body  w  moves  with  an  equal  velocity  but  in  a  contrary 
6et)8tt,  it  is  obvious  that,  by  applying  the  3d  LaW  of  Motion, 
the  decomposition  may  be  made  as  follows.    At  the  end  of 

the  time  t+t  we  have,  for  the  velocity  impressed  on, 

v^-v*  •'*  *  •  <^fleclivc  veloc.  Crom  c  I 
g  6in  e  .  / — V vcliicify  detirojed. 


.  vA.g  sin  I .  if  wbtre  <  ^4-'^  •  * '  *  *  ^'fleclivc  veloc.  from  c  foirardt  b. 


W .  — »4. g-  wn  B  .  if  where   )  7-  «>  —  »  •  •  «?ffccUvc  veloc.  from  c  lowardt    *. 

C  w  +  ^  sin  B  .  if, velocity  destroyed. 

If,  therefore,  gravity  impresses,  during  ihc  time  f,  upon  the 

toia&ses  p^  W,  the  respective  velocities  ^  sin  e  •  <  —  r,  andg 

bin  B  -»  i  4-  V,  the  system  will  be  in  equilibrio^     The  quan^ 
titles  of  motion  being  therefore  equal,  it  will  be 

vg  sin  c  .  t'^vv=^wg  sin  k  .  f+wr. 
Whence  the  effective  accelerating  force  is  found,  i.  e*. 


V    _^ 


p  sm  e-w  sm  e 


X^- 


t  P+w 

^lius  it  nppienrs  that  the  motion  is  uniformly  varied,  and  we 
rieadily  find  the  equations  for  the  vdocity  and  space  from 
^hich  the  conditions  of  the  motion  are  determined,  yizi, 
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•*«' 


The  Inner  of  ibese  two  equations  gWes  C  =        ; 

_ ^'ilf^i — ^ —  .     But  in  ihe  triangle  abc  it  il  ac  :  bc  : 

^g(T  Bin  e-w  am  e) 

ain  B  :  sin  Ai  that  is,  l  :  I  : :  sin  e  :  ijn  e  ;  liODca  —  L=mne 


and  — I  =  lin  s ;  m  being  constant  quantiQr  alwaj^sdalenniD- 

able  from  the  data  given.     And  C  becomea 1 ■ — . 

iS^if^  —  *0 

Now  when  any  quantity,  as  /,  is  a  minimum,  its  square  ii 
manifestly  a  oiiaimum  :  eo  that  substituting  for  *  ita  equal  L, 


and  striking  out  the  constant  factors,  we  have 
2lL(pl— w/)-pi.' 


r  ita  fluxion  - 


ti'i 


0.    Here,  as  in  > 


similar  casea,  since  the  fraction  vanishes,  its  numerator  mUit 
bo  equal  to  0  j  cjinsequenliy  2rL^  —  2wIl  —  pl*  s=  0,  fi,  ^ 
2wl,  or  L  :  /  ; :  2w  :  P. 

Cor.  1.  Since  neither  sin  e  nor  sin  a  enters  the  fi 
t  ion,  it  follows,  that   if  the  elevation  of  the  plane  Bel 
given,  the  problem  is  unlimited. 

Cor.  2,  When  sin  e  =  I,  at  coincides  with  the  perpendi- 
cular CD,  and  Ihe  power  p  acts  wiih  all  its  intensity  upon  the 
weight  w.  This  is  the  chbo  of  the  present  problem  which 
baa  commonly  been  considered. 

Scholium. 

This  proposition  admits  of  n  neat 

rmetneal  demon  si  ration.  Thus, 
TE  be  the  plane  upon  which,  if 
w  were  placed,  il  would  Iib  sus- 
tained in  equiiihrio  by  the  (lower  p 
on  the  [ilnnc  en,  or  the  pnwer  !■' 
hanging  freely  in  the  veriicni  on; 
then  (Mechan.  prop.  193)  fc  ;  en  :  cb  : :  f  :  f'  ;  w.  BdI 
w  is  to  the  force  wiih  which  it  tends  to  descend  along 
tha  plane  ca,  ds  ck  to  vd  ;  consequently,  Iho  weight  p'  ia  to 
that  force,  as  ca  :  cb  ;  or  the  weight  r  on  the  plane  bc,  is  to 
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the  same  force  in  the  same  ratio ;  because  either  of  theM 
weights  in  their  respective  positions  would  sustain  w  on  cm. 
Therefore  the  excess  of  p  above  that  force  (which  ei^cess  is 
the  power  accelerating  the  motions  of  p  aiid  w)  is  to  p,  as 
CA  —  CB  to  OA  ;  or,  talcing  cu  =  ca,  as  vjtf  to  oa«  Now, 
the  motion  being  uniformly  accelerated,  we  have  s  oc  pt*,  or 

T*  a  —  :  consequently,^  the  square  of  the  time  in  which  ao 


is  described  by  w,  will  be  as  ac  directly,  and  as  —  in- 

AC 


CA« 


versely ;  and  will  be  least  when  —  is  a  minimum ;  that  is 


EH 


ck' 


when (-  KH  +  2cE,  or  (because  2ce  is  invariable)  when 

+  sn  Is  a  minimum.     Now,  as,  when  the  sum  of  two 


quantities  is  given,  their  product  is  a  maximum  when  they 
are  equal  to  each  other  ;  so  it  is  manifest  that  when  their 
product  is  given,  their  sum  must  be  a  minimum  when  they 

OF 

are  equal.     But  the  product  of  — -  and  eh  is  ce%  and  con- 


EH 


EC* 


sequently  given  ;  therefore  the  sum  of and  eh  is  leasts 

EH 

when  those  parts  are  equal ;  that  is,  when  eh  =  ce,  or  ca  = 
doB.  "^So  that  the  length  of  the  plane  ca  is  double  the  length 
of  that  on  which  the  weight  w  would  be  kept  in  equilibrio  by 
p  acting  along  cb. 

When  CD  and  cb  coincide,  the  case  becomes  the  same  as 
that  considered  by  Maclaurin,  in  his  View  of  NewUm^s  PkHo^ 
aophical  Discoveries^  pa.  183, 8vo.  edit. 


PROPOSITION  rv. 

Let  the  given  toeigld  p  descend  along  cb,  and  by  means  of 
the  thread  pcw  {running  parallel  to  the  planes)  draw  a  weigm 
w  up  the  plane  ac:  it  is  required  to  find  the  value  ofvr^  when 
its  momentum  is  a  maximum^  the  lengths  and  positions  of  the 
planes  being  given.     ( See  the  j) receding  fig, ) . 

— -               1              •      r    *u       1  •         p.  sine — wsinB 
The  general  expression  for  the  vel.  ist7= ; — -^ gty 

which,  by  substitut.  —  l  for  sin  e,  and  —  I  for  sin  £,  becomes 

m  m 


_(PL— w?)  — (PWL— W^ 

»=    -r- gt.  Thismul.iulow, gives ^ gti 

which,  by  ihe  prop,  is  (o  be  n  maximum.     Or,  fltriking  otit 

tho  cooatttnl  factors,  — ,  el,  then  is ■ =  a  max.    Put- 
in *                    P+w 
ting  this  iolo  fluxions,  and  reducing,  we  have  p*l  —  ISfwI  — 

w*i  =  0,  or  w  =  P  ^  (-i-  +  1)  —  p. 

Cor.  When  tho  inclinations  of  Ihe  planes  are  equal,  l  and 
I  are  equal,  andw  =  p^/8  —  p=px  (yS— 1)  =  •4I48p  ; 
agreeing  with  the  conclusion  of  the  lever  of  equal  arms,  or 
the  extreme  case  <^  the  wheel  and  axle,  i.  e,  the  pdUey. 

PROPOSITION  V. 

Given  Ihe  radiiu  r  of  a  v^eel,  and  the  radius  r,  of  itt 


aile,  the  tueight  of  both,  to,  and  the  diilanee  of  the  centre  cf 
gyratioRfrom  the  aria  of  motion,  g;  tdto  a.  given  potoer  r 
acting  of  the  etreuniferettec  of  the  wheel ;  to  find  the  veighi  w 


A 


The  force  which  absolutely  impels 
the  point  a  is  p,  while  w  acts  in  a 
direction  contrary  to  p,  with  a  force  = 

—  :  this  therefore  subducted  from  p, 

B 

leaves  p = ,  for  the  re. 

n  H 

duced  force  impelling  the  point  a. 
And  the  inertia  which  resists  tho  com- 
munication of  motion  to  Ihe  point  a  will  be  the  same  aa  if 

the  mass  *-- ,  ■■  ■■-  were  concentrated  in  t(ie  point  A-(Dy- 

nam.  art.  235).     If  the  former  of  these  be  divided  bythe  lat- 
ter, the  quotient  -^  .   ,        '    is  the  force  accelerating  a  j 

multiplying  this  by  — ,  we  have  ^'    ^  -    ■ ;-   for  the  force 

which  accelerates  the  weight'w  in  \\a  ascent.     Consequently 

the  velocity  of  w  will  be  = -^—^i — r-r-gf't   which  multi. 
fw+r^vi+n'p  ° 

plied  into  w  gives  -  ■- ■  -  gt  for  the  momentum.    As 
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Mb  it  to  be  a  tDaximum,  its  fluxion  will  =  0 ;  whence 
•ball  obtain 

Wa« r. — • 

CoTf  1.  When  a  =:  r,  as  in  tho  case  €lMlnt  tingle  fixed 


pulley,  then  w  =  -/  (2pV  +  2Rpfw  +  £^  ^  +  rwRf)  — 

^» 

-^  to  —  p. 

Ckm.  2.  When  the  pulley  is  a  cylinder  of  unifonn  matter 
^««Ja',  and  the  express,  becomes  w=v/[RX2p*+iPio+Jts»)] 
— Jw— p. 

Car.  8.   If,  in  the  first  general  expression  for  the  mo- 

RTPW^r'w' 
mentumof  w,  q  be  put=R'p+j?'«Pf  wo  shall  have — -= — 

SB  a  maxiqium.     Which,  in  fluxions  and  reduced*  gives 

w  w  -j.  y^[a .  (<|+Rrp)]  —  ^  Q. 

Cmr.  4.  If  the  moving  force  be  destitute  of  inertia,  then 
will  a  ^  f'lo,  and  w,  as  in  the  last  corollary. 

PROPOSITION  VI. 

La  m  given  power  p  be  applied  to  the  circumference  'of  a 
wfcipl  iff  radiiis  r,  to  raise  a  tceighl  w  at  its  axle^  tchose  radius 
tf  r,  Wis  required  to  find  the  ratio  of  r  ofid  r  when  w  is  raised 
wUh  the  greatest  momentum  ;  the  characters  w  and  g  denoting 
the  same  as  inthe  last  proposition. 

« 

Here  we  suppose  r  to  vary  in  the  expression  for  the  mo. 

WHIP     y^w* 
roentum  of  w,  -= — •,  — r—  - — r-gt.    And  we  suppose,  that  by  the 

p'ip-hrw+RV  ^'^  ^ 

conditions  of  any  specified  instance,  we  can  ascertain  what 
quantity  of  matter  q  shall  make  %^q  =  fw^  which,  in  fact, 
qmy  always  be  done  as  soon  as  wc  can  determine  pi     The  exT 

prestion  for  the  work  will  then  become  -r-r-s — . — J8t»  The 

R'p+r';^+w)'' 

floxioD  of  which  being  made  ss  0,  gives,  after  a  little  reduov 

^  _  Ry^fp'w'-hp'fy+w)]— PW 

Cdt*  When  the  inertia  of  the  machine  is  eyanescent,  with 
lyitpect  to  that  of  p  +  w,  then  is  r  =  r  ^(1  +  --) — l, 

1^ 
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PROPOSITION  Vlf. 

In  any  mael^iffi  uihose  motion  accelerates  ^  the  weight  witt  be 
fiun>edwUh  ike  greatest  velocity,  wJten  the  velocity  of  the  power  i0 

fo  that  of  the  weight,  as  l+v  ^(l  +  ^)tol  ;  th^  inertia  of 

ihe  machine  being  disregarded^ 

For  any  such  machine  may  be  considered  as  reduced  to  i^ 
leyer,  or  to  a  wheel  and  axle  whose  radii  are  r  and  r :  ii| 

which  the  velocity  of  the  weight    ,        ^    gt  (prop.  1)  is  to 

be  a  maximum,  r  being  considerefl  as^  variable.  Hence  then, 
following  the  usual  rules,  we  find  pr  =  r|[w+-v/(w'  +  pw)], 
From  which,  since  the  velocities  of  the  power  and  weight  are 
respectively  as  r  und  r,  the  ratio  in  the  proposition  immedi- 
ately flows. 

Cof.  When  the  weight  moved  is  equal  to  the  power,  then  if 
|i  :  r  :;  1  +  v^  2  1  ::  2*4142  :  1  nearly. 

proposition  Vlllf 

ff  in  any  machine  whose  mothn  accelerates,  the  descent  of 
one  weight  causes  another  to  ascend,  and  the  descending  wrighi 
he  given,  the  operation  being  supposed  continually  r^ealfid,  the 
effect  wiU  be  greatest  in  a  given  time  when  the  ascending  weight 
is  to  the  descending  weig}^  (^s  1  to  1*618,  in  the  case  of  equal 
heights ;  and  in  other  cases,  when  it  is  to  the  exact  counterpoise 
in  a  ratio  which  is  always  between  I  to  l^.and  1  to  2. 

Let  the  space  descended  be  1,  that  ascended  s  ;  the  de? 

pcending  weight  1,  the  ascending  weighs  — :  then  would  the 

fsquilibrium  require  10  =  5;  and  1 will  be  the  force  act- 
to 

jog  on  L    Now  the  ipass  — ,  reduced  to  the  point  at  wbicl^ 

to 

1  s' 

the  mass  1  acts,  will  be  =s  —  ^  =  —  ;   consequently  the 

WW 

whole  mass  moved  is  equivalent  to  1  +  ^— »  and  the  relative 
force  is  (1  —  ---)  -1-  (l  +  -)  =  __.   But,  the  spacQ  fe^. 

W  W  W'fS 

Yot.  IJ.  51? 
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log  given,  the  time  is  as  the  root  of  the  acceleralaig  feiee 
inversely,  that  is,  as  ^ :  and  the  whole  effect  in  a  ciyea 

time,  heing  directly  as  the  weight  raised,  gild  inversely  as 

1        to  -— # 
the  time  of  ascent,  will  be  as  —  y/ — r-^-^;  whioh  muot  be  a 

maximum.     Consequently  its  square    ,  .   ^-^  must  be  a  max. 

tir"f"j  ar 

likewise.    This  latter  expression,  in  fluxions  and  reduced, 
gives  w  =  -|-[v/(«'  +  10*  +  9)  -  a  +  3]. 

Here  if  *  =?  1,  to  = — ^f^  •  ^"^  if  <  be  diminished  witlioQt 


'  limit,  10  =  |«  ;  if  it  be  augmented  without  limit,  then 
^{^  +  lOs  +  0)  approach  indefinitely  near  to  <  -f-  5,  and 
consequently  to  =  2«.  Whence  the  truth  of  the  pn>A08|tioii 
is  manifest.  See  Dr.  Gregory's  Mechanics,  or  Dr.  Young's 
Philosophy. 

PROPOSITION  IX. 

» 

Let  9  denote  the  absolute  effort  of  any  moving  force^  when  ii 
has  no  velocity ;  and  suppose  ii  not  capable  of  atiy  effort  MAen 
the  velocity  isw\  let  v  he  the  effort  antwering  to  ike  vdoeil^  ▼ ; 

y 

theny  if  the  force  he  uniform,  f  tot^Z  Jc  =s  ^(1  —  — )*. 

For  it  is  the  difference  between  the  velocities  w  and  ▼ 
which  is  efficient,  and  the  action,  being  constant,  will  vary 
as  the  square  of  the  efficient  velocity.  Hence  we  shall  have 
this   analogy,    9  :  f  :  :  (w  —  0)" :  (w  —  v)*  :  consequently, 

\V— V  v 

^  w  w 

Though  the  pressure  of  an  animal  is  not  actually  uniform 
during  the  whole  time  of  its  action,  yet  it  is  nearly  so  ;  so 
that  in  general  we  may  adopt  this  hypothesis  in  order  to  ap* 
proximate  to  the  true  nature  of  animal  action.  On  which 
supposition  the  preceding  prop,  as  well  as  the  following  one 
will  apply  to  animal  exertion. 

Cor,  Retaining  the  same  notation,  we  have  w  =■ ^--^ — • 

\/9— \/» 
This,  applied  to  the  motion  of  animals,  gives  this  theorem : 
The  utmost  velocity  with  which  an  €minuil  not  impeded  can 
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MMf«  it  li>  Ai  vd$cUy  wUh  whieh  ii  moves  when  impeded  h^ 
m  gteen  retUUmee^  a»  ike  square  root  of  its  abtdule  force  to 
Ae  dijferenoe  ^  the  square  roots  of  its  absolute  and  eficieni 
Jbroes. 

PROPOSITION  X. 

To  umestigate  expressions  by  means  of  which  ike  maxi* 
mum  effect,  in  machines  whose  motion  is  uniform^  may  be  deter* 
msnetim 

I.  It  follows,  from  the  observations  made  in  art.  1,  and  the 
definitions  in  this  chapter,  that  when  a  machine,  whether 
simple  or  compound,  is  put  into  motion,  the  velocities  of  the 
impelled  and  working  points,  are  inversely  as  the  forces  which 
are  in  equilibrio,  when  applied  to  those  points  in  the  direc- 
tion of  their  motion.  Consequently,  if/  denote  the  resist- 
ance when  reduced  to  the  working  point,  and  v  its  velocity  ; 
while  F  and  v  denote  the  force  acting  at  the  impelled  point, 
and  its  velocity  ;  we  shall  have  fv  =/o,  or  introducing  t  the 
time,  wt^fvt.  Hence,  in  all  working  machines  which  have 
acquired  an  uniform  motion,  the  performance  of  the  machine  is 
equal  to  the  momentum  of  impulse. 

II.  Let  F  be  the  effort  of  a  force  on  the  impelled  point  of 

a  machiile  when  it  moves  with  the  velocity  v,  the  velocity 

being  w  whenF  =  0,  and  let  the  relative  velocity  w— v^^u. 

w*>  V 
Then  since  (prop,  ix.)  f  =»9  ( )%  the  momentum  of  im- 

pulse  FV  will  become  V9( — y  =  9  .  — jCw— «)  ;  because  v  = 

w— tt«  Making  this  expression  for  fv  a  maximum,  or  sup. 
pressing  the  constant  quantities,  and  making  u^(w  — u)  a 
max.  or  its  flux.  =  0,  when  u  is  variable,  we  find  2w=Su, 
orii=s|w.     Whence  v=w — ii=w — fw=iw. 

Consequently,  when  the  ratio  of  w  to  vis  given  by  the  con^ 
structum  of  the  machine,  and  the  resistance  is  susceptible  of 
fMri€Uion,  we  must  load  the  machine  more  or  less  till  the  velocity 
of  the  impeiled  point  is  one4hird  of  the  greatest  velocity  of  the 
force ;  then  wiU  the  work  done  be  a  maximum. 

Or,  the  work  done  byt^n  animal  is  greatest,  when  the  velocity 
with  which  it  mooes  is  one^third  of  the  greatest  velocity  with 
which  it  is  capable  of  moving  when  not  impeded. 

III.  Since  f  =  9~a^  9C  ^)  ~  49>  *"  ^^®  ^*^®  ®^  ^h® 

w  w^ 

suudmum,  we  have  fv  =^  f  (pv  =  |<p  •  Jw  =  5V4>w»  for  th« 
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tttoihentum  of  impulse^  or  for  the  work  don^,  wbM  Ibto  ni* 
ehiae  is  in  its  best  state.  CkmsequenHy^  when  the  rttitUmm 
U  a  given  quaniitpf  we  must  nuie  y  :  o :  i'9fi  49 ;  ami  tiii 
tlrwAure'  of  the  machine  wiU  give  the  fnoctstiim  ^ed  ae 

IV.  tf  lire  ikiquire  the  greatest  effect  bill  the  tuppositioii 
that  9  only  is  variable,  we  must  make  it  infiDite  in  the  above 
expression  for  the  work  done,  which  would  then  becoitie 

V  V 

WF,  or  w  -  /,  or  w-/^,  including  the  time  in  the  foimnhu 

Hence  we  see,  that  the  sum  of  the  agente  employed  to  maee 
o  machine  may  he  infinite,  while  the  effect  is  finite  :  for  the 
Variations  of  9,  which  are  proportional  to  this  sum,  do  not 
influence  the  at>ove  expression  for  the  effect. 

Scholium^ 

The  pfopositions  how  delivered  contain  the  roost  material 
jprinciples  in  the  theory  of  machines.  The  manner  of  ap^ 
t>lying  several  of  them  is  very  obvious  :  the  application  o^ 
some,  being  less  manifest,  may  be  briefly  illustrated,  and  the 
thapt^r  bonciudlbd  with  two  or  three  observations. 

The  last  theorem  may  be  applied  to  the  actions  of  men  and 
bf  horses,  with  more  a&curacy  than  might  at  first  be  sop- 
Iposed.  Observations  have  been  made  on  tnen  and  horsei 
drawing  a  lighter  along  a  canal,  and  workidg  Several  days 
together.  The  force  exerted  was  measured  by  the  curva« 
ture  and  weight  of  the  track-fbpe,  and  afterwards  by  a  spring 
steelyard.  Tlie  product  of  the  force  thus  ascertained,  into 
the  velocity  per  hour,  was  Considered  as  the  moilietttiim.  lA 
this  way  the  action  of  men  was  found  to  bo  very  nearly  as 
<(w — v)' :  the  action  of  horses  loaded  so  as  not  to  be  able  to 

trot  was  hearly  as  (w— v)*',  or  as  (w — v)*.  Hence  the 
hypothesis  we  have  adopted  may  in  many  cases  l>e  safely 
assumedv 

According  to  the  best  observations,  the  force  of  a  man  at 
)rest  is  on  the  average  about  70  pounls  ;  and  the  utmost  ve- 
locity with  which  be  can  walk  is  about  6  feet  per  second. 
taken  at  a  medium^  Honce,  in  our  theorems,  9  «  70,  and 
w  =  6.  Cons^equently  F=j9  =  31  Jibs.,  the  greatest  force 
a  man  can  exert  when  in  m:»tion  :  and  he  will  then  move  at 
the  fate  of  |w,  or  2  feet  per  second,  or  rather  less  than  a 
tnile  and  a  half  per  hour. 

The  strength  of  a  horse  is  generally  reckoned  about  6  times 
that  of  a  man ;  that  is,  nearly  420Ibs.,  at  a  dead  pull.  Hill 
Utbloat  Walking  velocity  is  about  10  feet  per  seconds    There* 
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ttm  bis  maximum  action  will  be  ^  of  420=186|ll>t«9  And  hO 
will  then  move  at  the  rate  of  ^  of  10,  or  3^  feet,  per  secondi ' 
lor  nearly  2j  miles  per  hour.  In  both  these  instances  we 
mippose  the  force  to  be  exerted  in  drawing  a  weight  along 
a  horizontal  plane ;  or  by  raising  a  weight  by  a  cord  running 
oyer  a  pulley,  which  makes  its  direction  horizontal  *• 

2.,  The  theorems  just  given  tnay  serve  to  show,  in  what 
points  of  view  machines  ought  to  be  considered  by  those  who 
would  labour  beneficially  for  their  improvement. 

The  first  object  of  the  utility  of  machines  consists  in  f\aLt* 
tushing  the  means  of  giving  to  the  moving  force  the  most 
tommodkua  direction  ;  and,  when  it  can  be  done,  of  causing 
its  action  to  be  applied  immediately  to  the  body  to  be  movecH 
These  can  rarely  be  united  :  but  the  former  can  be  accom- 
plished in  most  instances  ;  of  which  the  use  of  thQ  simple 
lever,  pulley,  and  Wheel  and  axle,  furnish  many  examples* 
The  second  object  gained  by  the  use  of  machines,  is  an  ae^ 
tommodation  of  the  velocity  of  the  work  to  he  petfbrmedt  to 
<Ae  velocity  ttfith  which  alone  a  natural  power  can  ad.  Tlius, 
whenever  the  natural  power  acts  with  a  certain  velocity  which 
cannot  be  changed,  and  the  work  must  be  performed  with 
a  greater  velocity,  a  machine  is  interposed  moveable  round 
a  fixed  support,  and  the  distances  of  the  impelled  and  Workh 
ing  points  are  taken  in  the  proportion  of  the  two  given 
velocities. 

But  the  essential  advantage  of  machines,  that,  in  fact,  which 
pfoperly  appertains  to  the  theory  of  mechanics,  consists  itk 
augn^enting,  of  rather  ttt  modifying,  the  energy  of  the 
moving  powot,  in  such  manner  that  it  may  produce  efiects'of 
Which  it  would  have  been  otherwise  incapable.  Thus  a  man 
mrffht  Carry  up  a  flight  of  steps  20  pieces  of  stone,  each 
weighing  30  pounds  (one  by  one)  in  as  small  a  time  as  he 
could  (with  the  same  labour)  raise  them  altogether  by  a 
piece  |of  machinery,  that  would  have  the  velocities  of  the 
impelled  and  Working  points  as  20  to  1  ;  and,  in  this  case, 
the  instrument  would  furnish  no  real  advantage,  except  that 
of  saving  his  sreps.  But  if  a  large  block  of  20  times  30',  or 
600  lbs.  weight,  were  to  be  raised  to  the  same  height,  it 
Would  far  surpass  the  Utmost  efibrts  of  the  man,  without  the 
intervention  of  some  such  contrivance. 

The  same  purpose  may  be  illustrated  somewhat  differently ; 
confining  the  attention  all  along  to  machines  whose  motion 
is  uniform.     The  product /v  represents,  during  the  unit  of 


"  See,  for  more  on  this  subject.  Mr,  Tndf^Ms  Treatise  en  Raii^wdii 
lad  Qrtsory's  Malhematictfor  Practical  Men,  pfh  369-*38&. 
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tiine,  the  effect  which  resalts  from  the  motion  of  the 
aaes  ;  this  motion  being  produced  in  any  manner  whatever* 
It  it  be  produced  by  applying  the  moving  force  immediately 
to  the  resistance,  it  is  necessary  not  only  that  the  prodacte 
Fv  and/v  should  be  equal ;  but  that  at  the  same  time  F^=ff 
and  V  =  o  :  if,  therefore,  as  most  frequently  happeos,y  be 
greater  than  f,  it  will  be  absolutely  impossible  to  put  the  re- 
sistance in  motion  by  applying  the  moving  force  immediately 
to  it.  Now  machines  furnish  the  means  of  disposing  the 
product  FV  in  such  a  manner  that  it  may  always  be  equal  to 
jVf  however  much  the  factors  of  fv  may  differ  from  the 
analogous  factors  in /«;  and,  consequently,  of  putting  the 
system  in  motion,  whatever  is  the  excess  of  y*  over  f. 

Or,  generally,  as  M.  Prony  remarks  (Archi.  Hydraul.  art* 
504),  machines  enable  us  to  dispose  the  factors  of  Fvt  in  such 
a  manner,  that  while  that  product  continues  the  same,  its  fac« 
tors  may  have  to  each  other  any  ratio  we  desire.  If,  for  in- 
stance, time  be  precious,  the  effect  must  be  produced  in  a  very 
short  time,  and  yet  we  should  have  at  command  a  force 
capable  of  little  velocity  but  of  great  effort,  a  machine  must 
be  found  to  supply  the  velocity  necessary  for  the  intensity  of 
the  force  :  if,  on  the  contrary,  the  mechanist  has  only  a  weak 
power  at  his  disposition,  but  capable  of  a  great  velocity,  a 
machine  must  be  adopted  that  will  compensate,  by  the  velo* 
city  the  agent  can  communicate  to  it,  for  the  force  wanted : 
lai^y,  if  the  agent  is  capable  neither  of  great  effort,  nor  of 
great  velocity,  a  convenient  machine  may  still  enable  him  to 
accomplish  the  effect  desired,  and  make  the  product  fv<  of 
force,  velocity,  and  time,  as  great  as  is  requisite.  Thus,  to 
give  another  example  :  Suppose  that  a  man,  exerting  his 
strength  immediately  on  a  mass  of  25  lbs.,  can  raise  it  ver« 
tically  with  a  velocity  of  4  feet  per  second  ;  the  same  man  act* 
ing  on  a  mass  of  lOOOlbs.,  cannot  give  it  any  vertical  motion 
though  he  exerts  his  utmost  strength,  unless  he  has  recourse 
to  some  machine.  Now  he  is  capable  of  producing  an  effect 
equal  to  25  X  4  X  f :  the  letter  t  being  introduced  because, 
if  the  labour  is  continued,  the  value  of  t  will  not  be  inde- 
•finite,  but  comprised  within  assignable  limits.  Thus  we  have 
35  X  4  X  f  =  1000  X  »  X  f ;  and  consequently  v  =  j\  of 
'a  foot.  This  man  may  therefore  with  a  machine,  as  a  lever, 
<or  axis  in  peritrochio,  cause  a  mass  of  lOOOlbs,  to  raise  tV^^ 
«  foot,  in  the  same  time  that  he  could  raise  251bs.  4  feet 
without  a  machine  ;  or  he  may  raise  the  greater  weight  as 
iar  as  the  less,  by  employing  40  times  as  much  time. 

From  what  has  been  said  on  the  exfcnt  of  the  effects  which 
tnay  be  attained  by  machines,  it  will  be  seen  that,  so  long  as 
41  moving  force  exercises  a  determinate  effort,  with  a  veleoi^ 
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alao  determinatey  or  so  long  as  the  product  of  these  is  con- 
stant, the  effect  of  the  machine  will  remain  the  same  :  thus, 
under  this  point  of  view,  supposing  the  preponderance  of  the 
effort  of  the  moving  power,  and  abstracting  from  inertia  and 
friction  of  materials,  the  convenience  of  application,  dec,  all 
machines  are  equally  perfect.  But,  from  what  has  been 
shown,  (props.  9,  10)  a  moving  force  may,  by  diminishing 
its  velocity,  augment  its  effort,  and  reciprocally.  There  is 
therefore  a  certain  effort  of  the  moving  force,  such  that  its 
product  by  the  velocity  which  comports  to  that  effort,  is  the 
greatest  possible.  Admitting  the  truth  of  the  law  assumed 
in  the  propositions  just  referred  to,  we  have,  when  the  effect 
is  A 'maximum,  y  =  ^w,  or  f  =  ftp  ;  and  these  two  values 
obtaining  together,  their  product  /79W  expresses  the  value 
of  the  greatest  effect  with  respect  to  the  unit  of  time.  In 
practice  it  will  always  be  advisable  to  approach  as  nearly  to 
these  values  as  circumstances  will  admit ;  for  it  cannot  be 
expected  that  they  can  always  be  exactly  attained.  But  a 
small  variation  will  not  be  of  much  consequence  :  for,  by  a 
well  known  property  of  those  quantities  which  admit  of  a 
proper  maximum  and  minimum,  a  value  assumed  at  a  mo- 
derate distance  from  either  of  these  extremes  will  produce 
no  sensible  change  in  the  effect. 

If  the  relation  of  f  to  v  followed  any  other  law  than  that 
which  we  have  assumed,  we  should  ffnd  from  the  expression 
of  that  law  values  of  f,  v,  dec,  diff^erent  from  the  preceding. 
The  general  method  however  would  be  nearly  the  same. 

With  respect  to  practice,  the  grand  object  in  all  cases  should 
be  to  procure  an  uniform  motion,  because  it  is  that  from  which 
(ccBteris  paribus)  the  greatest  effect  always  results.  Every 
irregularity  in  the  motion  wastes  some  of  the  impelling  power  ; 
and  it  is  the  greatest  only  of  the  varying  velocities  which  is 
equal  to  that  which  the  machine  would  acquire  if  it  moved 
uniformly  throughout  :  for,  while  the  motion  accelerates,  the 
impelling  force  is  greater  than  what  balances  the  resistance 
at  that  time^  opposed  to  it,  and  the  velocity  is  less  than  what 
the  machine  would  acquire  if  moving  uniformly  ;  ^nd  when 
the  machine  attains  its  greatest  velocity,  it  attains  it  because 
the  power  is  not  then  qcting  against  the  whole  resistance.  In 
both  those  situations,  therefore,  the  performance  of  the  ma- 
chine is  less  than  if  the  power  and  resistance  were  exactly 
balanced  ;  in  which  case  it  would  move  uniformly  (art.  1), 
Besides  this,  when  the  motion  of  a  machine,  and  particularly 
a  very  ponderous  one,  is  irregular,  there  are  continued  repe- 
titions of  strains,  and  jolts  which  soon  derange  and  ultimately 
destroy  the  whole  structure.  Every  attention  should  there- 
fore be  paid  to  the  removal  of  all  causes  of  irregularity. 
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PRESSURB  OF  EARTH  AND  FLUIDS  AGAINST 
WALLS  AND  FORTIFICATIONS,  THEORY  OP 
MAGAZINES,  dec, 


PROBLEM  If 

7b  determine  the  pressure  of  earth  against  looOt. 

When  new-made  earth,  such  as  is  used  in  forming  ranu 
parts,  ^.;  is  not  supported  by  a  wall  as  a  facing,  or  by  couii« 
terforts  and  land-ties,  &c.,  but  led  to  the  action  of  its  weighs 
and  the  weather ;  the  particles  loosen  and  separate  from  each 
other,  and  form  a  sloping  surface,  nearly  regular ;  which 
plane  surface  is  called  the  natural  slope  of  the  earth  ;  and  is 
supposed  to  have  always  the  same  inclination  or  deviatioii 
from  the  perpendicular,  in  the  same  kind  of  soil.  In  com- 
mon earth  or  mould,  beine  a  mixture  of  all  sorts  thrown  to? 
gather,  the  natural  slope  is  commonly  at  about  half  a  right 
angle,  or  45  degrees ;  but  c|ay  and  stiff  loam  stand  at  a  greater 
angle  above  the  horizon,  while  sand  and  light  mould  will  only 
•tand  at  a  much  less  angle.  The  eno^ineer  or  builder  must 
therefore  adopt  his  calculations  accordingly. — It  may  be  ob? 
served  that  the  triangle  of  earth,  supposed  to  act  against  the 
wall,  is  considered  as  a  rigid  solid,  to  simplify  the  problem, 
and  obtain  an  outline  of  a  practical  near  solution,  for  the 

Surpose  of  teaching,  in  the  absence  of  good  experiments.— » 
iut  for  an  essay  on  the  theory  of  the  pressure  of  soft  ot 
semifluid  earth  by  Dr.  T.  Young,  see  liutton's  Di^tjonaiyi 
2nd  edit.  vol.  2,  page  229. 

Now,  we  have  already  given,  at  page  386,  drc.  the  general 
theory  and  determination  ofthe  force  with  which  the  triangle  of 
the  earth  (which  would  slip  down  if  not  supported)  pressr 
es  against  the  wall.     But  it  is  often 
fouod  a  convenient  approximation,  to 
conceive  the  triangle  of  earth  acting 
perpendicularly  against  ae  at  k,  or  ^  of 
the  altitude  ab  above  the  foundation  at  e; 
the  expression  for  which  force  is  found 

to  be  —g— 5 — m ;  where  m  denotes  the 

specific  gravity  ofthe  earth  ofthe  tri- 
angle ABE. — It  may  be  remarked  that  this  is  deduced  from 
using  the  area  only  of  the  profile,  or  transverse  triangular 
sectiQp  ABE;  in/srtead  ofthe  prismatic  solid  of  any  givf^a  length* 
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having  that  triangle  for  its  base.    And  tke  sane  thing  is 

done  in  determining  the  power  of  the  wall  to  sup|K>rt  the 

earth,  viz.  usinff  only  its  profile  or  transverse  section  in  the 

same  plaHe  or  dmctton  as  the  triangle  abb.    This  it  is  evi. 

dent  will  produce  the  same  result  as  the  solids  themselves, 

since,  being  both  of  the  same  given  length,  these  have  the 

same  ratio  as  their  transverse  sectiens. 

In  addition  to  this  determination,  we  may  here  ftirther  oh- 

serve,  that  this  pressure  ought  to  be  diminished  in  proportion 

to  the  cohesion  of  the  matter  in  sliding  down  the  inclined 

plane  bs.     Now  it  has  been  found  by  experiments,  that  a 

body  requires  about  one-third  of  its  weight  to  move  it  along 

a  plane  surface.     The  above  expression  must  therefore  be 

reduced  in  tlie  ratio  ofS  to  2 ;  by  which  means  it  becomes 

\e'    ab' 

'  g  *  j —  m  for  the  true  practical  efficacious  pressure  of  the 

earth  against  the  wall. 

AB 

Since  — ,  which  occurs  in  this  expression  of  the  force  of 

BB  * 

the  earth,  is  equal  to  the  sine  of  tho  Z.abb  to  the  radius  1, 
put  the  sine  of  that  ^  e  ^  e ;  also  put  a  =  ab  the  altitude 
of  the  triangle  ;  then  the  above  e:4^ression  of  the  force,  -viz. 

AB        AR' 

—   *  3     jn,  becomes  ^a^e^mt  for  the  perpendicular  pressure 

vB£ 

of  the  earth  against  the  wall.  And  if  that  angle  be  45^,  as  is 
usually  the  case  in  common  earth,  then  is  ^  >=  ^,  and  the 
pressure  becomes  -^^m. 


PROBLEM  II. 

To  determine  tke  thickness  oftoaU  to  svppart  the  earth. 

In  the  first  place  suppose  the  section  c  B 
of  the  wall  to  be  a  rectangle,  or  equally 
thick  at  top  and  bottom,  and  of  the  same 
height  as  the  rampart  of  earth,  like  aefg 
in  the  annexed  figure.  Conceive  the 
weight  w,  proportional  to  the  area  ob, 
to  be  appended  to  the  base  directly  be-  VTi 

low  the  centre  of  gravity  of  the  figure.  Now  the  pressure  of 
the  earth  determined  in  the  first  problem,  being  in  a  direction 
parallel  to  ao,  to  cause  the  wall  to  overset  and  turn  back 
about  the  point/,  the  effort  of  the  wall  to  oppose  that  effect, 
vrill  be  the  weight  w  drown  into  fn  the  length  of  the  lever  by 

Voir.  II.  60 
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which  it  acts,  that  is,  w  X  fn  or  asfg  X  fn  in  general^ 
whaterer  be  the  figure  of  the  wall. 

But  now  in  case  of  4he  rectangular  figure,  the  area  6es=ak 
Xef  s'  itix,  putting  a=AJB  the  altitude  as  before,  and  x  =  xf 
the  required  thickness  ;  also  in  this  case  fn  =  j-ef  »:  j^,  the 
centre  of  gravity  being  in  the  middle  of  the  rectangle.  Honce 
then  ox  xi^  =  a^tx*,  or  rather  ^x^n,  is  the  effort  of  the  wall 
to  prevent  its  being  overturned,  »  denoting  the  specific  gra- 
vity of  the  wall. 

Now  to  make  this  effort  a  due  balance  to  the  pressure  of 

the  earth,  we  put  the  two  opposing  forces  equal,  that  is 

)a«'fi=^e'my  or  ^x'n^^la'e'm,  an  equation  which  gives 

2m 
X  cs  |ae  y/  — ,  for  the  requisite  thickness  of  the  waU,  just  to 
ft 

sustain  it  in  equilibrio. 

Carol.  1.  The  factor  ae,  in  this  expression,  is  =  the  line 
▲Q  drawn  perp.  to  the  slope  of  earth  be  :  theref.  the  breadth 

'    2m 
X  becomes  =  |a<i  y/ — ,  which  conseq.  is  directly  proper* 

tional  to  the  perp.  a<i. — ^When  the  angle  at  e  is  =•  45^,  or 
half  a  right  angle,  as  is  commonly  the  case,  its  sine  e  is  =  ^{, 

and  the  breadth  of  the  wall  x^=  ia  */  — .      Further,    whea 

n 

the  wall  is  of  brick,  its  specific  gravity  is  nearly  the  same  as 
the  earth,  or  m  =  n,  and  then  its  thickness  x  =  ^,  or  one- 
third  of  its  height. — But  when  the  wall  is  of  stone,  of  the 
specific  gravity  2J,  that  of  earth  being  nearly  2,  that  is, 

m  «  2,  and  n  =  2J  ;  then  V^^'V  J  =  '895,  \  of  which 

is  •298.  and  the  breadth  x  =  *298a  =  ^a  nearly.  That  is, 
the  thickness  of  the  stone  wall  must  be  ^^  of  its  height. 


PROBLEM  ni. 

To  determine  the  thickness  if  the  vkdl  at  the  bolkm,w^ 
section  is  a  triangle,  or  coming  to  an  edge  at  top. 

In  this  case,  the  area  of  the  wall  aef    q  3 
Is  only  half  of  what  it  was  before,  or 
only  Jae  X  ef  =  |ax,  and  the  weight 
w  =  jaxn.    But  now,  the   centre  of 
gravity  is  at  only  ^  of  fb  from  the  line    ^ 
AE,  or  FN  =  f  PE  =  |x.     Consequently    p 
FN  X  w  =  fa:  X  iaxn  =  iar«fi.     This, 
as  befi>re,  being  put  s  the  pressure  of 
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and  the  root  x,  or  thickness  xf  =  oe  ^-^  =  a  v/sz  ^^'  ^® 

on  Oft 

slope  of  45°. 

Now  when  the  wall  is  of  brick,  or  m  =  n  nearly,  this  be- 
comes X  =  tf  ^1  =  •408a  «=  fa,  or  ^  of  the  height  nearly. 
But  when  the  wall  is  of  stone,  or  m  to  n  as  2  to  2^,  then 

<Ha  An 

V  — =^  y/\y  cmd  the  thickness  xota^  tC^^^^  \/TV=*d65a: 


6fi 


}a  nearly,  or  nearly  |  of  the  height. 


PROBLBM  IV. 


To  determine  the  thickness  of  the  wall  at  the  top^  when  the 
face  is  not  perpendictdar,  hut  inclined  as  thefnmi  of  afor^ 
cation  wall  usually  is. 

'  Here  of  represents  the  outer  face  of  |^j 
•a  fort,  AEFO  the  profile  of  the  wall,  hay- 
ing AG  the  thickness  at  top,  and  £f  that 
at  the  bottom.  Draw  oh  perp.  to  ef  ; 
and  conceive  the  two  weights  w,  io,  to 
be  suspended  from  the  centres  of  gravi*  ^^  ^1 

ty  of  the  rectangle  ah  and  the  triangle  "WP  i 

ohf,  and  to  be  proportional  to  their  areas  respectively.  Then 
the  two  momenta  of  the  weights  w,  v,  acting  by  the  levers 
Fir,  FK,  must  be  made  equal  to  the  pressure  of  the  earth  in 
the  direction  perp.  to  ae. 

Now  put  the  required  thickness  ao  or  eh  =  «,  and  the 
altitude  ae  or  gh  =  a  as  before.  And  because  in  such  cases 
the  slope  of  the  wall  is  usually  made  equal  to  ^  of  its  altitude, 
that  is,  fh  =  f  AE  or  ja,  the  lever  fm  will  be  |  of  |a  =  ^a, 
and  the  lever  fn  =  fh  -f-  ^eh  =  ^a  -f-  j^x.  But  the  area 
of  GUF  =s  OH  X  ^HF  S3  a  X  ^^a  =  ^^cf  =  19,  and  the  area 
AH=AEXAG=a«ssw;  these  two  drawn  into  the  respec- 
tive levers  fm,  fn,  give  the  two  momenta,  ^oi^  =s  ^«  x 
-^d*  =  if-g€p3  and  (|a  +  ix)  X  ox  =  Ja'x  -J-  jax*  ;  theref. 
the  sum  of  the  two,  (ia^  +  ia''x+i^€r)n  must  be  =s  i^o^, 

*  HI 

or  dividing  by  ^n,  x^  +  fox  +  VV®*  =  io*  X  —  ;  now  add. 
ing  jf^af  to  both  sides  to  complete  the  square,  the  equation 
becomes  ay'+Jcw+A^'^Ja'  . |-ijO%  the  root  of  which 


i^, 
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h  x+Ja=av/(Vi+^ )>  and  hence  x^a  v/(A  +g^ )  —  *'«• 

And  the  base  ef  =  a  V'dV  +  gj^)- 

Now,  for  a  brick  wall,  m^n  nearly,  and  then  the  breadth 
X  =  a  v/(iV  +  4)  —  i«  =  i^«  y34-|tt  =-180a,  or  almost 

4a  in  brick  walls, — But  in  stone  walls,  —  =  f ,  and  «  =  a 
*  It 

,  (ttV  +  ?s)  —  J«  =  tV^^v^—  f«  =  -15^  ==  A«  »«ariyt 

or  the  thickness  ao  at  top,  in  stone  waHs. 

In  the  same  manner  we  may  proceed  when  the  slope  i» 
supposed  to  be  any  other  part  of  the  altitude,  instead  of  j-  as 
used  above.     Or  a  general  solution  might  be  given,  by  as- 

sunung  the  thickness  =  -  -  part  of  the  altitude. 

REMARK. 

Thus  then  we  have  given  all  the  .calculathms  that  may  be 
necessary  in  determining  the  thickness  of  a  wall,  proper  to 
support  the  rampart  or  body  of  earth,  in  any  woik.  If  it 
should  be  objected,  that  our  determination  gives  only  iuch  • 
thickness  of  wall,  as  makes  it  an  exact  mechanical  balance 
to  the  pressure  or  push  of  the  earth,  instead  of  giving  the 
former  a  decided  preponderance  over  the  latter,  as  a  security 
again^  any  failure  or  accidents  :  To  this  we  answer,  tbat 
what  has  been  done  is  sufficient  to  insure  stalnlity,  lor  ^ 
following  reasons  and  circumstances.  First,  it  is  usual  to 
build  several  counterforts  of  masonry,  behind  and  against  the 
wall,  at  certain  distances  or  intervals  from  one  another ;  vi^itch 
contribute  very  much  to  strengthen  the  wall,  and  to  resist  the 
pressure  of  the  rampart.  2dly.  We  have  omitted  to  include 
the  effect  of  the  parapet  raised  above  the  wall ;  which  mast 
add  somewhat,  by  its  weight,  to  the  force  or  resistance  of  the 
wall.  It  is  true  we  could  have  brought  these  two  anxiliariee 
to  exact  calculation,  as  easily  as  we  have  done  for  the  wall 
itself:  but  we  have  thought  it  as  well  to  leave  these  two  ap- 
pondages,  thrown  in  as  indeterminate  additions,  above  the 
,  exact  balance  of  the  wall  as  before  determined,  to  give  it  an 
assured  stability.  Besides  these  advantages  in  the  wall  itself, 
certain  contrivances  are  also  usually  employed  to  dinrintsb 
the  pressure  of  the  earth  against  it :  such  as  land-ties  and 
branches,  laid  in  the  earth,  to  diminish  its  force  and  push 
against  the  wall.  For  all  these  reasons  then,  we  think  the 
practice  of  making  the  walls  of  the  thickness  assigned  by 


tkit  Uwoiyi  11117  be  safely  depended  on,  end.  pnfiteUr 
adopted  I  aa  this  addUJonal  citcumstancea,  juM  ineatioBM, 
vill  Miffieieatly  inaure  stability ;  and  its  expeoM  will  be  leaa 
thaa  is  incorred  by  any  former  theory. 


TitdetemmethequimlUD  of  preitwe  lUMtamed  bjf  a  dam  or 
tluice,  nuufe  to  pea  tip  a  body  of  leater. 

By  an.  S47,  Hydrostatics,  page  S48,  tbe  presmire  of  ■ 
fluid  against  any  upHght  surface,  as  the  gate  of  a  sloice  or 
eaMl,  is  equal  to  fealf  tbe  weight  of  a  eolumn  of  tbe  fluid, 
whose  baae  is  equal  to  the  Borlace  pressed,  and  its  nltitudtt 
theaameaathat  of  the  surface.  Or,  by  art.  249  of  the  same, 
the  preasore  is  equal  to  the  weight  of  a  column  of  tba  fluid, 
whoae  base  is  equal  to  tho  surface  pressed,  and  its  altitude 
equal  to  the  depth  of  the  cenlre  of  gravity  below  the  top  or 
■urbce  of  (he  water ;  which  comes  to  the  same  thing  aa  lh« 
former  article,  when  the  surface  pressed  is  a  rectangle,  be< 
cause  its  centre  of  gravity  is  at  half  the  depth. 

Ex.  1.  SupposQ  the  dam  or  sluice  be  a  rectangle,  whoae 
length,  or  breadth  of  the  canal,  is  30  feet,  and  the  depth  of 
water  6  feet.  Here  20  X  6  =  120  feet,  is  tho  area  of  the 
sur&ce  pressed  ;  and  the  depth  of  the  centre  of  gravity  being 
3  feet,  vis.  at  the  middle  of  the  rectangle  ;  therefore  130  >C 
3  =  3iS0  cubic  feel  is  the  content  of  the  column  of  water. 
But  each  cubic  foot  of  water  weighs  1000  ounces,  or  6Sl 
ponnds;  therefore  360  X  1000  =  3ti0000  ounces,  or  236W 
pounds,  or  10  tons  and  lOOIb.  is  the  weight  of  the  column 
of  water,  or  the  quantity  of  pressure  on  the  gate  or  dam. 

Ex.  2.  Suppose  the  breadth  of  a  canal  at  the  top,  or  sur- 
face of  the  water,  to  be  24  feet,  but  at  the  bottom  only  IS 
feet,  the  depth  of  water  being  6  feet,  as  in  the  last  e 
required  the  pressure  on  a  gale  which,  standiiig  i 
canal,  dams  the  water  up  ? 

Here  the  gate  is  in  form  of  a  trapezoid, 
having  the  two  parallel  sides  ab,  cd,  viz. 
AB  =24,  and  cd  =  16,  and  depth  6  feet. 
Now,  by  mensuration,  problem  3,  vol.  1, 
4{ab+cd)  X6  =  20  X6  =  120the  area 
of  the  sluice,  the  same  as  before  in  the  1st 
example :  but  the  centre  of  gravity  cannot 
be  so  low  dowu  as  before,  because  Ihe 
figure  is  wider  above  and  narrower  below, 
the  whole  depth  being  the  same. 

Now,  to  determine  the  centre  of  gravity 
K  of  the  trapezoid  ad,  produce  the  two 
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Bidet  AC,  B»,  till  they  meet  in  o  ;  also  draw  okb  aad  cnr 
perp.  to  AB  :  then  ah  :  cu  : :  ae  :  ob,  that  is,  4  :  6  : :  12  : 
18  =  OB ;  and  bf  being  =-  6,  theref.  po  =:  12.  Now,  by 
Stadca,  art.  Ill,  bf  =6  =  4b6  gives  p  the  centre  of  gra- 
vity of  the  triangle  abo,  and  fi  =  4  =s=  ^fo  gives  i  the  cen- 
tre  of  gravity  of  the  triangle  cdo.  Then  assuming  k  to 
denote  the  centre  of  ad,  it  will  be,  by  art.  96,  as  the 
trap.  AD  :  A  cdo  : :  if  :  fk,  or  A  abc—  A  cdg  :  A  CDO  : : 
IF  :  FK,  or  by  theor.  88,  Geom.  gb*  —  of*  :  gf*  : :  if  :  fk, 
that  is  18"  -12' to  12'  or  d'-^*  to  2^or  5  :  4  ::  if«s4  : 
y  SB  31  =s  FK ;  and  hence  ek  =  6  —  3j  =  2f  =  y  is  the 
distance  of  the  centre  k  below  the  surface  of  the  water.  This 
drawn  into  120  the  area  of  the  dam-gate,  gives  336  cubic 
feet  of  water  =  the  pressure,  =  336000  ounoes  es  21000 
pounds  =:  9  tons  80  lb.  the  quantity  of  pressure  against  the 
gate,  as  required,  being  a  15th  part  less  than  in  the  first  case* 

Ex*  3.  Find  the  quantity  of  pressure  against  a  dam  or 
sluice,  across  a  canal,  which  is  20  feet  wide  at  top,  14  at 
bottom,  and  8  feet  depth  of  water  ? 

PROBLEM    VI. 

7V>  determine  the  strongest  angle  of  position  of  a  pair  of 

gales  for  Hie  lock  on  a  canal  or  river. 

« 

Let  AC,  bc  be  the  two  gates,  meet* 
ing  in  the  angle  c,  projecting  put 
against  the  pressure  of  the  water,  ab 
being  the  breadth  of  the  canal  or  river. 
Now  the  pressure  of  the  water  on  a 
gate  AC,  is  as  the  quantity,  or  as  the 
extent  or  length  of  it,  ac.  And  the 
mechanical  effect  of  that  pressure,  is  as  the  length  of  lever  to 
the  middle  of  ac,  or  as  ac  itself.  On  both  these  accounts 
Ihea  the  pressure  is  as  ac'.  Therefore  the  resistance  or  the 
strength  of  the  gate  must  be  as  the  reciprocal  of  this  ac^. 

Now  produce  ac  to  meet  bd,  perp.  to  it,  in  d  ;  and  draw 
CB  to  bisect  ab  perpendicularly  in  b  ;  then,  by  similar  tri  • 
angles,  as  ac  :  ab  : :  ab  :  ad  ;  where,  ae  and  ab  being  given 
lengths,  ad  is  reciprocally  as  ac,  or  ad'  reciprocally  as  ac'  ; 
that  is,  ad'  is  as  the  resistance  of  the  gate  ac  But  the  re- 
sistance of  AC  is  increased  by  the  pressure  of  the  other  gate 
in  the  direction  bc.  Now  the  force  in  bc  is  resolved  into 
the  two  BD,  DC  ;  the  latter  of  which,  dc,  being  parallel  to 
AC,  has  no  effect  upon  it ;  but  the  former,  bd,  acts  perpen- 
dicularly on  it.  Therefore  the  whole  effective  strength  or 
resistance  of  the  gate  is  as  the  prodect  ad'  X  bd. 
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If  now  theie  be  put  ab  »  a,  and  bd  ^  Xy  then  ad*  =  ab' 
— BD«=a« — «•;  conseq.  AD«XBD=(a» — ««)Xx=a»a>— a:* 
Cor  the  resistance  of  either  gate.  And,  if  we  wonld  have  this 
to  be  the  greatest,  or  the  resistance  a  maximum,  its  fluxion 
must  vanish,  or  be  equal  to  nothing  :  that  is,  a^± — 3a;*i=0 ; 
hence  a«=  3x«,  and  «  ==  a  ^  |  =  ^a  ^3=*57736a,  the  na- 
tural sine  of  35°  16' :  that  is,  the  strongest  position  for  the 
lock  gates,  is  when  they  make  the  angle  a  or  b  =  85°  16^, 
or  the  complemental  angle  ace  or  bce  zs  540  44'^  or  the 
whole  salient  angle  acb  »  109°  28^. 

ScJudium, 

AIHed  to  this  problem,  are  several  other  cases  in  mechasiics ; 
such  as,  the  action  of  the  water  on  the  rudder  of  a  ship,  in 
sailing,  to  turn  the  ship  about,  to  alter  her  course  ;  and  the 
action  of  the  wind  on  a  ship's  sails,  to  impel  her  (brward ; 
also  the  action  of  water  on  the  wheels  of  wator-millsy  and  of 
the  air  on  the  sails  of  wind-mills,  to  cause  them  to  turn 
round. 

Thus,  for  instance,  let 
ABC  be  the  rudder  of  a 
ship  abde,  sailing  in  the 
direction  bd,  the  rudder 
placed  in  the  oblique  posi- 
tion  BC,  and  consequently 
striking  the  water  in  the 
direction  of,  parallel  to 
BD.  Draw  BF  perp.  to  bc,  and  bo  perp.  to  cf.  Then  th^ 
sine  of  the  angle  of  incidence,  of  the  direction  of  the  stroke 
of  the  rudder  against  the  water,  will  be  bf,  to  the  radius  cf  ; 
therefore  the  force  of  the  water  against  the  rudder  will  be  as 
bf',  by  art  3,  page  425.  But  the  force  bf  resolves  into 
the  two  BO,  GF,  of  which  the  latter  is  parallel  to  the  ship's  mo« 
tion,  and  therefore  has  po  effect  to  change  it ;  but  the  former 
BG,  being  perp.  to  the  ship's  motion,  is  the  only  part  of  the 
force  to  turn  the  ship  about  and  change  her  course.    But 

BF  :  BO  : :  CF  :  CB,  therefore  of  :  cb  : :  bf*  : the  force 

OF 

upon  the  rudder  to  turn  the  ship  about. 

Now  put  a  =  CF,  a?  =  BC  ;  then  bf*  =  a*  —  a:*,  and  the 

^         BC  .  BF*      orfos — x')       t^x—aP       ,  ,  ,        ^, . 

force  =  -i = ;  and,  to  have  this  amaxi- 

CF  is  a 

mum,  its  flux,  must  be  made  to  vanish,  that  is,  a*x — ^±^=^0 ; 

and  hence  x  =  a^|  s=:  bc  =  the  natural  sine  of  35°  16'  ss 

angle  f  ;  therefore  the  complemental  angle  c  ^  54°  44'  as 
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before,  for  the  obliquity  of  the  rudder,  when  it  is  most  effi. 
cacious. 

The  case  will  be  also  the  same  with  respect  to  the  wind 
acting  on  the  sails  of  a  wind-mill,  or  of  a  ship,  viz.  that  the 
sails  must  be  set  so  as  to  make  an  angle  of  54^  44'  with  the 
direction  of  the  wind  ;  at  least  at  the  beginning  of  the  mo. 
tton,  or  nearly  so  when  the  velocity  of  the  sail  is  but  small 
in  comparison  with  that  of  the  wind  ;  but  when  tiie  former 
is  pretty  considerable  in  respect  of  the  latter,  then  the  angle 
ought  to  be  proportionally  greater,  to  have  the  best  effect,  as 
shown  in  Maclaurin's  Fluxions,  p.  734,  &c, 

A  consideration,  somewhat  related  to  the  same  also,  is  the 
greatest  effect  produced  on  a  mill-wheel,  by  a  stream  of  water 
striking  its  sails  or  float-boards.  The  pvppv  way  in  this 
case  seema  to  be,  to  consider  the  whole  of  the  water  as  acting 
on  the  wheel,  but  striking  it  only  \yijih  tjhe  relative  velodHty, 
or  the  velocity  with  wych  the  wateir  overtakes  aid  strikes 
upon  the  wheel  in  motion,  or  the  difference  between  the  ve- 
kxsities  of  the  wheel  and  the  stream.  This  thei  is  the  power 
or  force  of  the  water;  which  multiplied  by  the  velocity  of 
the  wheel,  the  product  of  the  two,  viz.  of  the  relative  velo- 
city and  the  absolute  velocity  of  the  wheel,  that  is  (v — v)o^=^ 
vo  —  v",  will  be  the  effect  of  the  wheel ;  where  v  deiH^es 
the  given  velocity  of  the  water,  and  v  the  required  vcJoQiy 
of  the  wheel.    Now  to  make  the  effect  w — e*  a  mazimiupb 

or  the  greatest,  its  fluxion  must  vanish,  that  is,  vse  —  2iw^0^ 
hence  v  =  j-v  ;  or  the  velocity  of  the  whed  will  be  equal  to 
half  the  velocity  of  the  stream,  when  the  efect  is  the  great* 
est;  and  this  agrees  best  with  experiments. 

A  former  way  of  resolving  this  problem  was,  to  consider 
the  water  as  striking  the  wheel  with  a  force  as  the  square  of 
the  relative  velocity,  and  this  multiplied  by  the  vek>ciQr  of  the 
wheel,  to  give  the  effect ;  that  is,  (v  —  vfo  ^  the  effect. 

Now  the  flux,  of  this  product  is  (v — v)H — (v— c)  X2tB«0 ; 
hence  v  — «  =  2t,  or  v  =  3r,  and  v  ==»  ly,  or  the  velocity  of 
the  wheel  equal  only  to  \  of  the  velocity  of  the  water. 

PROBLEM  vir. 

To  determine  the  form  and  dimensions  of  gunpowder 

magazines. 

In  the  practice  of  engineering,  with  respect  to  the  erection 
of  powder-magazines,  the  exterior  shape  is  usually  made  like 
the  roof  of  a  hotise,  having  two  sloping  sides,  forming  two 
inclined  planes,  to  throw  of  the  rain,  and  meeting  in  an 
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angle  or  ridge  U  the  top ;  while  the  interior  repr^MQts  a 
vault,  more  or  leas  extended,  as  the  occasion  may  require ; 
and  the  shape,  or  transverse  section,  in  the  form  of  some 
arch,  hoth  for  strength  and  commodious  room,  for  pboing 
the  powder  barrels.  It  has  been  usuai  to  make  this  interior 
cui^ve  a  sofnicircle.  But,  against  this  shape,  for  such  a  pur- 
vose,  we  mUst  enter  our  decided  protest ;  as  it  is  an  arch  the 
nurthest  of  any  from  being  in  equilibrium  in  itself,  and  the 
weakest  of  any,  by  beins  unavoidably  much  thinner  in  one 
part  than  in  others.  Besides,  it  is  constantly  found,  that  after 
the  oedtering  of  semicircular  arches  is  struck,  and  removed, 
tbey  settle  at  the  crown,  and  rise  up  at  the  flanks,  even  with 
a  straight  horizontal  form  at  top,  and  still  much  more  so  in 
powder  magazines  with  a  sloping  roof ;  which,  effect^  are 
exactly  what  might  be  expected  from  a  contemplation  of  the 
true  theory  of  arches.  Now  this  shrinking  of  the  arohes 
OMist  be  attended  with  other  additional  bad  effects,  by  break« 
rag  the  texture  of  the  cement,  after  it  has  been  in  some  de« 
•free  dried,  and  also  by  opening  the  joints  of  the  vo^issoirs  at 
one  end.  Instead  of  the  circular  arch,  therefore,  we  shall  in 
this  place  give  an  investigation,  founded  on  the  true  prin* 
ciples  of  equilibrium,  of  the  only  just  form  of  the  interior, 
which  is  properly  adapted  to  the  usual  sloped  roof. 

For  this  purpose  put  a  =  dk  the 
thickness  of  the  arch  at  the  top,  x= 
any  absciss  dp  of  the  required  arch 
ADOM,  tt  =  KR  the  corresponding 
absciss  of  the  given  exterior  lineKi, 
and  3^  =  PC  =  Ri  their  equal  ordi- 
nates.  Then  by  the  principles  of 
arches,  in  my  tracts  on  that  subject, 
it  is  found  that  ci  or  ic  =  a  +  x  - 

•  ••      •  ••  •• 

n  sr  Q  X  -— rp^,or=  Q.X  -rj,  supposing  y  a  constant  quau* 

tity,  and  where  a  is  some  certain  quantity  to  be  determined 
hereaAer.  But  kr  or  u  is  =  ty,  if  /  be  put  to  denote  the  tan. 
gent  of  the  given  angle  of  elevation  kir,  to  radius  1  ;  and 

QX 

then  the  equation  isw  =  a+«  —  'y~7i' 

Now  the  fluxion  of  the  equation  to  =  a  +  a:  —  <y,  is 
10  3=  x  —  ty^  and  the  2d  fluxion  is  ib  ^  Se ;  therefore  the 

010 

foregoing  general  equation  becomes  v>=r  -^  ;  and  hence  Vfk 
Vol,,  II.  61 
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535  ^?1?,  the  fluent  of  which  givei  w*  ==  -5- :  but  at  d  the 
Talue  of  to  is  =  <i$  and  to  =  0,  the  curve  at  p  being  paralM 


to  w  ;  therefore  the  correct  fluent  is  to*  —  a*  =  -^--    Henc© 

then  y'  =  -^ — 5,  or  y  =     ., 7,  ;  the  correct  fluent  of 

^        to*— a"*  v^(io-— a*) 

•        •  to+^/fto*— fl*) 

which  gives  y  --  ^/a  X  hyp.  log.  of 21.^ i. 

o 

Now,  to  determine  the  value  of  q,  we  are  to  consider  tbaA 

when  the  vertical  line  ci  is  in  the  position  al  or  us,  then 

to  =;  CI  becomes  =  al  or  ms  =  the  given  quantity  c  sup. 

pose,  and  y  s=  aq  or  qm=^  b  suppose,  in  which  position  the 

last  equation  becomes  b  =  y/q,  X  hyp,  log. : — ^— ^ ; 

and  hence  it  is  found  that  the  value  of  the  constant  quantity 

^/  ^  *®  ul — 1: — r"5 ^  '  which  being  substituted  for  it,  m 

the  above  general  value  of  y^  that  value  becomes 

_  ^  ^ <»  _^  y  log»  of  ^H^^/(w«-a»V>log»4I. 

^  loc.  of^+>/Cc'— <»0  iog.  of  c+ V(c*^«0  -log.a " 

from  which  equation  the  value  of  the  ordinate  pc  may  always 
be  found,  to  every  given  value  of  the  vertical  ci. 

But  if,  on  the  other  hand,  pc  be  given,  to  And  01,  which 
will  be  the   more  convenient  way,  it  may  be  found  in  the 

following  manner  :  Put  a  =  log.  of  a,  and  c^^  X  log.  of 

^^^^    ""    / .  jjjgjj  jjjg  above  equation  gives  cy  +  a  =  log. 

of  to  +  \^(to*— a^);  again,  put  n  =  the  number  whose  log. 
is  cy  +  A  ;  then  n  =  to  -f-  ^^  (to* —  a')  ;  and  hence  10  ^ 

Now,  for  an  example  in  numbers,  in  a  real  case  of  this 
'  nature,  let  the  foregoing  figure  represent  a  transverse  vertical 
section  of  a  magazine  arch  balanced  in  all  its  parts,  in  which 
the  span  or  width  am  is  20  feet,  the  pitch  or  height  i>a  is 
10  feet,  thickness  at  the  crown  dk  =  7  feet,  and  the  angle 
of  the  ridge  lks  112°  37',  or  the  half  of  it  lkd  =  66"  18f, 
the  complement  of  which,  or  the  elevation  kib,  is  SdMl'^, 
the  tangent  of  which  is  ==  },  which  will  therefore  be  the 
value  of  <  in  the  foregoing  investigation.  The  values  of  the 
fvther  lett^  will  be  as  follows,  viz.  DK=:a=7 ;  Aa  =  6  =  10; 
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ii«>iA<BlO;iK=£eslOi=V  ;  Aiclog.  of 7=-84509e0 


ni 


iV 


log.  of    9*fie307  t=  •0408591 ;  ey  +  a.  =  -040859]^  + 
■S490980  =lag.  of  n.     Prom  the  general  equuioa  then,  viz. 

01  =  to  =  — g ^  2~  T"  '**'     J'  assnmiDg  y  succeMively 

equal  to  1,  2,  8,  4,  &.c.,  thence  finding 
the  corresponding  valiiei  of  cy  +  a  or 
•0408691;  +  -8450080,  and  to  those, 
OB  common  log«,  taking  out  the  corre- 
sponding natural  numbers,  which  will 
be  the  values  of  n ;  then  the  above 
theorem  will  give  the  several  values  of 
«  or  ca,  as  they  are  here  arranged  in 
the  anoexed  table,  from  which  the 
figure  of  the  curve  is  to  be  construcledj 
by  thus  finding  so  many  points  in  it. 

Otherwue.  Instead  of  making  n 
the  number  of  the  log.  cy  +  a,  if  we 
put  m  =  the  natural  number  of  the  log. 

cjronly;  then)B= —- ', 


V.I,  of  i, 

V.I.  of  u 

1 

7fl309 

2 

71243 

3 

7  2S06 

4 

75015 

5 

77888 

6 

8H52 

7 

8-5737 

90781 

9 

9BB23 

10 

10  3333 

<a  by  squaring,  &c. 


and  am —  te  =  y/  {»*—■»), 
2aKW  +  u^  =  v^ — o*and  hence 


X  41 :  to  which  the  numbers  being  applied,  the 
verf  same  coocluaions  result  aa  in  the  foregoing  calculation 


PSOBLEM  Tin, 

To  omulniet  Pouder  Magaxiaa  teUh  a  Paraholieal  Arci. 

It  has  been  shown,  in  my  tract  on  the  Principles  of  Arches 
of  Bridges,  thai  a  parabolic  arch  is  an  arch  of  equilibration, 
when  its  extradoa,  or  form  of  its  exterior  covering,  is  the 
very  same  parabotn  as  the  lower  or  inside  curve.  Hence  then 
a  parabolic  arch,  both  for  the  inside  and  outer  form,  will  be 
very  proper  for  the  stniclure  of  a  powder  magazine.  For, 
the  inside  parabolic  shape  will  be  very  convenient  as  to  room 
for  stowage  :  2dly,  the  exterior  parabola,  every  where  parallel 
to  the  inner  one,  will  be  proper  enough  lo  carry  off  the  raio 
water:  8dly,  the  rtnicture  will  be  in  perfect  equilibrium  : 
and  4thly,  the  parabolic  curve  is  easily  constructed,  and  the 
.    Abfic  erected. 
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a  SB  50  =  AD  the  height  above  the  horizontal  line»  t^  tang* 
^DBO  or  75^  the  complement  of  the  plane's  inclination,  r  = 
tang.  HBi  or  ^n=60^  the  comp.  of  2iic,  «=8ine  of  3/.HBI 
ss  120°  the  double  efevatioii,  or  =  sine  of  4^c  ;  also  xssab 
the  impetus  or  height  fallen  through.    Then, 

Bi=4Kii^2«a7,  by  the  projectiles  prop.  176,  p.  213* 

also,  KD  =  BK  —  BD  =  ^STx  —  X  +  a,  and  kb  =  Jbi  =  m:  ; 

then,  by  the  parabola,  y/  bk  :  ^  dk  : :  ke  :  fo  =  kx  x  . 

KD          c«V — 2s3^+2asx          ,2s             2s        ^  _,, 
-/  —  =  v/ =  V[— oi?— ( «^^1  = 

2&  v^  (ox  —  6V),  putting  h  =  sine  of  2  Z  c  ==  sine  of  30o, 
Hence  COS  CD -f  df±  Fo  =  lr  —  ta  +  sx±  26  v^(ax  — 6"af*) 
a  mozimumi  the  fluxion  of  which  made  =  0,  and  the  equa- 
tion reduced,  gives  ^  "^  ^^  0^ ^^  {  '■4-4A*y  ^^^^  **=* 

-H  ^  and  the  double  sine  db  answers  to  the  two  roofs  or 
values  off,  or  to  the  two  points  g,  o,  where  the  parabolic  path 
cuts  the  horizontal  line  co,  the  one  in  ascending  and  the 
other  in  descending. 

Now,  in  the  present  case,  when  the  Z  c  f=  15°,  f  =  tang. 
750=2  +  -v/3,  T=  tan.  60°=  ^^3,  *=8in.  60°=Jv/3,  h  = 

sin.  30o=i^,  n=*+^=2+Jv^3  ;  then  -^  =  2a=  100,  and 

n'  n»  _41+6v/3  r    _  «     x,  .       -?L_i 

ft«+4**"-n»+i  52        5*'^®''®^-^— 26iM^=^V-8.|^4^ 

=  I00x(l±iv/^^)=100X  (1±-90414)=199-414 

or  '586 ;  but  the  former  must  be  taken.  Hence  the  body 
must  strike  the  inclined  plane  at  149-414  feet  below  the  ho- 
rizontal line  ;  and  its  path  after  reflection  will  cut  the  said 

line  in  two  points ;  or  it  will  touch  it  when  x  =tt«     Hence 

06 

also  the  greatest  distance  co  required  is  826*9915  feet. 

Corel.  If  it  were  required  to  find  cg  or  ^  —  <a  +  «x  ± 
26  ^  {ax  —  6V)  ==  ^  a  given  quantity,  this  equation  would 
give  the  value  of  i  by  solving  a  quadratic. 

PROBLEM  III. 

Suppose  a  ship  to  sail  from  the  Orkney  Islands,  in  laH; 

tude  59°  3'  norths  on  a  n.  n.  k.  course,  at  the  rate  of  10  milei 

an  hour ;  il  is  required  to  determine  how  long  if.  will  be  be- 

fore  she  arrives  at  the  pole,  the  distance  she  uM  have  wi' 
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and  the  difference  of  longitude  she  will  have  made  iohen  tike  or* 
rives  there  7 


Let  ABC  represent  part  of  the  equator ; 
F  the. pole  ;  ajuti*  a  loxodromic  or  rhumb 
line,  or  the  path  of  the  ship  continued  to 
the  equator ;  i*b,  pc,  any  two  meridians  in- 
definitely near  each  other  ;  nr^  or  m/,  the 
part,  of  a  parallel  of  latitude  intercepted 
between  them. 

Put  c  for  the  cosine,  and  t  for  the  tangent 
of  the  course,  or  angle  nmr  to  the  radius  r; 
Am,  any  variable  part  of  the  rhumb  from 
the  equator,  =  v ;  the  latitude  urn  ="-  w\  its  sine  x,  and  cosine 
y ;  and  ab,  the  dif.  of  longitude  from  a,  -=  z*  Tlieii,  since 
the  elementary  triangle  mnr  hiay  be  considered  as  a  right- 
angled  plane  triangle,  it  is,  as  rad.  r  i  c  ^=^  sin.  ^  mm  : :  b 

=B  mr  :  to  =  mn  : :  V :  to  ;  theref.  cv  =  no,  or©  =  —  ^  — , 

c        r 

by  putting  s  for  the   secant  of  the  jf,nmr  the   ship's  course. 
In  like  manner,  if  w  be  any  other  latitude,  and  v  its  corres- 

rw 
ponding  length  of  the  rhumb  ;  then  v  =  —  ;  and  hence  v  — 

c 

w — to  rd    ,  •     1-  . 

c  =  r  X ,  or  D  =  — ,  by  putting  d  ="  v— c  the  distance, 

C  C  ' 

and  d  «=  w — w  the  dif.  of  latitude  :  which  is  the  common 
rule. 

Thesapne  is  evident  without  fluxions  :  for  since  the  ^mm 
is  the  same  in  whatever  point  of  the  path  Amrp  the  point  m 
is  taken,  each  indefinitely  small  particle  of  Amrp,  must  be  to 
the  corresponding  indefinitely  small  part  of  Bm,  in  the  con- 
stant ratio  of  radius  to  the  cosine  of  the  course  ;  and  there- 
fore the  whole  lines,  or  any  corresponding  parts  of  them, 
roust  be  in  the  same  ratio  also,  as  above  determined.  In  the 
same  manner  it  is  proved  that  radius :  sine  of  the  course  :  : 
distance :  the  departure. 

Again,  as  radius,  r  :  <  =  tang,  nmr  ::  to  =  utn  :  nr  or  ifi<, 
and  as  r  :  y : :  PB  :  pm  : :  i  =  bg  :  mi ;  hence,  as  the  extremes 
of  these  proportions  are  the  same,  the  rectangles  of  the  means 

trx  ri 

must  be  equal,  viz.  yi  =  <to  ==  —  because  to  =  —  by  the 

y  y 

tri         trx 
property  of  the  circle  ;  theref.  z  =  -j-  =3 — j  ;  the  gene- 
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0  as  50  s  AD  the  height  above  the  horizontal  line,  f  ^  tang* 
Zdbc  or  75*^  the  complement  of  the  plane's  inclination,  r  = 
tang.  HBi  or  ilH=60^  the  comp.  of  2Z.c,  *=8ine  of  2zhbx 
=s  120^  the  double  efevation,  or  =  sine  of  4^0  ;  also  stsab 
the  impetus  or  height  fallen  through.    Then, 

bi=4ku=2«2;,  by  the  projectiles  prop.  176,  p.  213* 

««i   I  ^^»;$"3(:i«)  I  •'y  trigonometry. 

also,  KD  =  BK  -*  BD  =  ^s^x  —  «  +  a,  and  ke  «  Jbi  »  «j  ; 
then,  by  the  parabola,  ^  bk  :  ^  dk  : :  ks  :  fg  ss  kjb  x  . 

2by/{ax^  h^x"),  putting  h  =  sine  of  2  ii  c  =  sine  of  30°. 
Hence oosCD-f*  Dr±  fg=<x  —  ta  +  8x±  2by/(ax — 6V) 
a  mazimumy  the  fluxion  of  which  made  =  0,  and  the  equa- 

lion  reduced,  gives  ^  =f  g^  X  (1  ±^j—-—,  where  ii=« 

-H  h  &n<l  ^1^0  double  sine  ±  answers  to  the  two  roots  or 
values  of  x,  or  to  the  two  points  g,  o,  where  the  parabolic  path 
cuts  the  horizontal  line  co,  the  one  in  ascending  and  the 
other  in  descending. 

Now,  in  the  present  case,  when  the  Z  c  p=  15^,  <  =  tang* 
75^=2  +  v'3,  fl-=  tan.  60°=  ^3,  «=sin.  60^=4^/3,  b  = 

sin.  80o==i-,  n==«+/=2+Jv^3  ;  then  -^  =  2a=  100,  and 

tt«  tt>       41+6 v/3    ^^      ^  «     „  .  «'    X 

;?+4T*==;?+j=— 52— '  **^"^"^-  ^  =2r«  ^<^  =*^  ^;?+4i^^ 

=  100X(l±iv/^^)=100  X  (1±-99414)=199-414 

or  '586 ;  but  the  former  must  be  taken.  Hence  the  body 
must  strike  the  inclined  plane  at  149*414  feet  below  the  ho- 
rizontal line  ;  and  its  path  after  reflection  will  cut  the  said 

line  in  two  points ;  or  it  will  touch  it  when  x  =-rr*     Hence 

bo 

also  the  greatest  distance  co  required  is  826*9915  feet. 

CoroL  If  it  were  required  to  find  cg  or  tr  —  <a  +  *x  ± 
26  ^  (ax  —  6V)  ==  ^  a  given  quantity,  this  equation  would 
give  the  value  of  x  by  solving  a  quadratic. 

PROBLEM  III. 

Suppose  a  ship  to  sail  from  the  Orkney  Islands ^  in  lati; 
hide  59^  3'  northy  on  a  n.  n.  k.  course^  at  the  rate  of  10  miles 
an  hour ;  ilis  required  to  determine  how  long  it  wUl  he  be* 
fore  she  arrives  at  the  pole,  the  distant^  she  uM  have  sailedp 
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and  the  difference  of  longitude  she  will  have  made  when  she  or* 
rivea  there  ? 


0 

Let  ABC  represent  part  of  the  equator ; 
F  the  pole;  Amri*  a  loxodromic  or  rhumb 
line,  or  the  path  of  the  ship  continued  to 
the  equator ;  i*b,  pc,  any  two  meridians  in- 
definitely near  each  other  ;  nr,  or  m/,  the 
part,  of  a  parallel  of  latitude  intercepted 
between  them. 

Put  c  for  the  cosine,  and  t  for  the  tangent 
of  the  course,  or  angle  nmr  to  the  radius  r; 
Am,  any  variable  part  of  the  rhumb  from 
the  equator,  =  v ;  the  latitude  Bm  ~  to ;  its  sine  x,  and  cosine 
y ;  and  ab,  the  dif.  of  longitude  from  a,  -=  z,  Tlieii,  sioee 
the  elementary  triangle  mnr  may  be  considered  as  a  right- 
angled  plane  triangle,  it  is,  as  rad.  r  :  c  =  sin.  /,  mm  : :  v 

^r      /•  ne      sw 

^  mr:w  =  mn  :  ivitD  i  theref.  cv  =  nr,  or  ©  =  —  =  — f 

c        r 

by  putting  s  for  the   secant  of  the  Z.nmr  the   ship's  course. 
In  like  manner,  if  w  be  any  other  latitude,  and  v  its  corres. 

f*W 

ponding  length  of  the  rhumb  ;  then  v  =  —  ;  and  hence  v*- 

c 

^  w — w  rd    .  •     1.  . 

tj  =  r  X ,  or  D  =  — ,  by  putting  d  =•  v— c  the  distance, 

c  c 

and  d  e=  w — to  the  dif.  of  latitude  :  which  is  the  common 
rule. 

Thesayne  is  evident  without  fluxions  :  for  since  the  j^mm 
is  the  same  in  whatever  point  of  the  path  xmrp  the  point  m 
is  taken,  each  indefinitely  small  particle  of  Amrp,  must  be  to 
the  corfesponding  indefinitely  small  part  of  Bm,  in  the  con- 
stant ratio  of  radius  to  the  cosine  of  the  course  ;  and  there- 
fore the  whole  lines,  or  any  corresponding  parts  of  them, 
must  be  in  the  same  ratio  also,  as  above  determined.  In  the 
same  manner  it  is  proved  that  radius :  sine  of  the  course  :  : 
distance :  the  departure. 

Again,  as  radius,  r  :  t='  tang,  nmr  ::  v  =  mn  :  nr  or  ntf, 
and  as  r  :  y : :  PB  :  pm  : :  i  =  BG  :  vit ;  hence,  as  the  extremes 
of  these  proportions  are  the  same,  the  rectangles  of  the  means 

trx  ri 

must  be  equal,  viz.  yz  =  tic  =^  —  because  w  ss  —  by  the 

y  y 

trx         tri 
property  of  the  circle  ;  theref.  z  =  --j-  =3 — j  ;  the  gene- 
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ral  fluentd  of  these  are  z  ^t  X  hyp.  log.  V b^i  wbieh 

corrected  by  supposing  x  =  0,  when  «  =  a,  are  z  =  f  X  (byp« 
^^'  \/r— r  -*>yP*  *<>g'  \/zz::)  ;  *>»*  r  x  <byp.  log.  t^  -i— 


—  hyp.  log.  y^-i—D  ^s  ^9  meridional  parts  of  the  dif.  of  the 


latitiHhN  >Nrho8e  sines  are  x  and  a,  which  call  6 ;  tbea  is 

X  s:  — ^  thB  ftame  as  it  is  by  Mercator'fl  Bailing. 

Further,  putting  m  =  2*71828  the  number  whose  hyp.  log. 
«i  1»  and  fi  =  --  ;  then,  when  z  begins  at  a,  m^  ^  --7--»>pd 


miu^l  2r 

theref.  a?  =  r  X  — r-r  =  r  —  — tt  J  hence  it  appearatiimt 

M  fSf  or  rather  n  or  <:  increases  (since  in  is  constant),  that  » 
approximates  to  an  equality  with  r,  because     ^    ^  decreases 

or  converges  to  0,  which  is  its  limit ;  consequently  r  is  the 
limit  or  yltimate  value  of  x  ;  but  when  r  ^s  r,  the  ship  will 
be  at  the  pole  ;  theref.  the  pole  must  be  the  limit,  or  eva- 
nescent state,  of  the  rhumb  or  course  :  so  that  the  ship  may 
he  said  to  arrive  at  the  pole  after  making  an  in6nite  number 

2r 
of  revolutions  round  it  ;  for  the  above  expression r-  va- 

nishes  when  n,  and  consequently  z,  is  infinite,  in  which  case 
«is  =i  r. 

Now,  from  the  equation  d  =  —  =:  — ,  it  is  found,  that 

c        r 

when  il  =B  30"  57'  the  comp.  of  the  given  lat.  dO"*  3'  and  e  « 
sine  of  67 <>  80'  the  comp.  of  the  course,  d  will  be  =  2010 
geographical  miles,  the  required  ultimate  distance  ;  which, 
at  the  rate  of  10  miles  an  hour,  will  be  passed  over  in  201 
hours  or  8f  days.  The  dif.  of  long,  is  shown  above  to  be 
ibfiDite.  When  the  ship  has  made  one  revolution,  she  will 
be  but  about  a  yard  trom  the  pole,  considering  her  as  a 
point. 

When  the  ship  has  arrived  infinitely  near  the  pole,  she  will 
go  round  in  the  manner  of  a  top,  with  an  infinite  velocity  ; 
which  at  once  accounts  for  this  paradox,  viz.  that  though  she 
make  an  infinite  number  of  revolutions  round  the  pole,  yet 
her  distance  nm  will  have  an  ultimate  and  definite  value,  as 
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above  4^eraiined  :  for  it  is  evident  that  however  great  the 
number  of  revolutions  of  a  top  may  be,  the  space  passed  over 
by  its  pivot  or  bottom  point,  while  it  continues  on  or  nearly 
on  the  same  point,  must  be  infinitely  small,  or  less  than  a  cer- 
tain assignable  quantity. 


PROBLEM  IV. 

A  current  of  tDoter  it  discharged  by  three  equal  openings 
or  sluices f  in  the  following  shapes :  the  first  a  rectatiglCi  the 
second  a  semicircle,  and  the  third  a  parabola,  hoeing  their 
attitudes  equal,  and  their  bases  in  the  same  horizontal  line,  and 
the  water  level  with  the  tops  of  the  arches ;  on  this  supposition 
it  is  required  to  sJiow  what  may  be  the  proportion  of  the  quan- 
Hties  discharged  by  these  sluices. 

Let  VB  be  half  the  parallelogram,  avc 
half  the  semicircle,  and  avd  half  the  pa- 
rabola, that  is,  the  halvesof  the  respective 
■Ittices  or  gates.  Put  a=Av  the  common 
altitude,  and  c  =  '7854  :  then  is  ca"^  the 
area  of  each  of  the  figures ;  also  ca =ab, 
a  =  AC,  and  \ea  ^=  ad  ;  also  put  x  =  vp 
any  variable  depth,  and  x=Tp.  Then,  the  water  discharged 
at  any  depth  x,  being  as  the  velocity  and  aperture,  and  the 
velocity  being  in  all  the  figures  as  ^x,  therefore  x^x  :^  pq, 

and  f^/jjXPB,  and  ±y/x  X  ps,  or  cax^i,  and  x±  \/(2a  —  x\ 
and  jc  ^aV^xx,  srre  proportional  to  the  fluxions  of  the  quan- 
tity  of  water  discharged  by  the  said  figures  or  sluices  re- 
spectively ;  the  correct  fluents  of  which,  when  ir  ?=  a,  are 

f  ca^,  and  ^  a^(8  v^  2  —  7),  and  \c(^,  the  2d  fluent  being 
found  by  art.  65,  page  338  of  this  vol.  Hence  the  quantities 
of  water  discharged  by  the  rectangle,  the  semicircle,  and  the 
parabola,  are  respectively  ns  |c,  and  /y(8^2 — 7),  and  Jc,  or 

2 

as  1,  and  Hr(®\/^'~^'^)>  &n<^  \,oxoa\,  and  1*09847,  ajid  If, 

PROBLEM  v. 

The  initial  velocity  of  a  24  lb,  ball  of  cast  iron,  which  is 
projected  in  a  direction  perpendicular  to  the  horizon,  being  sup* 
posed  1200  feet  per  second ;  and  that  the  resistance  of  the  mCm 
dium  is  constantly  as  the  square  of  the  velocity,  and  everywhere 
of  the  same  density :  required  the  time  offiight,  and  the  height 
to  which  it  will  ascend. 

Answer.    By  problems  5  and  6,  of  the  last  chapter,  the 
Vox,.  II.  62 
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ascent  will  be  found  =^  5337  feat,  and  the  tine  of  dH^ 
28  iteeoods. 

PROBLEM  VX. 

To  determine  the  same  as  in  the  hut  que$iwn^  ^^^ppomg  tie 
dennty  of  the  atmosphere  to  decrease  in  ascending  after  tka 
usual  way  ? 

Ans,  By  probs.  7  and  8,  the  height  will  be  5614  fM,  end 
the  time  84  seconds* 

PROBLEM  Vn. 

It  is  required  to  find  tlie  diameier  of  a  eireular  fmnehmle^ 
hy  means  of  which  a  man  of  I50lb.  weight  may  deseemi  en  fAe 
earth,  from  a  balloon  ai  a  height  in  the  air,  with  the  vdoeiiy 
of  only  10  feet  in  a  second  of  time,  being  the  velocity  acquired 
by  a  body  freely  descending  through  a  space  of  only  1  Jaai 
6}  inches,  or  of  a  man  jumping  down  from  a  height  of  18| 
iruihes  :  the  parachute  being  made  of  such  wutterials  ima  thick' 
ness,  that  a  circle  of  it  of  50  ft  et  diameier ^  weighs  cm/y  IdOlfr., 
and  so  in  proportion  mare  or  less  according  to  the  area  of  the 
dircle. 

If  a  falling  body  descend  with  a  uniform  veh>eity,  it  most 
necessarily  meet  with  a  resistance,  fnrni  the  mediam  it  de* 
scends  in,  equal  to  the  whole  weight  that  descends.  Let  x 
denote  the  diameter  of  the  parachute,  and.a  =  *7854 ;  then 
aa^  will  be  its  area,  and  as  50* :  r^  : :  150  :  /^jr*  the  weight 
of  the  same,  to  which  adding  150  lb.,  the  man's  weight,  the 
sum  -^^3:^+ 150  will  be  the  whole  descending  weight.  Again, 
in  the  table  of  resistances,  page  435,  we  nod  that  a  circle 
of  f  of  a  square  foot  area,  moving  with  10  feei  velocity^ 
meets  with  a  resistance  of  *57  ounces  =s  *04751b. ;  and 
the  resistances,  with  the  same  velocity,  being  as  the  sur&eee^ 
therefore  as  f  :  -0475  : :  ax*  :  -2137503?"  =  •ie788a:»  the  re- 
sistance of  the  air  to  the  parachute,  to  which  the  descending 
weight  must  be  equal ;  that  is,  •16788x*=^a:'+150  ;  hence 
•10788j»=  150,  or  r«?=  1390*5,  and  hence  «  =  37f  feet,  the 
diameter  of  the  parachute  required. 

PROBLEM  vm. 

To  determine  how  far  a  man,  who  pushes  with  the  fane  of 
1002ft.  can  force  a  sponge  into  a  piece  of  ordnance,  u^ose  dL 
ameter  is  5  inches,  and  length  \0  feet,  when  the  barometer 
stands  at  30  inches ;  the  vetU,  or  taud^hole^  being  stopped^  andr 
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dotef 

A  column  of  quicksilver  SO  inches  high,  and  5  in  dia* 
meter,  is  5*X30  X  '7854  ==  580*05  inches ;  which,  at  SlOiS 
oau  each  inch,  weighs  4772*48  oz.  or  298-281h.,  which  is  the 
pressure  of  the  atmosphere  alone,  being  equal  to  the  elas- 
ticity of  the  air  in  its  natural  state  ;  to  this  adding  to  lOOIb. 
gives  898«281b.,  the  whole  external  pressure,  llien.  as  the 
•paces  which  a  quantity  of  air  possesseA,  under  difierent 
pressures,  are  in  the  reciprocal  ratio  of  those  pressures,  it 
will  be,  as  398*28 :  2&8*28  : :  10  feet  or  120  inches  :  DO  inches 
nearly,  the  space  occupied  by  the  air ;  theref  120—00  =  80 
inches,  is  the  distance  sought. 


FROBLBM  IX* 

7b  oiiign  ike  eauee  of  fk  dejtectum  of  mUiiary  frpjeetiUi. 

It  having  been  surmised  that,  in  the  practice  of  artillery, 
the  deflection  of  the  shot  in  its  flight,  to  the  ri^ht  or  left, 
from  the  line  or  direction  the  gun  is  laid  in,  chiefly  arises 
from  the  motion  of  the  gun  during  the  time  the  shot  is  pass- 
ing out  of  the  piece  ;  it  is  required  to  determine  what  space 
an  18  pounder  will  recoilor  fly  back,  while  the  shot  is  passing 
out  of  the  gun ;  supposing  its  weight  to  be  4800ib.  that  of 
the  carriage  2400  lb.,  the  quantity  of  powder  8  lb.,  the  length 
of  the  cylmder  108  inches,  that  of  the  charge  13  inches,  and 
the  diameter  of  the  bore  5*13  inches ;  supposing  also  that 
the  resistance  from  the  friction  between  the  platform  and 
carriage  is  equal  to  3600  lb.  7 

It  is  well  known  that  confined  gunpowder,  when  fired, 
immediately  changes  in  a  great  measure  into  an  elastic  air, 
which  endeavours  to  expand  in  all  directions.  Now,  in  the 
question,  the  action  of  this  fluid  is  exerted  equally  on  the 
bottom  of  the  bore  of  the  gun  and  on  the  ball,  during  the 
passage  of  the  latter  through  the  cylinder ;  the  two  bodies 
theremre  move  in  opposite  directions,  with  velocities  which 
are  at  all  times  in  the  inverse  ratio  of  the  quantities  of  matter 
moved.  Now  let  x  be  the  space  through  which  the  gun  re- 
coils ;  then,  as  the  charge  occupies  13  inches  of  the  barrel, 
and  the  semidiameter  of  the  barrel  is  2*565,  the  space  moved 
through  by  the  ball  when  it  quits  the  piece,  is  108  —  13  — 
2*665 -^  .«  =  02*435 — »i  and  as  the  elastic  fluid  expands 
in  both  directions,  the  quantity  which  advances  towards  the 
noislei,  is  to  that  wliich  retreats  from  it,  as  92-435 -^c  to  x^ 
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conseq.  90.435  ^^    ""92^35"  ^  ®  '^'^  *^®  quanUUes  of  tM 

powder  which  move,  the  former  with  the  gun,  and  the  latter 
with  the  ball ;  besides  these,  the  weight  of  ball  that  movea 
forwards  being  18  lb.,  and  of  the  weights  and  resistance  back* 
wards  4800  +  2400  +  3600  =31  10800  lb.,  hence  the  whole 

8x 
weights  moved  in  the  two  directions  are  10800  +  ooIZaS'  *"^ 

,^    .  92-435-a:    ,^       098298+8r       ,  2403-81 -8x 

^®  +  -92^435-  ^  ®'  ^'  -^435~  ^^      92435      '  ^ 

as  the  numerators  of  these  only.  But  when  tHe  time  and 
moving  force  are  given,  or  the  same,  then  the  spaces  are  in- 
versely as  the  quantities  of  matter  ;  therefore  x  :  92*485  —  t 
: :  2403*31  -80: :  998298+Bx,  or  by  composition, jt:  92*435:  s 
2403*31  «8x  :  1000701*31,  and  by  div.  x  :  1  : :  2403*81  -  Sx  t 
108i6,  theref.  10826ar  =  2403*31 -8a:,  or  10834x::s2403*dl| 
and  hence  x  =  *2218  inc.  =  {  of  an  inch  nearly,  or  the  re- 
coil of  the  gun  is  less  than  a  quarter  of  an  inch. 

Hence  it  may  be  concluded,  that  so  small  a  recoil,  straight 
backwards,  can  have  no  effect  in  causing  the  ball  to  deviate 
from  the  pointed  line  of  direction  :  and  that  it  is  very  pro- 
bable we  are  to  seek  for  the  cause  of  this  effect  in  the  ball 
striking  or  rubbing  against  the  sides  of  the  bore,  in  its  passage 
through  it,  especially  near  the  exit  at  the  muzzle  ;  by  which 
it  must  happen,  that  if  the  ball  strike  against  the  right  side, 
the  ball  will  deviate  to  the  left ;  if  it  strike  on  the  lefl  side^ 
it  must  deviate  to  the  right ;  if  it  strike  against  the  under 
side,  it  must  throw  the  ball  upwards,  and  make  it  to  range 
farther ;  but  if  it  strike  against  the  upper  side,  it  must  beat 
the  ball  downwards,  and  cause  a  shorter  range  :  all  which 
irregularities  are  found  to  take  place,  especially  in  guns  that 
have  much  windage,  or  which  have  the  balls  too  small  for  the 
bore. 

PROBLEM  X. 

A  hall  of  lead  ef  4  inches  diameter,  is  dnrpjped  from  the  lap 
of  a  toicerjofG^  yards  high,  and  falls  info  a  cistern  fuU  ofwa* 
ier  at  the  bottom  of  the  tower,  of  20^  yards  deep :  it  is  required 
to  determine  the  times  of  fallings  both  to  tlte  surface  and  to  the 
bottom  of  the  toater. 

The  fall  in  air  is  195  feet,  and  in  water  60f  feet  by  the 
common  rules  of  descent,  as  v^l6  :  v^l95  : :  V  :  ^  v^l95«! 
3*49  seconds,  the  time  of  descending  in  air*     And  as  v^l6  t 
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^195 1 :  82  :  8  vfl95=lll*71  feet,  the  velocity  M  the  end 
of  tlial  time,  or  with  which  the  ball  enters  the  water. 

Again,  by  prob.  22,  art.  2,  p.  432,  (he  space  ^'^^  ^^ 

Q g9  2  «*— a 

hyp.  log.  of  — -v,  or  rather  jrr  X  hyp.  log.  of  -3 —  (the  ve- 
il—tr  2o  IT— 11 

loeity  being  decreasing,  and  e*  greater  than  a)  ss  ^  X  com* 

log.  of  3^»  where  n=11825  the  density  of  lead,  fi=:lOOO 

that  of  water,  a  = ^ ^,  0  —  ^3-,  c  =  11 1*71  the  ve- 

on  oaN 

locity  at  entering  the  water,  and  t  the  velocity  at  any  time 

afterwards,  also  d  the  diameter  of  the  ball  =  4  inches,  and 

m  s'  2-302585  the  hyp.  log.  of  10. 

Hence  then  n  =  11325,  n  ^  1000,  ix^n^  10825,  d  a 

4       1^  250rf(N-n)       256 .  10325      ^^.       ^ 

j5=g;thena==— 3!— ^  =  -^35^-«2»3i,and 

-^8ji_9n        9000        15      1  ,       ^,      _,,,^, 

*^85i="8i;  =90000=  i5l=T0"""*y-  Alsoe=^lll-71; 

therefore  «  =  60|  =  ^r  X  log.  of -5 =  5i}i  X  log. 


26  '^"^"«5 

This  theorem  will  give  «  when  v  is  given,  and  by  reverting,  it 
will  give  V  in  terms  of « in  the  following  manner. 

Dividing  by  5m,  gives  —  =  log.  of  -5—  =  im,  by  patting 

1  «*-« 

»  *=  r—  ;   therefore,  the  natural  number  is  lO**  =  — —  ; 

dfll  IT  — II 

hence  0*  -  a  =  -j^,  and  »  =  v^  (a  +  -jgj^r)'  ^*"cb»  l>y 

substituting  the  numbers  above  mentioned  for  the  letters,  gives 
t>  =  17*134  for  the  last  velocity,  when  the  space  s  =s  60},  or 
when  the  ball  arrives  at  the  bottom  of  the  water. 

But  now  to  find  the  time  of  passing  through  the  water, 
putting  t  =  any  time  in  motion,  and  9  and  tf  the  correspond* 
ing  space  and  velocity,  the  general  theorem  for  variable  forces 

#  1 

gives  «  =  — .     But  the  above  general  value  of*  being  ^  X 

hyp.  log.  -- —  or  5  X  hyp.  log. ,  therefore  its  fluxion 

— lOr,;  -         8         — lOo     ^  n       .    ^ 

#  s=  —1 »  conseq.  <  or  —  =  — = — ,  the  correct  fluent  of 

for — m  V        IT— a 
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whichisAxhyp.log.(?^^X^_^^ 


H-v^g.  _  ^ 


)  =s  f  the  time, 


which  when  v  =  17*134,  or  «  =  60},  gives  2*6542  seconds, 
for  the  time  of  descent  through  the  water. 

PBOBLBM  XI. 

Required  to  determine  what  must  he  the  diameter  of  a  loolsr- 
vjhedt  so  as  to  receive  the  greatest  effect  from  a  stream  of  water 
of  12  feet  fall? 

In  the  case  of  an  undershot  wheel, 
put  the  Tieight  of  the  water  ab  =  12 
feet  =  a,  and  the  i^dius  bc  or  cd  of 
the  wheel  =  x,  the  \^ter  falling  per- 
pendicularly on  the  exbcemity  of  the 
radius  cd  at  d.  Then  ac  or  ad =a — x, 
-  and  the  velocity  due  to  this  height,  or 
with  which  the  water  strikes  the 
wheel  at  d,  will  he  as  ^(a— x),  and  the  effect  on  the  wheel 
being  as  the  velocity  and  as  the  length  of  the  lever  cd,  will 
be  denoted  by  x  ^  (a — x)  or  -•  (ox* — ar^),  which  therefore  must 
be  a  maximum,  or  its  square  tix'  —  aP  b.  maximum.  In  flux« 
ions,  2axx  —  Sj^x  =ss  0 ;  and  hence  x  =  ^  =  S  feet  the 
radius* 

But  if  the  water  be  considered  as 
conducted  so  as  to  strike  on  the  bottom 
of  the  wheel,  as  in  the  annexed  figure, 
it  will  then  strike  the  wheel  with  its 
greatest  velocity,  and  there  can  be  no 
hmit  to  the  size  of  the  wheel,  since  the 
greater  the  rudius  or  lever  bc,  the 
greater  will  be  the  effect. 

In  the  case  of  an  overshot  wheel, 
a— 2x  will  be  the  fall  of  water,  \/(a — 2x) 
«8  the  velocity,  and  Xy/{a  —  2*)  or 
y^(iw"—  2x^)  the  effect,  then  aar*  — 2x' 
is  a  maximum,  *and  2axx^(jx^±  =^  0  ; 
'henqe  i  =r=  Ja  =  4  feet  is  the  radius  of 
4he  wheel. 

But  all  these  calculations  are  to  be  considered  as  indepeO' 
dent  of  the  resistance  of  the  wheel,  and  of  the  weight  of  the 
water  in  the  buckets  of  it. 


Q 
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PROBLEM  Xn. 

Whilt  angle  muH  a  projectile  moke  vUh  the  plane  (jfthe 
horixont  discharged  wiih  a  given  velocity  v,  to  as  to  describe  in 
UsJUgkl  a  parabola  including  the  greatest  area  possible  ? 

By  the  set  of  theorems  in  art.  175,  page  213,  for  any 
proposed  angle,  there  can  be  assigned  expressions  for  the 
horizontal  range  and  the  greatest  height  the  projectile  rises 
tOy  that  is  the  base  and  axis  of  the  parabolic  trajectory.  Thus, 
putting  s  and  c  for  the  sine  and  cosine  of  the  angle  of  ele?a« 
tion  ;  then,  by  the  first  line  of  thone  theorems,  the  velocity 
being  t),  the  horizontal  range  s  is  =  ^^sct^ ;  and,  by  {he  4th 
or  last  line  of  theorems,  the  greatest  height  h  is  =  ^V^V. 
Bui,  by  the  parabola,  f  of  the  product  of  the  base  ^or  range 
and  the  height  is  the  area,  which  is  now  required  to  be  the 
peatest  possible.  Therefore  k  X  h  «=  ^sct^  X  ^*V  must 
be  a  maximum,  or,  rejecting  the  constant  factors,  s'^e  a  ihaxi- 
mum.  But  the  cosine  c,  of  the  angle  whose  sine  ts  tf,  is 
v/(l— O  ;  therefore  *V  =  s'' ^{l—s'')  =  ^{^  —  ^  is  the 
maximum,  or  its  square  s^  —  5^  a  maximum.     In  fluxioffs 

6s^s  -  8»"'*'e=  0=  3  -  4j»  ;  hence  4««  =  3,  or  «■  =  J,  and 
s  s=  iy^  »  •8660254,  the  sine  of  60^,  which  is  the  angle  of 
elevation  to  produce  a  parabolic  trajectory  of  the  greatest 


area« 


PROBLEM  XIII. 


• 

Suppose  a  cannon  were  discharged  at  the  point  a  ;  it  is 
required  to  determine  how  high  in  the  air  the  point  c  must 
be  raised  above  the  horizontal  line  ab,  so  that  a  person  at  c 
hUing  fall  a  leaden  bullet  at  the  moment  of  the  caimon^s 
exphsionj  it  may  arrive  at  Vk  at  the  same  instant  as  he  hears 
the  report  of  the  cannon^  but  not  tUl  ^h  of  a  second  after 
the  sound  arrives  at  b  :  supposing  the  velocity  of  sound  to  be 
1 140  feet  per  second^  and  that  the  bullet  falls  Jredy  uMoiA 
any  resistance  from  the  air  7 

Let  »  denote  the  time  in  which  the 
sound  passes  to  c  ;  then  will  x  —  jV  ^^ 
the  time  in  passing  to  b,  and  x  the  time 
also  the  bullet  is  falling  through  cb. 
Then,  by  uniform  motion,  1140x  =  ac,       ^ 
and  1140? — 114»ab,  also  by  descents      A 
of  gravity,  1*  :  x* :  :  16 :  16a^  =  bc.    Then,  by  right»ang1ed 
triangles,  ac^—  bc"  =  ab»,  that  is  1140»*«-  16V- 1140V- 
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224  X  1140j:  +  114',  hence  2:^4  x  1140r  —  16«j:*  =  1U», 
or  lOlS'Sof— ac*=50*77,  the  root  of  which  equa.  is  x=10'08 
second,  or  nearly  10  seconds  ;  conseq.  Bc^lGx'sslGlO  feel 
nearly,  the  height  required. 

FBOBLEU   XIV. 

Required  the  quantity y  in  cubic  feet,  of  light  earthy  necee* 
eary  to  form  a  bank  on  the  side  of  a  camd,  which  vM  jtui 
Mipport  a  pressure  of  water  5  feet  deepy  and  SOO  feet  long* 
And  what  will  the  carriage  of  the  earth  cost^  at  the  rate  of 
1  shaXlmg  per  Urn  ? 

This  question,  may  be  considered  as 
relating  either  to  water  sustained  by  a 
solid  wall,  or  by  a  bank  of  loose  earth. 
In  the  former  case,  let  abc  denote  the 
wall,  sustaining  the  pressure  of  the  water 
behind  it.  Put  the  whole  altitude  ab 
^  o,  the  base  bc  or  thickness  at  bottom 
SB  6,  any  variable  depth  ad  =  x,  and      C  i* 

the  thickness  there  de  =  y.  Now  the  effect  which  any  num« 
ber  of  particles  of  the  fluid  pressing  at  d  have  Jto  break  the 
wall  at  B,  or  to  overturn  it  there,  is  as  the  number  of  particles 
AD  or  X,  and  as  the  lever  bd  ^  a  —  x  ;  therefore  the  fluxion 
of  the  effect  of  all  the  forces  is  (a  — x)  x±  ^axx  —  x^,  the 
fluent  of  which  is  \ax^  —  ^a?',  which,  when  x  =  a,  is  ^a'  for 
the  whole  efl^ect  to  break  or  overturn  the  wall  at  b  ;  and  the 
efiects  of  the  pressure  to  break  at  b  and  d  will  be  as  ab'  and 
ad'.  Rut  the  strength  of  the  wall  at  d,  to  resist  the  fracture 
there,  like  the  lateral  strength  of  timber,  is  as  the  square  of 
the  thickness,  de'.  Hence  the  curve  line  aec,  bounding 
the  back  of  the  wall,  so  as  to  be  every  where  equally  strong, 
is  of  such  a  nature,  that  x'  i»  always  proportional  to  y',  or  y 

■a  X",  and  is  therefore  what  is  called  the  semicubical  parabola. 

Now,  to  find  the  area  abc,  or  content  of  the  wall  bounded 

by  this  convex  curve,  the  general  fluxion  of  the  area  yx  be. 

comes  x^i,  the  fluent  of  which  is  |x»  =  f  xx*  =  f  xy,  that 
is  }  of  the  rectangle  ab  X  bc  ;  and  is  therefore  less  than  the 
triangle  abc,  of  the  same  base  and  height,  in  the  proportion 
of  I  to  \y  or  of  4  to  5. 

But  in  the  case  of  a  bank  of  made  earth,  it  would  not  stand 
with  that  concave  form  of  outside,  if  it  were  necessary,  bat 
would  dispose  itself  in  a  straight  line  ac,  forming  a  triangular  - 
bank  abc.     And  even  if  this  were  not  the  case  naturally,  it 
would  be  proper  to  make  it  such  by  art ;  because  now  neithe? 
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is  the  bank  to  be  broken  as  with  the  effect 
of  the  lever,  or  overturned  about  (he  pivot 
or  point  c,  nor  does  it  resist  the  fracture 
by  the  effect  of  a  lever,  as  before  ;  but  on 
the  contrary,  every  point  is  attempted  to 
be  pushed  horizontally  outwards,  by  the 
horizontal  pressure  of  the  water,  and  it  is 
resisted  by  the  weight  or  resistance  of 
the  earth  at  any  part,  de.  Here  then, 
by  hydrostatics,  the  pressure  of  the  water 
against  any  point  d,  is  as  the  depth  ad  ;  and,  in  the  triangle 
of  earth  ads,  the  resisting  quantity  in  de  is  as  de,  which  is 
also  proportional  to  ad  by  similar  triangles.  So  that,  at  every 
poipt  D  in  the  depth,  the  pressure  of  the  water  and  the  resis* 
tance  of  the  soil,  by  means  of  this  triangular  form,  increase 
io  the  same  proportion,  and  the  water  and  the  earth  i^ill  every 
where  mutually  balance  each  other,  if  at  any  one  point,  as 
s,  the  thickness  bc  of  earth  be  taken  such  as  to  balance  the 
pressure  of  the  water  at  p,  and  then  the  straight  line  Ac  be 
drawn,  to  determine  the  outer  shape  of  the  earth.  All  the 
earth  that  is  afterwards  placed  against  the  side  ac,^  for  a  con- 
venient breadth  at  top  for  a  walking  path,  &c.  will  also  give 
the  whole  a  sufficient  security. 

But  now  to  adapt  these  principles  to  the  numeral  calcula. 
lion  proposed  in  the  question  ;  the  pressure  of  water  against 
the  poiQt  B  being  denoted  by  the  side  ab  =.  5  feet,  and  the 
weight  of  water  being  to  earth  as  1000  to  1984,  therefore  as 
1984  :  1000  : :  5  :  2-52  =  bo,  the  thickness  of  earth  which 
will  just  balance  the  pressure  of  the  water  there  ;  hence  the 
area  of  the  triangle  abc  ==  ^ab  X  bc  —  2J  X  2-52  =  6 '3  ; 
this  mult,  by  the  length  300,  gives  1890,  cubic  feet  for  the 
quantity  of  earth  in  the  bank  ;  and  this  multiplied  by  1984 
ounces,  the  weight  of  1  cubic  foot,  gives  ffir  the  weight  of 
it,  3749760  ounces  =  234360  lbs.  ==  104-625  tons  ;  the  ex- 
pense  of  which,  at  1  shilling  the  ton,  is  51.  4s.  7^d. 


problem  XVf 

A  person  standing  at  the  distance  qf  10  feet  from  ilie  hot* 
torn  of  a  vxdif  which  is  supposed  peifcctJy  smooth  and  hard^ 
desires  to  know  in  what  direction  he  must  throw  an  dastio 
hall  against  ity  with  a  velocity  of  80  feet  per  second;  so  thaty 
after  reflection  from  the  wally  it  may  fall  at  the  greatest  distance 
possible  from  the  butom^  on  the  horizontal  plane,  which  is  2^ 
feet  heUno  the  hand  discharging  the  ball  1 
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In  the  annexed  figure  let  ds 
be  the  wall  against  which  the 
ball  is  thrown,  from  the  point 
A,  in  such  direction,  that  it 
shall  describe  the  pqrabolic 
curve  AK  before  striking  the 
wall,  and  afterwards  be  so  re- 
flected as  to  describe  the  curve  sp.  Now  if  m  be  the  tan* 
gent  at  the  point  k,  to  the  curve  ab  described  httof  the,  to- 
flection,  and  ek  the  tangent  at  the  same  point  to  the  eatve 
which  the  ball  willdescribe  afler  reflection,  iJieifr  will  (he  aiiKle 
EBP  be  =  CGS ;  and  if  the  curve  fb  be  produced,  so  as  to  have 
GF  for  its  tangent,  it  will  meet  ac  produced  in  By  making  BC 
as  AC,  and  the  curve  ae  will  be  similar  and  ^ual  lo  the  por- 
tion BE  of  the  parabola  bbp,  but  turned  the  contrary  way. 
Conceiving  either  the  two  curves  ab  and  bp,  or  the  eontieaed 
curve  BEP,  to  be  described  by  a  projectile  in  its  niotioB»  it  is 
manifest  that,  whether  the  greater  portion  of  the  carv^  be 
described  before  or  after  the  ball  reaches  the  waJl  nm^  will 
depend  on  its  initial  velocity,  and  on  the  distance  ac  or  bo, 
and  on  the  angle  of  projection.  The  problem  then  is  now 
reduced  to  this,  viz.  To  And  the  angle  at  which  a  ball  shall 
be  projected  from  e,  with  a  given  impetus,  so  that  the  distance 
DP,  at  which  it  fulls,  from  the  given  point  d,  on  the  plane  dp, 
parallel  to  the  horizon,  shall  be  a  maximum. 

Now  this  problem  may  he    j^  —  ^^  ^ 

constructed  in  the  following ^^^^  ^ 

manner  :  From  any  point  e 

in   the    horizontal    line  dc, 

let  fall  the  indeflnite  perp. 

itQ^  on  which  set  ofl*  bb  = 

the    impetus    corresponding 

to  the  given  velocity,  and  bi 

=  2^  the  distance  of  the  horizontal  plane  below  the  point  of 

projection  ;  also,  through  i  drawn  ap  parallel  to  do-     From 

the  point  b  set  off  bp  =  be  +  ei,  and  bisect  the  angle  bbp 

by  the  line  bu  :  then  will  nn  be  the  required  direction  of  the 

ball,  and  ip  the  maximum  range  on  the  plane  ap. 

For,  since  the  ball  moves  from  the  point  b,  with  the  velo- 
city acquired  by  falling  through  bb,  it  is  manifest,  from  page 
210,  that  DC  is  the  directrix  of  the  parabola  described  by 
the  ball.  And  since  both  b  and  p  are  points  ia  the  curve, 
each  of  them  must,  from  the  nature  of  the  parabola,  be  as  far 
from  the  focus  as  it  is  from  the  directrix  ;  therefore  b  and 
p  will  be  the  greatest  distance  from  each  other  when  the  focos 
F  is  directly  between  them,  that  is,  when  bp  s=  bb  +  cp. 
And  when  bp  is  a  maximum,  since  bi  is  constant,  it  is  ob- 


Tioas  that  ip  is  «  maximum  too.  Also,  the  angle  fbh  being 
ss  BBH,  the  line  bh  is  a  taingent  to  the  parabola  at  the  point 
B9  and  consequently  it  is  the  direction  necessary  to  give  the 
raiifeip. 

Cot.  1.  When  b  coincides  with  t,  if  will  be  »:  bp  ae 
BB  4-  Bi  =  2bi,  and  the  angle  bbh  will  be  45** :  as  is  also 
manifest  from  the  common  modes  of  investigation. 

Cor.  2.  When  the  impetus  corresponding  to  the  initial 
Telocity  of  the  ball  is  very  great  compared  with  ac  or  bc 
(fiff.  1),  then  the  part  as  of  the  curve  will  very  nearly  coin*- 
cide  with  its  tangent,  and  the  direction  and  velocity  at  a  may 
be  accounted  the  same  as  those  at  b  without  any  sensible 
error.  In  this  case  too  the  impetus  re  (fig.  2)  will  be  very 
great  compared  with  bi,  and  consequently,  s  and  1  nearly 
coinciding,  the  angle  ebh  will  difier  but  little  from  45°. 

Calculf  From  the  foregoing  construction  the  calculation 
will  be  very  easy.  Thus,  the  first  velocity  being  80  feet  •=  t?, 

then  (page  213,)  ^=^!^p-=  99-48186  =  bb  the  im- 
petus ;  hence  bi  =  fp  ==  101*98186,  and  bp  ==  be  +  ri  =« 
201*46372.  Now,  in  the  right-angled  triangle  bip,  the  sides 
Bi  and  bp  are  known,  hence  ip  =  201*4482,  and  the  ahdtle 
iRP  =s  89<»  ir  20'  :  half  the  suppl.  of  this  angle  is  45^21'  20' 
=  EBU.  And,  in  fig.  1,  ip  — 10  =  201*4482  —  10  « 
191  '4482  ^=  DP,  the  distance  the  ball  falls  from  the  wall  after 
reflection. 

PROBLEM  XVI. 

t\ram  whal  height  above  the  given  point  a  must  an  elastic 
haU  be  suffered  to  descend  freely  by  gramly^  so  thdt^  after 
striking  the  hard  plane  at  b,  it  may  be  reflected  back  again 
to  the  point  a,  in  the  least  time  possible  from  the  instant  of 
dropping  it? 

Let  c  be  the  point  required  ;  and  put  ac  »  x,  and 
AB  =  a ;  then  i^v^cb  ^=  i\/(a  +  j)  is  the  time  in  cb, 
and  {y/CJL  s=  \^x  is  the  time  in  oa  :  therefore 
\\/{fl  +  «)  —  il/x  is  the-timedown  ab,  or  the  time 
of  rising  from  b  to  a  again  :  hence  the  whole  time  of 
falling  through  cb  and  returning  to  a,  is  \y/(a  +  x) 
—  iv^*>  which  must  be  a  min.  or  2y/{a  +  x)  —  ^x        B 

a  minimum,  in  fluxions  —-7 — \ — r  —  jr— 7-  =  0,  and  hence 

y/(a  +  x)      2y/x 

X  zatOf  that  iS|  AC  =3  ^AB. 
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trivem  ike  hdghl  of  an  wuHined  plane ;  reqmred  diriengAi 
io  *ikai  a  gioen  power  aeUng  on  a  given  weightf  in  m  dikrm* 
CtM  pasnJid  to  the  pUme^  may  draw  it  v^  in  the  leaet  time  po$'^ 
eiNe.  • 

Let  a  denote  the  height  of  the  plane,  x  its  length*  p  the 
power,  and  w  the  weight    Now  the  tendency  down  the  plane 

aw 

P ^ 

ia  aas  — j  hencep =«  the  iliotiTe  force,  and  -^ — ; ■« 

X  X  P  'r^ 

9x  *"  aw 

ft..  ^  ^o  accelerating  force/;  hence,  by  the  tfaediema 

for  constant  foit^,  ptige  401^  |>ss   '  ssJlS — ^^-onist 
•  igf     {p9^aw)g 

♦* 

be  a  minimuQi,  or  — ^ — ^  a  tkiin. ;  infltudens,  2(px^€tw)xi 

jpaJ  —  flw 

— ^||je*i  =  0,  or  px  SSI  2aWf  and  hence  p  :  «  : :  2«  :  x  :  k 

double  the  height  of  the  plane  to  its  Itngth.    (See,  alsOi 

pix>b,  3,  ch.  xi.) 

l>BOBL£if  Jcnii. 

biven  the  lengths  of  the  two  arms  of  an  angular  leeert  ik^ 
yaeight  of  each  army  the  angle  made  by  the  arms,  and  the  weight 
ihat  hangs  at  the  extremity  qf  each  ;  to  Jmd  the  position  of  the 
lever  when  ai  rest^ 

tjet  thd  respective  lengths  of 
the  arms  ac^  bc,  be  denoted 
by  a,  a',  their  weights  by  2wt 
2w\  and  let  P,  r\  be  the  weights 
hanging  at  a  and  b  respec- 
tively. iThen,  if  the  arms  ac, 
CBt  be  regarded  as  pHsmatic 
and  of  uniform  density  throuehoUt,  instead  of  ^garding  theif 
whole  weights  as  acting  at  their  centres,  We  may  conceive 
their  AcrZ/*- Weights  to  act  in  conjunction  With  the  weights  f 
and  v\  at  the  extremities,  and  investigate  the  position  of  the 
whole  in  the  case  of  equilibrium,  by  means  of  the  trigonome* 
triCill  formu1)ae  at  the  beginning  of  this  volume. 

Thus»  HR  being  horizontal^  {f*  +  to')  CR  ==  (p  +  «)  CH| 
that  is,  (p'  +  tD)a  Cos  bcr  ~  (p  +  w)a  cos  ach 

or,  —  (p'  +  w')a'  cos  (ach  +  acb)  =  (p.+  w)a  cos  ach 


t>r,^(p'  -I*  «')a'  cos  ACH  cos  acb  -^  sin  ach  sin  agb  »  (p"Ho}a 
<ios  AOH  :  (r  +  vf)a  sin  ach  sin  acb  »  [(p+v)<>+(i^+«'K 
cos  acb]  qos  ach  : 

■in  ACH       ^  (p  +  w)a  +  (p'  +  w)a  cos  acb 

=2  tan  Acu  =  ^- ;  ,  .     .,  ,   .  ^ 

oos  ACH  (p  i-  to  )a  sin  acb 

(p  +  w)a  . 

(p  +  w)a'  sin  ACB 

(p-+  w)a  cosec  acb   , 

(p  +  w  )a' 

Cor^  1.  If  p  be  given,  and  it  be  proposed  to  find  p'  so  that 
AC  shall  become  horizontal :  then,  putting  the  first  value  of 
tan  ACH,  above,  =  0,  we  shall  have  its  numerator  is  0 ; 
whence  (p'  +  w)a'  qos  acb  =  —  (p  +  ip)a, 

and  p'  4-  w  =s   ,       — i-  =  —  (p  +  »)  -r  sec  acb. 

a  cos  acA  ^  'a' 

Cdt.  2.  In  order  that  this  value  of  p'  +  v'  may  be  positivey 
and  p  a  real  weight,  the  factor  sec  acb  must  be  nei^ative, 
that  is  (p.  11)  the  angle  acb  inust  be  obtuse,  and  cb  directed 
aslant  either  above  or  below  the  horizon. 

Cor.  3.  If  the  arms  be  of  equal  length  and  eqoal  weight, 
and  one  of  them  be  required  to  be  horizontal, 

then  p'  +  w'  =  ''  +  «^  ==  -r-  (p  +  w)  sec  acb> 
and  *''  =  »—»  —  (p  +  »)  sec  acb. 

PROBLEBt  xu:» 

A  eytinder  of  wood  is  depressed  in  water  tiU  its  top  is  just 
level  wUh  the  surface^  and  then  is  suffered  to  ascend  ;  iiisre* 
^ired  to  determine  the  greatest  altitude  to  which  it  wiU  rise^ 
and  the  other  circumstances  of  its  molum* 

Let  a  =  the  len^h,  and  b  the  area  or  bade  of  the  cylinder, 
m  its  specific  gravity,  that  of  water  being  1,  also  a — x  any 
variable  height  through  which  the  cylinder  has  ascendeo, 
or  X  being  the  part  still  immersed  in  the  water.  Then  bx  is 
the  mass  and  force  cf  the  water  upwards  to  raise  the  cy* 
tinder ;  and  aXb  X  m^^  dm  is  the  weight  of  the  cylinder 
opposing  its  ascent ;  therefore  the  motive  force  to  raise  the 
cylinder  is  bx  —  abm  ;  also,  the  mass  of  the  cylinder  being 
abnit  and  that  of  the  displaced  water  6x,  the  whole  matter  in 
motion  is  bx  -f-  abm ;  by  which  dividing  the  motive  force, 

we  have  ,    7  .     =  — ; =/the  accelerating  force.  Then 

bx+abm      x+am     "' 
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IIm  I^U  known  theorem  vv  s  82f  .  ~  ±^  givee  vi  a&  88t , 

,  V  being  the  velocity  ;  and  the  correct  fluent  b  e^  ■■ 

64  (a  —  a:  •=-•  ^m  X  hyp.  log.  of  — --—)  and  henco  e  ■■ 

8«/(a— X— Sam  X  h.  I. r-)  the  general  state  of  the  velo- 

city  when  the  part  x  is  immersed,  or  when  the  part  a — xia 
out  of  the  water. 

Now  when  the  velocity  arrives  at  its  greatest  state,  by  the 
tippoiite  forces  bx  and  abm  becoming  equal,  then  x  =  mn, 
Qir  1  :  in  : :  a  :  X,  that  is,  the  whole  length  is  to  the  part  im« 
mersed,  as  the  specific  gravity  of  the  fluid  is  to  that  of  the 
xsylinder.  And  if  (he  latter  be  equal  to  half  the  former, 
which  is  nearly  the  case  of  fir  timber,  then  x  =  |ii  when  the 
Velocity  is  at  the  greatest.  And  the  quantity  of  the  greatest 
Telocity  is  then  equal  to  7*780  feet  per  second  nearly,  taking 
10  feet  for  the  length  of  the  cylinder. 

After  this  state,  the  resistance  gradually  increasing  more 
and  more  over  the.  urging  force,  the  velocity  always  de* 
creases  till  it  quite  ceases,  and  the  body  becomes  for  an 
instant  stationary.  In  that  case  the  above  expression  for  the 
velocity  v  becomes  equal  to  0,  which  consequently  gives 

a  —  X  =  2am  X  h.  I. -, —  for  the  part  out  of  the  water 

am+r  ^ 

when  the  motion  ceases.  Or  if  m  =  ^  as  before,  and  the 
length  of  the  cylinder  be  a  =  10  feet  for  instance,  the  last 

15 
eqsalion  becomes  10  —  x  =  10  X  h.  1.  r-r— ,  and  the  root  of 

^  6+x 

this  equation  is  x  =  1^  very  nearly,  or  8}  feet  of  the'cy* 
Under  is  out  of  the  water  when  the  upward  motion  ceases. 

After  the  cylinder  has  arrived  at  its  greatest  height  8f , 
where  the  upward  motion  censes,  the  cylinder  descends 
again  to  the  same  d^pth  as  at  first,  after  which  it  again  re* 
turns  ascending  as  before  ;«and  so  on,  continually  playing  up 
and  down  to  the  same  highest  and  lowest  points,  like  the 
vibrations  of  a  pendulum,  the  motion  ceasing  in  both  cases 
In  a  similar  manner  at  the  extreme  points,  then  return- 
ing, it  gradually  accelerates  till  arriving  at  the  middle 
pomt,  where  it  is  the  greatest,  then  gradually  retarding  all 
the  way  to  the  next  extremity  of  the  vibration,  thus  making 
'^11  the  vibnitions  in  equal  times,  to  the  same  extent  between 
the  highest  and  lowest  points,  except  that,  by  the  small 
tenacity  and  friction,  due.  of  the  water  against  the  sides  6( 
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the  cylinder,  it  will  be  gradually  and  slowly  retarded  in  ite 
motion,  and  the  extent  of  the  vibrationH  decreaae  till  at 
length  the  ^cylinder,  like  the  pendulum,  come  to  rest  in  the 
middle  point  of  its  vibrations,  where  it  naturally  floaUi  in  the 
quiescent  state,  with  the  part  am  or  half  its  length  above  the 
water. 

PROBLEM  ^x. 

Required  to  determine  the  qtianfity  of  matter  in  a  sphere,  the 
density  varying  as  (he  nth  power  of  the  distance  from  the  cen- 
tre? 

Let  r  denote  the  radius  of  the  sphere,  d  the  density  at  its 
surface,  a  =  3-1416  the  area  of  a  circle  whose  radius  is  1, 
and  X  any  distance  from  the  ceutre.  Then  4a3;^  will  be  the 
surface  of  a  sphere  whose  radius  is  r,  which  may  be  con- 
sidered by  expansion  a^  generating  the  magnitude  of  the 
solid ;  therefore  4ax^x  will  be  the  fluxion  of  the  magnitade  ; 

but  as  r**  :  X** : :  d  :  ---  the  density  at  the  distance  x,  there- 

dx^      4<idx"+'i 
fore  4a3^x  X  —  = =  the  fluxion  of  the  mass,  the 

4adx^^^  4adr^ 

fluent  of  which  ^ — ,  when  x  =  r,  is  — ;^,  the  quantity 

(ii+3)r»»'  n+3  ^         ^ 

of  the  matter  in  the  whole  sphere. 

Corol.  1.  The  magnitude  of  a  sphere  whose  radius  is  r, 
being  iar\  which  call  m  ;  then  the  mass  or  solid  content  will 

.      Sd  ^   .  '      .     .     3d 

be  — j-5  X  m,  and  the  mean  density  is 


Cord.  2,  It  having  been  computed,  from  actual  ex- 
periments,  that  the  medium  density  of  the  whole  mass  of 
the  earth  is  about  }  times  the  density  d  at  the  siirface,  we 
can  now  determine  what  is  the  exponent  of  the  decreasing 
ratio  of  the  density  from  the  centre  to  the  circumference, 
supposing  it  to  decrease  by  a  regular  law,  viz.  as  x* ;  for 

then  it  will  be  Jd  =  — =,  and  hence  n  =— |-.     So  that,  in 

-1  1 

this  case,  the  law  of  decrease  is  na  x^,  or  as  -,  that  w,  in- 

x^ 
Tersely  as  the  |  power  of  the  distance  from  the  centre. 

Corol.  3.     Hence  the  distance  fromlhe  centre,  where  the 
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denitty  it  equal  to  tho  mean  density,  is  x  =  (f)  —  f  ssHI488^ 
or  *8565  below  the  surface,  the  whole  radius  being  1.  And 
thus  also  may  be  found  the  place  answering  tb  any  given 
density,  or  the  density  at  any  given  place* 


PROBLEX  XXI. 


Kejuired  to  determine  where  a  body,  moving  down  the'convem 
of  a  eydoidf  wiUfly  of  and  juii  the  curve. 


Let  AYBB  represent  the  cy- 
cloid, and  VDO  its  generating 
semicircle.  Let  b  be  the  point 
where  the  motion  commences, 
whence  it  moves  along  the 
curve,  its  velocity  increasing 
both  on  the  curve,  and  also  in  the  horizontal  direction  Dr, 
till  it  come  to  such  a  point,  p  suppose,  that  the  velocity  in 
the  latter  direction .  is  become  a  constant  quantity,  then  that 
will  be  the  point  where  it  will  quit  the  cycloid,  and  aderwards 
describe  a  parabola  fo,  because  the  horizontal  velocity  in  the 
latter  curve  is  always  the  same  constant  quantity. 

Put  the  diameter  vc  =ii,  vu  =  a,  vi=x ;  then  vn  «  ^dx^ 

and  ID  =  y/  {dx  -i-  r**).     Now  the  velocity  in  the  curve  at  p 

in  descending  down  ef,  being  the  same  as  by  falling  through 

Bi  or  X  —  a,  by  art.  154,  p.  204,  will  be  =  8  ^{x  —  a) ;  but 

this  velocity  in  the  curve  at  f,  is  to  the  horizontal  velocity 

there,  as  vu  to  ip,  because  vn  is  parallel  to  the  curve  or 

to  the  tangent  at  f,  that  is  y/^dx  :  y/{dz  —  x*)  : :  8y/{x — a)  ; 

Sy/(x'-'a)X  ^(d—x)      , . 

— j-j -J  which  is  the  horizontal  velocity  at  p, 

where  the  body  is  supposed  to  have  that  velocity  a  constant 
quantity  ;  therefore  also  y/(x  —  a)  X  >/(«/  — ar),  as  well  as 
(x  —  a)  X  {d  —  x)  =  ax  +  dx — fld— I'is  a  constant  quan- 
tity, and  also  ax  +  dx  —  r^ ;  but  the  fluxion  of  a  constant 
quantity  is  equal  to  nothing,  that  is  ax  +  dx  —  2xx  =  0  = 
a  +  <i— 2a;,  and  hence  x  =  |a  +  ^ J  =  vi,  the  arithmetical 
mean  between  vh  and  vc. 

If  the  motion  should  commence  at  v,  then  x  or  vi  would 
be  a  )<{,  and  i  would  be  the  centre  of  the  semicircle.* 


PROBLEM  XXII. 


If  a  body  begin  to  move  from  a,  with  a  given  velocity,  along 
the  quadrant  of  a  circle  ab;  it  is  required  to  show  at  what  point 
U  vMJly  off  from  the  curve. 


niomsoitoiTs  sxESoiiBSt 


01 


Let  D  denote  the  point  where  the 
body  quits  the  circle  abb,  and  then  de. 
0cribe8  the  parabola  dk.  Draw  the  or. 
dini^te  df,  and  let  ga  be  the  height 
producing  the  velocity  at  a.  Put  pA=^a, 
AC  or  CD  «=  r,  AF  =  a? ;  then  the  ve* 
locity  in  the  curve  at  d  will  be  the  satpp 
as  that  acquired  by  falling  through  of 
or  a +x,  which  is,  as  before,  8y/(a+af); 
but  the  velocity  in  the  curve  is  to  the  horizontal  velocity  aa 
vn  to  mn  or  as  cd  to  cf  by  similar  triangles,  that  is,  as 

r  :  r— «  : :  ^y/{x  4-  o)  :  %^{x  +  a)X  -^ — ,  which  is  to  be 

a  constant  quantity  where  the  body  leaves  the  circle,  there- 
fore also  (r  — r  x)^{X'\-a)  and  (r  —  a:)'X  (x  +  a)  a  constant 
quantity ;  the  fluxion  of  which  made  to  vanish,  gives  x  s 
r  — Sto 

Hence,  if  a  =  0,  or  the  body  only  commence  motion  at  A| 
then  X  =  ^r,  or  af  =  ^ac  when  it  quits  the  circle  at  d.  But 
if  a  or  GA  were  «=  ^r  or  -Jac,  ihefi  r  —  2a  =  0,  and  the  hody 
would  instantly  quit  the  circle  at  the  vertex  a,  and  describ^ 
a  parabola  circumscribing  it,  and  having  the  same  vertex  a. 


PROBLEM  xxni. 

To  determine  the  posiiion  of  a  bar  or  beam  ab,  being  sup^ 
ported  in  equilibrio  by  ttco  cords  ac,  bc,  having  their  two  end^ 
Jixed  in  the  beam,  at  a  and  b. 

By  art.  94,  p.  174,  the  position  will  be  such,  that  its  ceq. 
tre  of  gravity  g  will  be  in  the  per-  ^ 

pendicular  or  plumb  line  cg. 

Carol.  1.  Draw  op  parallel  to 
the  cord  ac.  Then  the  triangle 
COD;  having  its  three  sides  in  the 
directions  of,or  parallel  to,the  three 
forces,  viz.  the  weight  of  the  beam, 
^nd  the  tensions  of  the  two  cords 
AC,  bc,  these  three  forces  will  bo  proportional  to  the  three 
sides  CO,  on,  cd,  respectively,  by  p.  155;  that  is,  cg  is  as 
the  weight  of  the  beam,  gd  as  the  tension  or  force  of  ac, 
and  CD  as  the  tension  or  force  of  bc. 

Corol,  2.  If  two  planes  ea.f,   hbi,   perpendicular  to  the 
|wo  cords,  be  substituted  instead  of  these,  the  beam  will  V^^ 
Vol.  U,  G4 
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itill  supported  by  the  two  planes,  just  the  ssme  as  More  hf 
the  cords,  because  the  action  of  the  planes  is  in  the  diieetion 
perpendicular  to  their  surface  ;  and  the  pressure  on  the  planes 
will  be  just  equal  to  the  tension  or  force  of  the  respoctife 
cords.  So  that  it  is  the  very  same  thing,  whether  the  bo^JT 
is  sustained  by  the  twa  cords  ac,  bo«  or  by  the  two  planes 
XF,  HI ;  the  directions  and  quantities  of  the  forces  acting  nl 
A  and  B  being  the  si^me  in  both  cases.  —  Also,  if  the  body  ^be 
made  to  f  ibrate  about  the  point  Ci  the  points  a,  b  will  de- 
scribe circular  arcs  coinciding  with  the  touching  planes  al  a» 
B  ;  and  moving  the  body  up  and  down  the  pianos,  will  be 
just  the  same  thiug  as  makmg  it  vibrate  by  the  cords  ;  cois- 
sequently  the  body  can  only  rest,  in  either  cssoi  when  the 
centre  of  gravity  is  in  the  perpendicular  cg. 


PROBLBM  XXIV. 


7b  determine  the  posUion  of  the  beam  ab,  hangmg  hw  erne 
cord  ACB,  having  Us  ends  fastened  ai  a  and  b,  and  sttttsy 
fredy  aver  a  tack  or  puUey  fixed  aic» 

Q  being  the  centre  of  gravity  of  the 
beam,  co  will  be  perpendicular  to  the  ho- 
rizon, as  in  the  last  problem.  Now  as  the 
cord  ACB  moves  freely  about  the  point 
c,  the  tension  of  the  cord  is  the  same  in 
every  part,  or  the  same  both  in  ac  and  bc. 
Draw  GD  parallel  to  ac  :  then  the  sides  of 
the  triangle  cod  are  proportional  to  the 
three  forces,  the  weight  and  the  tensions  of  the  string  ;  timt 
is,  CD  and  no  are  as  the  forces  or  tensions  in  cb  and  ca. 
But  these  tensions  are  equal ;  therefore  on  =s  ne,  and  conse- 
quently the  opposite  angles  dco  and  dgc  are  also  equal :  but 
the  angle  doc  is  =  the  alternate  angle  ago  ;  therefore  the 
angle  aco  =  bco  ;  hence  the  line  og  bisects  the  vertical 
angle  aob,  and  consequently  ac  :  cb  :  :  ao  :  gb. 


PBOBLXX   XXV. 


To  determine  the  position  of  the  two  posts  ad  and  bx, 
supporting  the  beam  ab,  so  that  the  beam  may  rest  in 
equUibrio. 


Through  the  centre  of  gravity  g  of  the  beam,  draw  oo 
perp.'  to  the  horizon  ;  from  any  point  c  in  which  draw  cad, 
CBX  through  the  extremities  of  the  beam ;  then  ad  and  bb 


willW  dM  pMMoM  of  iho 
tvo  pMta  orprapa  required, 


■^librio';  btcuiM  the  Ihne 
meee  waiibumag  uty  body  io 
aiioh  BMito,  muM  be  altdireot- 
•d  Io  the  eame  poinl  c. 

CoroL  IC  OF  be  drawD  pa- 
rallel to  CD ;  then  tbe  quuili- 
tiw  of  the  three  (brcei  ba- 
lancing the  beam,  will  be  proportiooat  Io  Ibe  thre*  aidea  of 
the  triangle  car,  viz.  oe  oa  the  weight  of  the  beam,  cf  aa  the 
Amal  or  preanire  in  sa,  and  re  as  the  throat  or  preaaure 
in  AD. 

SehoHum.  The  oquitibrium  may  be  equally  matnlaincd  by 
the  two  poata  or  propa  ad,  br,  aa  by  the  two  corda  ac,  bc, 
or  by  two  planea  u  a  and  a  peip.  to  tboao  corda. — It  doea  net 
alwaya  happen  that  the  centre  of  gravity  ia  at  the  loweat  place 
to  which  it  can  get,  to  make  an  equilibrium  :  for  here  when 
the  benm^  ab  ia  aupported  by  iba  pnaia  ni,  aa,  the  centre  of 
gravity  ia  at  the  higheat  it  can  get ;  and  being  in  that  poal. 
tion,  it  ia  not  diaposed  to  move  one  way  more  than  another, 
and  therefore  it  is  aa  truly  in  equilibrio,  as  if  the  centre  waa 
at  the  lowed  point.  It  is  true  this  ia  only  a  tottering  equi- 
librium, and  any  the  leant  force  will  deatroy  it  ;  and  then,  if 
the  beam  and  poala  be  moveable  about  the  angles  a,  b,  n,  I,, 
wbioh  ia  all  along  supposed,  the  beam  will  descend  till  it  ia 
below  the  pointa  n,  b,  and  gain  such  a  poaltion  aa  that  o  will 
be  at  the  loweat  point,  coming  there  to  an  equilibrium  again* 
In  planea,  the  caatit)  of  gravity  o  may  be  either  at  ita  higheat 
or  loweat  point.  And  there  are  caaea,  when-tbat  centre  ia 
neither  at  ita  higheat  nor  lowest  point. 

PROBI.KK  sxvi. 
Sifpaiing  the  beam  ab  Aoa^tn;  by  a  pin  at  b,  and  Ifing 
on  tlu  teoU  ao  ;  it  it  re^uimi  Io  deUrmiite  theforea  or  yrtf 
mrof  at  the  poiaU  a  and  b,  and  their  direetioiu. 

Drew  AD  perp.  to  ab  and  ihrongfa 
9,  the  centra  of  gravity  of  the  beam, 
drew  OD  perp.  to  the  horizon,  to 
meet  ad  in  d  ;  and  join  bd.  Then 
the  weight  Of  the  beam,  and  the 
two  forces  or  preaaares  at  a  and  b, 
will  be  in  the  directions  of,  and  prn- 
portional  to,  the  three  aides  of  the 
triangle  gdh,  having  drawn  «ti  pa. 
nllel  to  bd  ;  viz.  Ihe  weight  of  the 
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bdain  as  to,  tbe  |)res8uf  e  at  A  ail  bd,  and  the  pr^sure  at  b  at 
on,  and  in  these  directiotis. 

For,  the  action  of  the  beam  is  in  the  direction  ob  ;  and 
the  action  bf  the  Wall  at  A,  is  in  the  perp.  ad  ;  conseq.  the 
sti^ss  on  the  pin  at  b  roust  be  in  the  direction  bb,  l>ecau8e  all 
the  three  forc^  sustaining  a  body  in  equilibrioy  must  tend  to 
the  same  pomt,  as  n.     * 

Carol,  h  tf  the  beaiit  were  supported  by  a  pin  at  ▲,  and 
laid  upon  the  wall  at  b  ;  the  like  construction  must  be  made 
at  B,  as  has  been  done  at  a,  and  then  the  forces  and  their  di* 
rections  will  be  obtained. 

Corel,  2.  It  18  all  the  same  thing,  whether  the  beam  ii 
lAistained  by  the  pin  b  and  the  wall  ac,  or  by  two  cords  bb, 
AF,  acting  in  the  directions  db,  da,  and  with  the  fercei 

HG,  Hi). 

f 

ttLOBttX.  xzVii. 

!fb  determine  ike  fuantiUes  and  directkmi  of  the  fireei^ 
txerted  hy  a  heavy  beam  ab,  at  its  two  exfremiiies  and  Hi 
tentre  rf  gravity,  bearing  against  a  perp»  wall  at  Hm  vppet 
^mdBk 


^rbm  b  draw  Bd  perp.  to  the  (ade  ot 
the  wall  BE,  which  will  be  the  direction 
Df  the  force  at  B  $  also  through  o,  the 
centre  of  ghivity,  draw  cod  perp.  to 
the  hoi'izontal  line  Ae,  then  cd  is  the 
direction  of  the  weight  of  the  beam  ; 
and  because  these  two  forces  meet  in 


AD 


the  point  c,  the  third  force  or  push  a,  tiWit^  be  in  cA,  directly 
from  c  ;  so  that  the  three  forces  are  in  the  directions  cd,  bc» 
tsAj  or  in  the  directions  cd,  da,  ca  i  and,  these  last  three 
forming  a  triangle,  the  three  forces  are  not  otily  in  those  Au 
rections^  but  are  also  proportional  to  these  three  lines  ;  lriz» 
the  weight  in  or  on  (he  beam,  as  the  line  cd  ;  the  push  againal 
the  wall  at  b,  as  the  horizontal  line  ad  ;  and  the  thnist  at 
the  bottom,  as  the  line  ac. 

Some  of  the  foregoing  problems  wilt  be  found  useful  iil 
nifieireilt  cases  of  carpentry,  especially  in  adapting  the  firam* 
ing  of  the  iroofs  of  buildings,  so  as  to  be  nearest  in  equili- 
brib  in  all  their  parts*  And  the  liast  problem,  in  pafticulai^) 
Will  be  vei^  useful  in  dcterminihg  the  push  or  thrust  of  any 
atch  against  its  piers  or  abutments,  and  thence  to  assigii 
thei^  thickness  necessary  to  resist  that  push.     The  folloW» 
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log  0olileinwiU  idao  bo  of  great  ase  in  adjugtifig  the  form  of 
H  manaard  looG  or  of  an  arch,  and  the  thickneni  of  every 
part,  so  as  to  be  truly  balanced  in  a  state  of  just  equilibrium. 

psoBLBX  xxvni. 

La  there  beany  number  of  lines^  or  bars^  or  heame,  ab,  wb^ 
CD,  DE,  4*^.  all  in  the  same  vertiail  plane^  conneded  tifgethef 
and  freely  tiioveahle  about  Oujoinis  or  angles  a,  b,  c,  b,  x,  ^e.^ 
and  kept  in  equdibrio  by  weights  laid  on  the  angles  :  it  is  re- 
ared to  assign  the  proportion  of  those  weights  ;  as  also  the 
Jfarce  or  push  in  the  direction  of  the  said  lines  ;  and  the  '^'~ 
tontal  thrust  dt  ^ery  angle* 

llirough  any 
point,asD,draw 
a  vertical  line 
aDH^y  dtc.  ;  to 
which|from  any 
point,  as  c,draw 
lines  in  the  di- 
rection df,  or  pa*  ^ 
rallel  to,  the  gi'^ 
ven  lines  or  beaiAs,  viz.  ca  parallel  to  Ad,  and  cb  parallel  to 
Bc,  and  ce  to  de,  and  if  to  bf,  and  c^  to  fg,  dtc. ;  also  cb 
parallel  to  the  horizon,  or  perpendicular  to  the  vertical  line 
ddg^  in  Which  also  all  these  parallels  terminate. 

Then  will  all  those  lines  be  exactly  proportional  to  the 
forces  acting  or  exerted  in  the  directions  to  which  they  are 
parallel,  and  of  all  the  three  kinds,  viz.  vertical,  horizontal, 
and  oblique.  That  is,  the  oblique  forces  or  thrusts  in  direc- 
tion of  the  bars ab,  bo^  cd,  de,  ef,  fg, 

are  proportional  to  their  parallels  ca,  c6,  cd,  ce^  cf  eg  i 
i'nd  the  vertical  weights  on  the  angles  b,  c,  d,  e,  f,  dec* 
are  as  the  parts  of  the  vertical  •  ab^  &d,  ne,  rfyfgf 
and  the  weight  of  the  whole  frame  abcdefg, 
is  proportional  to  the  sum  of  all  the  verticals,  or  to  c^  ;  also 
the  horizontal  thrust  at  every  angle,  is  every  whei^  the  same 
Constant  quantity,  and  is  expressed  by  the  constant  horizon- 
tal line  CH. 

Demonstration.,  All  these  proportions  of  the  forces  evi^ 
clenliy  follow  immediately  from  the  general  well-known  pro* 
perty,  in  Statics,  that  when  any  forces  balance  and  keep  each 
other  in  equilibrio,  they  are  respectively  in  proportion  as  the 
lines  drawn  parallel  to  their  directions,  and  terminating  each 
x>ther. 

Thus,  the  point  or  angle  b  is  kept  in  equilibrio  by  three 
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ibreefl,  vis.  the  weight  laid  and  acdng  veTtieaNy  dowmrttM 
on  l^at  point,  and  by  the  two  oblique  forces  or  thmeta  of  the 
two  beama  ab,  cb,  and  in  these  directions.  But  ca  ia  parallel 
to  AB,  and  cb  to  bc,  and  ab  to  the  vertical  weight ;  these  ' 
three  forces  are  therefore  proportional  to  the  three  lines  oft, 
ca,  cb,x  ' 

In  like  manner,  the  angle  c  is  kept  in  its  positi(»  by  the 
weight  laid  and  actine  vertically  on  it,  and  by  the  two  obliqqe 
forces  or  thrusts  in  the  direction  of  the  bars  rc,  cd  :  conse- 
quently these  three  forces  are  proportional  to  the  three  Im^ 
OD,  c6»  CD,  which  are  parallel  to  them. 

Also,  the  three  forces  keeping  the  point  n  in  its  position, 
are  proportional  to  their  three  parallel  lines,  ne,  on,  ce.  And 
the  three  forces  balancing  the  angle  e,  are  proportional  to  ^ 
their  three  parallel  lines  e/*,  ce,  cf.  And  the  three  forces 
balancing  the  angle  f,  are  proportional  to  their  three  parallel 
lines  fg^  c/*,  eg.  And  so  on  continually,  the  oblique  tbrcef 
or  thrust  in  the  directions  of  the  bars  or  beams,  being  al» 
ways  proportional  to  the  parts  of  the  lines  parallel  to  them, 
intercepted  by  the  common  vertical  line ;  while  the  vprtical 
forces  or  weights,  acting  or  laid  on  the  angles,  are  propor- 
tional to  the  parts  of  this  vertical  line  intercepted  by  the  two 
lines  parallel  to  the  lines  of  the  corresponding  angles. 

Again,  with  regard  to  the  horizontal  force  or  thrust :  since 
the  fine  do  represents,  or  is  proportional  to  the  force  in  the 
direction  dc,  arising  from  the  weight  or  pressure  on  the  angle 
D ';  and  since  the  oblique  force  do  is  equivalent  to,  and  re- 
solves into,  the  two  dh,  hc,  and  in  those  directions,  by  the 
resolution  of  forces,  viz.  the  vertical  force  dh,  and  the  hori- 
SEontal  force  hc  ;  it  follows,  that  the  horizontal  force  or  thrpst 
at  the'  angle  d,  is  proportional  to  the  line  ch  ;  and  the  part 
of  the  vertical  force  or  weight  on  the  angle  d,  which  pro* 
duces  the  oblique  force  dc,  is  proportional  to  the  part  of  the 
vertical  line  dh. 

In  like  manner,  the  oblique  force  c6,  acting  at  c,  in  the 
direction  cb,  resolves  into  the  two  to,  hc  ;  therefore  the 
horiaontal  force  or  thrust  at  the  angle  c,  is  expressed  by  the 
line  CH,  the  very  same  as  it  was  before  for  the  angle  d  ;  and 
the  vertical  pressure  at  c,  arising  from  the  weights  on  both  d 
and  c,  is  denoted  by  the  vertical  line  6h. 

'  Also,  the  oblique  force  oc,  acting  at  the  angle  b,  in  the 
direction  ba,  resolves  into  the  two  ^h,  hc  ;  therefore  affain 
tftkB  horizontal  thrust  at  the  angle  b,  is  represented  hy  the  line 
OR,  the  very  same  as  it  was  at  the  points  c  and  d  ;  and  the 
vertical  pressure  at  b,  arising  from  the  weights  on  b,  c,  and 
D,  is  expressed  by  the  part  of  the  vertical  line  an. 

Thus  also,  the  oblique  force  ce,  in  direction  ve^  resolves 


FBOKnOVOIW  ffWICTCTMU  SOS 

into  die  two  cr»  Bf,  bein^  the  same  horizontal  fhreei  with  the 
vertical  He ;  and  the  oblique  force  o/*,  in  direction  xf,  re- 
aolves  into  the  two  ce,  ii/*;  and  the  oblique  force  cgy  in 
direction  fo,  resolves  into  the  two  cur  Hg  ;  and  so  on 
continually,  the  horizontal  force  at  every  point  being  ex- 
pressed by  the  same  constant  line  ch  ;  and  the  vertical 
pressures  on  the  angles  by  the  parts  of  the  verticals,  viz.  an 
the  whole  vertical  pressure  at  b,  from  the  weights  on  the 
angle  b,  c,  d  ;  and  bn  the  w.hole  preijsure  on  c  from  the 
•weights  on  c  and  d:  and  dh  the  part  of  the  weight  on  d 
causing  the  oblique  force  dc  ;  and  ne  the  other  part  of  the 
weight  on  d  causing  the  oblique  pressure  db  ;  and  nythe 
whole  vertical  pressure  at  r  from  the  weights  on  d  and  b  ; 
and  Bg  the  whole  vertical  pressure  on  r  arising  from  the 
weights  laid  on  d,  b,  and  p.     And  so  on. 

1^  that,  on  the  whole,  an  denotes  the  whole  weight  on  the 
points  from  d  to  a  ;  and  ng  the  whole  weight  on  the  points 
from  D  to  o ;  and  ag  the  whole  weight  on  all  the  points  oq 
both  sides  ;  while  ab,  6d,  ne,  ^f%Jg%  express  the  several  par* 
ticular  weights,  laid  on  thf^  angles  b,  c,  i>,  b,  f. 

Also,  the  horizontal  thrust  is  every  where  the  same  con* 
Btant  quantity,  and  is  denoted  by  the  line  cir. 

Lastly,  the  several  oblique  forces  or  thrusts,  in  the  direc. 
tions  AB,  BO9  CD,  DB,  BF,  FO,  are  expressed  by,  or  are  propor- 
tional tci|  their  corresponding  parallel  lines,  ca,  c6,  cd,  C6,  q/*, 

.  CmiA,  1.  It  is  obvious,  and  remarkable,  that  the  lengths 
of  the  bars  ab,  bc,  dec.  do  not  affect  or  alter  the  proportions 
of  any  of  these  loads  or  thrusts  ;  since  all  the  Hne.s,  ca,  db^ 
abf  dtc.  remain  the  same,  whatever  be  the  lengths  of  ab,  bc, 
&c.  The  positions  of  the  bars,  and  the  weights  on  the  an- 
gles  depending  mutually  on  each  other,  as  well  as  the  hori- 
zontal  Hnd  oblique  thrusts.  Thus,  if  there  be  given  the  posi- 
tion  of  DC,  and  the  weights  or  loads  laid  on  the  angles  d,  c, 
b  ;  set  these  on  the  vertical,  dh,  d6,  ba,  the  c6,  ca  give  the 
directions  or  positions  of  cb,  ba,  as  well  as  the  quantity  or 
proportion  ch  of  the  constant  horizontal  thrust. 

CoroL  2.  If  cH  be  made  radius  :  then  it  is  evident  that 
Ha  is  the  tansent,  and  ca  the  secant  of  the  elevation  of  ca  or 
AB  above  the  horizon  ;  also  u6  is  the  tangent  and  ch  the  secant 
of  the  elevation  of  c5  or  cb  ;  also  hd  and  cd  the  tangent  and 
secant  of  the  elevation  of  od  ;  also  ne  and  ce  the  taneent  and 
secant  of  the  elevation  of  ce  or  dr  ;  also  uf  and  c/ the  tan- 
gent and  secant  of  the  elevation  of  bf  ;  and  so  on ;  also  the 
parts  of  the  vertical  a6,  6d,  cf^fg,  denoting  the  weights  laid 
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on  the  several  angles,  are  the  differences  of  the  said  tangents 
of  elevations.    Hence  then  in  general, 

Ist  The  oblique  thrusts,  in  the  directions  of  the  bars,  are 
to  one  another,  directly  in  proportion  as  the  secants  of  thelt 
angles  of  elevation  ahovothe  horizontal  directions  ;  or^  whicl| 
is  the  same  thing,  reciprocally  proportional  to  the  cosines  of 
the  same  elevation?,  or  reciprocally  proportional  to  the  sines 
of  the  vertical  angles,  a,  6,  d,  f,/,  ^,  &c.  made  by  the  ver- 
tical line  with  the  several  directions  of  the  Lars ;  because  the 
secants  of  any  angles  are  always  reciprocally  in  proportion  as 
their  cosines. 

2,  The  weight  or  load  laid  on  each  angle,  is  directly  pror 
portional  to  the  difference  between  the  tangents  of  the  ele^ 
vations  above  the  horizon,  of  the  two  liacei  which  forni  thg 
angle. 

3.  The  horizontal  thrust  at  every  angle,  is  the  same  conn 
stant  quantity,  and  has  the  same  proportion  to  the  weight  on 
the  top  of  the  uppermost  bar,  as  radius  has  to  the  tangent  of 
the  elevation  of  that  bar.  Or,  as  the  whole  vertical  ag,  is  to 
the  line  cii,  so  is  the  weight  of  the  whole  assemblage  of  bars, 
to  the  horizontal  thrust.  Other  properties  also,  concerning 
the  weights  and  the  thrusts,  might  be  pointed  out,  but  they 
are  less  simple  and  elegant  than  the  above,  and  are  therefore 
omitted ;  the  following  only  excepted,  which'  are  inserted 
here  on  account  of  their  usefulness. 

Carol,  3.  It  may  hence  be  deduced  also,  that  the  weifh^ 
or  pressure  laid  on  any  angle,  is  directly  proportional  to  the 
continual  product  of  the  sine  of  that  angle  and  of  the  secants 
of  the  elevations  of  the  bars  or  lines  which  form  it.  Thus, 
in  the  triangle  6cd,  in  which  the  side  6d  is  proportional  to 
the  weight  laid  on  the  angle  c,  because  the  sides  of  any  tri- 
angle are  to  one  another  as  the  sines  of  their  opposite  angles, 
therefore  as  sin.  d  :  c6  : :  sin.  &cd  :  &d  ;  that  is,  hiD  is  as 

-~- X  c6  ;  but  the  sine  of  angle  d  is  the  cosine  of  the 

sin.  p  ^ 

elevation  dch,  and  the  cosine  of  any  angle  is  reciprocally 

proportional  to  the  secant,  therefore  fto  is  as  sin  6cd  X  sec' 

DCH  X  c6 ;  and  c6  being  as  the  secant  of  the  angle  hen  of 

the  elevation  of  6c  or  no  above  the  horizon,  therefore  hx>  is 

as  sin.  6cd  X  sec.  hen  X  sec.  ugh  ;  and   the  sine  of  hcD, 

being  the  same  as  the  sine  of  its  supplement  bod  ;  therefore 

tfie  weight  on  the  angle  c,  which  is  as  &d,  is  as  the  sin.  bcd. 

X  sec.  DCH  X  sec.  6ch,  that  is,  as  the  continual  product  of  the 

sine  of  that  angle,  and  the  secants  of  the  elevations  of  its  two 

ludes  above  the  horizon. 
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CoroL  4»  Fiirdier,  it  easily  appears  also,  that  the  same 
weight  on  any  angle  g,  is  directly  propordooal  to  the  fine  of 
that  angle  bod^  and  inversely  proportional  to  the  sines  of 
the  two  parts  bcP|  i>cp,  into  which  the  same  angle  is  divided 
by  the  vertical  line  cp.  For  the  secants  of  angles  are  reci- 
procally proportional  to  their  cosines  or  sines  of  their  com. 
plements :  but  bcp  :=  c6h»  is  the  complement  of  the  eleva. 
tion  6cH,  and  dcp  is  the  complement  of  the  elevation  dch  ; 
therefore  the  secant  of  6cH  X  secant  of  dch  is  reciprocally 
as  the  sin.  bcp  X  sin.  dcp  ;  also  the  sine  of  6cd  is  =  the 
sine  of  its  supplement  bod  ;  consequently  the  weight  on  the 
angle  c,  which  is  proportional  to  sin.  bcj>  X  sec.  bca  X 

sec.  DCH,  is  also  proportional  to  -. '-rz — : ,  when  the 

'^    '^  sm.  BCP  X  sm.  dcp 

whole  frame  or  series  of  angles  is  balanced,  or  kept  in  equi. 

librio,  by  the  weights  on  the  angles ;  the  same  as  in  the  pre* 

ceding  proposition. 

Schcikan*  The  foregoing  proposition  is  very  fruitful  in 
its  practical  consequences,  and  contains  the  whole  theory  pf 
arches,  which  may  be  deduced  from  the  premises  by  sup. 
posing  the  constituting  bars  to  become  very  short,  like  arch 
stones,  so'  as  to  form  the  curve  of  an  arch.  It  appears  too, 
that  the  horizontal  thrust,  which  is  constant  and  uniformly  the 
same  throughout,  is  a  proper  measuring  unit,  by  means  of 
which  to  estimate  the  other  thrusts  and  pressures,  as  they 
are  all  determinable  from  it  and  the  given  positions ;  and  the 
value  of  it,  as  appears  above,  may  be  easily  computed  from 
the  uppermost  or  vertical  part  alone,  or  from  the  whole  as- 
semblage  together,  or  from  any  part  of  the  whole,  counted 
from  the  top  downwards. 

The  solution  of  the  foregoing  proposition  depends  on  this 
consideration,  viz.  that  an  assemblage  of  bars  or  beams,  being 
connected  together  by  joints  at  their  extremities,  and  freely 
moveable  about  them,  may  be  placed  in  such  a  vertical  posi. 
tion,  as  to  be  exactly  balanced,  or  kept  in  equilibrio,  by  their 
mutual  thrusts  and  pressures  at  the  joints ;  and  that  the  effect 
will  be  the  same  if  the  bars  themselves  be  considered  as  with, 
out  weight,  and  the  angles  be  pressed  down  by  laying  on 
them  weights  which  shall  be  equa)  to  the  vertical  pressures 
at  the  same  angles,  produced  by  the  bars  in  the  case  when 
they  are  consi£red  as  endued  with  their  own  natural  weights. 
And  as  we  have  found  that  the  bars  may  be  of  any  length, 
Mathout  affecting  the  general  properties  and  proportions  of 
the  thrusts  and  pressures,  therefore  by  supposing  them  to 
become  short,  like  arch  stones,  it  is  plain  that  we  shall  then 
have  the  same  principles  and  properties  accommodated  to  a 
red  arch  of  equilibration,  or  one  that  supports  itself  in  a  dqx^ 
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feet  bilanee.  It  may  be  ftiifh^  ebtoM^,  ikwA  ttifr 
clusimis  here  derived,  in  this  propdntl6ii  Bttd  Mi  MmllKtlM^ 
exactly  a^ree  with  those  derived  in  a  Te^dMUMitt  Wiy,  ^ 
my  principleA  of  bridgeif,  via.  in  pmpoalcidtia  1  Mi  %  ttil 
their  Gorollariea.  /  • 

iPROBLm  ZXIK. 

If  the  whole  figure  in  the  laelprMem  bei^umftd^  (Ht-mmM 
rcmnd  ihe  horizontal  line  Aoasan  arrik»  HU  H  heijom/teubf  !%• 
versed,  or  in  the  Mome  tertieal  plane  Mow  IkefirtipfMok^  mA 
angle  i>,  d^  dj^.  being  m  the  wwefhanh  lime  ;  Ml  if  Mijfifir 
f,  kt  I,  m,  n,  which  are  reepecOvdy  equal  to  the  weignte  laid  cm 
the  angles  b,  c,  d,  b,  f>  <f  the  first  figurey  he  %om  easpemdedhff 
threads  from  the  corresponding  angles  h,  e«  dt,  e^/,ofABhsist 
figure;  it  is  required  to  show  that  those  wetgkts  keep  this  Jigmt4 
in  exact  equilibria^  the  same  as  the  former ^  end  aUiha  ^temUmm 
or  forces  in  the  latter  ease^  whether  vertical  or  koriutUaiar'oh* 
HquBy  wUl  be  exactly  equal  to  the  corresponding  forces  ^  meighi 
or  pressure  or  thrust  in  the  Uke  directions  rf  tkdfrsijigma. 


This  necessarily  happens,  from  the  equality  of  tbeweiglrt% 
and  the  similarity  of  Uie  posilions,  and  actions  of  the  whole 
in  both  cases.  Thus,  from  the  equality  of  the  correapottdiiig 
weights,  at  the  like  angles,  the  ratios  of  the  weights,  ah^bi^ 
dh,  As,  dzc.  in  the  lower  figure,  are  the  very  same  as  those,  ah, 
&D,  DH,  ue,  &c.  in  the  upper  figure  ;  and  from  the  equality 
of  the  constant  horizontal  forces  cu,  eh^  and  the  similari^ 
of  the  positions,  the  corresponding  vertical  lines,  denotim 
the  weigbtSf  are  equal,  namely,  oft  =  a6,  5d  =  6c2,  dh  a  dh, 
Am.  The  same  may  be  said  of  the  oblique  lines  also,  eo,  r6, 
^c.  which  being  parallel  to  the  beams  a6,  fo,  dtc»  will  denola 
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■0)  in  tha  dincUon  of  thoir  length,  th* 
mm  <*  "W  PWm»B  tfanma  or  pwhea  io  Ute  upper  figures. 
Thutk  kU  llw  MRoapondiiig  woighta  and  acliatw,  egd  po«> 
tHWh  UltbotiKaibialiolu,  being  exactly  equal  and  similar, 
tlwMkKaaly  dnwiag  «nd  tension  for  puBhing  and  ihrust- 
iOf,  m  Mluoa  Wid  equtlibrium  nf  the  upper  figure  is  still 
pienrmd  the  nme  in  the  hanging  feitoan  or  lower  one. 

SeMituL,  The  aanie  figure,  it  it  evident,  will  also  arine, 
if  thtt  latm  iwetghia,  i,  k,  I,  «,  n,  be  suspended  at  like  dis- 
taacea  a^,  be,  dw.  on  a  thread,  or  cord,  or  chuin,  Stc.  having 
in  iteeir  little  or  no  wctf^t.  For  the  equality  of  tlie  weighia, 
ukI  their  Erections  end  distances,  will  put  the  whole  line, 
wfaeii  Ihey  come  to  equtlibriurv,  into  the  snme  fttatoon  shape 
•f  Agure.  So,  thai,  whatever  properties  are  inferred  in  thb 
eoroihrioa  to  the  foregoing  prob.  will  equally  apply  to  the 
iMioon  or  tower  figure  hanging  in  oquilibrio. 

Thie  is  ■  nMst  useful  principle  in  all  cases  of  equilibriuma, 
wpecially  to  the  mere  practical  mechanist,  and  enables  him 
ie  u  experimental  way  to  resolve  problems,  which  the  best 
matfaematicians  have  fouad  it  no  enay  matter  to  effect  by 
mere  compulation.  For  thus,  in  a  simple  and  easy  way  he 
obtaina  the  shape  of  an  equilibrated  arch  or  bridge  ;  ond  thus 
alao  he  readily  obtainsthe  positions  of  the  rafters  in  the  frame 
of  an  equilibrated  curb  or  mansard  roof;  a  single  instance  of 
which  may  serve  to  show  the  extent  and  uses  to  which  it 
may  be  applied.  Thus,  if  it  should  be  required  to  make  a 
fwb  ftame  roof  having  a  given 
With  A«,  and  consisting  of  four 
nfiem  wttBc,  cih  »x,  which  shall 
eiUiet  be  equ^  or  in  any  pven  pro- 
MTtionteevab  other.  There  can 
Im  ma  dotibt  but  that  the  beat  form 
ttf  lb*  roof  will  be  that  which  puu 

kII  its  parts  in  equilibrio,  ao  that  there  may  be  no  unbalanced 
parts  which  may  require  the  aid  of  ties  or  slays  to  keep  the 
(ranie  in  its  position.  Here  the  mechanic  has  nothing  to  do, 
hut  to  talfe  four  Uke  but  small 

C'aces,  that  are  either  equal  or 
the  same  given  proportions  as 
those  proposed,  and  connect  them 
closely  together  at  the  joints  a,  b, 
o,  D,  E,  by  pins  or  strings,  so  as  to 
bo  freely  Bsove^lite  al^t  them ; 
Oieo  suspend  this  from  tyo  pins, 
«,  «,  fixed  ia  a  horizontal  linp,  and 
the  chain  of  the  pieces  will  ar- 
range itself  is  wwh  •  fosloon  or 
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form,  abcde^  that  all  its  parts  will  cone  to  rest  in  eqilQibrkl* 
Thea,  by  inverting  the  figure,  it  will  exhibit  the  form  and 
frame  of  a  curb  roof  a^y6^,  which  will  also  be  in  equilibrio, 
the  thrusts  of  the  pieces  now  balancing  each  othesi^  in  the 
same  manner  as  was  done  by  the  mutual  pulls  orajtamons 
of  the  hanging  festoon  ab  cde.  By  varying  the  disCaJDCd 
oe,  of  the  points  of  suspension,  moving  them  nearer  to,  or 
farther  off,  the  chain  will  take  different  forms  ;  them  the  frame 
ABODE  may  be  made  similar  to  that  form  which  has  the 
most  pleasing  or  convenient  shape,  found  above  as  a  model. 
Indeed  this  principle  is  exceeding  fruitful  in  its  practical 
consequences.  It  is  ^asy  to  perceive  that  it  contains  the 
whole  theory  of  the  construction  of  arches :  for  each  stone  of 
an  arch  may  be  considered  as  one  of  the  rafters  or  beams  in 
the  foregoing  frames,  since  the  whole'  is  sustained  by  the 
mere  principle  of  equilibration,  and  the  method,  in  its  appli» 
-cation,  will  afford  some  elegant  and  simple  solutions  of^the 
most  difficult  cases  of  this  important  problem* 


PROBLEM    XXX. 

Of  all  hollow  cylinders,  whose  lengths  €md  the  diameters  of 
the  inner  and  outer  circles  continue  the  same^  it  is  required  to 
show  what  wiU  he  the  position  of  the  inner  circle  when  the  eylin*^ 
der  is  the  strongest  hUeraUy* 

Since  the  magnitude  of  the  two  circles  are  constant,  the 
area  of  the  solid  apace,  included  between  their  two  circum*> 
ferences,  will  be  the  same,  whatever  be  the  position  of  the 
inner  circle,  that  is,  there  is  the  same  number  of  fibres  to  be 
broken,  and  in  this  respect  the  strength  will  be  always  the 
same.  The  strength  then  can  only  vary  according  to  the 
situation  of  the  centre  of  gravity  of  the  solid  part,  and  this 
again  will  depend  on  the  place  where  the  cylinder  must  first 
break,  or  on  the  manner  in  which  it  is  fixed. 

Now,  the  cylinder  is  strong- 
est when  the  hollow,  or  inner 
circle,  is  nearest  to  that  side 
where  the  fracture  is  to  end, 
that  is,  at  the  bottom  when  it 
breaks  first  at  the  upper  side, 
or  when  the  cylinder  is  fixed 
only  at  one  end  as  in  the  first 
figure.  But  the  reverse  will 
be  the  case  when  the  cylinder 
is  fixed  at  both  ends ;  and  con* 
aequently  when  it  opens  first 
below,  or  ends  above,  as  in  the  2d  figure  annexed. 
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To  Jflt|»iwi  <Ae  cKmenHofM  of  the  strongest  rectangular  beam 
that  €ijm  be  cut  (ml  of  a  given  cylinder. 

Let  AB,  the  breadth  of  the  requiited 
beam,  be  denoted  by  6,  ad  the  depth  by 
d,  and  the  diameter  ac  of  the  cylinder 
by  D.  Now  when  ab  is  horiiontal,  the 
lateral  strength  is  denoted  by  bdP  (by 
page  891),  which  is  to  be  a  maximifm. 
But  AD*  =  ac"—  ab*,  oriP  =  d"  —  5* ; 
theref.  W«=(d"-  ft^6=D^6  -  6'is  amaxi- 

mum  :  in  fluxions* p'6  -  Sb'b  =  0  =  d'—  36*,  or  d*  «  M* ; 
also  iP  =  D*  -  5^  =  85*— 6*  =  W.  Conseq.  6« :  i* :  d*  : : 
1:2:8,  that  is,  the  squares  of  the  breadth,  and  of  the  depth, 
and  of  the  cylinder's  diameter,  are  to  one  another  respeetiye* 
ly  as  the  three  numbers  1,  2,  8. 

Corel.  1.  Hence  results  this  easy  practical  construction  x 
divide  the  diameter  ac  into  three  equal  parts,  at  the  points  b, 
F ;  erect  the  perpendiculars  eb,  fd  ;  and  joiik  the  points,  b,  d 
to  the  extremities  of  the  diameter :  so  shall  abcd  be  Uie 
rectangular  end  of  the  beam  as  required.  For,  because  ab, 
AB,  Ao  are  in  continued  proportion  (theor.  87,  Geom.), 
theref.  ab  :  ac  : :  ab'  :  ac*  ;  and  in  like  manner  af  :  ao  : : 
AD*  :  AC* ;  hence  ab  :  af  :  ac  : :  ab'  :  ad'  :  ao'  : :  1  : 2  :  8. 

'  Carol.  2.  The  ratios  of  the  three  6,  d,  d,  being  as  the 
three  ^l^  \/2,  ^3,  or  as  1,  1*414,  1-732,  are  nearly  as  the 
three  5,  7,  8-6,  or  more  nearly  as  12, 17,  20*8. 

CorcH.  3.  A  square  beam  cut  out  of  the  same  cylinder, 
would  have  its  side  =  d  ^^  =»  ^d  ^2.  And  its  solidity  would 
be  to  that  of  the  strongest  beam,  as  ^d'  to  |d'^/2,  or  as  8 
to  2v^,  or  asv3  to  2*828 ;  while  its  strength  would  be  to  that 
t>f  the  strongest  beam,  as  (d^^)*  to  d  ^  |  X  |d*,  or  as  ^^/2 
to  1^3,  or  as  9^/2  to  Sy/B,  or  nearly  as  101  to  110. 

Corel.  4.  Either  of  these  beams  will  exert  the  greatest 
lateral  strength,  when  the  diagonal  of  its  end  is  placed  verti- 
"caDy. 

Corol.  5.  The  strength  of  the  whole  cylinder  will  be  to 
tiiat  of  the  square  beam,  when  plaqed  with  its  diagonal  ver- 
tically, as  the  area  of  the  circle  to  that  of  its  inscribed  square. 
For,  the  centre  6f  the  circle  will  be  the  centre  of  gravity  of 
%oth  beams,  and  is  at  the  distance  of  the  radius  from  tha 


lowaK  point  in  each  of  them  ;  cooseq.  their  etrengthfl 
be  •■  their  arew. 


•  - 

7b  delermme  the  difference  in  the  strength  rf  « triangular 
hemnt  according a»U  Uea  with  the  ^dge or  iqt(A <Af  jM^n£r t^ 
warde. 

In  the  same  beam,  the  aiea,ia  the  same,  and  therefore  tHe 
•trength  can  only  vary  with  the  dtataooe  Qf  the  centre  of 
gravi^  from  the  highest  or  lowest  point ;  but,  in  a  triangls^ 
the  distance  of  the  centre  of  gravity  from  an  angle,  is  aoi|. 
ble  of  its  distance  from  the  opposite  side  ;  ^refoci^  the 
Mongth  of  the  beam  will  be  as  2  to  1  with  the  different  sides 
upwardSf  under  different  circumstances,  iiz.  when  the  centre 
of  gravity  is  farthest  from  the  place  where  the  fracture  enda; 
that  is,  with  the  angle  upwards  when  the  beam  is  supperted  at 
both  ends ;  but  with  the  side  upwards,  when  it  is  supported 
only  at  one  end,  because  in  the  former  case  the  beam  breaks 
fiffsl  bdlew,  but  the  reyerse  in  the  latter  case, 

PROBLEM  XXXni. 

CriMii  the  length  and  weight  of  a  cyUnier  or'  Ppfh 
f/ofied  horizontally  with  one  end  fimdy  fixed^  and  wul  jfiiil 
ftffort  a  given  weight  at  the  other  end  without  breaking  ;,  U 
u  reqmrm  to  JUid  the  length  of  a  similar  prism  or  c}^nder 
wMsA,  when  supported  in  like  manner  at  one  end^  shatt  just 
hear  wiikoui  breaking  another  given  weigh  ai  the  wm^ 
ported  ettd. 

Let  I  denote  the  length  of  the  given  cylinder  or  pnsro,  d 
the  diameter  or  depth  of  its  end,  w  its  weight,  and  ti  the 
wei||ht  hanging  at  the  unsupported  end  ;  aim  let  the  like 
capitals  L,  D,  w,  u,  denote  the  corresponding  particulars  of 
the  other  prism  or  cylinder. .  Then,  the  weights  of  similar 
solids  of  the  same  matter  being  as  the  cubes  of  their  lengths, 

l' 
«s  P  :  l'  : :  10 :  --jio,  the  weight  of  the  prism  whose  length 


is  If  Now  ^ui  will  be  the  stress  on  the  first  beam  by  its  own 
weight  to  acting  at  its  centre  of  gravity,  or  at  half  its  length  ; 
imd  lu  the  stress  of  the  added  weight  u  at  its  extremity,  their 
sum  (^4 1«)2  will  therefore  be  the  whole  stress  on  th^  given 

%^a|p  f  ia  IJI^Q  onaoner  the  whole  str^s^  ca  ttie;  «Nbir  U^Mh 


wboM  weigiit  is  w  or  ^v,  will  be  (j w+v)l  or  (gpt9+iy)&. 

But  the  lateral  strength  of  the  first  beam  is  to  tbst  of  the 
■eeondL  is  d^  to  d^  or  as  F  to  l"*  ;  and  the  strMi||tfas  uni 
streMel  of  the  two  beams  must  be  in  the  same  ratio»  to 
answer  fte  conditions  of  the  problem ;  therefore  as  ( jw-i-tt)2 : 

a* 

jarfD  4"  v)l  I  iV :  1?  ;  this  analogy,  turned  into  an  eqilatioo, 

w  -f  2tf  2 

gives  L»  — Zl»  4"  — ru  =s  0,  a  cubic  equation,  from 

w  to 

irhich  the  numeral  values  bf  l  may  be  tsasBy  detentti&ed| 
when  those  of  the  other  letters  are  known. 

CoroL  1.  When  u  vanishes,  the   equation    gives  l*  ■> 

/l«,  or  l  ss  — —I,  whence  v:  w  +  2u::l  :l,  for  the 

leo|[th  of  the  beam,  which  •  will  but  just  support  itM  own 
weight. 

Osrsl.  2.  If  a  beam  just  only  support  its  oim  weight 
when  ibced  alone  end;  then  abeam  of  double  lis  l«|gll|| 
fixed  at  both  ends,  will  also  just  sustain  itself:  er  if  ike  one 
jvstlireaiK,  the  other  will  do  the  same* 

FHOBLXX  XXXIV. 

• 

Ghen  the  length  andweighiof  a  cykttder  orpHenifiireilK^ 
rissontanp  as  in  tJie  fffregaing  problem,  and  n  wtigntwkidkf 
when  hung  at  a  given  point,  hreake  the  prism:  il  is  required  to 
determme  how  much  longer  the  prism,  of  eqtud  diamelerertf 
epial  breadth  and  depth,  may  be  ertended  before  it  break,eitker 
by  its  own  weight,  or  by  the  addition  of  any  other  admrttUUme 
weighi. 

Let  /  denote  the  length  of  the  given  prism,  w  its  weight, 
and  tt  a  weight  attached  to  it  at  the  distance  d  from  the  fued 
end ;  also  let  l  denote  the  required  length  of  the  other  prism, 
and  u  the  weight  attached  to  it  at  the  distance  d.  Now  the 
strain  occastbned  by  the  weight  of  the  first  beam  is  \wl,  and 
that  by  the  weight  u  at  the  distance  d,  is  du,  their  sum  ;|«l 
4-^  being  the  whole  strain.    In  like  mannnr  |wt  +  dv  is 

the  strain  on  the  second  beam  ;  but  Z :  l  :  2  «  :  -y-  :^  w  the 
irelght  of  this  beam,  fheref.  -^  +  i>v  «*  its  strain.  '  Butthp 
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strength  of  the  beam,  which  is  just  sufficient  to  resist  these 
strains^  ii  the  same  in  both  cases ;  therefore  oT  +  ^^  "* 

w  4.  ch,  and  hence,  by  reduction,  the  required  length 

.,      irf+2dtt-2pu. 
,.  =.  V(I  X j^ ). 

Cord.  1.  When  the  lengthened  beam  just  breaks  by  its 
own  weighty  then  u==0  or  vanishes,  and  the  required  length 

becomes  l  =  y/(l  X ). 


Card.  2.  Also  when  u  vanishes,  if  d  become  ^  2,  then 
I.  s=  I  ^ is  the  required  length* 


PROBLEM  XXZV. 

Let  A9  he  a  beam  moveable  about  the  end  Ay  so  «u  to  make 
imy  angie  bag  with  the  plane  of  the  Jiorizon  aci  U  is  required 
to  detmnsne  the  position  of  a  prop  or  supporter  db  of  agvcen 
lengthy  tohieh  shaU  sustain  it  with  the  greatest  ease  in  an§ 
gioen  position ;  also  to  ascertain  the  angle  bag  when  the  least 
force  which  can  sustain  ab,  is  greater  than  the  least  force  in 
any  other  position. 

Let  o  be  the  centre  of  gravity  of  the 
beam ;  and  draw  em  perp.  to  ab,  on  to 
AG,  nm  to  om,  and  afh  to  de.  Put 
r  =  AO,  p  »  DE,  10  =  the  weight  of  the 
beam  ab,  and  aji  =  a:.  Then,  by  the 
nature  of  the  parallelogram  of  forces, 
on  :  om,  or  by  sim.  triangles,  ao  =  r : 

All  =s  X  : :  10  :  — ,  the  force  which  acting 

at  o  in  the  direction  mo,  is  sufficient  to  sustain  the  beam ; 

xw 
and,  by  the  nature  of  the  lever,  ab  :  ao  =r  r  : :  —  the  re« 

•^  AG 

wx 
quisite  force  at  o  :  — ,  the  force  capable  of  supporting  it  at 

A£ 

B  in  a  direction  perp.  to  ab  or  parallel  to  mo  ;  and  again  •■ 

AF  :  AS  : :  —  :  — ,  the  force  or  pressure  actually  sustained 

by  the  given  prop  db  in  a  direction  perp.  to  af.  And  this 
latter  fc^e  will  manifestly  be  the  least  possible  when  the  perp. 
AF  upon  PB  is  the  greatest  possible,  whatever  the  angle  bac 
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may  be,  wUch  is  when  the  triangle  ade  is  isosceles,  or  haa 
the  side  ad  =  ae. 

Secondly,  for  a  solution  to  the  latter  part  of  thi^pfsblem, 

we  have  to  find  when  —  is  a  maTcimum  ;  the  angled  o  and 

B  being  always  eqaul  to  each  other,  while  they  vary  in  mag- 
nitude by  the  change  in  the  position  of  ab.  Let  ap  produced 
meet  on  in  h  ;  then,  in  the  similar  triangles  adf,  ahii,  it 

will  be  AF  :  An  =  ar :  :  DP  =  Ip  :  nn,  hence  —  =  7—,  and 

AF        Jp 

conseq.  -  x  ir  =  j-  X>.  But,  by  theor.  83  Geom.  and 
comp.  Ao4"An==r  +  a::An  =  a:::Gn  =  ^{r'  —  x^  i 
H»  =      ,     ^/{f^—^)  =  x  y'  — —^  :  consequently  the  force 

J —  X  ID,  acting  on  the  prop,  is  also  truly  expressed  by 

wx      r — X 

—  \/     ,    .     Then  the  fluxion  of  this  made  to  vanish  gives 

%  =  — 5 — r  the  cos.  angle  bag  •=  51°  50',  the  inclination 
required. 


PROBLEM  XXXVI. 

Suppose  the  beam  ab,  instead  of  being  moveable  about  the 
centre  a,  as  in  the  last  problem,  to  be  supported  in  a  given 
position  by  means  of  the  given  prop  de  :  it  is  required  to 
determine  the  position  of  that  prop,  so  thai  the  prismatic  beam 
AC,  on  which  it  stands^  may  be  the  least  liable  to  breaking,  thia 
latter  beam  being  only  supported  at  its  two  ends  a  and  c. 

Put  the  base  ac  =  b,  the  prop,  de  =  p,  ao  =  r,  the 
weight  of  AB  =  u>,  «  and  c  the  sine  and  cosine  of  ^  a,  x  = 
sin.  <^K,  3/  =  sin.  Zd,  and  z  =  ak.     Theo,  by  trigon.  z  : 

t/  : :  p  :  *,  or  -  =  — ,   and  ad  =  —  ;  also  cw  =  the  force 
^      ^  X       p  s 

of  the  beam  at  o  in  direction  om.     Let  f  denote  the  force 

sustaining  the  beam  at  e  iu  the  direction  ed  :  then,  because 

action  and  reaction  are  equal  and  opposite,  the  same  force 

will  be  exerted  at  o  in  tRe   direction  de  :  therefore  ag  • 

rciD 
CW  =  Tzx,  and  p  = .  Again,  the  vertical  stress  at  d,  will 

zx 

rcwy 
be  as  p  X  sine  p  X   ad  .  do  =  fv  .  ad  .  dc  = X 

zx 

Vol.  n.  66 
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?i  (6  _?i)  =  (mibrtituting  —  for  its  equal  i)  ?5!!  x  ® 
X  — -S5«  rcw  X  -^^^^  =  -— ^  X  (—  — «)  =s  a ninimoin 

by  the  problem.     Conseq. or  is  a  rotnimum,  or  ar  a  nia]p« 

mum,  that  is,  r  =  1,  and  the  angle  b  is  a  right  angle* 
Hence  the  point  s  is  easily  found  by  this  proportioiiy  m^ 
A  :  cos.  A  :  :  BD  :  ea. 

This  problem  may  also  be  solved  gwmetriedUy^  thos : — 

The  stress  or  pressure  upon  the  prop  sd,  is  aa. —  (af.  X 

ed).     The  force  upon  d  in  perp.  direction  a  —  (it  being  to 
the  absolute  force  in  direction  ed,  as  af  :  ad); 
But  the  force  necessary  to  break  the  beamiatii^oc r —  : 

AD  •  DO. 
^.11  1  DC  , 

And :  —  : : : : :  li :  Dc. 

AD  .  DC      AD         AD  .DC      AD  •  DC 

Conseq.  dc  must  be  a  min.  and  .*.  ad  a  max* 

But  AD  :  sin  e  in  the  given  ratio  of  de  :  sin  a. 

Conseq.  ad  ^ill  be  a  max.  when  sin  e  is  a  max.  ¥4iich  ki 

evidently,  when  e  is  a  right  angle. 
/•  make  ea  :  ed  : :  cos  a  :  sia  a. 

Place  the  given  piece  ed  at  the  point  e,  so  as  to  make  nght 
angles  with  ab  ;  and  the  point  d,  where  it  meets  aOi  is  that 
in  whiclv  it  has  the  least  tendency  to  break  it. 

PROBLEM  XXXVII. 

To  explain  Hie  disposUian  of  the  parts  of  machines. 

When  several  pieces  of  timber,  iron,  or  any  other  materials, 
are  employed  in  a  machine  or  structure  of  any  kind,  all  the 
parts,  both  of  the  same  •  piece,  and  of  the  different  pieces  in 
the  fabric,  ought  to  be  so  adjusted  with  respect  to  magnitude, 
that  the  strength  in  every  part  may  be,  as  near  aa  possible,  in 
a  constant  proportion  to  the  stress  or  strain  to  which  they 
will  be  subjected.  Thus,  in  the  construction  of  any  eiigiae> 
the  weight  and  pressure  on  every  part  should  be  inTeatigated, 
and  the  strength  apportioned  accordingly.  All  levers,  ton 
instance,  should  be  made  strongest  where  they  are  nxMl 
strained :  viz.  levers  of  the  first  kind,  at  the  fulcrun]^ ;  levera 
of  the  second  kind,  where  the  weight  acts ;  and  thase  of  the 
third  kind,  where  the  power  is  apphed.  The  axles  of  wheels, 
and  pulleys,  the  teeth  of  wheels,  aJso  ropes,  ^c.  must  be  made 
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ittei(y<i  '6r'WNit«r,  to  they  kre  to  "be  more  or  I<te  acted  on. 
TM^ittre^di  «nkitted  should  be  more  %aD  fhlly  competent 
to  the  attBBsio  which  the  parts  can  erer  be  liable  i  hut  with- 
out  allowing  the  surplus  to  be  extdtfhgant :  for  ah  Sver  ez- 
ctfn  of  strength  in  any  part,  instead  of  being  serviceable, 
would  be  very  injurious,  by  increasing  the  resistance  the  ma- 
cfaioe  has  to  overcome,  and  thus  encumbering,  impeding,  and 
^v^fei  pfreventing  the  requisite  motion  ;  while,  on  the  -  other 
hand,  a  defect  of  strength  in  any  part  will  cause  a  failure 
there,  and  either  render  the  whole  useless,  or  demand  very 
'frequent  repairs. 

PHOBLEM  ZXXVIII. 

7b  iueerUnn  the  Mtrength  of  variout  mbstanees* 

The  proportions  that  we  have  given  on  the  strength  and 
Mress  of  materials,  however  true,  according  to  the  principles 
assoteed,  are  of  little  or  no  use  in  practice,  till  the  compara- 
tive strength  of  diffbrent  substances  is  ascertained :  and  even 
thta  they  will  apply  more  or  less  accurately  to  diffbrent  sub- 
istaiices.  Hitherto  they  have  been  applied  almost  exclusively 
lo  the  resisting  force  of  beams  of  timber ;  though  probably 
tao  material  whatever  accord  less  with  the  theory  than  timber 
of  all  kinds.  In  the  theory,  the  resisting  body  is  supposed 
to  be  perfectly  homogeneous,  or  composed  of  parallel  fibres, 
equally  distributed  round  an  axis,  and  presenting  uniform  re- 
aistanee  to  rupture.  But  this  is  not  the  case  in  a  beam  of 
tiniber :  for,  by  tracing  the  process  of  vegetation,  it  is  readily 
tash  that  the  ligneous  coats  of  a  tree,  formed  by  its  annual 
growth,  are  alihost  concentric ;  being  like  so  many  hollow 
C3rlinder8  thrust  into  each  other,  and  united  by  a  kind  of 
ttiedtillary  substance*  which  ofiers  but  little  resistance  :  these 
hollbw  cylinders  therefore  furnish  the  chief  strength  and  re- 
iiistancis  to  the  force  which  tends  to  break  them. 

Now,  whto  the  thmk  of  a  tree  is  squared,  in  order  that  it 
ihay  be  concerted  into  a  beam,  it  is  plain  that  all  the  ligneous 
cylinders  greaier  than  the  circle  inscribed  in  the  square  or 
redtahgle,  Which  is  the  transverse  section  of  the  beam,  are 
cut  off  at  the  sides ;  aiid  therefore  almost  the  whole  strength 
<>r  resistatace  arises  from  the  cylindric  trunk  inscribed  in  the 
aolid  part  of  the  beam  ;  the  portions  of  the  cylindric  coats, 
sittiated  towards  the  angles,  adding  but  little  comparatively 
to  the  strength  and  resistance  of  the  beam.  Hence  it  follows 
that  we  cannot,  by  legitimate  comparison,  accurately  deduce 
the  strength  df  a  joist,  cut  from  a  small  tree,  by  experiments 
on  another  which  has  been  sawn  from  a  much  larger  tree  or 
"block.  As  to  the  concentric  cylinders  above  mentioned,  they 
«re  evidently  not  all  of  equal  strength  ;  those  nearest  the 
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centre,  being  the  oldest,  are  also  the  hardest  and  strongefll ; 
which  again  is  contrary  to  the  theory,  in  which  they  are  atijf. 
posed  uniform  throughout.  But  yet,  ader  all,  however,  it  is 
still  fottlld  that,  in  some  of  the  most  important  problems,  the 
results  of  the  theory  and  well-conducted  experiments  coin* 
cide,  even  with  regard  to  timber  ;  thus,  for  example,  the  ex* 
periments  on  rectangular  beams  afford  results  deviating  but 
in  a  very  slight  degree  from  the  theorem,  that  the  strength 
is  proportional  to  the  product  of  the  breadth  and  the  square 

of  the  depth. 

Experiments  on  the  strength  of  different  kinds  of  wood 
are  by  no  means  so  numerous  as  might  be  wished  :  the  most 
useful  seem  to  be  those  made  by  Muschenbroek,  Buflbni 
Emerson,  Parent,  Banks,  Girard,  Barlow,  and  Tredgold. 
But  it  will  be  at  all  times  highly  advantageous  to  make  new 
experiments  on  the  same  subject  ;  a  labour  especially  re* 
served  for  engineers  who  possess  skill  and  zeal  for  the  ad* 
vancement  of  their  profession.  It  has  been  found  by  experi- 
ments, that  the  same  kind  of  wood,  and  of  the  same  shape 
and  dimensions,  will  bear  or  break  with  very  different 
weights  :  that  one  piece  is  much  stronger  than  another,  not 
only  cut  out  of  the  same  tree,  but  out  of  the  same  rod  ;  and 
that  even,  if  a  piece  of  any  length,  planed  equally  thick 
throughout,  be  separated  into  three  or  four  pieces  of  an  equal 
length,  it  will  often  be  found  that  these  pieces  require  dif* 
ferent  weights  to  break  them.  Emerson  observes  that  wood 
from  the  boughs  and  branches  of  trees  is  far  weaker  than 
that  of-  the  trunk  or  body ;  the  wood  of  the  large  limba 
stronger  than  that  of  the  smaller  ones  ;  and  the  wood  in  the 
heart  of  a  sound  tree  strongest  of  all  ;  though  some  authors 
differ  on  this  point.  It  is  also  observed  that  a  piece  of  timber 
which  has  borne  a  great  weight  for  a  short  time  has  broke 
with  a  far  less  weight,  when  left  upon  it  for  a  much  longer 
time.  Wood  is  also  weaker  when  green,  and  strongest  when 
thoroughly  dried,  in  the  course  of  two  or  three  years,  at  least. 
Wood  is  often  very  much  weakened  by  knots  in  it ;  also 
when  cross-grained,  as  often  happens  in  sawing,  it  will  be 
weakened  in  a  greater  or  less  degree,  according  as  the  cut 
runs  more  or  less  across  the  grain.  From  all  which  it  ibllowa, 
that  a  considerable  allowance  ought  to  be  made  for  the 
various  strength  of  wood,  when  applied  to  any  use  where 
strength  and  durability  are  required. 

Iron  is  mucii  more  uniform  in  its  strens^th  than  wood.  Yet 
experiments  show  that  there  is  some  difference  arising  from 
different  kinds  of  ore  :  a  difference  is  also  found  not  only  in 
iron  from  different  furnaces,  but  from  the  same  furnace,  and 
even   from  the  same  melting  ;  which  may  arise  in  a  greal 


ttwaimre  ftom  the  different  degrees  of  heat  it  hat  when 
pouted  into  the  mould. 

Eveiy  beam  or  bar,  whether  of  wood,  iron.  €C  itaMi  la 
more  easily  broken  by  any  transverse  strain,  wttilt|itiaalao 
Buffering  any  very  great  compression  endway#;  sO  much  so 
indeed  that  we  have  sometimes  seen  a  rod,  or  a  long  slender 
beam,  when  used  as  a  prop  or  shore,  urged  home  to  such  a 
degree,  that  it  has  burst  asunder  with  a  violent  spring.  Se- 
veral experiments  have  been  made  on  this  kind  of  strain  :  a 
piece  of  white  marble,  i  of  an  inch  square,  and  8  inches  lonffi 
bore  88  lbs.  ;  but  when  compressed  endways  with  800  lbs.  it 
broke  with  14]^  lbs.  The  effect  is  much  more  observable 
in  timber,  and  more  elastic  bodies ;  but  is  considerable  in  all. 
This  is  a  point  therefore  that  must  be  attended  to  in  all  ex* 
periments  ;  as  well  as  the  following,  vi2.  that  a  b^hm  sup- 
ported at  both  ends  will  carry  almost  twice  as  much  when 
the  ends  beyond  the  props  are  kept  from  rising,  as  when  the 
beam  rests  loosely  on  the  props. 

The  following  list  of  the  absolute  strength  of  several  ma- 
terials is  extracted  from  the  collection  made  by  professor 
Robison,  from  the  experiments  of  Muschenbroek  and  other 
experimentalists.  The  specimens  are  supposed  to  be  prisms 
or  cylinders  of  one  square  inch  transverse  area,  which  are 
stretched  or  drawn  lengthways  by  suspended  weights,  gra» 
dually  increased  till  the  bars  parted  or  were  torn  asunder,  by 
the  number  of  avoirdupois  pounds,  on  a  medium  of  many 
trials,  set  opposite  each  name. 

1st.  Metals. 

lbs.  Ibi. 

Gold,  cast    .     .     .    22,000 .  Tin,  cast    ....  5,000 

Silver,  cast  .     •     .     42^000  Lead,  cast .     .     •     •        860 

Copper,  cast      .     .    34,000  Regulus  of  Antimony  1,000 

Iron,  cast     .     .     .     50,000  Zinc       .     .     .     .     •  2,600 

Iron,  bar  ...  70,000  Bismuth  ....  2,000 
Steel,  bar    .     .     .  135,000 

[t  is  very  remarkable  that  almost  all  the  metallic  mixtures 
are  more  tenacious  than  the  metals  themselves.  The  change  of 
tenacity  depends  much  on  the  proportion  of  the  ingredients  ; 
and  yet  the  proportion  which  produces  the  most  tenacious 
mixture  is  different  in  the  different  metals.  The  proportion 
of  ingredients  here  selected,  is  that  which  produces  the 
greatest  strength. 

lbs.  Ibf. 

2  parts  gold  with  1  5  pts  gold,  1  copper    .    50,000 

silver  •  .  .  28,000  5  silver,  1  copper  .  48,500 
4  silver,  1  tin    .      41,000     8  tin,  1  zinc    .    ,     .      10,000 


v» 


TRfnOBCVOVM  CnMBISSt 


4le#pp«r,  1  tin  .  .  60,000  4  tin,  1  regid.  waAau  ltt»MO 
Brsis,  of  copper  &tia  51,000  8  lead,l'ztiic.  •  .  4|60D 
M  tm,  I  iMd      .     .     10,200    4  tin,  1  lead,  1  zinc      18,000 

Hieiernuvibers  are  of  considerable  use  in  the  nits*  The 
mixtures  of  copper  and  tin  are  particularly  interesting  in  the 
fabric  of  great  guns.  By  mixing  copper,  whose  matett 
strength  does  not  exceed  37,000,  with  tin  which  does  not 
exceed  6000,  is  produced  a  metal  whose  tenacity  is  almost 
double,  at  the  same  time  that  it  is  harder  and  more  easily 
wrought :  it  is  however  more  fusible.  We  see  also  that  & 
vecy  sn^ll  addition  of  zinc  almost  doubles  the  tenacity  of 
tin,  and  increases  the  tenacity  of  lead  5  times  ;  and  a  small 
addition  of  lead  doubles  the  tenacity  of  tin.  These  are 
economical  mixtures ;  and  afford  valuable  information  to 
plumbers  for  augmenting  the  strength  of  water-pipes. 

Brass  being  peculiarly  liable  to  decomposition  in  the  atmo- 
sphere of  London,  Captain  Kater  directed  Mr.  Bate,  of  the 
Poultry,  the  artist  employed  to  conduct  the  new  standard 
of  linear  measure,  to  make  some  experiments,  in  order  to 
ascertain  the  proportions  of  tin  and  copper,  which  might  pro- 
duce a  metal  equal  in  hardness,  and  which  might  be  woriied 
with  the  same  facility  as  hammered  brass  ;  and  afler  some 
trials,  it  was  found  that  a  mixture  of  576  parts  of  copper, 
59  of  tin,  and  48  of  brass,  aflforded  a  beautiful  metal,  whidi 
possessed  all  the  qualities  desired. 


Locust  tree  . 
Jujeb      .     . 
Beech,  Oak 
Orange  •     • 
Alder     .     • 
Ehn  .     •     . 
Mulberry 
WUlow   . 
Ash   .     .     . 
Plum      .     . 
Elder     .    . 
Pomegranate 
Lemon  .    • 


2d.  Woods,  dec. 

lbs. 
20,100 
18,500 
17,300 
15,500 
13,900 
13,200 
12,500 
12,500 
12,000 
11,800 
10,000 

9,750 

9,250 


Tamarind 

Fir    .     . 

Walnut 

Pitch  pine 

Quince  . 

Cypress 

Poplar 

Cedar 

Ivory 

Bone  . 

Horn 

Whalebone 

Tooth  of  sea-calf 


Ibt. 
8,750 
8,380 
8,180 
7,650 
6,750 
6,000 
5,500 
4,880 
16,270 
5,250 
8,750 
7,600 
4filb 


It  may  be  said  in  general,  that  f  of  these  weights  will 
sensibly  impair  the  strength,  afler  acting  a  considerable 
while,  and  that  one-half  is  the  utmost  that  can  remain  per- 
manently suspended  at  the  rods  with  safety ;  and  it  is  this 
last  allotment  that  the  engineer  should  reckon  upon  in  his 
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eoMtnictioiii.  There  is,  however,  considerable  difierenoe  in 
thie.reeped  :  wqodeof  a  yery  straight  fibre,  such  as  fir,  will 
be  less  impaired  by  any  load  which  is  not  sufiicient  lo  blreak 
them  immediately.  Perhaps,  also,  subsequent  expetiBNWits 
have  been  more  correctly  conducted.  According  to-  Mr* 
Emerson,  the  load  which  may  be  safely  suspendjBd  to  an  inch 
si|aare  of  various  materials,  is  as  follows. 

lbs. 


Iron 76,400 


Brass       •    •    •    • 

Hempen  rope    .     . 
Ivory  .     .     •     ... 
Oak,  box,  yew,  plum 
Elm,  ash,  beech 
Walnut,  phim      •     . 


35,600 

19,600 

16,700 

7,860 

6,070 

6,360 


Red  fir,  holly,  elder, 
plane      •     •     .     • 

Cherry,  hazel      .     • 

Alder,  asp,  bireh, 
willow    •     •     .     • 

Freestone  .     ..    .     . 

Lead 


Ibi. 

6,000 
4,760 

4^290 
914^ 
480 

ewt. 

He  gives  farther  the  practical  rule,  that  Iron  .  186iP^ 
a.  cylbder  whose  diameter  is  d  inches  Croodrope  28c2*' 
loaded  to  ^  of  its  absolute  sti^ength,  will  Oak  .  I4ii' 
carry  permanently  as  here  annexed.  Fir        .        9P 

We  may  here  also  introduce  a  valuable  table  of  the  «tren^ 
of  cohesion  of  wood,  from  very  cautious  experiments  by  Mr. 
B.  Bevan,  Civil  Engineer. 


Sp«,to.ofWood.l»P««l%'>X°" 


Spec. 
Gray. 


I 


I.  Acacia  • 
2.Ath  .... 
3. -Ditto   ... 

4.  Beecli . . 

5.  Birch... 

6.  Box.... 

7.  Cane... 

8.  Cedar . . . 
d.  Chestnut 

(bone) 
10.  Ditto  (sweet) 

II.  Damson  ..., 
19.  Deal,    Nor- 
way spruce 

13.  Ditto    ditto 

14.  Do.  Christiana 

16.  Ditto    ditto 
la.  Ditto    ditto 

17.  Do.  English 

18.  Elder. 

19.  Hawthorn . . . 

80.  Ditto 

21.  Holly 

S8.  Laburnum  • . 
S3.  Lance-wood. 
94.  Lignum  Vite 

B.  Lime-tree . . . 
.  Mthogany . . 


! 


.85 
.84 
.78 
.72 
.64 
.99 
.40 
.64 

.61 

.61 
.79 

.34 


.46 

.46, 

.46 

.47 

.73 

.91 

.76 
.92 
1.01 
1.29 
.76 
.87 


Species  of  Wood. 


16,000+  27.  Mahogany  .. 

16,700      28.  Maple 

19,600      '^.  Mnlberry  . . . 
224200     30.  Oak,  English 

15,000— 31.  Ditto 

15,500—  32.  Ditto,  old . .  . 

6,300      33.  Oak  pile  out 

11,400  of  the  river 

12,100- 34^  Q^^^    'buik 

10,600—  Line,  log 

14,000     35.  Oak,     Ham- 

18,100+  3^  jy^^^  j.^^^ 

17,600+  37.  Pine,  Peters- 
12,400  burg 

12,300     38.  Do.  Norway. 
14,000      39.|Ditto    ditto 

7,000      40.  Do.     Peters- 
15,000            burg 
10,700—  41.  Poplar 

9,200      42.  Sallow 

16,000      43.  Sycamore  .  . 
10,600      44.'Teak,  old  . . . 

23,400+  45.  Walnut 

11,800      46.  Willow 

23,600+  47.  Yew 

121.800+ 


Cohesion 
in  lbs. 


^ 


.80 
.66 
.66 
.70 
.76 
.76 

.61 

.67 

.66 

.6 

.49 

.59 
.66 

.65 

.36 
.70 
.69 
.63 
.69 
.39 
.79 


16,600 

17,400 

10,600 

19,809+ 

15,000 

14,000 

4,500 

7,700- 

16,800+ 

14,000 

13,300- 

12,400— 
14,300 

13,100+ 

7,200— 

18,600 

13.000+ 
8,200 
7,800 

14,000 


X 
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Supplementary  table  of  various  substances. 

Spec.  gr.      Cohesion  per  square  ioeb. 

lbs. 

-71         ....     19,500 

.     .     14,400 


18,000+ 
20,240+ 
8,900— 
11,700— 
ted  to  longitudinal 


Appto ^^ 

Elm        -69 

Hazel      ......     -86 

Hornbeam *82 

Larc        ......     -67 

Plane -64 

Nearly  all  the  species  of  wood  submi 
strain,  for  obtaining  the  force  of  cohesion  per  square  inch, 
were  also  subjected  by  Mr.  Be  van  to  transverse  fracture  by 
a  load  applied  to  the  middle  of  a  bar  placed  horizontally,  and 
supported  at  each  end. 

If  2  sa  length,  b  =  breadth,  d  =  depth  of  the  prism,  all 
in  inches  ;  to  «=  the  weight  in  lbs.  applied  to  the  middle  of 
the  beam  ;  c  ss  cohesion  (as  above)  per  square  inch :  then, 
if  the  resistance  to  compression  were  equaJ  to  that  of  ezten-* 

sipn,  wo  should  have       g-  =  c :  the  mean  result  of  Mr.  Be^ 

van's  experiments  gives,  for  dry  and  seasoned  wood, 

2Zi0  chcP 

-^  =  c,or^^-=tr. 

The  reader  may  advantageously  compare  these  formulas  and 
results,  with  those  from  Mr,  Barlotc,  given  at  page  391,  &c 

Experiments  on  the  transverse  strength  of  bodies  are  easily 
made,  and  accordingly  are  very  numerous,  especially  those 
made  on  timber,  being  the  most  common  and  the  most  in- 
teresting. A  very  complete  series  is  that  given  by  Belidor, 
in  his  Science  des  Ingenieurs,  and  is  exhibited  in  the  fol- 
lowing table.  The  first  column  simply  indicates  the  num. 
her  of  experiments ;  the  column  b  shows  the  breadth  of 
the  pieces,  in  inches ;  the  column  d  contains  their  depths  ; 
the  column  /  shows  the  lengths  ;  and  column  lbs  shows  the 
weights  in  pounds  which  broke  them,  when  suspended  by 
their  middle  points,  being  the  medium  of  3  trials  of  each 
piece ;  the  accompanying  words,  fixed  and  loose,  denoting 
whether  the  ends  were  firmly  fixed  down,  or  i^iraply  lay  loose 
on  the  supports. 


No. 

b 

d 

I 

1 

I 

I 

18 

2 

1 

I 

18 

3 

2 

1 

18 

4 

1 

2 

18 

5 

1 

1 

36 

6 

1 

1 

36 

7 

2 

2 

36 

8 

n 

H 

36 

lbs, 

406 

608 

805 

1580 

187 

283 

1585 

1660 


I 


loose. 

fixed. 

loose. 

loose. 

loose. 

fixed. 

loose.l 

loose.) 
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By  comparing  experiments  1  and  3,  the  slrength  appears 
proponional  to  the  brcndth. 

Experiments  3  and  4  ehow  the  strength  to  be  as  the  breadth 
multiplied  by  tbe  square  of  the  depth. 

Experiments  I  and  5  show  tbe  strength  nearly  in  the  in- 
Terse  ratio  of  the  lengths,  but  with  a  sensible  deficiency  ii) 
the  longer  pieces. 

ExperimcDts  5  and  7  show  the  strength  to  be  proportional 
to  the  bro&dlb  and  (he  square  of  Iho  depth. 

Experiments  1  and  7  show  the  same  thing,  compounded 
with  Uie  inverse  ratio  of  the  length  ;  the  deficiency  of  which  is 
not  so  remarkable  here. 

Experiments  1  and  2,  and  experiments  5  and  6,  show  the 
increase  or  strength,  by  fastening  down  the  ends,  to  be  in  the 
propoitioQ  of  2  to  3  ;  which  the  theory  states  as  2  to  4,  the 
difference  being  probably  owing  to  the  manner  of  fixing, 

Mr.  Bufibn  made  numerous  experiments,  both  on  smal) 
bars,  and  on  large  ones,  which  are  the  beat.  The  fallowing 
is  a  specimen  of  one  set,  made  on  bars  of  sound  oak,  clear  of 
Itnota. 


Length 

Weigh! 

broke 

Bent. 

Time. 

feet. 

lbs. 

mm. 

7 

i    GO 

I    56 

5350 

3-fi 

Sff 

5276 

4-5 

22 

8 

S  fis 

4600 

375 

15 

)    C3 

4500 

4-7 

13 

9 

)    77 

4100 

4-85 

14 

(    '^' 

3950 

6-5 

12 

10 

(    84 

302.'. 

5-83 

IS 

i    02 

3G00 

6-5 

15 

12 

\  100 

3050 

7 

i    9H 

8925 

8 

Column  1  shows  the  length  of  the  bar,  in  feet,  clear  be. 
tween  the  supports. — Column  !j  is  the  weight  of  tbe  bar  in 
Iba.,  the  second  day  after  it  was  felled. — Column  3  shows  the 
number  of  sounds  necessary  for  breaking  the  tree  in  a  feif 
minutes. — Col.  4  is  the  number  of  inches  it  bent  down  before 
breaking. — Col.  5  is  the  time  at  which  it  broke. — The  part^ 
next  the  root  were  always  the  heaviest  and  strongest. 

The  following  experiments  on  other  sizes  were  made  in  the 
same  way,  two  at  least  of  each  length  being  taken  ;  and  the 
table  contains  the  mean  results.  The  beams  were  all  squared, 
and  their  aides  fn  inches  are  placed  atthe  lop  of  the  columns, 
their  lengths  in  feet  being  in  the  first  column.    Tbe  numherK 
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in  the  other  columns  are  the  pounds  weight  which  broke 
the  pieces. 


1 

4 

6 

6 

7   1  8.  i 

A 

7 

5^J»2 

11625 

18950 

r«2200 

47649 

11626 

8 

4560  9787 

16626 

260cO  139760  \ 

10085 

9 

40261 

8308 

13160 

22350 

32li00 

8964 

10 

."3612 

7126 

11260 

19476 

27760 

8068 

12 

2987 

6075 

9100 

16176 

23460 

6723 

14 

5300 

7475 

13226 

19776 

6763 

16 

4360 

6362 

iinoti 

16376 

6042 

18 

3700 

6662 

9245 

13200 

4482 

20 

3226 

4960 

8375 

11487 

4034 

22 

2976 

3667 

24 

2162 

S362 

28 

1775 

3881 

Mr.  Buffon  had  found,  by  many  trials,  that  oak  timber 
lost  much  of  its  strength  in  the  course  of  seasoning  or  drying  ; 
and  therefore,  to  secure  uniformity,  his  trees  were  all  felled 
in  the  same  season  of  the  year,  were  squared  the  day  aHer, 
and  the  experiments  tried  the  Sd  day.  Trying  them  in  this 
green  state  gave  liim  an  opportunity  of  observing  a  very 
curious  phenomenon.  WMien  the  weights  were  laid  quickly 
on,  nearly  sufficient  to  break  the  beam,  a  very  sensible  smoke 
was  observed  to  issue  from  the  two  ends  with  a  sharp  hissing 
sound  ;  which  continued  all  the  time  the  tree  was  bending 
and  cracking.  This  shows  the  great  effects  of  the  com- 
pression, and  that  the  beam  is  strained  through  its  whole 
length,  which  is  shown  also  by  its  bending  through  the  whole 
length. 

Mr.  Bufibn  considers  the  experiments  with  the  5- inch  bars 
as  the  standard  of  comparison,  having  both  extended  these  to 
greater  lengths,  and  also  tried  more  pieces  of  each  length. 
Now,  the  theory  determines  the  relative  strength  of  bars,  of 
the  same  section,  to  be  inversely  as  their  lengths  :  but  most 
of  the  trials  show  a  great  deviation  from  this  rule,  probably 
owing,  in  part  at  least,  to  the  weights  of  the  pieces  them* 
selves.  Thus,  the  5.inch  bar  of  28  feet  long  should  have 
half  the  strength  of  that  of  14  feet,  or  2650,  whereas  it  is 
only  1775  ;  the  bar  of  14  feet  should  have  half  the  strength 
of  that  of  7  feet,  or  5762,  but  is  only  5300  ;  and  so  of 
others.  The  column  a  is  added,  to  show  the  strength  that 
each  of  the  5.inch  bars  ought  to  have  by  the  theory. 

Mr.  Banks,  an  ingenious  lecturer  on  natural  philosophy, 
made  many  experiments  on  the  strength  of  oak,  deal,  and 
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iron.  He  fooni  that  the  worst  or  weakest  piece  of  dry  heart 
of  oak,  1  inch  square,  and  1  foot  long,  hroke  with  602  lbs., 
and  the  strongest  piece  with  974  lbs. :  the  worst  piece  of  deul 
broke  with  464  lbs.,  and  the  best  with  690  lbs.,  A  like  bar  of 
the  worst  kind  of  cast  iron  2190  lbs.  Bars  of  iron  set  up 
tn  positions  oblique  to  the  horizon,  showed  strength  nearly 
proportional  to  the  sines  of  elevation  of  the  pieces.  Equal 
Kara  placed  horizontally,  on  supports  3  feet  distant,  bore  6| 
cwt. ;  the  same  at  3^  feet  distance  broke  only  with  9  cwt. — 
An  arched  rib  of  29^  feet  span,  and  11  inches  high  in  the 
centre,  supported  99^  cwt. ;  it  sunk  in  the  middle  of  S}  inches, 
and  rose  again  |  on  removing  the  load.  The  same  rib  tried 
without  abutments,  broke  with  55  cwt.  Another  rib,  a  seg- 
ment of  a  circle,  29j-  feet  span,  and  3  feet  high  in  the  middle, 
bore  100^  cwt.,  and  sunk  1|\  in  the  middle.  The  same  rib 
without  abutoients,  broke  with  64j-  cwt. 

Mr.  Banks  made  also  experiments  at  another  foundry,  on 
iike  bars  of  1  inch  square^  each  jard  in  length  weighing  9  lbs* 
the  props  at  S  feet  asunder. 

Ihs. 

The  1st  bar  broke  with  .      .  •         .         .963 

The  2d  ditto 958 

The  3d  ditto  .         .        .         .         .  *  994 

Bar  made  from  the  cupola,  broke  with     •         •     864 
Bar  equally  thick  in  the  middle,  but  the  ends 
shaped  into  a  parabola,  and  weighed  6|\-  lbs., 
broke  with  •        •        .         •        •     874 

From  these  and  many  other  experiments,  Mr.  Banks  con- 
dudes,  that  cast  iron  is  from  3j  to  4J-  times  stronger  than 
•eak  of  the  same  dimensions,  and  irom  5  to  6^  times  stronger 
4han  deal*^ 

•Some  examples  for  practice. 

The  theory,  bs  has  been  before  mentioned,  is,  that  the 
strength  of  a  bar,  or  the  weight  it  will  bear,  is  directly  as 
the  breadth  and  square  of  the  depth  divided  by  the  length. 
43o  that,  if  h  denote  the  breadth  of  a  bar,  d  the  depth,  I  the 
length,  and  w  the  weight  it  will  bear ;  and  the  capitals  b,  d, 
L,  w  denote  the  IHce  quantities  in  another  bar  ;  then,  by  the 

vule  -.•  :  10  :  :  —  *:  w,  which  gives  this  general  equation 
*  ii 


*  See  fafther,  on  thb  lubject,  page  390,  &c.,  Barlow  on  the  Strength 
^f-Timher,  ifc,  TredgM's  Carpontri^  and  Grtgorf^'s  MalhomatUBfor  Prao- 
^kalmen. 
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bd^hw  =  BbHWf  from  which  any  one  of  the  lettets  ut  enmij 
found,  when  the  rest  are  given. 

Now,  if  we  take,  for  a  standard  of  comparison,  thU  expe^ 
Hment  of  Mr.  Banks,  that  a  bar  of  oak  an  inch  square  and  a 
foot  in  length,  lying  on  a  prop  at  each  end,  and  its  strengtbi 
or  the  utmost  weight  it  can  bear,  on  its  middle,  660Jbs. :  hero 
&  =  l,c2=3l,Z=l,  tr=660  ;  these  substituted  in  the  above 
equation,  it  becomes  lw  =  660bd',  from  which  any  one  of* 
the  four  quantities,  l,  w,  b,  d,  may  be  found,  when  the  other 
three  are  given,  when  the  calculation  respects  oak  timber* 
But  for  fir,  the  Uke  rule  will  be  lw  =  440bd^  ;  and  for  iron, 
iw  =  2640bd=*. 

Exam*  1.  Required  the  utmost  strength  of  an  oak  beam, 
of  6  inches  square  and  8  feet  long,  supported  at  each  ^bd,  ot 
the  weight  to  break  it  in  the  middle  1 

Here  are  given  b  =  6,  d  =  6,  l  =^  8,  to  find  w  = 

M-^'  =  ^^42^  =  660X3X9  =  17820  lb.. 

L  8 

Exam.  2.  Required  the  depth  of  an  oak  beam,  of  the  same 
length  and  strength  as  above,  but  only  G  ipches  breadth  1 

•  Here,  as  3  :  6  : :  36  :  d=»  =  72,  theref.  d  ==  -v/72  =  8-485 
the  depth. 

This  last  beam,  though  as  strong  as  the  former,  is  but  little 
tnore  than  |  of  its  size  or  quantity.  And  thus,  by  making 
joists  thinner,  a  great  part  of  the  expense  is  saved,  as  in  the 
tnodern  style  of  llooring,  <kc. 

Exam,  3.     To  determine  the  utmost  strength  ot  h  deal 
joist  of  2  inches  thick  and  8  inches  deep,  the  bearing  or 
breadth  of  the  room  being  12  feet  ?    Here  b  =  2,  d  =  8, 
L  =  12  ;  then  the  rule  lw  =  440bd-  gives  w  = 
440XeXd»       440X2X64       440X32       .^^« ,, 

— ~-  =  — T2~-  =  -3-  ==  ^^^^  ^^- 

Exam,  4.  Required  the  depth  of  a  bar  of  iron  2  inches 
broad  and  8  feet  long,  to  sustain  a  load  of  20,000  lbs.  ?  Here 
«  s=  2,  L  =  8,  anii^  =  20,000,  to  find  d  from  the  equation 

i^w^QA^n     a            2         ^w          8X20000       1000     „^  ^ 
iM  =*^o40bd%  viz.  d'  =  ;r--— -  = = =30'3, 

2640b        2640X2     .33  ' 

tmd  i>  =  -/30«3  =  5i  inches,  the  depth. 

Exam,  5.  To  find  the  length  of  a  bar  of  oak,  an  inch 
square,  so  that  when  supported  at  both  ends  it  may  just  break 
fey  its  own  weight  ?^.-Here,  according  to  the  notation   and 
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ealctthiiioQ  in  ptob.  36»  I  ^  1,  lo  »  f  of"  a  Ih.,  the  li^ighl  c^ 
1  foot  in  length,  and  u  »  660  lbs.    Tlien  h  ss 

I  y^'lt^  =  ^3301  =  57-45  feet,  nearly. 
w 

Exam.  6.  To  find  the  length  of  an  iron  bar  an  inch  B(|ttarey 

that  it  may  break  by  its  own  weight,  when  it  is  supported  at 

both  ends. — Here,  as  before,  2  s=  1,  to  »  3  lbs.  nearly  the 

weight  of  i  foot  in  length,  also  u  =  2640.    Therefore  L  = 

to-l-2tt 
I  v/ — : —  =  41*97  feet  nearly, 
tr  "^ 

Note.  It  might  perhaps  have  been  supposed  diat  this  last 
result  should  exceed  the  preceding  one  :  but  it  must  be  con- 
sidered that  while  iron  is  only  about  4  times  stronger  than 
oak,  it  is  at  least  8  times  heavier. 

Exam,  7.  When  a  weight  w  is  suspended  from  b  on  the 
arm  of  a  crane  abode,  it  is  required  to  find  the  pressure  at 
the  end  d  of  the  spur,  and  that  at  b  against  the  upright  post 

AC. 

OS 

Here,  by  the  nature  of  the  lever,  —  w 

^  CD 

==3  the  pressure  at  d  in  the  vertical  direc- 
tion DF  :  but  this  pressure  in  DPis  to  that  in 

CE        CE  .  db 
DBasDFtODB,  viz.df:db::  —  w:  -^ 

CD  DF  .  CD 

w  the  pressure  in  db  ;  and  again,  db  :  fb 

CE  •  DB  CE  CE         .  •    -A        • 

or  CD  : : w  :  —  w  =  —  w  the  pressure  against  b  in 

DF  .  CD  DF  BC 

direction  fb. 

Thus,  for  example,  if  oe  =  16  feet,  bc  =  6,  cd  =  8, 

s^/x         1          ^               .        CE  .  bd  16 .  10      q 

to=:10,  and  w=3  tons :  then w  «»  -^ — s-  Xo 


6.8 


10 


BC  .   CD 

tons,  for  the  pressure  on  the  spur  db.     AIsol —  w=:  —  X8j 


6 


8  tons,  the  force  tending  to  break  the  bar  ao  at  b. 


problem  xxzix. 


7b  determine  the  circumstances  of  spaee^  penebraHort;  VS" 
lodtyy  €ind  time,  arising  from  a  baU  moving  wUh  a  gioem 
velocity^  and  striking  a  movable  Mock  of  wooa^  or  other  «!>• 


stance. 
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Let  the  ball  move  in  the  direction  ae  passing  thtottgh  the 
centre  of  gravity  of  the  block  e,  impinging  on  the  point  c  ; 
and  when  the  block  hi\s  moved  through  the  space  cD  in 
consequence  of  the  blow,  let  the  ball  have  penetrated  to  the 
tlepth  DE. 

Let  B  =  the  mass  or  matter  in  the  block, 
h  =  the  same  in  the  ball, 
s  =  CD  the  space  moved  by  the  block, 
a;  =  DE  the  penetration  of  the  ball,  and  theret 
*  +  X  =  CK  the  space  described  by  th«  ball, 
a  =  the  first  velocity  of  the  ball, 
f)  =  the  velocity  of  the  ball  at  e, 
ti  =  velocity  of  the  block  at  the  same  instant, 
t  =  the  time  of  penetration,  or  of  the  motion, 
r  ==  the  resisting  force  of  the  wood. 

I* 
Then  shall  -  be  the  acccleratinfir  force  of  the  block) 

and  7*  the  retarding  force  of  the  ball. 

Now  because  the  momentum  bu,   communicated  -  to  the 
block  in  the  time  f,  is  that  which  is  lost  by  the  ball,  namely* 

—  &D,  therefore  nM  =  —  hv,  and  ru  =  —  bv.  But  when 
iD=a,  u=0  ;  therefore,  by  correcting,  bm  =  6  (a  — v) ;  or  the 
tnomentum  of  the  block  is  every  where  equal  to  the  momen* 
tiira  lost  by  the  ball.  And  when  the  ball  has  penetrated  to 
the  utmost  depth,  ot*  when  u  =  i?,   this  becomes  bu  ==  h 

a  —  ti),  or  a6  =  (b  +  h)  u;  that  is,  the  momentum  before 
e  stroke,  is  equal  to  the  momentum  after  it.  And  the  velo- 
trity  communicated  will  be  the  same,  whatever  be  the  resisting 
force  of  the  block,  the  weight  being  the  same. 

Again,  by  theor.  6,  Forces,  this  vol.  it  is  «'  =  — ^,and 

B 

—  «'  =  -J-    X  (*  -f-  a:)  or  rather,  by  correction,  a"  —  u*  =c 

a"  ^*  "^  ^^'     Hence  the  penetration  or  x  =  2gr 

And  when  v  =  m,  by  substituting  u  for  r,  and  bw'  for  2grSy 

the  greatest  penetration  becomes ^ — r-^;  and  this  again, 

by  writing  ah  for  its  value  (B+i)fi,  gives  the  greatest  pene- 

tration  x  =  - — - — ---  =  — -  x(l —^).  Which  is  barely 

2^r(B+6)       2gr      ^        B+ft 

mual  to  •rr-~  when  the  block  is  iixed,  or  infinitely  great ;  and 
4gr 


s 


PB01CI8CU0V8  SZJiRClfl9t« 


m 


is  tlwayi  very  nearly  oqual  to  the  same  ^-r  when  b  is  reiy 
great  id  respect  of  h. 


3Li 


a'— 


0*6 


Hence  s  +  x  =^ 


•ti' 


2^ 


h  = 


2gt  {B+by  ^  2gr' 


And  theref.  b  +  6  :  b  +  2i  : :  a:  ;  *  +  ar,  or  b  +  &  :  6  : :  .t  :  *, 

and  s  =  — TT  ==•' TTZ' 

B+6       5^^(8  +  6/ 

Exam.  When  the  ball  is  iron,  and  weighs  1  pound,  it  pene- 
trates elm  about  13  inches  when  it  moves  with  a  velocity  of 
1500  feet  per  second  :  in  which  case, 


1500^ 


9000^ 


b      2g.       4  X  lOT^xTl  -^  193 X  lir ^^'^  "^"^'y- 

wi.  en/....         J         ,      .  ob       1500 

When  B  =  5001b.,  and  b=^1  ;  then  u  =  — rT^TJTi*  ^ 

B+O        ui)l 

&  feet  nearly  per  second,  the  velocity  of  the  block. 

.,  Bti«  500X0  1  .     r     r    *  t 

Also  *  =  2-  =  g4p<-32:284  =  4011  ^''''  ^^^  ^""^'  ^'  ^ 

of  nn  inch,  which  is  the  space  moved  by  the  block  when  the 

ball  has  completed  its  penetration. 

And  <  =  —  ss.  ^ =  - .-  part  of  a  second,  or 


u 


461  ^X3       602 
2      .  26 


2*+2r      4GU  '   12      6+13.231         1         ^     . 

i  =:  r=  — ^Jt : =. =: part    of  a 

V  1500  6.231.1500       092*^ 

second,  the  time  of  penetration. 


PROBLEM  XL. 

To  find  the  vdocify  and  time  of  a  heavy  body  descending 
down  the  arc  of  a  circle^  or  vibrating  in  the  arc  by  a  line  fixed 
in  the  centre. 


Let  D  be  the  beginning  of  the  des(ient, 
c  the  centre,  and  a  the  lowest  point  of  the 
circle  ;  draw  de  and  fq  perpendicular  to 
Then  the  velocity  in   p  being  the 


AC 


same  as  in  a  by  falling  through  eq,  it  will 
be  c=2v/(i^XEQ)=8v^(c — x)  nearly, 
when  <i=AE,  j:=Aa ;  since  aq  .  2r=-Ai'', 
V  .  in  A  oc  chord  ap« 
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— AP        ,   -•  r± 


But  the  fluxion  of  the  time  t  i8= ,  and,  xv  = 


v/(2ra:— «») 


where  r^the  radius  ac.  Therefl  <~^  X 


(dp— x«)  (a— «)=(ax— ar«)  (ci-^)  =  ^-X 


,  where  d  =  2r  the  diameter. 


v/(aa:-.a;»)Xv^(l— ^) 

by  deyeloping  1  -5-  ^  (l  — ._),  or  (1 —  -j)    *,  in  a  serieB. 

i  2 

But  the  fluent  of  — ; -•  is  —  X  arc.  to  radius  ia  and 

^{ax-^x^      a  ^ 

2x 
Ten,  X.  or  it  is  the  arc  whose  rad.  is  1  and  vers.  —  :  which 

a 

call  ▲.    And  let  the  fluents  of  the  succeeding  terms,  without 
the  coefficients,  be  b,  c,  d,  e,  d^c.    Then  will  the  flux,  of  any 

•  •  •  * 

one  as  a,  at  n  distance  from  a,  bea=^x*^A  =  xr,  which 
suppose  also  =  the  flux,  of  5p  —  c^-*  v  (ax  —  x^  =  6p  — 

d(n- 1  )ix*-J  V' (««--«')- <^'^*-' X -i^—*-^  =  ftp -- <ii  X 

(11— i)ax*~^— fix* 

/. 5T —  =  ftp  —  d(n  —  ^)ap  +  dnxF. 

\/{ax — x")  ^        *^ 

Hence,  by  equating  the  coeflicients  of  the  like  terms, 

1           2n— 1           .         (2n-lW—2a*-' -/(<!«-«') 
a  =  — ;  ft  =  -7; — a;  andQ  =  ^ ^ ^^--^^ • 

^d 
Which  being  substituted,  the  fluential  terms  become  -yj-  X 

^""^    2d'  2  ""271? [       4~ 

1.3.5     5ac-2xV(aa:— x')        .     .      ^   ,t.  - 

-— : — 2r;  • T> —  dec).    Or  the  same  flu- 

ents  will  be  found  by  art.  85,  p.  353. 
But  when  x  =  a,  those  terms  become  barely la       ^ 
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subtracted,  and  x  taken  =  0,  there  arises  for  the  whole 
time  of  descendiBg  dowQ  pa,  or  the  corrected  value  of  <  =s 

16        ^  ^*  ^  2"4  ^  2^.  4W^  ^  «^"4r  6y^  "*"  ®^'^- 
When  the  arc  is  small,  as  in  the  vibration  of  the  pendu. 
lum  of  a  clock,  all  the  terms  of  the  series  may  be  oi|iitted 
after  the  second,  and  then  the  time  pf  a  semi-vibration  t  is 

,        1-6708    ^r^,,    ,a^       *,.       ^.^ 
nearly  =  — ^ —  ^-^  X  (1  +  ~),    And  therof.  the  times 

of  vibration  of  a  pendulum,  in  different  arcs,  are  as  8r  +  a, 
or  8  times  the  radius  added  to  the  versed  sine  of  the  arc. 

If  i>  be  the  degrees  of  (he  pendulum's  vibration,  op  each 
ilide  of  the  lowest  point  of  the  small  arc,  the  radius  being  r, ' 
the  diameter  d,  and  3*1416  =  p  i  then  is  the  length  of  that 

***  ^  ^  ^O  ^  ^5'    ®"'  *^®  versed  sine  in  terms  of  the 

the  first  term,  by  rejecting  all  the  rept  of  the  tenos  on  ac- 
cotmt t>f  their  amalhiess,  o*"  3  —  o"  "^^'v  ^  Tm^i'    '^^ 

value  then  being  substituted  for  -nr  or  ^  in  the    last  near 

1  '5708      r  D« 

value  of  the  time,  it  becomes  1= — -r—  ^-rr  X  (1  +  rnsi-r) 

pearly.  And  therefore  the  times  of  vibration  in  different 
small  arcs,  are  as  52524  +  d',  or  as  52524  added  to  the 
square  of  the  number  of  degrees  in  the  arc. 

Hence  it  follows  that  the  time  lost  in  each  second,  by  yi. 


.9 


brating  in  a  circlo,  ipstead  of  the  cycloid  >8  r^j^^^ «  ^^^  con- 
sequently the  time  lost  in  a  whole  day  of  24  hours,  or  24  X 
60X60  seconds,  is  |d^  nearly.  In  like  manner,  the  seconds 
lost  per  day  by  vibrating  in  the  arc  of  A  degrees,  is  |  A*. 
Thcirefore,  if  the  pendulum  keep  true  time  in  one  of  these 
arcs,  the  seconds  lost  or  gained  per  day,  by  vibrating  iq  the 
other,  will  be  4(9*—  A')*  ^o,  for  example,  if  a  pcnduli|ip 
Vqi^  IX,  68 
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measure  true  time  in  an  arc  of  9  degrees,  it  will  loee  llf 
seconds  a  day  by  vibrating  4  degrees ;  and  20}  seeondi  a  day 
by  vibrating  6  degrees  ;  and  so  on. 

And  in  like  manner  we  might  proceed  for  any  other  eiinri» 

as  the  ellipse,  hyperbola,  parabola,  &c. 

Scholium,  By  comparing  this  with  the  results  of  the  |!m>- 
blems  13  and  14,  page  410,  dec.  it  will  appear  that  the  times  id 
the  cycloid,  and  in  the  arc  of  a  circle,  and  in  any  chord  of  the 
circle,  are  respectively  as  the  three  <qaantities» 

1.  1  4-  —  &c..  and . 

'         8r        •         •7864' 

or  nearly  as  the  three  quantities  1,  1  +  ^,  1 '27824  ;   th* 

fir 

first  and  last  bein^  constant,  but  the  middle  one,  or  the  time 
in  the  circle,  varymg  with  the  extent  of  the  are  of  vibratiOD. 
Also  the  time  in  tho'cycloid  is  the  least,  but  in  the  chord  the 
greatest ;  for  the  greatest  value  of  the  serieSy  in  this  prob. 
when  a  »  r,  or  the  arc  ad  is  a  quadrant,  is  1*18014  ;  and 
in  that  case  the  proportion  of  the  three  Unes  is  as  the  nom* 
bers  1,  1*18014, 1*27324.  Moreover  the  time  in  the  circle 
approaches  to  that  in  the  cycled,  as  the  arc  decreases,  urf 
they  are  very  nearly  equal  when  that  arc  is  very  small. 

FROBLBK  XLI. 

To  find  the  time  and  vdoeity  of  a  chain  consitimg  of  verf 
imall  links,  descending  from  a  smooth  horixonial  plane  i  Um 
chain  being  100  inches  long^  and  1  inch  of  U  hanging 
plane  at  the  commeficement  of  motion. 

Put  a  ss  1  inch,  the  length  at  the  beginning  ; 

/  ss  100  the  whole  length  of  the  chain  : 

X  =  any  variable  length  off  the  plane. 
Then  x  is  the  motive  force  to  move  the  body, 

and  y  =/the  accelerative  force. 

Hence  w  =  gfs^  ^  X  -r  X  i  =  ^^. 

The  fluents  give  ir"  »  —^.     But  t)  «=  0  when  s 

theref.  by  correction,  »*  =  g  X  — = — ,  and  v  «^  \^(g  X — c  — ) 
the  velocity  for  any  length  x.    And  when  the  chain  just 


6U 

qniti  HM  |AMA».  9^  If  and  then  the  grealoit  Telocity  i« 

VC*  X  -_)=fe  v^(2  X  198  X-^^-)  =  ./— jgo— 

e  196*45902  inches,  or  16-371585  feet,  per  lecond. 

•     .     •     •           I             ^  ^ 

Again  t  or  -  »  */-  X  — —^ , ;  the  correct  fluent  of 

which  ii  I  »  v^  1  X  log,^'*'/^^'^i,  the  time  for  any 

100 
length  X.    And  when  «  =  Z  «»  100,  it  ia  I  «  \/^  X  log. 

■n    ,  j^^^  a  3*09676  aeconda,  the  time  when  the  last  of 
Am  chain  jttal  quita  the  plane.. 

PSOBLBK  xui.' 

• 

Jhfind  the  time  and  vdoeUy  of  a  ehain^  of  very  small  ImkSt 
fiUftfng  a  pttf2ey,  by  pasHng  /redy  over  U  :  the  whole  length 
Hhig  xOO  ineheSf  ami  ike  one^  end  hanging  2  inehes  hdow  the 
dherailhehegim^ng. 

Put  a  s  2, 1  =3  200,  and  le  »  bd  any  variable  A 

diflbriBnce  of  the  two  parts  ab,  ac.    Then 

I  =  /,  takdwoTgfs  =:  ^ .  -  .  ^i  5=  e_. 

«"— a*  d   ID 

Hence  the  correct  flaent  ia  e*  sb  ^  X  — ^-  and  v 

ji    j«  rg 

ss  ^  (1^  X  — J — ),  the  general  expression  for  the 

▼etoc    And  when  jt  ^  I,  or  when  c  arrives  at  a,  it  is  e  ss 

w.    w  *■— «*        ..,*^w200»-r-2\  woa^v.1^— A\     . 

l/U*X  -p  =^(193X-^-)  =  •(886  X  -j^*)  ^ 

a  ^  ?^rJ^!Zr  =  196-45902  inches,  or  16-371585  feet  for 
the  greatest  velocity  when  the  chain  just  quits  the  pulley. 

Again,  i*or  i  =  ^  =  V^  X  ^J_^y    And  the  cor- 

rectflneAt  is  <  =  v^g-  X  log.  — ^^ ,  the  general  ex- 

4g  a 

presiio»  for  the  line.    And  when  «  =  j,  it  becomes  t  » 
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^2^'<  log ^  -^^  X  log.  g. 

=  "^^  ^  ^  '*"«•  ^^^^4^^  =  2-69676  seeonda,  Ui«  whole 

time  when  the  chain  just  quits  the  {Hilley. 

So  that  the  velocity  and  timd  at  quitting  the  tralliay  in  thii 
prob.  und  the  plane  in  the  last  prob.  are  the  same  ;  Ui®  dit* 
tance  descended  99  being  the  same  in  both.  iPor,  though 
the  weight  I  moved  in  this  latter  case,  be  double  of  what  it 
was  in  the  former,  the  moving  force  t  is  also  double,  because 
herf>  the  otie  end  of  the  chain  shortens  as  much  as  the  other 
end  lengthens,  so  that  the  space  descended  |v  is  doubled* 

and  becomes  x ;  and  hence  the  accelerative  force  -«-  dry  is 

the  same  in  both  ;  and  of  course  the  velocity  and  time  the 
same  for  the  same  distance  descended* 

PROBLEM  tLIlU 

if  a  fine  chain  30  inches  long  be  laid  siraighi  m  tt  kmismii^ 
fal  p/cnie,  ttnd  6  inches  b^ow  this  plane  ttiere  he  a  prn'oBet 
plane  to  receive  the  chain  fulling  from  the  first :  itis  reqmrei 
to  cktermine  the  velocity  and  time  of  the  chain*s  quiUmg  the 
first  plane^  G  inches  of  the  chain  hanging  qff  at  the  commence* 
meni  qf  the  motion,, 

Solution. 

Let  t  the  whole  length  of  the  chain,  p  =  the  part  hanging 
down,  X  em  the  variable  part  or  that  above  the  nether  plane, 
g  sz  32J,  V  =  the  velocity  per  second  of  the  end  of  the  chain 
along  the  iibpeir  plane,  and  t  =  the  tiine  of  motion. 

Then  the  moving  force  is  as  p,  and  the  matter  moved 
as  jt,  whence/  the  accelerating  force  tik^giog  the  chain  in 

•  p 

the  direction  of  its  length  is  ^  or  px-^  :   therefore  (pag^ 

400)  uJj  =  g  /S  =  —  ?»-.    The  correct  fluent  of  which  gives 
t^=2/>^Xhyp»  log.  of  — ,  or  t?  =  ^{pg  hyp.  of — ).  Hence 

X  X 

*  — i     aw.j^       ^        XV      XV      i,«ia».- 
1=  -z-= — »  and  t  =  fluent  — = flu.  — = |-fte» 

^      Vg  rg     pg  pg    pg 

fft'A_a*_^ x^  _  .        fP±    _xv       xtP  xo*v 

ipg)'    Pg^iPgf  Hpgr    P^     3(|>^)«+""-g(i^* 


rmmmowim  waaaoaamt  Ml 

Zor^SFZZ^'^slii  -Ti—*'^-  oT/ — ^  whence  the Utw ^ttoa* 

tiDuing  the  series  is  manifest,  and  t  s=  —  (1 -|-  ^7 — r  -|- 

««  ffi  «•  ^^  ' 

val  expression  for  the  time  of  describing  any  variable  length 
of  the  chain.    But  t^=^pg  hyp.  log.  o^-^pgd^  and  t^—  — 

*  Vin 

1  =  1  feet,  p  =  i,  and  e  =  hyp.  W*  of  5,  we  have  I  aa 
•7244153  of  a  second.  Also  e  •»  7'19515  feet,  the  veloci^ 
per  second  with  which  the  end  of  the  chain  quits  the  I4>per 
plane. 

PBOBLEX  XUVa 

lb  jliul  the  fimght  of  a  column  tii/Eftilely  kigh^  who$$ 

hose  is  B. 

Let  r  =  radius  of  the  earth,  x  ss  any  height  above  ki 
tind  x'  any  indefinitely  small  height ;  also,  let  s  the  specific 

¥'avity  of  the  matter  of  which  the   pillar  is  constituted, 
hen  Bsj^  ==  weight  of  ad  indefinitely  small  portion  of  the 
iBolumn  at  the  earth's  suriace.    And  by  the  laws  of  gravity 

^  :  war'  :«  ^-,  :  ^~,,  the  weight  of  an  equal  part 

Bar'  at  the  height  x.    Gonseqaently  the  fluxion  of  the  weight 

in  TT-n  —  ^^i  {r  +  «)-• :  the  fluent  of  this  is  —  r^  X 

{r+xy 

r  +  «)"*!  or  —J— ;  or  corrected, -r-»  ^  weight  eC, 

the  pillar  whose  height  is  x^    This  reduces  to  f'Bt( —  — 

1  XX 

)  =s  r*B*( -r--r-^)  =  rBs  (rTz)^    When  x  is  infinite  the 


t+x^  V(r+it)'  >+* 

weight  of  the  infinite  pillar  becomes  rat  (—),  or  simply  rat. 

That  is,  the  weight  would  be  equal  to  that  of  a  bent  pillar 
of  the  same  matter,  and  the  same  base  which  should  be  in 
horizontal  contact  with  an  arc  of  57*3957795  degrees  of  a 
(reat  circle  of  the  earths 


5S4 


PROHncnous  BxmciRi. 


4 

Note.  This  is  independent  of  the  consideration  of  cenlfi* 
fugal  force,  which  would  take  off  the  stones  from  the  top  of 
the  column,  when  its  height  was  little  more  thun  5'6r,  at  the 
equator,  d^c.     See  the  next  problem. 


centrifugal  force  at  e,  that  of  gravity  being  expressed 


PROBLEM  XLV. 

Required  the  altitude  of  the  highest  edifices  thai  couJd  pot* 
stUy  be  raised  on  any  part  of  the  eartK^  surface^ 

Let  c  be  the  centre  of  the  earth, 
pp  its  poles,  EQ  the  equator,  rt  the 
ahitude  of  the  edifice  erected  per- 
pendicularly at  B,  whose  latitude 
xcB  if  /.  Draw  bd,  th,  each  per- 
pendicular to  pp,  or  to  rp  produced, 
and  fromH,  bf  perpendicular  to  ct. 
NoW)  it  is  evident  that  the  edifice 
cannot  be  raised  any  higher  than  the  point  t,  where  the  cen* 
trtfttgal  fbrcQ  reduced  to  the  direction  ct  is  equal  to  the  force 
of  gravity,;  for  at  a  greater  altitude  the  centrifugal  force 
wottld  exceed  the  gravitating  force,  and  the  materials  would 
fly  off. 

Let  CB  =  CB  5=  cp  =  1,  CD  =  BO  =  sin  Z,  bd  =  cos  I,  c  =» 
\_ 

289 

by  unity,  and  ct  =  r.  Then,  as  cb  ;  bd  : :  or  :  xVi  or 
1  :  cos  1 1;  X  \  X  cos  Z=th  :  hence,  as  ce  :  th,  or  1  :  x  cos  I 
: :  c  !  ex  cos  I  =  centrifugal  force  at  t  in  direction  ht,  t 
revolving  about  h.  And,  as  ht  :  ft  : :  en  :  bd  : :  rad  :  coe 
I  II  ex  cos  I  :  ex  cos%  the  said  centrifugal  force  reduced 
to  the  direction  tc,  opposite   that  of  gravity.     Again,  as 

—5  :  —-^  : :  grav.  at  b  :  grav.  at  t  =  —5.     Hence,  by  the 

Nriiove,  ex  cos  H  =  -=->  and  x'  = -.  = ,  and  x  = 

x^  e  cos  H  c 

V(289  sec.  H).  Consequently,  bt  =  ct  —  cb  =  V  (2S9 
sec.  H) —  1. 

L  Suppose  (he  place  to  be  the  equator,  then  sec.  2  =  1, 
and  bt=  V289  — 1=6-01 1489  — 1=5-611489  radii  of  the 
«arth. 

2.  Suppose  the  latitude  to  be  45°,  then  bt  =  ^(289  sec* 
45°)  —  1  =  V(289X2)  —  1  =  8  320335  —  1  =  7*320335 
radii. 

8.  If  the  latitude  be  60°,  then  BT=y(289  sec^OOo)  — 1=b 
V(289X4)  —  1  =  10-49508-.  1  =  9-49508  radii. 


« 


4.  At  either  pole  sec  lis  infiaite,  and  the  height  of- the 
edifice  would  hare  no  limit. 


PBOBLEM  XLVI. 

Supposing  the  earlKs  rotation  about  its  axis  vere  eniireJy  to 
cease,  how  much  tcould  pendulum  clocks  gaih  in  24  hours  in  the 
UaUude  51'' S(y  1 

It  has  been  fully  nsccrtained,  that  >^hen  the  attraction  of 
gravitation  at  the  equator  is  1,  the  centrifugal  force  there  is 

^g^ ;  and  it  is  easily  demonstrated  (vide  preceding  problem, 

oiv  Gregory^s  Mechanics,  rol.  i.  p.  259,)  that  the  central 
force  under  the  equator  is  to  the  central  force  in  any  pro- 
posed latitude,  as  the  square  of  the  radius  ib  the  square  of 

the  cosine  of  the  said  latitude.     Hence  we -shall  Jiave  ^^  eoi* 

510  30'  sz:  0013492,  the  measure  of  the  central  force  in  lati- 
tude 51°  30';  and  this  taken  from  the  measure  of  the  attrac- 
tion gives  '9986508  for  the  force  with  which  the  pendulum 
is  actuated  in  the  proposed  latitude.  •But  the  number  of 
vibrations  performed  by  equal  pendulums  in  the  same  time, 
is  in  the  subduplicate  ratio  of  the  forces  :  therefore 
V  (-9986608) :  ^  1  : :  24  X  3600  (=86400)  :  86458-34,  the 
number  of  vibrations  of  a  second  pendulum  that  would  be 
performed  in  24  hours,  if  the  earth's  rotation  were  to  cease. 
Consequently,  the  number  of  vibrations,  or  nearly  of  seconds 
gained  would  be 86458-34  —  86400  =  68  34  =  58'  20". 

N.  B.  Computations  of  the  kind  required  in  the  preceding 
solution  are  best  performed  by  logarithms. 


PROBLEM  XLVU. 

Required  the  least  velocity  with  which  a  cannon  haU  nnui  Uk' 
projected  from  the  sttrface  of  the  earth  {suppose  at  an  angle  nf 
40'^  e/eoa/ion)  so  that  it  shall  never  return. 

m 

Let  c  be  earth's  centre,  ear  a 
portion  of  the  surface,  ab  the  pro- 
jectile's direction,  and  adf  its  tra- 
jectory.  SupposecD,CF  indefinite- 
ly near  each  other,  and  call  c  a,  (the 
earth's  radius  =  21000000  feet)  r, 
CD,  x;  32*2  feet,  the  velocity  generated  in  a  second  at  the  earth's 
surface  g ;  v  the  velocity  in  d  ;  v  the  required  velocity.    Then 


596  vsoxiscvoiTs  axncnss. 

the  centripetal  force  in  d  will  be  -^  (being  reciprocally  aa  tk& 

aquare  of  the  distance  from  the  earth's  centre),  and  the  force 

t^gx 
to  retard  the  naotion  in  the  direction  df,  -r-^ —  ;  this  retard* 

arx  HP 

ing  force  drawn  into  the  fluxion  of  the  time,  being  equal  to  tho 

t^si  •  * 

fluxion  of  the  velocity,  —  j  will  be  «  —  tj  ;  therefore  w  » 

—  -^,  and  the  fluent  ^  =  -s.     But  in  a  (©  being  =  v, 

and  a:  =5  r)  the  correct  fluent  gives  t>  =  v/(vv  —  2rg  +  2 
f^^jr*').  After  an  inflnito  time,  x  will  be  infinitely  great, 
and  v^(vv  —  2rg  +  2r'^j:-')  infinitely  small,  and  Sieigp. 
fore  may  be  put  =  0,  in  which  equation  r  is  nothing  in  re* 
•pect  of  the  vwlue  of  a:;  and  therefore  v  =  y/^g  =  86775 
feet  s=  6*9655  miles.  Hence,  there  is  no  limit  with  regard 
to  the  angle  of  direction ;  but  if  a  body  be  projected  from  the 
earth's  surface,  in  cmy  direction  whatever  above  the  horizon, 
with  such  a  velocity  as  will  carry  it  about  or  above  7  miles 
per  second,  it  will  never  return. 

PROBL^K  XLVIII. 

7b  determine  the  ratio  of  the  densities  of  the  stm  and  the 
earth. 

Let  R  and  r  be  the  radii  or  semidiameters  of  the  orbits  of 
the  earth  and  moon,  p  and  p  the  periodic  times  in  thoee 
orbits,  s  and  s  the  sun's  mean  apparent  semidiameter  and 
moon's  mean  horizontal  parallax,  and  n  and  n  any  two  num* 
bers  in  the  required  ratio  of  the  densities  of  the  sun  and  earth 
respectively.  Then  the  real  semidiameters  of  the  sun  and 
earth  being  in  the  ratio  of  r  s  to  r  «,  their  masses  will  be 
aiiB'8'XM:r'«^Xn;  and  consequently  their  forces,  at 

the  distances  r  and  r,  as — 4-  *  —r-*  er  as  bs^  :  rrVi, 

R^        r 

But  these  are  (by  the   laws  of  central  forces)  also  as  —  ; 

— ;  therefore  by  dividing  the  antecedents  of  these  equal 

ratios  by  rs^,  and  the  consequents  by  r8\  we  have  as  if :  a 

11  p"       s' 

•  •  -Tj  •  "TT  •  ?  1  •  -;r  X  -r- ;  which  in  numbers,  taking  p  « 
fV    pV  p*       *'  '  o 

865<i.  6*.  49m.  p  =  27d.  7A  43m.  s  =  16'  6J*,   and  s  =s 
57'.  }7^'.  will  come  out  as  1  to  3  057  for  the  ratio  of  the 


denn^  of  the  aun  (o  that  of  the  earth.  Laplaee,  taking  the 
viduea  of  the  given  quaDlitiea  rather  diO'efeotty,  makea  tbp  ra. 
tio  1  to  8'9993. 

PROBLEH  U4>i 

AtppOM  a  givm  right-^mgled  plane  triangle,  mktue  Ay. 
fothenute  u  a  wiiform  slmder  rod,  and  iU  bate  paralM  to 
the  horixon,  to  rteolve  aboiU  its  perpendicular  at  an  axis, 
tehile  a  riiig  tlidea  freely  idong  iig  hypothettute ;  it  u  rtr 
guhtd  to  determine  the  lime  of  the  ring's  descent  along  the  laid 
h}/polhenuse,.iit  length  being  ^  50  fiet,  the  perpendicular  = 
40  feet,  and  the  time  of  one  recolvlion  round  the  axi*  ^==  Zh, 
eondaT 

Let  BA  represent  the  given  rod,  rovolring  about  the  axif 
^  perpendicular  to  the  horiionlal  hne  ao,  d  the  placa  of  the 
ring  at  the  end  of  any  time  t,  and  v  ita  velocity,  there,  in  thff 
predion  da. 

Put  AB  (  =  50  feet)  =  r,  bc  (  =  40)  =  p, 
4C  (  =  80)  =  i,  32J  BB  usual  =  g,  3'  (the 
time  of  one  revolution)  =  t,  3-1415H3,  &c. 
^  Jc,  and  BD  =:  ir;  then  will  beex  -f-  rn  =: 
the  centrifugal  force  in  a  direction  parallel  to 
the  horizon,  and  ita  efieci  jn  tlie  direction  da 
£by  the  resolution  of  forces]  =  bbcc  s  -r-  rrtt ; 
which  added  to  ;^  -i-  r,  the  true  measure  ojf  ■ 

»         -     .     ,               ,.        ■                 bbeox  ,  pg 
die  force  of  gravity  in  the  aame  direction,  givea h'^s* 

the  whole  force  accelerating  the  ring  along  the  rod,  at  d, 

itbeexi    Pgi  ' 

Whence  hy  the  principlea  of  motion, (--  -—  =  tw,  ana 


q«enlly  ('=  -^  X  :^-,+^y  PoW'-g  9  =  ■^;  ""d,  taking 

the  correct  fluent  i  =  l~y.  hyp.  log.  qf  g+^+V(gy^+") 

=  (when  X  becomea  =^ba  =  60)  1-6550",  &c.  =  1" 3ff"  21", 
^c.  the  time  required- 

Cor.  1.  The  time  of  descent  along  the  rod  in  motion,  is 
leas  than  the  time  of  descent  along  it  when  at  rest,  by  18'' 
51"",  &c. 
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Cor.  2.  Making  4  (the  grmvity  of  the  riii|^  mi  %l^  i^  .m 

,  (the  horizontiil  centrifugal  force  above  fouDd)^  it  appem 

that  when  x  =  ^--t»  the  ring,  if  at  entire  liberty,  would  no 

pc 

longer  slide  along  the  rod,  but  fly  oK 

Nnifi.  For  an  investigation  of  the  actaallenglh  of  Ae  tmek 
described  in  the  circumstancesofthie  problem,  tee  6e«li9- 
man^9  Diury^  for  1824,  p.  44,  dec. 

FBOBLKX  L. 

Suppose  a  uniform  dender  rod  ab.  paraBd  to  ike  toriwtm 
(coiuidered' wUhcnU  regard  to  ifs  weight)  to  hneiwo  ffmi 
bodies  Ji*ed  to  i^,  one  at  each  end^  and  io  revo/ee  round  tk§ 
point  V  in  tJkat  rod,  as  a  centre^  in  an^  g^^^ti^  time;  tk$  ten^g^ 
of  the  rod  being  given^  as  also  cd  the  distance  of  the^  utnfdi^ 
of  the  rod  from  the  centre  of  motion  c :  t(  is  required  to  do^ 
termine  the  velocitj/  uith  which  the  rod  pusses  iknugk  the 
pohnl  c,  as  also  the  time  rf  deecriplUM.  Supnosiuf  ab  to  be 
100  feet,  CD  s  1  inch  atjirsi,  and  the  time  of  eu^remduUm^ 
20  seconds. 

Solution. 

Let  the  lino  ab  represent  the  rod,  d  . 

its  middle  point,  c  the  point  or  centre    A  DC  ^ 

about  which  it  revolves,  and  through 
which  it  slides. '  Put  ad  =s  db  =  a  «  50  feet,  the  TsriaMe 
distance  cd  «  j;  ;  <  the  time  the  rod  has  been  in  motion,  and 
V  the  velocity  of  the  motion  (of  the  rod  in  its  own  direction) 

through  the  point  c ;  also,  let  c  =  r^  of  a  foot,  the  diatane^ 

CD  at  the  beginning  of  the  motion,  6  the  weight  or  quantihr 
of  matter  in  each  of  the  equal  bodies,  d  =  10  seconds,  han 
the  time  of  revolution,  and  p  =  8*1416.    Then,  by  the  nap 

pt 
ture  of  centrifugal  forces  ^  •  (  (a  +  x}  =  the  motive  centri« 

fugal  force  in  the  direction  ca,  and  ji  h  {a  —  x)  =  that  in 

the  direction  cb.  Consequently  the  differences  of  these  two 
forces  being  divided  by  the  quantity  of  matter,  S^,  ia  both 


wb 


die  dtroetioo  oA|  or  .=  «rr,  putting  n*  =  ~.    Then,  by  the 

laM  of  jpofidn,  fJ  t^  to,  or  n'a^  ^  oo,  the  fluents  of  which 

SiViB  iiV  A  1^.    But  when  «  s  c,  o  =s  0 ;  therefore,  the 
uents  corrected  itre  v^  ss  n'  (2^  —  c*).    Again,  by  the  fun- 

din^iilel  e^mtiont  (ok  motion  (pa.  400,  401^)  t  ss  .  =3 

V 

*  1 

the  fluxion  of  the  time ;  the  fluent  of  which  is  -x 


1 
hyp.  log.  [r  +  ^«*-c*)]  ;  or  corrected  as  above  <  «  -  X 

n 

hfp.  leg.  '    ■    ^    ■      i  m  the  true  time  of  describing  the 

^stance  x^e*    And  this  when  x  =s  50,  gives  I  =  92*56  se- 

eondf,  the  time  which  wiU  elapse  before  the  end  b  passes 
tkimighe; 

From  this  solution  it  is  evident  that  the  magnitude  of  the 
HfijA  weigfafM  iqipendelt  fo  A  and  b,  has  no  effect  upon  ihe 

•  •  * 

PBOBLEMU. 

9ofiii  tSi  number  ^  vJhraltum  made  by  two  veighls^  con" 
iiei^ig  dv^  over  a  tack  or  a 

jmtieifi  itmUe  tke  Uss  weight  is  drawn  up  to  it  iy  the  descent  tf 
IA0  keaaierweight  at  the  other  end ;  the  extent  of  the  vibrations 

^   Suppose  the  motion  to  commence  at  equal  distances  below 
Ae  pulley  at  b  ;  and  that  the  weights -are  1  and  2  pounds. 
Put  a  »  AB,  half  the  length  of  the  thread  ; 

d  «  80|  ftl^^.  <»  8|f  Toet,  lei^gth  off  sefcbnd's  pend.     '^ 
X  =^  mo  SBW,  any  space  pansed  over  ; 
«  s  the  number  of  vibrations. 


Then  —-j- —  «/  =  j  is  the  accelerating  force. 

£  ± 

And  hence  eor  ^2gfs  s=  y^^yi",  and  /  01*  -  =  — ~—  — . 

but,  by  the  nature  of  pendulums,  y/{a±x)  :  ^b  :  :  1  vibr.  i 
'  riT  ^^  vibralieos  per  second  made  by  either  weight, 


bid  TwaaacvovB  wwBcmwg. 

hamelyv  the  longer  or  shorter,  according  aa  the  iipMfr  ot 
Under  sign  is  used,,  if  the  thteads  were  to  continue  Tmai 
length  for  1  second.    Hence,  then,  aa 

b  •        h  h  ± 

V  til  }/  --—  :  i  =  t  yZ-rr-  =  y/^Tc  ^    .i^^^ » 
^  a±x  ^ a±%         ^gf      ^(i«t±«*)' 

the  fluxion  of  the  numbei^  of  vibrations* 

Now  when  the  upper  sign  +  takes  *  place,  the  fluent  ia 

And  when  x  =  a,  the  same  then  becomes  z  sy^  ^  X  logh 

1  +  v^Si  =  v^  ~  X  log.  1  +  t/2  =  ^^xlog.l+v^ 

SB  •688511,  the  whole  number  of  vibrations  made  by  the  de« 
bcending  weight. 
But  when  the  lower  sign,  or  — ,  takes  place,  the  flaent  i* 

b  fx 

4>  ;r-7  X  arc  to  rad.  1  and  vers.  — i     Which,  when  m  ««  «• 

,       .26  _^,^,^       ^3X39{      3-1416^      117| 
gives  ^  v^  ^  -  3-1416  X  v^  j-^-j^' « -^  X  ^^f 

=  1*227091,  the  whole  number  of  vibrations  made  by  the 
lesser  or  ascending  weight. 

Schol.  It  is  evident  that  the  whole  number  of  vibrations, 
in  each  case,  is  the  same,  Whatever  the  length  of  the  thread 
is.  And  that  the  greater  tiumber  is  to  the  less,  as  1*5708  to 
the  hyp.  log.  of  1  +  v^. 

«  Farthei^,'the  number  of  vibrations  performed  in  the  same 
lime  <,  by  an  invariable  pendulum,  constantly  of  the  samd 

2i 
length  tf,  is  \/'~>=^  *781190.     For,  the  time  6(  descending 

the  space  o,  or  the  fluent  of  /  =s  -— ~-,  when  «  =  a,  is  |a 

2(t 
i^  ~^.     And,  by  the  nature  of  pendulums,,  y^a :  ^b  :  :  1 

Vibr.  i  ^/  -  the  number  of  vibrations  performed  in  1  second  \ 
d 

h^nce  V'lti  :  ^-  ;<•/-=  -v/  7- f>  the  constant  number ot 

Vibrations. 
Bo  that  thld  thlre^  numbers  of  vibratiods,  fkamely  of  the 


t  * 


fmowmacovB  auucimt. 


Ml 


pMpttoiity  and  descending  pendulumti  an  ptopor* 
^juiinhera  1'5708|  l,  and  hyp.  log.  1  +  V«»  or  aa 
1*S706»  I,  and  *881d7  $  whatever  be  the  length  of  the  thread. 


^ROBUm  tii. 


To  determine  the  circumstances  of  the  asceni  and  descent 
rftteo  unequal  weights^  suspended  at  the  two^ends  of  a  thready 
passing  over  a  pulley  :  the  weight  of  the  thread  and  of  the 
puUey  being  considered  in  the  solution. 


r 


W 


Let  I  =s  the  whole  length  of  the  thread  ; 

a  =  the  weight  of  the  same  ; 

6  S3  Ato  the  dif.  of  lengths  at  first ; 

d  =  w — w  the  dif  of  the  two  weights  ; 

e  =  a  weight  applied  to  the  circumfereneoi 
such  as  to  be  equal  to  its  whole  wt.  and 
friction  reduced  to  the  circumference  ;  ^^ 

sszw+iD  +  a  +  c  the  sum  of  the  weights,  moved* 

Then  the  weight  of  6  is  -y-i  and'i2  — j-  is  the  moving  force 

at  first.  But  if  x  denote  any  variable  space  descended  by  W| 
or  ascepded  by  v,  the  difference  of  the  lengths  of  the  thread 
will  be  altered  fix  ;  so  that  thb  difference  will  then  be  6— 2«| 

and  its  weight  — -^ — a ;  condeq.  the  motive  force  there  will  be 

,       6— 2a:      dl-ab+2ax       .  .       ^  dl-a5+2«rx        ^^ 
d 1 — a— = ,andtheref. rp ==/the 

accelerating  force  there.  Hence  then  vv  =  gf±  ^  g±  'A 
p ;  the  fluents  of  which  give  ©"=2^0:  X  — — -, 1 

or  e  =  2  y/^j  X  y/(;ex  +  rt*)  the  general  expression  for  the 

dl^ab 


2sl 
velocity,  putting  e  s=s 


And  when  a;  ^  fr,  or  wbecomea 


«as  far  below  to  as  it  was  above  it  at  the  beginning,  it  is  barely 
9  =  2  y/-^  for  the  velocity  at  that  time.    Also,  when  a^ 

iiS 

the  weight  of  the  thread,  is  nothing,  the  velocity  is  only 

dgx 
2  \/-§-i  as  it  ought. 

*      X     .       si  £ 

Again,  for  the  time,  t  or  -^iVr-r-  X  •"-; r-^r  ;    the 

®  V  {ag       ^{ex  +  x^ 
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fluents  of  which  gira  t  «  ^^^^  X  logA^^^^i^^gt- 

Mral  exptewion  for  the  time  of  deseeD^iog  any  spaee  it* 

And  if  the  radicals  be  expanded  io  a  series,  and  the  log.  of 
it  be  taken,  the  same  will  become 


St 


of  the  thread,  is  nothing ;  as  it  ought. 


PROBLBM  UlU 


To  find  the  velocity  and  time  of  vihrationof  a  email  weighty 
fixed  to  the  middle  of  a  line^  orfne  thread  tout  rfgreoitftt  and 
eireUked  hy  a  given  ieneion  ;  ike  extent  t^the  mhratian  being 
teryemaUi 


Let  2  «  AC  half  the  length  of  the  thr^d ; 
a  ^  CD  the  extent  of  the  vibration ; 
«  s=  cB  any  variable  distance  from  c ; 
V  =  wt.  of  the  small  body  fixed  to  the  liiiddie ; 
w  =  a  wt.  which,  hung  .at  each  end  of  the  thre  ad, 
will  be  e<]|ual  to  the  constant  tension  at  each  endj, 
acting  in  the  direction  of  the  thread. 

Now,  by  the  nature  of  forces,  ab  :  cb  : :  w  the  force  in 

direction  ba  :  the  force  in  direction  bc.    Or,  because  ac  ia 

nearly  =  ab,  the  vibration  being  very  small,  taking  ac  in* 

wj? 
WmSL  tif  A,%^  it  is  AC  :  CE  : :  w  :  —  the  force  in  bc  «tisin|! 

Aom  the  tenskm  in  ba.    Which  will  be  also  the  same  flir 

Ibal  in  kb.    Therefore  the  sum  is  --j-  »  the  whole  mofivtf 

4bflNSe  in  Be  arising  from  the  tensions  on  both  sides.     Conse- 

2wx 
*quent]y  -j —  =/the  accelerative  force  there.    Hence  the 

^^qiuatibn  of  the  fluxions  w  otgfe  »  — r^— ;  nnd  the  floents 


,— ^  But  when  «=a,  this  »—  -S^-,  aa*  AoiM 


be  ss  0 ;  theref.  the  correct  fluents  are  c^  +  2^w  X  — j — , 
and  hence  «  s^  \/(2gw  X  -j — )  the  velocity  of  the  Kttle 

body  19  at  any  point  b.     And  when  a?  =  0,  it  is  »  =  2a^-^ 

(or  (he  greatest  velocity  at  the  point  c. 

Now  if  we  suppose  tp  =  1  grain,  w  =  5lh,  troy,  or  28800 
grains,  and  S^l  =  ar  =^  8  feet ;  the  velocity  at  c  beoomef 

n  ^ L^ =111 1  Ja.     So  that, 

o 

if  a  SB  ^1,  inc.  the  greatest  veloc.  is  9|\  ft.  per  see. 
if  a  =B  1  inc.  the  greatest  veloc.  is  92]  J  ft.  per  see. 
if  a  =  0  inc.  the  greatest  veloc.  is  555^  ft.  per  sec' 

To  find  the  Uroe  i,  it  is  /  or  — -  =  J  v^  j—  X  .. 

Hence  the  correct  fluent  is£  =:i  «/-=—«  X  arc  to  cosine  — 

and  radius  1,  for  the  time4n  ns.    And  when  x  ?=  0,  the  whole 

time  m  ik:^  or  of  half  a  vibration;  is  •7864  ^' —  ;  and  oaiu 

id 
aeq.  the  time  of  a  whole  vibration  through  iki  is  1  *6708  \/ r — ^ 

ifWg 

Using  the  foregoing  numbers,  namely  to  =  ],  w  =  38800| 
and  22  s=  3  feet ;  this  expression  for  the  time  8^^®*^2|;{T|1 

• 

^  853},  the  number  of  vibrations  per  second.  But  if «  »  8| 
there  would  be  250  vibrations  per  second.;  and  if  v  as  MMi 
there  would  be  85||  vibrations  per  second. 


PROBLEM  LIV. 

To  determine  the  tame  at  in  the  last  problem^  wkem  Iks 
distance  cd  bears  same  sensible  proportion  to  the  length  ab  ; 
the  tension  of  the  thread  hoteever  being  stUlsupposed  a  constamt 
fuaniily. 

Using  here  the  same  notation  as  in  the  last  problem^  and 
taking  the  true  variable  length  ae  for  ac,  it  is  ae  or  bb  :  cb  : : 

-.       2wx  2wx       ,       ,   .  ,      M        4»        • 

8w  :  —  =  — ,,. ,     ■  the  whole  motive  force  from  the  twtt 

AB         v^  (/"+«') 
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equal  tensions  w  in  ae  and  bb  ;  and  theref.  -*-  X    ..».«.  =/ 

y>      ^(i  -t-arj 

is  the  accelerative  force  at  e.    Theref.  the  fluxional  equation 
is wor Wi=  — ^  X     .TT.    .v  ;  and  the  fluents  c"  =  —M  x 

—  y/{r  +  x«).     But  when  x  =  a,  these  are  0  =  -^  X  -* 

\/(P  +  «*) ;  therefore  the  correct  fluents,  are  «^  =  — 5  x 

W{P+^-y/(l'  +  i')]=-^^    X    (AD-AB).       And 

4l0£' 

hence  o  =  ^  [ — ^  X  (An  —  ab)]  the  general  expression  for 

the  velocity  at  b.    And  when  e  arrives  at  c,  it  gives  the  ' 

greatest  velocity  there  =  v^[ — -  X  (An  —  ac)].     Which, 

to 

when  w  =:  28800,  lo  =>  1,  22  =  3  feet,  and  en  =:=  6  inches 

or t  afoot,  is  ^^(8  X  28800  x  16/^  X  ^— )  =  548}  feet 

per  second.  Which  came  out  555/^  in  the  last  problem,  by 
using  always  ac  for  ab  in  the  vahie  off.  But  when  the  ex- 
tent of  the  vibrations  is  very  small,  as  /^  of  an  inch,  as  it 
commonly  is,  this  greatest  velocity  here  will  be  ^8X28800 
X  16^  X  r7J7T  =s  9|  nearly,  which  in  the  last  problem 
was  0^  nearly. 

To  find  the  time,  it  is  i  or  ~-  =  v't^-  X  -tt "",„  ,  _^,,, 

V         ^4w^     \/[<?-i/(^+^J] 

making  c  =  ad  =  ^{P+aF).    To  find  the  fluent  the  easier, 

multiply  the  numer.  and  denom.  both  by  v^  [c  +  \/(^+x')]ff 

-o  -htll  i  =  v/—  X  ^-^^^  X  y/[c  +  ^(P  +  Wl. 
Expand  now  the  quantity  ^[c  +  y/{P  +  3^)]  in  a  seriesi 

and  put  <23se+2i  so  shall  t  =  ^--  X^-—, — rr  (1  +  --.  — 

4^    v/(a  -*")  4<tf 

2d+l   . ,  4iP+2i«  +  P  ^    40dH8J»/+I2£g'+5r^  ^ 

82crZ^'^"^       128rf-*^      "^  2048dT  ^  *^'' 

Now  the  fluent  of  the  first  term -;  is  =  the  arc  to  sine 

^(a»-x») 

X 

-  and  radius  1,  which  arc  call  a  ;  and  let  p,  q  be  the  fluents  of 


maj  dter  Hufti  nKsemive  terms,  without  the  coefficients,  the 
6mnniOB  of  ^  from  the  finii  term  a  being  n ;  then  it  is  evi. 

dent  that  q  as  x«p  =  a:"*A,  and  p  =  x***— *a.    Assume  iheref. 

a  «  ip — «x'*-^  ^z  (a*-^y*) ;  then  is  q  or  ir»V=6p  -  (2n-  1) 

earp  =  ftp  —  {2n  —  1  )f a'p  +  2fM»a:V.  Then  comparing  the 
coefficients  of  the  like  terms,  wo  find  1  =  2en,  and  h  ^s 

(2n — \)tcP ;  from  which  are  obtained  e=--i  and  6=^  -^  —  a"* 

Consequently  a  = ; ^- ^,  the  general 

equation  between  any  two  successive  terms,  and  by  means  of 
which  the  series  may  be  continued  rtM  fur  as  we  please.  And* 
hence  neglecting  the  coefficients,  putting  a  -  the  invAi  term, 

namely  the  arc  whose  sine  is-,  and  b,  c,  d,  dec,  tie  follow* 

u 

ing  terms,  the  series  is  as  follows,  aH — + 

8gB::^vV-g)^yc-T%.ra»,  ^^  ^^    Now  when x=, 

4  o 

0,  this  series  =  0 ;  and  when  x  =  a,  the  series  becomes  ^p-f* 

a*A ,  8a*B  ,  fla*c    _         .  „  ,^_^  .  .     . 

_— j.— --.-I — -—J  ^c.  whore  p  ~  8'1416,  or  the  series  la 
a        4  o 

UKi+K  +  ^-^  +  ^^re-'^-^ 

So  that,  by  taking  in  the  coefficients,  the  general  time  of 
passing'over  any  distance  de  will  be 

•  i^^XlPX(l+-^  •  l«'-325^'  •  5~/.&c.-arcs,n. 

5'4«'  ""         2 ^  +  32d?-  4  '*'''•> 

And  hence,  taking  x  =  0,  and  doubling,  the  time  of  a 
whole  vibration,  or  double  the  time  of  passing  over  cd  will 

beequaltoip^-^-.X(l+^^.K-3^..2-.-4«^  + 

4tf'42^4-P  1.8.  5        AOd^-^StPlArX^dP+bV    13. 5^7 

nn^b57^~'2.4.6  2048di'  '2.4.6.8 
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a*»  Sec*)    Which,  when  a  »  0,  or  c  »  I»  btOMOM  miy  |  p 
/  .  —  the  same  as  in  the  last  problem,  as  H  ought. 

Taking  here  the   same  numbers  as  hi  the  laal  prafttattp 
viz.  Z  =  |,  a  =  ^,  w=2,  w- 28800,  ig  =  16,^  ;  the* 

jp  /  *?<£±D  =  0040514,  and  the  series  is  1  +  -008702  — 

'  wg 

OOO 175 -1-000003, 6ec.  »  1*006590  ;  therefore  HNMOSM  X 

1  006590  ==  0040965  =  -— .  it  the  time  of  one  whole  vi* 

«4o| 

bration,  and  consequently  245}  vibrations  are  perfimoed  ia  a 
second ;  which  were  250  in  the  last  problem. 


PHOBLBM  LV. 


It  is  proposed  to  determine  the  vdodttf^amithetme^wSktm^ 
titm,  of  afiuid  in  the  arwu  of  a  etMai  or  teal  UAe. 

Let  the  tube  abcdbf  have  its  two 
branches  ac,  gb  vertical,  and  the  lower 
part  CDB  in  any  position  whatever,  the 
whole  being  of  a  uniform  diameter  or 
width  throughout.  Let  water,  or  quick* 
silver,  or  any  other  fluid,  be  poured  in, 
till  it  stand  in  equilibrio,  at  any  hori*  _ 

zontal  line  bf.  Then  let  one  surface  be  pressed  or  pusbed 
down  by  shaking,  from  b  to  o,  and  the  other  wUl  ascend 
through  the  equal  space  fo  ;  after  which  let  them  be  per* 
mitted  freely  to  return.  The  surfaces  will  theo  oontiniuJIy 
vibrate  in  equal  times  between  ac  and  bo.  The  velocity  and 
times  of  which  oscillations  are  therefore  requirsd. 

When  the  surfaces  are  any  where  out  of  a  horiBOiitri  line^ 
as  at  r  and  q,  the  parts  of  the  fluid  in  aoB,  on  each  aide, 
below  avi  will  balance  each  other ;  and  the  weisht  of  the 
part  in  pb,  which  is  equal  to  2pf,  gives  motion  to  me  whole. 
So  that  the  weight  of  the  part  2ff  is  the  motive  force  hy 

wt.  of  2ff 

which  the  whole  fluid  is  urged,  and  therefore  -r-? is  the 

^  woole  wt. 

accelerative  force.  Which  weights  being  proportional  Id 
their  lengths,  if  I  be  tlie  length  of  the  whole  fluid,  or  axis  of 

2a 

the  tube  filled,  and  a  ss  fo  or  bc  ;  then  ie  -j-  the  nceelera* 

tive  force.    Putting  theref.  x=sor  any  variable  distanee,  v  the 
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2a— 2« ' 
ynMkf%  9b4  i  the  tine ;  then  pf  =?  a  —  «,  aod  — =~  =/ 

the  aeeelenUive  force  ;  hence  w  or  gfs  =s  -y  {ax  —  ai-}; 

the  fliienta  of  which  give  «*  =  y  (2ar  —  «'),  and  o  « 

%/(2^  X  — r — }  18  the  general  oxpression  for  the  vclocily 

at  any  term.    And  when  x=a,  it  becomes  t)=2a  y/f-  foe  the 

greatest  velocity  at  b  and  f. 

s            Z              i' 
Acain,  for  the  time,  we  have  t  or  -rsiy-—  X  —^^ ;. 

the  fluents  of  which  give  t  =  4  ^^ —  X  arc  to  versed  sine  ~ 

ig  « 

and  radius  1,  tlie  general  expression  for  the  time.      And 

when  X  :=  a,  it  becomes  i  =  iPy/^  for  the  time  of  moving 
from  o  to  F,  p  being  =  3*1416  ;  and  consequently  \p  y/j- 

"lo 

the  tiilM  of  a  whole  vibration  from  o  to  b,  or  from  c  to  a. 
And  WliicK  therefore  is  the  same,  whatever  au  is,  the  whole 
length  I  remaining  the  same. 

And  the  time  of  vibration  is  also  equal  to  the  time  of  the 
vibration  of  a  pendulum  whose  length  is  ^Z,  or  half  the  length 
of  the  axis  of  the  fluid.  S<f  that,  if  the  length  I  be  78^  inches, 
it  will  oscillate  in  1  second. 

Scholium,  This  reciprocation  of  the  water  in  the  canal, 
according  to  Newton,  is  nearly  similar  to  the  motion  of  the 
waves  of  the  sea.  For  the  time  of  vibration  is  the  same, 
however  short  the  branches  are,  provided  the  whole  length 
be  the  same.  So  that  when  the  height  is  small,  in  propor. 
tion  to  the  length  of  the  canal,  the  motion  is  similar  to  that 
of  a  wave,  from  the  top  to  the  bottom  or  hollow,  and  from 
the  bottom  to  the  top  of  the  neit  wave  ;  being  equal  to  two 
vibrations  of  the  canal ;  the  whole  length  of  a  wave,  from 
top  to  top,  being  double  the  length  of  the  canal.  Hence  the 
wave  will  move  forward  by  a  space  nearly  equal  to  its 
breadth,  in  the  time  of  two  vibrations  of  a  pendulum  whose 
length  is  {^l)  half  the  length  of  the  canal,  or  one-fourth  the 
breadth  of  a  wave,  or  in  the  time  of  one  vibration  of  a  pen. 
dulum  whose  length  is  the  whole  breadth  of  the  wave,  since 
the  times  of  vibration  are  as  the  square  roots  of  their  lengths* 
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Consequently,  waves  whose  breadth  is  equ|d  to  89{>  inebMi 
or  3|f  feety  will  move  over  8}f  feet  in  a  second,  «Mr  196| 
feet  in  a  minute,  or  nearly  2  miles  and  a  quarter  in  an  hour. 
And  the  velocity  of  greater  or  less  waves  wiil  be  incroaoad 
or  diminished  in  the  subduplicate  ratio  of  their  breadths. 

Thus,  for  instance,  for  a  wave  of  18  inches  breadthy  as 
v/89j  :  39}  : :  ^  18^  V'(39j  X  18)  =  f  ^Sl^  «  2tl^5Sm 
the  velocity  of  the  wave  of  18  inches  breadth. 

But  the  motion  of  waves  has  been  etherise  eonsidered  fay 
Lagrange,  and  other  philosophers. 

FKOBLEM  LVI. 

To  a  pendulum  sa  of  a  given  lengthy  nupenied  ai  9^4 
.given  weight  n  »  affixed  at  a;  to  find  where  anether  $teigki 
m  must  be  fixed,  so  that  it  may  vibrate  in  the  lead  tmepoe* 
iible. 

Let  F  be  the  point  required,  and  o  the  l^ntlB 
of  oscillation;  then  the  pendulum  itself  being 
considered  as  of  no  weight,  if  sa  s=  a,  and  8F=«,         *  » ^ 

«o  ss  ?!^— ~.     Dynamics,  art.  229,  p.  239. 
na-rmx 

Now  the  time  of  oscillation  oc  ^^  so ;  therefore, 

,,    ,.  na^'^-mj^ .  .  . 

since  the  time  IS  a  minimum, r is  a  mmi- 

na-rmx 

mum  ;  and  its  Duxion,  that  is,  2mr±X{na'\'fnk)^ 

mi  X  (iia«  +  inz*)  =  0,  or 2iiax  +  2maf  =  Ha*  +  mi**5 

»•.  ap*  H ==  —  ;  and  from  this  quadratic  «  =  *—  X 

-v/(n'+mii) =•  SF. 

m 

PROBLEH  LVli. 

To  find  the  position  of  Venus  when  she  sUnee  wiA  tfe 
greateH  lustre. 

Let  E  be  the  earth,  s  the  sun^  and  v 
Venus;  join  sv,  sk,  kv,  and  produce 
Ev  to  A,  making  va  =  vs  ;  with  v  as  a 
centre  and  vs  radius  describe  the  cir> 
cular  arc  sa  ;  and  draw  sb  perpendicular 
to  EA.  Then  sev  is  the  angle  of  elon. 
gation,  svA  the  exterior  angle,  VB.iis 
cosine,  and  ba  its  versed  sine  to  the 
radius  sv.  Take  se  =  a,  ev  -=  x,  vb 
=  y,  sv  =  b*  Then  since  it  is  demon- 
strable that  the  urea  of  the  whole  disc  of 
the  planet,  is  to  the  area  of  the  enlight^ 


..1 


taed  put,  u  the  diamn(er  of  the  circle  to  the  veraod  >iiw  of 

the  «tarior  Angle,  it  fpllowa  that  iha  visible  illuroiDod  put 

&— «         i         » 

IX  BA  a.i  —  Hi  while  the  brlghlnen  a  —^,  «  ^  —  ^ 

whieh  by  the  problem  ia  a  maximuni.  Now,  Oeotn.  tb.  80^ 
ii*  <■  MV«  +  ay»  +  2itv.vB,  or  a*  =  s*  -(-  i*  +  3«y ;  •••)'" 
-r^"**  =  (if  «•  =  a"  —  ft")  !^- ; .-. by aubrtituting for 

t  thia  value,  we  bare  — ^-   a  maximum ;    that  la, 

jj-j ia  a  maximum ;  hence  (24i  +  2*4)  Sfcr*— 6rfi 

[2ft«-m*+x^  =  0:  where,  if  we  divide  by  Sx'i,  it  become! 
—  >■  —  4&E  +  am'  =:  0  ;  .*.  «'+4Ar=3ni*,  from  which  equa- 
tion X  =  — 2A-l-^(4i»+8oiT=— Sfi+v'CSa'  +  ft')-  Bene* 
the  three  aides  of  the  IrianEJe  acT  are  known,  to  find  the 
angle  of  etongnlion  ;  which,  if  a  =  I,  6  =s  •72833,  give*  tib 
•48086,  and  aav  =  80°  44',  between  the  iofarior  conjunotioa 
Wd  the  greatest  elongution. 

Nole.  It  may  not  be  amiaa  to  remark,  that  the  eqnatioB 

X  SB  ^(So*  +  6>)  —  tti  has  a  limit :  for  if  i  were  equal  to 
^a,  the  point  v  would  fell  on  f,  and  the  whole  disc  on  the 
planet  would  be  the  mazinnim  when  in  ila  auperior  oonjune- 
lion  with  the  mn<  So  again,  if  6  were  leaa  than  {a,  the  arch 
deacribed  from  the  centre  i:  with  the  nuliua  kt  would  not  iB> 
lenect  the  circle  ptq, 

paoBtcM  Lvm. 

¥b  deUnRm»(Ae  ftaie  of  emptjrtn^  any  ditdt,  or 
1^.  bg  a  cut  or  notch,  from  iheioptoikt  bottom  of  A< 

Let  X  =  AB  the  variable  height  of  water  at 
any  time ; 
i  =  AC  the  breadth  efthe  cut ;  . 
d  ■■=  the  whole  or  fint  depth  of  water ; 
A  =  the  urea  ofthesurfaceofthewaler 

in  the  ditch  ; 
ig=l&t't  feott  oTg=3Zi,  OS  is  usual. 
The  velocity  at  any  point  d,  is  as  ^rd,  that  ia,  as  the  ordi- 
nate ne  of  a  parabrila  ttsv,  whose  base  is  ac,  and  altitude  tM. 
Therefore  the  velocities  at  all  ihe  points  in  ab,  are  as  all  the 
-ordinatea  of  the  parabola.  Consequently  the  quantity  of 
water  ninoing  through  the  cut  aboui  in  any  lime,  is  to  the 
^quantity  which  would  run  through  an  equal  aperture  placed 
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dl  at  the  bottom  in  the  same  time,  i»  the  tree  oTtlM  pen* 
bola'  ▲BCy  to  the  area  of  the  parallelogram  aboc,  thai  ii,  at 
2  to  3. 

But  ^Ig  :  ^x  i:  g :  %/igx  the  velocity  at  ac  ;  there* 
foie  f  X  ^igx  Xbx^  l^y/Ul^  ^  ^*  quantity  diacbafge4 

per  eecond  through  aboc  ;  and  consequently  — ^       ia  the 

Telocity  per  second  of  the  descending  surface.    Hence  then 

^^EpS5 :  —  i  : :  r' :  ,7^^f     «i  the  fluxion  of  the  time 

of  descending. 

Now  when  a  the  surface  of  the  water  is  constanti  or  the 
ditch  is  equally  broad  throughout,  the  correct  fluent  of  ihia 

fluxion  gives  i  =  -—— -  X  ^^-~r—  for  the  general  time  of 

aioking  the  surface  to  any  depth  x.  And  when  r  =  0,  thia 
expression  is  infinite ;  which  shows  that  the  time  of  a  eooiu 
plete  exhaustion  is  infinite. 

But  if  <£  =  9feet,  6  =s  2  feet,  a  »  21  X  1000  »  21000, 
aiid  it  he  required  to  .exhaust  the  water  down  to  i^  of  a 
foot  deep ;  then  x  ss  y^,  and  the  above  expression  becomes 

-^— r^  X  ^  =  14400',  or  just  4  hours  for  that  time. 

And  if  it  be  required  to  depress  it  8  feet,  or  till  1  foot  depth  of 
water  remain  in  the  ditch,  the  time  of  sinking  the  water  lb 
that  point  will  be  43*  38^'. 

Again,  if  the  ditch  be  the  same  depth  and  length  as  be- 
fore, but  20  feet  broad  at  bottom,  and  22  at  top  ;  then  the 
descending  surface  will  be  a  variable  quantity,  and,  by  prob. 

10,  p.  413,  it  will  be  ^^  X  20000 ;  hence  in  this  ease  the 

3^^  -—500        OO+x 

flux,  of  the  time,  or--- — - — ,  becomes  -77.-71 —  X  — 7- 

)lbxy/\gx '  ^^/iS        ^\/* 

^     ^  »  ^    ^*  ^  '  1000    ^,  ^90— X 

± ;  the  correct  fluent-  of  which  is  £  =  tz^-tt-  X  ( — : —  — 

80— d 

— TIT  ^  '^^  *^®  ^'"*®  ^^  sinking  the  water  to  any  depth  a?. 

Now  when  x  =  0,  this  expression  for  the  complete  ex* 
•haustion  becomes  infinite. 

But  if  . .  X  =  1  foot,  the  time  <  is  42'  56f". 
And  when  x  »  ^V  ^<x>^  ^^^  time  is  3h  50'  28}". 
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PROBIBM  LIX. 


To  determine  the  lime  f*f  jilting  the  ditches  of  aforiifica' 
liofi  ,^  fm  deep  with  vafer^  through  the  duiee  of  a  trunk  of  3 
feel  square,  the  bottom  of  which  is  level  with  the  bottom  of  the 
diiehy  and  the  hcif^ht  of  the  supplying  water  is  9  feel  above  the 
bottom  of  the  ditch* 

liet  ACDB  represent  the  area  gf  the  vertical  sluice,  being  a 
square  of  9  square  feet,  and  ab  level  with  the  bottom  of  the 
ditch.  And  suppose  the  ditch  filled  lo  any  height  ak,  the  sur- 
face being  then  at  ef. 

Put  A  =:  9  the  height  of  the  head  or  supply  ; 

6  =s  3  =  AB  =  AC ;  O H 

i^=i6A;  C D 

A  as  the  area  of  a  horizontal  section  of  £ p 

the  ditches  ; 
»  =  a  —  AB,  the  height  of  the  head    ^         2 

above  ef. 

Then  i/ig  :  y/x :  :  g  i  y/^gx  the  velocity  with  which  the 
water  presses  through  the  part  aefb  ;  and  theref.  y/^gx  X 
A.^VB  =•  by/^gx^a-^x)  Is  the  quantity  per  second  running 
through  aefb.  Also,  the  quantity  running  p^r  second 
through  BCDF  is  y/igx  X  f  J  kcdf  =  ii^^V'3^^(^""^+') 
nearly.  For  the  real  quantity  is,  by  proceeding  as  in  the  last 
prob.  the  difference  between  two  parab.  segs,  the  alt.  of  the 
one  being  x,  its  base  6,  and  the  alt.  of  the  other  a—^h\  and 
the  medium  of  that  dif.  between  its  greatest  state  at  ab, 
where  it  is  j^ad,  and  its  least  state  at  on,  where  it  is  0  is 
nearly  |jed.  Consequently  the  sum  of  the  two,  or  \hy/  ex 
{a'\r\lb'w-x)  is  the  quantity  per  second  running  in  by  ue 

whole  sluice  acdb.     Hence  then  \by/  gx  X =  » 

is  the  rate  or  velocity  per  second  with  which  the  water  rises  in 

the  ditches;  and  so  o: — ±\i\"it^ — =-7 — r    X  

V      by/ig       0— « 

the  fluxion  of  the  time  of  filling  to  any  height  a&,  putting 
c=fl+116. 

Now  when  the  ditches  are  of  equal  width  throughout,  a 
is  a  constant  quantity,  and  in  that  case  the  correct  fluent  of 

this  fluxion  18  <  =  r — r —  X  log.  ( r  ^-7-r~7r)  *"« 

h\/igc         ^  ^y/c^y/a     y/c+^3/ 

general  expression  for  thotime  of  filling  to  any  height  ab,  or 
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a Xt  wA  exceeding  the  height  ac  of  the  sluice*     And 

when  «  a»  AC  =»  o  — *  =  d  suppose,  then  I  =  r-TTir  ^ 

I^.     y  (t^S^yi't .  V^^^ )  is  the  time  of  fiUiog  to  ci>  the 

top  of  the  sluice. 

Again,  for  filling  to  any  height  ah  above  the  sluice,  x  de- 
noting as  before  o  —  ao  the  height  of  the  head  above  oh, 
3\/fgx  win  be  the  velocity  of  the  water  through  the  whole, 
sluice  AD  ;  and  therefore  "'Ih^^^gx  the  quantity  per  second, 

W\/^ex 

and  — ^  *^-  ^  ethe  rise  per  second  of  the  water  iq  tbeditcb. 

£  -^A  dt 

es ;  consequently  e  :  —  ±:i  V  :  I  =  — *'«r-"^-T7''  X— r- 

i>    W^ig    y/x 

the  general  fluxion  of  the  time  ;  the  correct  fluent  of  which, 
being  0  when  «  =  a—  ft~i2»isls  "uTJi^  iy/^  "^  V*) 

the  time  of  filling  from  cd  to  gh. 
Then  the  sum  of  the  two  times,  namely,  that  of  filling 

from  AB  to  CD,  and  that  of  filling  from  cd  to  gh,  is  -r; — p. 

[  J  +  -7-  log.  {z^—y^ .  1— - — . )]  for  the  whole 
time  required.     And  using  the  numbers  in  the  prob.  this  be* 

»  0'08577277a,  the  time  in  terms  of  a  the  area  of  the 
lenffth  and  breadth,  or  horizontal  section  of  the  ditches. 
And  if  we  suppose  that  area  to  be  200000  square  feet,  the 
time  required  will  be  7154%  or  I''  59'  14^ 

And  if  the  sides  of  the  ditch  slope  a  little,  so  as  to  be  a 
little  narrower  at  the  bottom  than  at  top,  the  process  will  bo 
nearly  the  same,  substituting  for  a  its  variable  value,  as  in 
the  preceding  problem.  And  the  time  of  filling  will  be  very 
nearly  the  same  as  that  above  determined. 

PXOBLEH  LX. 

But  if  ih^  tcaier^  from  which  the  ditches  arelo  he  JiUed, 
he  the  wkj  which  ai  low  water  is  below  the  boHom  of  the  trunks 
xnd  rises  to  9  feci  above  the  boUam  of  it  by  m  regular  rise  of 
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omfiat  n  Jtdlf  an  hour ;  it  is  rtquired  to  atcertain  th^  ttpM 
t^  fiSing  U  la  Qfea  high,  at  before  in  ihe  latt  problem. 

Let  ACDB  represent  the  aluice  ;  and  nhen  the  tide  has  riKn 

to  any  height  ob,  [)elo«  cd  the  top  of  the  sluice,  without 

the  ditches,  let  ef  be  the  meaa  height  of  tbe  wmer  wilbin. 

And  put  b  =  3  =  AB  =  AC  ; 

ig  =  16t^  ; 

A  =  horizontal  section  of  the  ditches ; 


Then  i/\g  :  y'ao  ::  g  :  </\g\'—')  'he  velo- 
city of  the  water  through  aefb  ;  and 
y/\S  '■  v'*"  '■'•^S'-  }v^j^^~"^)  '*i^  mean  vel.  through  eohF)  ■ 
theref.  bx  ^/is{x—z)  is  the  quantity  per  sec.  through  asfq  i 
and  |6(t— a)  ^{^(^  —  :)  is  the  same  through  eohf! 

coDseq.  \b  ^^g  X  (Sj'  +  z)  ^[i  —  i)  ia  the  whole  ihrough 
AOUB  per  second.     This  quantity  dividad  by  tho  surfacft  a, 

gives  y^is.  X  [S*  +  «)  ■/(*—*)  =  » t***  velocity  per  second 

with  which  IP,  or  the  surface  of  the  water  in  the  ditches,  lisea. 
Therefore 


"■■'■■"••-.       Vis      (2»+')  v/(— «)• 
But,  as  on  rises  uniformly  1  foot  in  30'  or  1800",  therer 
fore  1  :  AO  : :  IbOO"  :  ISOOj;  =  1  tlie  limo  of  the  tide  rising 

UmK-gh  ..  i  «»«,.  .=  1800i=  -^x^5j^^.j^^^ 

•V  mi=(2c+']\/(x-^)  •  ^  >9  t^B  fluxional  equa.  expressing 

.   -     ,  ^         ..  A  8200 

toe  relation  between  s  and  «  :  where  tn  =  -,  ;;i^;.    ^    =^^.- 
ISOOflVig     ««l 
cr  13'ff  when  a  =  200000  square  feet. 

Now  to   find    the  Buent  of   Ibis  equation,  assume  %  ^ 

*j:*+b«'+c*'»'+dx'^,  &c.     So  bI»11 

,         ,        J       A  J       a'+4b  J       a=+4ab+8c  V    . 

2*  +  «  =  S*  +  Bx*+Ba^4-ca:  ^',  &C 
3a' 

■  4' 
1\ 
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and  mz  =  ^mAr  ±  +  {mBar'i+ V<^^  +  V"»^*  *»  *^ 
TKcd  equate  the  coefficients  of  the  like  terms, 

so  shall  and  consequently 

4 
|iRA  =2,  ^  ^  Si' 

|mB  =  0,  B  =  0, 

24 

V«e  =  -JA*,  c=        ^^^ 

ywD  =  —  |A»—  }AB,  D  =  — ^_, 

&c. ;  &c. 

Which  values  of  a,  b,  c,  &c.  substituted  in  the  assumed  ralue 

of  z,  give 

_   4    }^         24     V  1«     V   ^ 

'  =  5S."     -STSm'*      -^S?*    '^"-^ 

or  «  =s  r-x'  very  nearly. 

And  when  «  =  3  «  ac,  then  z  =  "SSG  of  a  foot,  or  10| 
inches,  =?  ab,  the  height  of  the  water  in  the  ditches  when 
the  tide  is  at  cd  or  3  feet  high  without,  or  in  the  first  hour 
and  half  of  time. 


— IH 
D 


Again,  to  find  the  time,  aAer  the  above,  when  ^ 

EF  arrives  at  cd,  or  when  the  water  in  the  ditches    O 
arrives  as  high  as  the  top  of  the  sluice.  C 

The  notation  remaining  as  before,  S 

then  hz^^g{x  —  z)  per  sec.  runs  through  af, 
and  ib{S'^z)y/{g{x  -z)  persec. thro' ed nearly;    . 
therefore  fftv^igX(12+2;)  ^{x-z)  itkthe  whole  per  second 

through  ad  nearly. 

conseq.  — ^— -  X  {12+ z)  ^[x  —  z)  =  o  is  the  veloci^  per 

second  of  the  point  e  ;  and  therefore 


mi= (12 +z)y (a:— z)  i-,  where  m=^^^~-r=23^  nearly. 

Assume  z  =  Ax*+Bx*+cx'+Dr»,  dec.     So  shall 
,, \  «-  U      ^  i      a«+4b  a       a'+4ab+8c  4    . 
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ia+,«ia4-A,*+»r*4.  erf,  dtc. ; 

{12+z) .  -v/(«— ar) .  f  =  12jr«i-6Aa?iHr-(jA'+6B)ar*i,  &c^; 

mi=»|iiiAT«f +|iiiBT»i  +  fmcx'i,  dec. 
Then,  equatiog  the  like  terms,  dec.  we  have 

8  24  90  «*        _,     ^ 


m 
Hence  « 


Or  *  =s  — «'  nearly. 

But,  by  the  first  process,  when  x  =s  8,  s  «  'dSS  ;  which 
vulwtituted  for  them,  we  have  x  =  *686,  and  the  series  = 
1*08 ;  therefore  the  correct  fluents  are 

8    1      24 
«-  •886=»— 1'68  +  — or*— ^j:»,&c. 

m  fir 

or  «  +  '744 x' sx*,  &c. 

m  mr 

And  when  z  s  8  =<  ac,  it  ffives  x  =  6*809  for  the  height 
<>f  the  tide  without,  when  the  ditches  are  filled  to  *the  top  of 
Che  sluice,  or  8  feet  high  ;  which  answers  to  8**  1 1'  4". 

Lastly,  to  find  tlie  time  of  rising  the  remaining  8  feet  above 
the  top  of  the  sluice ;  let 

X  S3  06  the  height  of  the  tide  above  cd, 

jr  as  CB  ditto  in  the  ditches  above  cd  ; 

«nd  the  other  dimensions  as  before. 

Then  y/^g  :  ^bg  ::  g  :  y/igi^-^x)  =  the 

velocity  with  which  the  water  runs  through  the 

whole  sluice  as  ;  conseq.  ad  X  ^ig  (x— jzr)  = 

9y/^^(a:— z)  is  the  quantity  per  second  running  through  the 

sluice,  and    ^  y/{x  —  z)  =  othe  velocity  ofz,  or  the  rise 

of  the  water  in  the  ditches,  per  second  ;  hence  v:  z  :z  I" : 

^.      «     .      ,  ,  2a  3200 

the  fluxional  equation ;  where  m  =•* 


To  find  the  fluent, 
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Asaume  X  ^  Ax^.+  Bx^+cx'+Dx'*,  Ac. 

*rh«n  X  —*«==«  -»-  AX* — ^Br* — cx»,  dec. 

1        A  9  .      a'+4b  I     4 

mz=JnAi'i:+lHBx*i+inca;'x,  &c. 
iThen  Equating  the  like  terms,  gives 

2       _— 1      _     1         _   — 1    . 

ftence  ^  =  |;^*  -  i«'  +  9^,^^-  sW^*  *^ 

fiat,  by  the  second  case,  when  2  =  0,  x  =  3*369,  which 
being  used  in  the  series,  it  is,  1  *936 ;  therefore  the  correct 

fluent  is  z  =  —  1  -936  +  — ^^  —  ;r-r ^»  &c.     And  whcm  zas 

3n  6n* 

8,  X  =  7 ;  the  heights  above  the  top  of  the  tlttice,  answering 
to  6  and  10  feet  above  the  bottom  of  the  ditches.  That  is, 
for  the  water  to  rise  to  the  height  of  6  feet  within  the  ditchesi 
it  is  ncce&sary  for  the  tide  to  rise  to  10  feet  without,  which 
just  answers  to  5  hours  ;  and  so  long  it  would  take  to  (ill  the 
ditches  6  feet  deep  with  water,  their  horizontal  area  being 
20600  square  feet. 

Further,  when  x  =  6,  then  z  =  2'117,  the  height  above 
Ihe  top  of  the  sluice  ;  to  which  add  3,  the  height  of  the  sluice^ 
and  the  sum  5*117  is  the  depth  of  water  in  the  ditches  in  4 
hours  and  a  half,  or  when  the  tide  has  risen  to  the  height  of 
^  feet  without  the  ditches. 

Nate.  In  the  foregoing  problems,  concerning  the  efflux 
of  water,  it  is  taken  for  granted  that  the  velocity  is  the  same 
tGis  that  which  is  due  to  the  whole  height  of  die  surface  of 
the  supplying  water  :  a  supposition  'which  agrees  with  the 
principles  of  the  greater  number  of  authors:  thongh  some 
tnakc  the  velocity  to  be  that  which  is  due  to  the  half  height 
^nly  :  and  others  make  it  still  less. 

Also  in  some  places,  where  the  difference  between  tWo 
parabolic  segments  was  to  be  taken,  in*  estimating  the  mean 
Velocity  of  the  water  throtfgh  a  variable  orifice,  I  have  used 
tt  near  mean  value  of  the  expression  ;  which  makes  the  ope* 
tation  of  finding  the  fluents  much  more  easy,  and  is  at  the 
same  time  sufficiently  exact  for  the  purpose  in  hand^ 

We  D&ay  further  add  a  remark  here  concerning  the  method 


bT  SodiDg  the  fluenls  of  the  thrae  fluxionKl  forms  tint  •ccnr 
in  the  Milutian  of  this  problem,  viz.  the  three  forma  mi  ^ 
(a^-H)  ^{x  —  z)±,  and  mz  =  (13  +  »)  */  (t— *)4, "  and 
mi  ^  <^lx  —  x)i,  the  fluents  of  which  are  fouad  hy  aMum- 
iog  the  fluent  atz  id  an  in&niie  series  aHoendug  in  teitM  ef 
X  with  indeterminaie  ei>efiieients,  a,  ■,  c,  die  which  co«ffi- 
cieDta  are  afterward!)  determined  in  the  luual  Way,  by  •quat- 
ing  the  corresponding  terms  of  two  similar  and  equal  aeriet) 
the  one  aeries  denoting  one  aide  of  the  fluxiooel  equalioOt 
mad  the  Mhar  aeries  the  other  side.  By  aimilar  aeriea,  n 
meant  when  they  have  equal  or  like  exponents  ;  though  it 
is  not  necessary  that  the  exponents'  of  all  the  terms  should 
be  like  or  pnirs,  but  only  some  of  them,  sa  those  that  are  not 
in  pain  will  be  cancelled  or  expelled  by  making  their  coeS> 
cients  =  0  or  aolhing.  Now  the  geoeret  way  to  make  the 
two  aeries  similar,  is  lo  assume  the  fluent  >  equal  Is  a  seriw 
la  terms  of  x,  either  ascending  or  descending,  as  hei« 

*  =  xf+x**"  +  I""**,  dec.  for  ascending, 
or«  =  a' +**"-• +X'-*,  ic.  for  adesceodiag 

series,  having  the  exponents  r,  r  ±  t,r±  2«,  4kc.  in  arith- 
metical progression,  the  first  term  r,  and  common  diffennce 
•  i  without  the  general  coefficients  a,  B,c,  &c.  till  the  Tahiea 
of  the  exponents  be  determined.  In  terms  of  this  assamod 
series  for  t,  find  the  values  of  the  two  sides  of  the  girni 
ISaxiooal  equation,  by  substituting  in  it  ^e  said  series  instead 
of  *  i  then  put  the  exponent  of  the  first  Term  of  the  one  aide 
equal  to  that  of  the  oiher,  which  will  give  the  value  of  the 
firat  exponent  r  ;  in  like  manner  put  the  exponents  of  the  two 
2d  terms  equal,  which  will  give  the  value  of  the  common 
diffisrence  *  ;  and  hence  the  whole  aeries  of  exponaots  r, 
r±s,  r±2t,  &c.  becomes  known. 

Thus,  for  the  last  of  the  three  fluxiotMl  eqnationa  above 
mentioned,  viz.  mi  =  ^  (*— *)i,  or  only  i  =  ^(i— «)i ; 
having  assumed  as  above  z  «>  x'+^'  &c.  and  taking  the 
fluxion,  then  i  =  r^'i  +  x"i'-^±  +  &c.  omitting  the  tw 
efficients  ;  and  the  other  side  of  the  equation  ,/  {*  —  x)i  •» 
^(x — x' — if+'&c.)  =x^i — ^I'^^i,  &c.  Now  the  expo' 
Bcnts  of  the  (iret  forms  made  equal,  give  r  —  1  =  J,  Iheref. 
^  f  =  1  +  j  =  j  ;  and  those  of  the  2d  terms  made  equal, 
'  giver+»  —  1  =>r— J,  iheref.  *-l  =— J,  and*=l— J={t 
conaGq.  the  whole  assumed  scries  of  exponents  r,  r  +  4, 
r  +  2s,  &c.,  becomes  J,  {,  j,  &c.  as  assumed  above  in  p. 

Again  for  the  2d  equation  mi  or  i  =  (12+a),/(jt — a)i 
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ss(a4*i)\/(x^ — z)i ;  assuming  2  s  «'-  4.  x*^,  ^vc.  as  befera, 

th6ni=at^'i+ar'+'~'i»  A'C.,  and  y/{x  —  t)±  =  x^i — «^"*i 
4bc.,  both  as  above  ;  this  mult,  by  a+z  or  ^f+x'+x*^*,  6(c« 

gives  ax^i'^ax'^*  x,  &c. :  tben  equating  the  first  exponents 
gives  r — l=Jorr  =  |,  and  r+#- Is^r--^,  or#=l — J=^  ; 
hence  the  series  of  exponents  is  <},  ^,  f ,  &c*  the  same  as  the 
former,  and  as  assumed  in  p.  556. 

Lastly,  assuming  the  same  form  of  series  for  s  and  £  as  in 
the  above  two  cases,  for  the  Ist  tluxional  equation  also,  vis« 

l»i=(2ap+«)^(x— »)i  :   then  ^{x^z)x=x»i;^s^^z,  &c. 

which  mult,  by  2x+2,  gives  2«^i-r''+*f,  dfc. :  here  equat- 
ing the  first  exponents  gives  r— 1=  }orr  =  f,  and  equat- 
ing the  2d  exponents  gives  r  +  s  —  1  ^^r  +  j-,  or#  =  |; 
hence  the  series  of  exponents  in  this  case  is  f ,  },  -ti,  Sic.  as 
used  for  this  case  in  p.  553.  Then,  in  every  case,  the  ge* 
neral  coefficients,  a,  b,  c,  Sec.  are  joined  to  the  assumed  terms 
x%  x^'^',  dl^c,  and  the  whole  process  conducted  as  in  the  three 
pages  just  referred  to. 

Such  then  is  the  regular  and  legitimate  way  of  proceeding, 
to  obtain  the  form  of  the  series  with  respect  to  the  expo* 
nents  of  the  terms.  Rut,  in  many  cases  we  may  pereeive  al 
sight,  without  that  formal  process,  what  the  law  of  the  ex- 
ponents will  be,  as  I  indeed  did  in  the  solutions  in  the  pages 
above  referred  to  ;  and  any  person  with  a  little  practice  majr 
easily  do  the  same. 

PROBLEM  LXI. 

7b  determine  the  fall  of  the  water  in  the  arches  of  a  bridge* 

The  effects  of  obstacles  placed  in  a  current  of  water,  such 
as  the  piers  of  a  bridge,  are,  a  sudden  steep  descent,  and  an 
increase  of  velocity  in  the  stream  of  water,  just  under  the 
firches,  more  or  less  in  proportion  to  the  quantity  of  the  ob- 
etruction  and  velocity  of  the  current :  being  very  small  and 
hardly  perceptible  where  the  arches  are  large  and  the  piers 
few  or  small,  but  in  a  high  and  extraordinary  degree  al 
London  -bridge,  and  some  others,  where  the  piers  and  the 
sterlings  are  so  very  large,  in  proportion  to  the  arches.  This 
is  the  case,  not  only  in  such  streams  as  run  always  the  same 
way,  but  in  tide  rivers  also,  both  upward  and  downward,  but 
much  less  in  the  former  than  in  the  latter.  During  the  time 
of  flood,  when  the  tide  is  flowing  upward,  the  rise  of  the 
water  is  against  the  under  side  of  the  piers ;  but  the  diSet^ 
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ence  between  the  two  erdes  graduklty  iJiroinishei  ai  the  tide 
flowe  leaa  rapidly  Inwards  the  conclusioa  or  the  flood.  When 
tbia  has  attained  its  full  hoight,  and  there  ia  no  longer  bdj- 
current,  but  a  MillDesB  prevails  in  the  water  for  a  short  time) 
the  mirbce  uaumes  an  equal  level,  boLb  above  and  below 
bridge.  But,  aa  soon  as  the  tide  begins  to  ebb  or  return 
again,  the  resistance  of  the  piers  ngainat  the  stream,  and  the 
contraction  of  the  waterway,  cnuae  ariaenf  the  surrace  above 
-  and  under  the  arches,  with  a  full  and  a  more  rapid  descent  in 
the  contracted  stream  just  below.  The  quantity  of  this  rise, 
and  of  the  consequent  velocity  below,  keep  both  gradually 
increasing,  as  the  tide  continues  ebbing,  till  at  quite  low 
water,  when  the  stream  or  natural  current  being  the  quickest, 
the  fall  under  the  arches  ta  the  grcaieit.  And  it  is  the 
quantity  of  this  fall  which  it  is  the  object  of  this  problem  tg 
determine. 

Now,  the  motion  of  free  running  water  is  Ihe  consequencs 
of,  and  produced  by  the  force  of  gravity,  as  well  as  that  of 
any  other  falling  body.  Hence  the  height  due  to  the  vehi. 
city,  that  is,  the  height  to  be  freely  fallen  by  any  body  to 
acquire  the  observed  velocity  of  the  natural  stream,  in  the 
river  a  little  way  above  bridge,  becomes  known.  From  the 
same  velocity  alao  will  be  found  that  of  the  increased  current 
in  the  narrowed  way  of  the  arches,  by  taking  it  in  the  reel, 
procal  proportion  of  the  breadth  of  ihe  river  alKire,  to  the 
contracted  way  in  the  arches  ;  viz.  by  saying,  as  the  latter  ia 
to  the  former,  sola  the  Grst  velocity,  or  slower  motion,  to 
the  quicker.  Next,  from  this  last  velocity,  will  be  found 
the  height  due  to  it  oi  before,  that  is,  the  height  to  be  freely 
fallen  through  by  gravity,  to  produce  it.  Then  the  differ- 
ence of  these  two  heights,  thus  freely  fallen  by  gravity,  to 
produce  the  two  velocities,  is  the  required  quantity  of  the 
waterfall  in  the  arches ;  allowing,  however,  in  the  calculation, 
Ibr  the  contraction,  in  the  narrowed  passage,  at  the  rate  as 
observed  by  Sir  I.  Newton,  in  prop.  30  oflTie  2d  book  of  the 
Principia,  or  by  other  authors,  being  nearly  in  Ihe  ratio  of 
25  to  21.  Such  then  are  the  elements  and  principles  oa 
which  the  solution  of  the  problem  is  easily  made  out  as 
follows. 

Let  i  =  the  breadth  of  iho  channel  in  feet ; 

V  =  mean  velocity  of  the  water  in  feet  per  second  | 
c  =  breadth  of  the  waterway  between  the  obstacles. 

21 

Now  25  ;  21  :  :  c  :  —^,  the  waterway  contracted  aa  above, 

.    ^21      ,  266     ,        ...     ,^ 

And^e  :  6  : ;  »  :  ^e,  the  Telocity  in  (he  contracted  way. 
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Also  8S^  :  o" : :  16  :  ^v*,  height  fallen  to  gaio  the  velocity  «% 
And  82> :  (^^)"  : :  16  :  (^)'X,^,t)',  ditto  for  the  vel.  ^r. 

f|i0B  (^-)'  ^  aI  ""  aI  '^  ^^^  measure  of  the  fall  required* 
Or  [(■oi")*""^  ^?7  '*  *  "^'^  ^^'^  computing  the  fall. 
Or  rather  — g^-j —  X  »'  very  nearly,  for  the  fall. 

SXAM.  1.     For  London-bridge' 

By  the  observations  made  by  Mr.  Labelye  in  1746, 
The  breadth  of  the  Thames  at  fiondon. bridge  is  026  feet  \ 
The  sum  of  the  waterways  at  the  time  of  low- water  is  236  ft. ; 
Mean  velocity  of  the  stream  just  above  bridge  is  3^  ft.  per.  sec« 
But  under  almost  all  the  arches  are  driven  into  the  bed  great 
numbeni  of  what  are  called  drtpshot  piles,  to  prevent  the  bed 
from  being  washed  away  by  the  full.  These  drtpshot  piles 
■till  further  contract  the  waterways,  at  least  \  of  their  mea* 
sured  breadth,  or  near  39  feet  in  the  whole;  so  that  the 
waterway  will  be  reduced  to  197  feet,  or  in  round  numbers 
•appose  200  feet. 

Then  h  =  926,  c  =  200,  r  :=  3J  =  y, 

l-446»-^      1217616—40000 
^•"^^  "64?—  ==  '~64740"000  -  ^  '^^• 

19< 
Ande»  =  -— ^IOjV- 

Theref.  46  X  lO^y  =  4-683  ft.  =  4  ft.  8}  in.  the  fall  re- 
quired. By  the  most  exact  observations  made  about  the 
year  1736,  the  measure  of  the  fall  was  4  feet  0  inches, 

BXAM.  2.     For  Westminster-bridge. 

Though  the  breadth  of  the  river  at  Westminster- bridge  is 
1220  feet;  yet  at  the  time  of  the  greatest  fall,  there  is  water 
through  only  the  13  large  arches,  which  amount  to  but  820 
feet;  to  which  adding  the  breadth  of  the  12  intermediate 
piers,  equal  to  174  feet,  gives  994  for  the  breadth  of  the 
Fiver  at  that  time ;  and  the  velocity  of  the  water  a  little 
above  the  bridge,  from  many  experiments,  is  not  more  than 
2{  ft.  per  second. 

Here  then  b  =  994,  c  =  820,  p  =  2J  =  J, 


Hence  — ^—- —  ; 


Ahdi>': 


FRomecuoDs  exergiiej 
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=  5tV- 


Thoref.  -01722  X  S^V  =   0873  ft.  =  1  in.  the. fell  re, 

Sjuired  ;  which  is  about  half  an  inch  more  than  the  greatest 
all  observed  by  Mr.  Labelye. 

And,  for  BlBckfriars-bridge,  the  fall  will  be  much  the  mrofi 
M  that  of  Westminster,  or  rather  less. 

See  farther   on   this  subject,  Gregory'i  MatJietiMlict  /of 
practical  Skn,  p.  308,  &c. 


APPENDIX. 


A  dUteriatitin  • 
through  holes ' 


n  fhe  times  of  ertiaust'ing  vesstis  ^'ajbudt 
r  aprrlures  iu  ihtir  bcUoms,  paruU  to  the 


Supposing  AHCU  to  be  any  vessel  coDtalaing  k  fluid  ;  «im1 
putling  m  =  32^  feet  =  38(1  inches,  n  =  lh«  afta  of  the 
aperturo  in  the  bottom  i>c,  z  =  ef  the  altitude  of  the  miriace 
oflhe  fluid  above  the  bollom,  and  x  —  the  area  of  the  ilea. 
cending  aurfuce  oh  ;  then,  the  time  of  ezhauMing  the  fluid 
CDGB  will  be  equal  to  the  fluent  of 
z£ 
ny/mx- 

Demoiutralion.  By  Sir  I.  Nowlon's  Principie,  lib.  ii. 
prop.  36,  the  veinciiy  of  Ihe  ianiJDg  fluid  at  x,  ia  eqonl  to 
that  which  is  acquired  by  a  body  in  falling  through   |kf 


A.  1 

S^ 

E_  "  "^ 

h\ 

L^-" 

■  '% 

or  it ;  but  the  velocitiea  of  falling  bodies  are  as  (he  roota  of 
the  spaces  fallen,  and  m  m  the  velocity  (per  second)  acquired 
by  falling  through  the  space  ^m  ;  hence  ^im  :  ^^x  : :  m  : 
^mc  =  iho  velocity  of  the  issuing  fluid  at  k;  but  the  velo- 
cities at  ihe  orifice  and  of  the  descending  surface  oh  will  be 
inversely  as  their  arcEia  (for  siace  the  quantity  or  solidity  ia 
the  same,  the  velocities,  or  altitudes  of  the  equal  column  will 
be  inversely  as  the  sections) ;    therefore  z  :  n  : :  y/wuc : 

-^ —  =  the  velocity  (per  second)  of  the  descending  surftce 
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«■,  oi  Iha  ipuM  through  which  sh  would  unifermly  dovcend 
V  vipatouai  with  tho  vslocity  it  hatb  st  Uw  Kiiituda  x.  Now 
in  dflKMH^ins  ifae  apace  ^t  the  velocity  may  be  considered  u 
uoMbrm ;  aaa  unifonn  descents  are  its  thoir  timos,  wherefore 

■Xr-^  i  *  !  I  1  Bepond  :  ;; —  =  Um  lime  ofdeKendiog 

±  apMO,  or  the  fluxion  of  the  lime  of  exhausting,      q.  k.  p. 

SehoUvm. 

In  the  sbore  Javeatigation,  the  resistance  made  by  the  air 
lotbe  iswiiig  Auidi  IB  negloclsd,  the  exhaustion  being  sup- 
poM^  to  be  made  in  a  vacuum ;  which  will  occasion  a  small 
difference  (though  scarce  perceptible)  between  the  calcula> 
lions  and  axporitnents  made  in  the  air.  But  this  considera- 
tion must  by  no  means  be  neglected,  when  the  density  of  the 
fnetliun;,  intp  «;hich  fhp  fliid  isaues,  bears  any  considerable 
proportion  to  that  of  the  fluid. 

It  wjll  make  no  diflerence  in  the  account,  in  whalerer 
part  of  the  twn  the  aperture  is  placed,  the  altitude  of  the 
aof&C?  abo»  it  being  the  only  consideratian ;  nor  is  it  ma* 
tatial  what  the  J8gure  of  it  is,  whether  circular,. triangular, 
iw]its4V<  ^-  ngular,  or  irregular,  the  area  of  it  alone  being 
Uw  oaiy  oecewsary  consideration. 

As  we  bpkve  «V>ve  found  the  fluxion  of  the  time,  so  by 
t/tkioe  'M  fluept  «r  it  via  obtain  the  time  itself,  substituting 
jgnt  ue  value  of  X  instead  of  it,  as  found  ip  terms  of  x  from 
the  equation  of  the  figure  of  the  vessel,  as  in  the  fallowing 
problems,  except  when  it  is  «  prism,  for  then  z  is  constant, 
^d  does  ^ot  opct  the  fluent. 


To  find  the  time  ofempiymg  a  pritm. 

When  KtQ  Tpssql  is  a  cylinder  qr  any  other  prism,  then 
the  section  gh  or  z  is  constant,  and  considering  it  aa  such, 

the  fluent  of  — - —  is  —  ^/ — ,  which  "  tbe  lime  of  exbaust- 

n  y/mx       n        m 
ing  a  prism  whose  bas^  is  z,  and  altitude  a. 

Cor.  1.  Ifthe  apertures  of  two  prisma  therefore  he  equal, 
the  times  of  emptying  the m,  will  be  aa  Iheir  bases  drawn  into 
the  square  roots  of  their  altitudes.  If  their  bases  be  also 
equal,  the  times  will  be  as  the  square  roots  of  their  heights. 
But  whpn  their  altitudes  are  equal,  the  times  will  be  as  their 


^g4  APTEvm-. 

Cor:  2.  Putting  a  for  the  altitude  ki  of  the  prims  ASCDi 
and  b  for  the  area  of  the  base  cd  ;  then  the  time  of  emptying 

the  part  abho  at  e  or  d  is  —  X  — •     For,  by  the  pro- 

blfem,  the  time  of  emptying  abcd  is  —  -/ —  ;  and  the  time  of 

fi        tn 

2b       X 
GHCD  is  —  a/ —  ;  l^^if  difference  is  the  time  of  abho  as 
n  ^  m 

above. 

Cw.  3.   By  the  problem,  the  time  of  exhausting  arho  at 

o  or  F  is  —  y/ ;  comparing  this  thereibre  with  the  laA 

n  tn 

corollary,  it  appears  that  the  times  of  emptying  the  same  part 

ABHO,  at  the  depth  d  and  g,  will  be  respectively  as  y^a  — 

y/«  to  ^{a  —  x). 

Cor.  4.    By  writing,  in  the  general  theorem  ( — ^ — ;,  6 

for  «,  a  for  a:,  and  a — x  for  i*,  we  obtain —  X  ofor  the 

fly/ma 

tittle  in  which  ab  would  descend  tb  gh  with  the  Brst  velo- 

icity,  or  the  time  in  which  a  quantity  equal  to  abho  would 

run  out  supposing  the  vessel  to  be  kept  always  full  by  a 

supply  from  without  ;  comparing  this  therefore  with  corol* 

lary  2,  it  will  appear  that  the  time  of  emptying  the  part 

abho  at  D,  when  there  is  no  supply  from  without,  is  to  the 

time  in  which  an  equal  quantity  would  run  out  when  the, 

vessel  is  kept  always  full,  as  */a  —  */x  to  - — -,  or  as  2  X 

2  ^x 

(a —  -v/na:)  to  a— x.     And  when  x  is  nothing,  or  when  ab^o 

becomes  the  whole  prism,  the  proportion  is  that  of  2a  to  tf 

xsr  2  to  1. 

t*ROBLEM  IT. 

iTo  def ermine  the  lime  tf  exhausting  any  pyramidal  vesiieL 

t'utting,  as  before,  a  =  the  altitude  ei,  b  =■  the  base  of 
tirea  of  the  bottom  dc,  f  =  the  area  of  the  top  ab  ;  and  n  ^s 
area  of  the  aperture,  m  =  32^  feet ;  also  x  =  any  other  alti* 
tude  EF-,  and  z  the  area  of  the  section  gh. 

Then,  by  the  nature  of  the  figure,  whether  the  greater  or 
less  end  is  uppermost,  we  shall  have  as  ik  :  ef  : :  the  dif- 
ference between  the  lines  ab,  cd,  to  the  difference  between 
the  hues  oh^  cd  ;  that  is  a  :  x  :  :  y/b  —  y/  t  :  y/b  —  y/  z  = 

i^:^yx;  hence  ^z=  ^&-V^Vl'xx,and  r^*-- 
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bly^  X  2»  +  — ^tl^ix** ;  thia  being  sabstUuted  for  « 

zi  .  .     - 

in  ( )  the  fluxion  of  the  time,  in  the  theorem,  and  the  flu- 

«nt  taken,  we  obtam-^^—  x  :  6 ~ — X  2r  H ^ — ^ 

fiy/m  3a  baa 

X  2*  for  the  time  of  emptying  the  part  cdoh,  for  either  end 

up. 

Cor.  1.    When  ef  =  ei,  or  x  =  cii  the  above  ezpreseion 
tecomes  -^  X  :  ^  —  • ^^r^^ -i »  or  ---  X 

77-— —  for  the  time  of  emptying  the  whole  frustum 

15 

ABCD. 

Cor,  2.     When  i  and  b  are  equal  to  each  Other,  the  above 

expression  in  corollary  1  becomes  — ~^-  for  the  time  in  the 

fiy/m, 

prism,  the  same  as^  the  last  problem. 
Cor,  3.     When  <  is  =  nothing,  the  expression  in  the  first 

corollary  becomes  r7-^ —  for  the  time  of  emptying  the  whole 

pyramid  dkc  by  a  hole  at  the  base ;  a  being  here  the  whole 
altitude 


Cor.  4.    When  6  is  =  nothing,  the   expression  in  the 

whole  pyramid  kab  at  the  vertex  k  ;  a  being  the  whole  a]ti< 
tdde  Kl,  and  i  the  base  or  the  same  wilhi  b  in  the  last  coroK 
lary.  And  hence  the  first  corollary  to  the  last  problem  will 
hold  also  in  this. 

Cor,  5.  By  comparing  the  last  three  corollaries  together, 
it  appears  that  the  time  of  emptying  the  prism,  the  pyramid 
at  its  base,  and  at  its  vertex,  are  to  one  another  as  15,  8,  and 
8 ;  the  apertures,  altitude?,  and  bases  being  equal  in  each 
figure. 

Cor,  6.  Putting  a  =  the  axe  ek  of  the  pyramid,  with 
either  end  up,  or  the  distance  of  the  vertex  from  dc,  and  the 
other  letters  as  in  corollary  1  :  Then,  by  the  nature  of  the 

A  ^d 

pyramid,  a  :  a  ^pa  :  :  ^h  : X  v/  ^  ==  \/'  >  which  being 

A 

substituted  for  it  in  the  first  corollary,  we  have  — ~-  X 


15A|yAfl+8aa  ^^^  ^^^  ^^^  ^f  exhaiisting  abcd  at  gd  ;  m. 

15a  A 
•ither  —  or  +  according  as  the  greater  or  leas  end  is  dpwih 
mrd. 

Bat  if  A  represent  Ki  when  the  vertex  is  dowmrard,  and 
KB  when  upward,  or   the  distance  from  the  vertex  to  the 

.     ^            .         2A^a^l5AA— lOAa+Soa     .„ 
ffr*aler<e&d;  then, as  above, — z^x^ =-= — i will 

IB^fll  IdAA 

bp  the  time  of  emptying  abcd  with  the  greater  end  down. 
Bat  when  the  less  end  is  down,  then  a  :  a  —  a  : :  ^  I : 


-  X  >/l  ^  ^h ;  which  being  written  (or  it  in  corollary  1, 
wehave,  —5--  X  -        '  ;'c, for  the  time  of  emptying 

H^m  1 0  AA 

ABCD  at  the  less  end ;  where  a  and  a  have  the  same  value  as 
;bI  the  other  endj  and  f  here  ==  h  there. 

Car.  7.  By  taking  the  difference  between  two  timee  ibr 
two  different  altitudes^  there  will  be  obtained  the  time  of 
emptying  the  part  next  the  top  of  the  vessel  whose  altitude  is 
e<|aal  te  tfie  dtfiereace  of  the  other  two  next  the  bottom. 

By  probleoi  1  and  its  4th  corollary  — —   is  the  timm   m 

wWeh  a  prism  of  water  would  run  out  with  the  fiist  velodQr, 
and  the  prism  being  to  the  frustum  of  a  p3nramid  (w4ioee 

base  is  &,  top  (,  and  altitude  a)  as  6  to ^    —,  therefore 

_.5l—  X  — ~ is  the  time  in  which  a  quantity  would  run 

iont  "equal  te  the  frustum  of  a  pyramid  when  it  \b  Jtept  full 
hy  a  supply  at  the  top.  And  by  comparing  this  with  corol- 
lary 1,  it  will  appear  that  the  time  of  emptying  the  fiiistum  of 
a  pyramid  when  it  has  no  supply  from  without,  is  to  the  time 
in  which  an  equal  quantity  would  run  out  when  kept  always 
f^ill,  as  106  +  8  v'  6/  +  ft  to  5*  +  6  y/  6«  +  6C. 

€kT.  8.  By  supposing  either  6  or  <  to  vanish  in  these 
last  expressions,  we  shall  obtain  the  proportions  of  the  times 
when  there  is  no  supply  from  without  to  that  when  there  is, 
for  the  whole  pyramid.  Thus,  when  <  =  0,  the  expressions 
become  as  16  to  5  by  running  out  at  the  base ;  and  when. 
h  =  0i  they  are  as  0  to  5  at  the  vertex :  so  that  Uiey  are  to 
one  another  as  16,  6,  and  5. 
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TBSORSM  n. 

If «  be  the  altttade  xf  of  aoy  part  of  a  veaael  formed  fVom 
m  lioe  of  the  aecond  order,  viz.  a  conic  aectioo,  m^sSS^  feeti 
n  ^  the  area  of  the  aperture  in  the  bottom,  and  a,  b,  c  con- 
il&nt  quantities :  then  the  time  of  emptying  the  pilrt  oMh 
whose  altitude  is  x  will  be 

?ig  X  (  A  +  iBX  +  1CX»). 

DemmttraUon.    By  theorem  1,  the  fluxion  of  the  time  is 

z± 

;  and  by  p.  222  of  my  Mensuration  2  is  as  A+B4r+ 


ex*,  or  %  may  be  supposed  =  a  +  bx  +  ex*  :  substituting 
therefore  this  value  of  x  instead  of  it,  and  taking  the  fliteM^ 
we  obtain  the  time  as  is  expressed  in  the  theorem. 

&Ao/tttsi«  The  particular  values  of  a,  b,  and  c  will  be 
determined  from  the  nature  of  the  curve  in  question,  and 
from  the  situation  of  x  with  regard  to  the  vertex  or  to  the 
centre  of  the  curve.    In  general,  however. 

Corollary*    When  x  begins  at  the  vertex  of  the  curvof 


then  A  is  =  0,  and  the  above  expression  becomes  -^ —  X 
(|ur+ jox*)  for  the  time  in  the  whole  solid. 


PROBLEM  ui. 

Tojmd  the  time  of  emptying  aparahciic  veesett  or  mnyfoH  of 

a  paraboloid. 

In  the  paraboloid,  putting,  as  before,  t  for  the  area  of  the 
top  AB  of  the  vessel,  h  for  that  of  the  bottom  dc,  «  for  its 
altitude  bi,  x  =  ef,  and  x  =  the  section  gh.  Then,  by  the 
property  of  the  figure,  a:ap::t— 6:4;  —  ft;  hence  its^h  ^ 

X  « :  but  the  general  value  of  2  is  a  +  bx  -j-  cap*:  com- 
paring these  two  therefore  together,  we  have  a  «b  ft,  5  as 

,  and  c  =  0.    By  substituting  therefore  these  values  in 

a 

theorem  2,  we  obtain       ,^  X  {h  +  -5—)  X  x  — — ~? 

ny/m  3d  '  ni^m 
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X '^ —  for  the  time  of  emptying  ghcd,  whether  the 

3a 

greater  or  less  end  he  upward. 

Other  expressions  fur  the  time  might  be  found,  by  bringing 
into*  the  form  the  whole  axe  of  the  parabola  and  its  parameter. 

Car,  1.  When  a;  is  «  a,  the  above  form  becomes  -—-•  X 

ny/m 

— 5 —  for  the  time  of  emptying  the  whole  frustum  abcd. 
o 

And  the  difference  between  this  and  the  former  would  give 
the  time  of  emptying  abho  at  do. 

Cor.  2.   When  Hs  =  0,  the  last  becomes  -jr-^r—  for   the 

time  of  emptying  the  whole  paraboloid  at  the  base  ;  a  being 
the  whole  axe. 

Cor,  3.  When  6  is  ==  0,  the  first  corollary  becomes  ^-^ — 

for  the  time  of  emptying  the  same  at  the  vertex  ;  t  in  this 
being  equal  b  in  the  last,  and  a  =:  the  whole  axe,  as  in  the 
last  corollary.  So  that  the  times  are  as  2  to  1.  Any  time 
is  universally  as  the  base  into  the  root  of  the  altitude,  dec.  in 
every  particular,  as  in  corollary  1  to  problem  1. 

Cor.  4.  When  b  =  L  corollary  1  gives  — --  for  the  pridm, 

Hy/m  ^ 

as  in  the  first  problem. 

Cor.  5.     A  parabolic  frustum  whose  base  is 5,  top/,  and 

altitude  a,  is  to  a  prism  of  =  base  and  altitude,  as  — ^ — ,  to  h ; 

hence,   by  proceeding  as  in   corollary  8  to  problem  2,  we 

shall  obtain  -^^-  X  — jr—  for  the  time  in  which  a  quantity 
fiy/m  2  ^  "^ 

equal  to  the  whole  frustum  abcd  would  run  out,  when  it  is 
kept  full  by  a  supply  at  the  top  ;  and  is  therefore  to  the  time* 
in  corollary  1,  of  emptying  the  same  when  there  is  no  sup- 
ply, as  SZ-  to  — ^ ,  or  as  3ft+3<  to  86+4/. 

Cor.  6.  When  /  =  0,  the  last  proportion  becomes  as  3  to 
8  for  the  times  at  the  base  :  and  when  6  =  0,  it  becomes 
that  of  3  to  4  at  the  vertex.  So  thcrt  all  the  three  times  for 
the  whole  paraboloid,  viz.  time  at  the  base,  and  time  at  the 
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i^uifaL,wh^  thore  is  no  supply  from  without^  and  the  tirae  of 
running  an  eqdal  Quantity  at  either  end  when  it  i«  kept  full  by 
a  supply  from  without,  are  respectively  as  the  nuipbeirs  8|  4, 
and  8. 


PROBLBM   IV. 

To  find  the  time  of  emptying  any  part  of  the  epherfi* 

Putting  r  for  the  radius  of  the  sphere^  p  =  3*14159,  dec. 
q  for  the  distance  of  the  centre  of  the  sphere  above  the  hot- 
tom  of  the  vessel,  x  for  the  altitude  of  the  vessel  from  the 
bottom  ;  and  «|  i»,  n,  as  before.  Then,  by  the  nature  of 
the  circle,  z  =  {r+q-x)  X  (r  —  q+x)  Xp  =  [r^  — •  {q—xYI 
Xp  ^=  {rr  —  qq  'h  2qx^xx)  X  p  :  comparing  this  with  the 
general  expressions;  =  a+bx+c^i  we  have  a  =  (rr — qq)  X 
p,  B  =  %^,  and  c  =  — p  ;  which  values  being  substituted  iQ 

theprem  2,  we  get  — y—  X  (rr-^qq+lqx^xx)  for  the  tjpie 

of  emptying  the  spherical  vessel  whose  altitude  is  x. 

The  above  supposes  the  bottom  'of  the  vessel  to  be  below 
the  centre,  but  the  expression  will  hold  in  every  case ;  for 
when  the  bottom  is  above  the  centre,  then  q  is  negativoj  and . 
the  term  +  ^qx  will  become  —  Iqx ;  add  when  the  bottom 
passes  through  the  centre^  then  ^  =  0,  and  the  terms  qq  ani| 
4"  if^  vanish. 

2ps/x 

Cor.  1.     When  ^  =  0,  the  expression  becomes  -^-^— 

(rr^^xx)  for  the  time  of  emptying  at  the  base  any  altitude 
X  of  a  hemisphere. 

CSor.  2.  And  when*  x  =  r  the  whole  altitude,  the  last  ex- 
preasion  becomes  ^--^  ^ot  the  time  of  emptying  the  hemir 

8ft  t/r 

aphare  at  the  base  »  _. ,  putting  h  ^  prr  the  area  of  Que 

ofi^ni 

base  or  greatest  circle. 

Cor.  3.  When  the  bottom  of  the  vessel  or  the  aperture  is 
at  the  vertex  of  the  figure,  then  ^  is  =  r,  and  the  expression 

2p-/r 
in  the  problem  becomes  -^-^-  X  {\rx  —  \xx)  for  the  time  of 

liy/m 

omptying  at  the  vertex  any  altitude  x  of  the  hemisphere. 

Cor.  4.     When  x  is  =  r,  the  last  expression  becomes 
Vol.  II.  73 
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l^^s  i^V^for  the  time  ofempCjHnigtlie  bmbpliera 

at  the  vertex. 

Car.  5.  When  «  =  2r,  the  exproMion  in  eoroDury  8  be- 

"»■"«•  ^^tI^'iI^^"  tke  time  •f  emptying  th« 
whole  sphere; 

Cor,  6.  Suhtracting  the  time  in  cor.  4,  from  diel  in  oor.  6^ 

we  obtam   ^  /    X^~v — =--t-X^^^^T7E^ —  ^^  *•  time 

of  emptying  the  upper  hemisphere  at  the  Teitex  of  the  lower 
one. 

Cor.  7.  By  comparing  cor.  1,  with  cor.  8,  it  appears  that 
the  times  of  emptying  equal  altitudes  of  a  henuspMio  at  the 
base  and  vertex,  are  to  each  other  respectively  as  8!rr— fssr 
to*2rx— }a:r,  or  as  15rr— 3xx  to  10r4>--4liar. 

And  when  x  becomes  equal  to  r,  the  times  of  empCjrimf 
the  whole  hemisphere  at  the  base  and  vertext  are  as  12  to  7. 

Cor.  8.  By  cor.  4,  to prob.  1,  4^;     or s~~i>^timo 

*  of  ronnin^  out  a  quantity  ecfUal  to  the  hemisphere  widb  the 
first  velocity,  or  when  it  is  kept  full  by  a  cootimml  xvpply 
from  without ;  by  comparing  this  with  cor.  3  and  4,  we  sad 
that  the  above  time  and  the  times  of  emptying  at  the  vertex 
and  base  when  there  is  no  supply,  are  as  Uie  numbers  5, 
7,12. 

PROBLEM  V. 

7b  liefermtne  the  time  qfempiymg  aey  $pkermial  ossssl. 

Putting  r  for  the  revolving  and  /  for  the  fixed  semi-axe, 
and  the  other  quantities  as  in  the  last  problem.  Tlien  in  this 
problem  will  be  two  cases,  viz.  one  with  the  levolviog  snd 
the  other  with  the  fixed  axe  horizontal. 

CASE  I. 

When  the  reoolvmg  oee  u  horuottiaL 
In  this  case  the  horisontal  sections  are  circles,  and  the 

circle  x  is  =^  X  (Jf—  fq  +  2qx  —  «x)  ;  and  thee  pro- 
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—  ff  +  H*^i^  f^  ^®  ^^^  of  emptying  any  pdrt  whose 
altitude  ia  «• 

CW*.  1.  When  the  bottom  of  the  vessel  passes  through  the 
cenitre  of  the  spheroid,  then  9  »=  0,  and  the  above  ^exprossion 

becomes  ^-—  X  (Jf — }xx)  for  the  time  of  emptying  at 

the  eireular  base  any  altitude  x  of  a  hemi-spherbid. 

Opt.  2.    And  when  x  ^/  the  whole  altitude,  the  last  ex* 

pression  becomes  ^~^  =  r^y^  ^^^  ^^®  ^^"^^  o^  emptying 

the  hemi-spheroid  at  (he  base ;  putting  h  «  jnrr  the  base,  and 
a  (or  the  whole  ahitude  or  vertical  semi-axe. 

Cor.  S.  When  the  water  issues  at  the  vertex,  then  q=f 
«d  the  ..pre«H«  in  the  p«>blea.  i^co^ea  ^  X  (if. 

—  ^9x)  for  the  time  of  emptying -at  the  vertex  any  alti- 
tode«. 

Cor*  4.    When  »  is  «=./,  the  last  expression  becomes 

^^  ^  »  ^t'    y'  f^^  ^  ^iBO  of  empty  ing  the  semi-spheroid 

«t  the  vertex. 

Ccr.  5.  And  when  s  s  2/*  the  whole  vertical  axe,  then  it 

becomes  ^^\^    *=» ,,  ^    for  the  time  of  emptying  the 

whole  vphefoid,  a  being  the  whole  vertical  axe. 


OASB  Urn 

Whm  the  fixed  axe  U  horixonUd. 

In  this  case  the  horizontal  sections  are  ellipses,  and  the 
4Wction giMssSL  X  {rr  -  qq+2qx  —  xx) ;  and  therefore 

^S^  X  (it  —  ^  +  f^x  —  i*«)  =  the  time  of  emptying 
Ibe  frustum  whose  altitude  is  «. 
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Car.  i.    When  9  =  0,  the  above  expression  becomes 

^Pfy/Ji  y^  rrr  ^  i^^)  for  the  time  of  the  frustum  whose  alti-' 

rtiy^si 

tude  is  a*,  and  its  bottom  the  greatest  ellipse  or  section  throii{^[ 

the  centre. 

Cor.  2.  And  when  a:=r,  the  last  becomes  ^J-X.  ssg—JCi 

for  the  time  of  emptying  the  semi-spheroid  at  the  hw^  ;  A 
and  a  being  as  in  the  last  case. 

Cor.  8.  When  q^r  the  general  expression  becomes  -^^^~- 
X  (}r»  —  ixx)  =  the  time  of  the  segment  at  the  vertex* 

Cor.  4.  And  when  «  =  r,  this  last  becomes  -r^  --r^  ■■ 

TV — ^^  for  the  time  of  the  semi-sphetoid  at  the  vertex. 
15iiv/m  ^ 

Cor.  5.  Also  when  2rs=2r,  the  same  becomes  -^£^5^  mb*; 

15nv/m 

166*/ A 

,^  ^     for  the  time  of  the  whole  spheroid,  a  being  the  wholi 

\on\/m 

vertical  axe. 

And  the  times  for  the  hemi-spheroid  when  there  is  no 

supply  is  to  that  when  there  is,  the  v^ry  same  as  the  times  l^f  "^ 

the  hemisphere  in  the  6th  cor.  to  the  last  problem,  viz.  as  tfaa 

bombers  12,  7,  5. 

PROBLEM  VI. 

^0  determine  the  time  of  emptying  emijf  pari  ^  m  Ajfwv 
ifoloid. 

JPutting  t  for  the  semi-transverse,  c  the  semi-conjugate,  x 
tor  any  ahitude  from  the  bqttom  of  the  vessel,  z  the  section  at 
Ihe  top  of  X,  q  for  the  altitude  of  the  centre  of  the  generated 
hyperbola  above  the  bottom  of  the  vessel,  and  which  there- 
Fore  must  be  negative  when  the  less  end  of  the  vessel  is  down- 
WaM,  and  m,  n,  p,  as  before. 

Then  by  the  nature  of  the  hyperbola,  tt  :  cc::  p  X  (^  — 

^  +  i)  X  (^-^-0:^  X  [{q-xy^e]=-^X{qq 
=-  ft  -»-  2^is  +  xx).    Hence,  as  in  the  last  problem,  ^frr>l^ 
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X  4h  «T  <i  -^  l4«  +  f  ^  will  I>6  the  time  of  emptyiii^  wy 
foiitttm  WboM  altitude  ip;r. 

Cor.  1.  lo  •  whole  hyperboloid  with  the  yeitoz  upwind, 
f  18  OB  I  -f.  « ;  which  heing  lubstituted  lor  tl  in  Hm  «bovo 

•xprttivioiif  we  obtaiQ  ^^^y  ^  (^^^  +  %»)  for  Ihe  tine 

of  emptying  the  whole  hyperboloid  at  the  baae  whoee^alti- 
tide  is  Xk 

But  since  the  base  h  is  ^^ccY. — -- — ^  the  time  of  empty- 

Vfkg  the  fame  will  also  be  ->     ^     X  ttt*. —  • 

Cor.  2.  And  when  x  &=  <,  the  abo?e  expresfioB  b^eoamm 
-    '  y^^mY"  ^^  *^®  **™®  of  emptying  a  whole  hypexlK>- 

loid  at  the  base  when  the  altitode  is  espial  to  (ke  Sfsmi^mns* 
yerse ;  h  being  the  base,  and  a  the  altitude. 

€br.  3.  When  the  smaller  end  is  downward,  tbeii  f  is 

SdcCa/x 

negative,  and  the  general  ezpresaioB  becomes -^—y^  ^  (if  ' 

ffn^f  SI 

'^U  'ir  |^«  4*  i^ar)  for  the  time  in  a  frustum  widi  tibe  less 

fad  dosmwaiNL 

Cor74.  And  when  ^  is  =  I,  this  last  expression  becomas  ' 

^emptying  a  whole  hyperboloid  at  the  vertex,  tho  alti|iidl9 
being  X,  and  the  area  of  the  end  6. 

Car.  6.  And  when  x  is  ss  ^  the  last  form  becomes  Ve^^^ 

as  -T— -^  =  T?—- ^  for  the  time  of  oroptiring  at  the  vertex 

the  hyperboloid  whose  altitude  is  equal  to  the  semi-trans- 
verse. 

6^/x 
Car.  6.  Since  ——'  =  the  time  of  running  out  a  quantity 

equal  to  tho  prism  bx  with  the  first  velocity  ;  and,  by  page 
884  of  my  Mensuration,  bx  X  nTTT'  ^^^^g  ^^  intent   of 

the  hyperboloid ;  wherefores-——  ^  s"i— will  be  the  time  of 
running  out  a  quantity  equal  to  the  hyperboloid  with  the  finft 


£74 


jatssott. 


Y^lochy,  tit  when  tt  is  kept  Ml  by  ft  Conliniial  mMy  from 
without.  Comparing  therefore  this  with  cor.  1  ana  4,  h  ap- 
pusarsthat  the  time  above  and  the  tiroes  of  emptying  at  the 
Tsrtes  and  base  when  there  is  no  supply  from  without,  are  to 
one  another  as  the  three  quantities,  5  x  {3i  '^  x),  2  X 
{Vk  +  dx),  and  8  X  (&  +  2jr) ;  and  when  the  ahitude  s  m 
equal  to  f,  the  same  times  are  as  the  nimibers  10, 18,  and  28. 

General  ScholiMim.  In  all  the  foregoing  complete  sohds, 
▼is.  the  prism,  the  whole  pyramid,  the  whole  paraboloid  and 
hyperboloid  whose  ahitude  is  idqual  to  the  semi-transverse, 
and  hemisphere  and  hemispheroid,  it  appears  that  the  time 
of  emptying  each,  either  at  the  base  or  vertex,  is  always  as 
liie  base  drawn  into  the  square  root  of  the  altitude,  and  that 
all  that  is  said  in  cor.  1  to  prob.  1,  belongs  in  common  to 
tbem  all.  And,  collecting  all  the  rules  for  the  times  of  ex^ 
hausdng  at  the  base  and  vertex,  and  the  time  of  running  out 
an  ecpiu  quantity  with  the  first  velocity,  or  when  the  vessel 
is  kept  always  full  by  a  continual  supply  from  without,  wo 

sbaU  have  the  time  for  each  equal  to  ^*!  ^5)^?!^*^^ 

^         aperi.  X  ^I82^eet) 

into  diese  corresponding  numbers: 


Atlbe 
bate. 


Attk* 
vertsi. 


For  the  prism 

Hemisphere  and  Hemispheroid 

Paraboloid 

Hyperboloid 

jPyriamid 


2 
f 

M 


2 

« 
I 

M 
I 


Wkhthtt 
tst.  vekM. 


1 

! 

f 
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ADDITIONS, 


BY  THE  EDITOR,  R.  ADRAIN, 


Nem  Method  of  determining  the  Angle  eonfained  hy  the  oharde 
Of  two  sides  of  a  SphericdL  Triangle. 

Sm  prob.  T.  pags  79  thitfol. 


THSOREK. 


If  any  two  sides  of  tf  Spherical  Triangle  be  produced  till  the 
continuation  of  each  side  be  half  the  supplement  of  that 
side,  the  arc  of  a  great  Circle  joining  the  extremities  of  the 
sides  thus  produced  will  be  the  measure  of  the  angle  coq- 
tained  by  Uie  chords  of  those  two  sides. 


DBMONSTKATION. 

Let  the  two  sides  ab,  ac  of  the  spherical 
triangle  abc  be  produced  till  they  meet  in 
o,  and  let  the  supplements  bo,  go,  be  bisect- 
ed in  D  and  s,  also  let  the  chords  aitib,  ahc 
of  the  arcs  ab,  ac  be  drawn ;  and  the  great 
circular  arc  de  will  be  the  measure  of  the 
rectilineal  angle  contained  by  the.ohords 
aihb,  AUG. 

Let  the  diameter  ag  be  the  common  section  of  the  pkmes 
of  ABO,  ACQ,  and  f  the  centre  of  the  sphere,  froAi  which  draw 
the  straight  lines  fd,  fe. 

Since,  by  hypothesis,  oe  is  the  half  of  oc,  therefbre  the 
angle  at  the  centre  gfe  is  equal  to  the  angle  at  the  circumfe- 
rence OAiic  (theo.  49.  Geom.)  and  therefore  aiic  and  fs,  be« 
ing  in  the  same  plane,  are  parallel :  in  like  manner,  it  is 
shown  that  fd  and  AmB  are  pacallel,  and  therefore  the  recti, 
lineal  angles  bag  and  def,  are  equal,  and  consequently,  since 
DE  is  the  measure  of  the  angle  dfe,  it  is  also  the  measure  of 
the  angle  contained  by  the  chords  AmB|  Ano.  a.  e.  d. 
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New  method  of  Determining  the  Oscillations  of  a  Vcariahle 

Poidulum. 

The  principles  adopted  by  Dr.  Hutton  in  the  solution  of 
his  51st  problem,  page  541  this  vol.  are,  in  my  opinion,  erro- 
neous.    He  supposes  the  number  of  Yibrations  made  in  a 
given  particle  of  time  to  depend  on  the  length  of  the  pendu- 
lum only,  without  considering  the  accelerative  tension  of  the 
thread  ;  so  that  by  his  formula  we  have  a  finite  number  of  vi. 
brations  performed  in  a  finite  time  by  the  descending  weight, 
even  when  the  ascending  weight  is  infinitely  small  or  nothing. 
Besides,  the  stating  by  which  he  finds  the  fluxion  of  the  num- 
ber of  vibrations,  is  referred  to  no  geometrical  or  roechaof€al 
principle,  and  appears  to  be  nothing  but  a  mere  hypothesis. 
The  following  is  a  specimen  of  the  method  by  which  such 
problems  may  be  solved  according  to  acknowledged  princi- 
pies. 

PROBLEM.  • 

If  two  unequal  weights  m  and  m\  connected  hy  a  thread  passing 
freely  over  a  pidleyy  are  suspended  vertically ^  cmd  exposed  to 
the  aelion  of  common  gravity  ^  it  is  required  to  investigate  the 
number  of  vibrations  made  in  a  given  time  hy  the  greater 
weight  m,  supposing  it  to  descend  from  the  pomt  of  suspen* 
sum,  and  to  make  indefinitely  small  removals  from  the  ver* 
tical* 

SOLUTION. 

Let  the  summit  a  of  a  vertical  abode  be  the 
point  from  which  m  descends,  a  any  point  in  ak 
taken  as  the  beginning  of  the  plane  curve  smDn 
described  by  m,  which  is  connected  with  m'  by 
the  thread  Am.  Let  mc  be  at  right  angles  to  ae, 
and  put  AC=a?,  cm=y,  Am=r ;  also  let  r,  t  and  t 
be  the  times  of  the  descent  of  m  through  the  ver- 
tical  spaces  ab,  ac  and  bc  ;  ^  *<=  32^  feet,  =  the 
measure  of  accelerative  gravity  ;  f  =  the  mea- 
•ore  of  the  retarding  force  which  the  tension  of  _ 

the  thread  exerts  on  m  in  the  direction  mA,  and  c  =s  the  in- 
definitely small  horizontal  velocity  of  m  at  b. 

fx 
:  ^  =  the  vertical  action  of  the  tension  on 
r 


As  r  :  «  ::/: 


and  theref.  g 


_>  = 


the  true  accelerative  force  with  which 


m  is  urged  iq  9^  vertical  direction. 
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Again,  r  :  y  ::/:  —  =  the  horizontal  action  on  m  produced 

by  the  tension  of  the  thread  Am.  Thus  the  whole  accelera- 
tive  forces  by  which  m  is  urged  in  directions  parallel  to  x  and 

fX  fy 

y,  are  g  —  "^j  and  — ,  the  former  of  those  forces  tending  to 

• 

inerease  x,  and  the  latter  to  diminish  y  ;  and  therefore  by  tho 

Seneral  and  well-known  theorem  of  variable  motions  (See 
fee.  Cel.  B.  1,  Chap.  2),  we  have  the  two  equations 

*  /*     J  y        fy 

~  =g—<-  and  -iL=  -  rLl, 

But  by  hypothesis,  the  angle  mAc  is  indefinitely  small,  we  have 
therefore  -=1,  and/3=  — j^-  =  a  given  quantity  ;  our  firat 
fluxional  equation  therefore  becomes 

of  which  the  proper  fluent  is  x=^{g'^f)t'' :  and  by  substitut- 
ing for  X  the  value  just  found,  our  second  flu.xional  equation 
becomes 

JL=_^  IL  or  ^+py=0,  (puttmgp  =  -— 7  =  — --;. 


Now  whenp  is  less  than  ^,  let  g=  \/  f  — p,  and  in  this  case  the 

t'y 
correct  fluent  of  the  equation  -Ta-+py=0,  is  easily  found  to  be 

from  which  equation  it  is  manifest  that  as  t  increases  y  also 
increases,  so  that  m  never  returns  to  the  vertical,  and  there 
are  no  vibrations.  Again,  when  p  =  f ,  the  correct  fluent  of 
the  same  fluxional  equation  is 

-=V^hyp.  log.  (~). 

'  So  that  in  this  case  also,  when  /  increases  y  increases,  and  the 
body  m  never  returns  to  the  vertical.     Since  in  this  casep= 

4tii 

r=4>  therefore*  17m' =m,  and  therefore  by  this  case 

m — m  * 

and  the  preceding,  there  are  no  vibrations  performed  by  the 

descending  weight  m  when  it  is  equal  to  or  greater  than  17 

times  the  ascending  weight  m. 
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But  when  p  is  greater  than  !•  put  «^v/!P^f  <^  ^  t^i* 
case  the  correct  equation  of  the  fluents  is 


J.  1 


2=-—  .  sin.  (n.  hyp.  I«g.  •^). 


This  equation  shows  us  that  we  shall  have  ^  ss-^  as  ofl«ii  as 

fi.  hyp.  log.  -  becomes  equal  to  any  oampleCe  mnber  o^-«e« 

mi-circumrerences :  irthererore.tfs3*1416yaiidif3Kaay  nam* 
her  in  the  series  1|  S,  8,  4»  .5,  &c.  we  can  have  ysO  only 

we 

when  n.  hyp.  log.  -=»2f*,  from  which  we  have  i^r.e  * ,  aqp. 
posing  hyp.  log.  e^\^  and  therefiire 

\vhich  shows  thr  relation  between  the  number  of  vibmticNM  ir 
and  ihe  time  r  in  which  they  are  performed. 

Hrnce  II  iM  iniinifeiit  that  the  times  or  durathmrof  thtf  is* 
veral  successive  vibrations  constitute  airorierin  gOMMiltioil 
progression. 
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CHAPTER  I. 

CfiniabttMg  the  Fbn^  Prindipltf  of  DescripHve  Gemetry^ 

vUh  Illutlraiions. 

DBflcxiFTiTR  Gkoxxtsx  IS.  the  art  of  djeterminingby  con* 
ifniottonf  pfrrTonnod  on  one  plane  the  various  points  of  lines 
•ad  «wrG|Bea^  which  are  in  cfiffbrent  planes.  The  principle  on 
whiah  this  art  is-iounded,  consists  in  projecting  the  points  of 
any  line  of  siir&ce  on  tiro  given  planes  at  right  angles  to  each 
QlbcHr.  ThfMa  twa  planes  ane^  usually  denominated  the  liori- 
ifootal  and  vertical  planes,  or  the  fundamental  or  primitive 
planes,  or  the  planes  of  projection.  In  the  constnictions  the 
veitical  plane  u  supposed  tQ.  have  revolved  about  the  line  of 
their  t^QBMDon  iatersection^  and. to  be  coincident  with  the  ho- 
riaKNi^lplaiie^;  and  it  is  by  means  of  this  coincidence  that 
both  the  projections  09  the  horizontal  and  vertical  pinnes  nre 
effected  by  constructions  performed  on  the  horizontal  plane. 


To  tthislrate  this,  let  abcd  be  the  horizontal  plane,  and 
MTBH  the  vertical  phine  at  right  angles  to  it,  and  meeting  it  in 
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the  Straight  line  of  their  common  section  ef.  Suppose  r  to 
be  any  point  in  space,  from  which  on  the  plane  abcd  let  fall  the 
perpendicular  pp',  meeting  that  pi  aha  in  p' ;  and  on  the  vertical 
plane  efgh,  let  fall  from  p  the  perpendicular  pp'  meeting  it  in 
p"  ;  then  p  and  f"  are  the  projections  of  the  point  p  on  the 
primitive  planes  :  and  it  is  obvious  that  the  projections  of  any 
other  point  besides  p  cannot  be  coincident  with  both  the  points 
p  and  p"",  and  therefore,  when  the  points  p'  and  p'  are  given^ 
there  is  but  one  point  p  of  which  they  are  the  projections. 

From  the. point  p'  draw  in  the  horizontal  plane  the  straight 
line  p'k  at  riglit  angles  to  the  common  section  ep,  and  join  p  k. 
It  is  obvious  that  p'k  is  at  right  angles  to  the  plane  kfoh,  and 
by  supposition  fp'^  is  a^  right  angles  to  the  same  plane,  conse- 
quently pp*',  p'k  are  parallels,  and  therefore  in  one  plane  ;  and 
since  the  angle  pp'k  is  a  right  angle,  therefore  p'pp"  is  also  a 
right  angle  s  and  because  pp"k  is  a  right  angle  ;  it  follows  that 
p'Kp'^is  likewise  a  right  angle  ;  thus  it  appears  that  the  plane 
figure  pp'  Kp"  is  a  rectangle,  and  the  two  distances  p'k,  p^k,  are 
equal  to  the  two  projecting  perpendiculars  pp"  and  pp'.  Those 
perpendiculars  pp^and  pp',  or  their  equds  p'k,  p^k,  arc  called 
the  ordinates  of  the  point  p. 

Suppose  now,  after  the  points  p'  and  i'"  are  determined,  that 
the  plane  efgh  revolves  about  its  intersection  ep  from  its  po* 
aition  at  right  angles  to  abcd,  until  itcoincides with thehorizon* 


tal  plane  i  during  this  revolution  the  straight  line  kp*  in  its 
motion  continues  at  right  angles  to  the  common  section  bf  ; 
tond  when  the  vertical  plane  efgh,  has  coincided  with  the 
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koriiontal  pUne  abcd,  lh«  line  p'Kof  tfa«  formerpluie  nideot- 
ly  Jails  in  the  coDtinustion  of  r'x ;  so  (hnt  r'x,  kf",  main  one 
straight  line  at  right  angles  to  kf,  and  lying  in  the  hDrtmntal 
plane  ;  the  distances  p^x,  f"k,  being  the  orainates  or  ctMirdi- 
natesto  p,  the  point  in  apace. 

The  point  f  in  space  is  said  to  be  given,  when  ths  two 
perpendiculars  or  ordinates,  p'k  and  p'k,  are  given  in  magni- 
tude and  position  ;  and  a  point  Bought,  p  is  said  to  be  founds 
when  the  two  ordinates  p'k  and  p'k  have  been  found.  The 
various  positions  of  the  projections  p'  and  p"  cairespooding 
to  the  different  situniions  of  the  point  p  in  space,  should  be 
clearly  conceived  by  the  learner  :  on  this  account  the  follow- 
ing varieties  of  position  deserve  attention :  and  it  is  particu. 
larly  to  be  noted,  that  the  horizontal  projection  of  the  point 
in  space  is  marked  with  one  accent,  and  the  vertical  projeo- 
tion  with  two  aocents,  by  means  of  which  the  several  points 
of  the  horizontal  and  vertical  planes  will  be  easily  diftin- 
guiihed. 


P'      P' 


P'     P'       P' 


If  the  point  p  which  is  to  be  projected,  he  in  Ihogrouiul 
line  or  common  intersection  ef  of  the  fundamental  planes,  its 
projections  a  ,  p",  must  evidently  coincide  with  the  poinl  itself 
aainN°.  1. 

If  the  point  p  be  in  one  of  the  fuDdamental  planes  but  not 
in  the  other,  let  it  first  be  in  the  horizontal  plane  at  r',  as  in 
N°.  3,  N°.  3.  In  each  of  which  the  vertical  projection  p" 
^Is  on  the  ground  line :  in  N°.  S,  the  point  r'  is  before 


&&t 
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the  yerttcal  plane,  and  in  N^.  3»  the  point  f'  is  behind  Ike 
yertioal  plane.     Next  lei  the  point  r  be  in  the  vertical  but 
hot  in  the  horizontal  planc»  as  at  p"  N^.  4,  No.  5.     In  each 
of  these  cases  the  horizontal  projection  is  manifestly  on  the 
ground  line  at  p'.     In  N^.  4,  the  point  p  or  p"  is  in  the  verti- 
cat  plane  directly  above  the  point  p  of  the  ground  iine»  and 
by  the  revolution  of  the  vertical  plane  kpoh  into  a  horizontal 
position;  the  point  p''  falls  behind  the  ground  line  bp.    In  N^. 
5^  the  point  p  or  p"  is  directly  below  tho  point  p'  of  the  groand 
line  in  the  continuation  of  the  vertical  plane  bfgh  below  the 
horizontal  plane  abcd  ;  and  by  the  same  revolution  of  xfoh  as 
before,  the  point  p'  of  the  vertical  plane  immediately  below  p', 
is  brought  up  to  the  horizontal  plane ;  so  that  in  this  last  case 
the  point  p''  is  before  the  ground  line :  and  therefore  the 
points  p"  and  p'  of  N^  4  and  N^.  5,  fall  on  opposite  aides  of 
sp  on  the  horizontal  plane  by  the  revolution  of  the  vertical 
plane,     Whcm  tho  point  of  Apnco  P  is  in  neither  of  the  primi« 
tive  planes,  there  are  four  diflcrcnt  situations  in  which  it  may 
be  found,  that  require  to  bo  particularly  distinguished  from 
one  another. 


i.  When  the  point  ?  is  above  the  horizontal  plane  and  be- 
fore the  vertical  plane.  In  this  case  the  horizontal  projection 
^*  falls  before  the  f^round  line  ef,  and  tho  vertical  projection 
^'  falls  behind  ef  ;  the  horizontal  and  vcrliral  ordinates  be- 
ing  Kp'  and  KP".  To  conceive  distinctly  the  place  of  the 
point  P)  tako  in  ef  the  distance  kl  equal  to  kp'',  and  oa 
the  horizontal  plane  complete  the  rectangle  klmp^  Ima- 
gine now  that  the  rectnn^le  klmp  revolves  about  its  fixed 
Bide  KP'  from  a  horizontal  to  a  vertical  position  by  the  accent 
of  the  rectangle  above  the  horizontal  plane  ;  and  when  the 
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reebia^Iext.ur'ia  in  this  vertical  position,  its  angulnr  point  m 
will  coincido  with  ibe  point  r  at  whidi  tho  prujectionH  ore  ^ 
•ad  F*  ;  sDd  the  angular  point  i^  urter  hnving  descHhod  ft 
quadrant  of  a  circle  oa  tlie  primitive  verlicnl  plauc,  will  com- 
cida  with  that  poiol  of  it  which  is  ilie  vertical  projection  of  r, 
and  which  is  denoted  by  llie  point  v'. 

2.  When  tho  point  r  ia  above  the  horizontal  plane,  nnd  be- 
hind iho  vertiral  ptnne.  In  this  case  the  prnjectiona  f'  and 
r"  both  fall  behind  the  ground  line  kf,  in  the  aame  straight 
tine  s.r"e'.  Having  maiJe  kl  equal  lo  kp",  nnd  completed  the 
rectangle,  suppose  it  to  revolve  nhnut  its  side  kp' which  re> 
main  fixed  by  ascending  from  a  liorizonlat  to  a  vertical  posi- 
tion, and  the  point  m  will  coincide  with  the  ;>iiin(  r,  which  is 
Conc«ived  to  be  directly  above  r',  and  at  an  altitude  equal  to 
Ki>"  or  f'm. 


T1 

r 

■P 

nr 

E 

^ 

^, 

R 

K.            ] 

3.  When  the  point  i-  iu  below  the  horizontal  plane  and  behind 
the  vertical  plane.  In  rhia  case  Iho  point  v'  of  iha  horizontal 
projection  of  t  falls  behind  ihe  ground  line  bf,  and  the  vertical 
projection  p"  falls  before  it.  To  doiermine  the  situation  of 
the  point  p,  corresponding  In  the  projections  p' nnd  p",  com- 
plete the  recinngie  kmip'  as  before  ;  and  suppose  il  to  revolve 
About  the  fixed  side  p'k,  from  a  horizontal  lo  n  vertical  posi? 
tion  by  the  descent  of  the  side  lm  ko  that  the  point  m  may 
be  directly  below  the  pnioi  p'  of  ihe  horizontal  plane.  Thei) 
will  the  point  m  coincide  with  the  point  p,  of  which  (be  hori. 
zontal  and  vorticol  projections  arc  v  nnd  p".  When  the  rect. 
angle  rlmp'  is  in  the  vertical  position,  and  u  coinciding  will) 
r,  Hp'  is  the  projecting  line  or  orilinnto  upwards  from  p  on  the 
horizontal  piano,  nnd  »l  is  the  projecting  line  from  p  od  the 
Tertical  plune  ;  the  point  l  being  in  the  vertical  plane  direct- 
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ly  below  k.  The  point  l  immediately  below  k  is  that  which  is 
denoted  by  the  point  f"  ;  it  is  brought  into  the  point  p"  coin- 
ciding with  the  horizontal  plane  by  the  revolution  of  the  ver- 
tical plane  about  ef,  from  a  vertical  to  a  horizontal  position, 
the  upper  part  of  the  vertical  plane  falling  behind  ef  toward 
CD,  and  the  lower  part  rising  so  as  to  coincide  with  the  hori- 
zontal plane  ef  towards  ab. 

4.  When  the  point  f  is  below  the  horizontal  plane  and  be- 
fore the  vertical  plane.  In  this  case  both  points  of  projection  f' 
and  p'^  are  before  the  ground  line  ef.    The  exact  situation  of  p 


corresponding  to  p'  and  p",  may  be  known  by  constructing  the 
rectangle  klmf'  as  before,  and  conceiving  it  to  revolve  about 
xp',  by  descending  from  a  horizontal  to  a  vertical  position.  In 
this  vertical  situation  of  the  rectangle,  the  point  m  coincides 


yntk  tfaa  point  r,  which  ia  dirvedy  Iwlow  i,  aai  vr^,  m  ne 
Ijw  two  pnyectiDg  linM  by  whick  r  it  rapntMited  *t  I^'PR 
tfie  horiionutl  [^ui»,  aad  at  l  direedy  Mow  lim  t^  v*rri- 
c«l  fimn.  By  Uia  nrohitioB  of  OiemftiMl  ^Imm  i^KiMt  «> 
the  point  ai  projectioo  l  diractly  below  s  ■•  temght  •pttide 
'  Mito  the  jwiiu  p^  OB  the  benzQatal  (rfane. 

Aa«nitherelucidatiooorihe|«oenl  principle,  let  w  con- 
aider  the  prDjecfioiu  of  iinigtu  hiuu. 


Let  ABCD  be  the  horizontal  plane,  and  k7QH  Um  vertical 
plane  at  right  anglea  to  the  former,  andmeeting  it  in  their  com> 
moD  intersection  kf  ;  and  let  rq,  be  any  itraightline  in  space. 
From  p  and  n  any  two  points  of  the  straight  line  r^  iaiBgine  two 
straight  lines  rr  and  a^'  to  be  drawn  at  right  angles  tothe  haii> 
zontal  plane  a3cd  and  meeting  it  in  r'  and  n' ;  and  from  ibt 
same  points  r  and  4  two  other  straight  lines  rr'  and  oa"  to  be 
drawnatrightangles  to  the  vertical  plane  Kraii,  meeting  it  in 
the  points  r"  and  a".  Drew  f'k,  <i'l  at  right  angles  to  the 
ground  line  ef  ;  join  p*k,  q'i.  ;  and  w«  have  as  before  the  rectr 
angle  pp'Kr",  of  which  the  sides  pf' and  pp',  or  their  equalar's 
and  p"k,  are  the  ordinates  of  the  point  r  i  and  in  like  manner 
on"  and  4a',  or  their  equals  a'LQ"!.,  ai«  Ifae  orrfinatae  «f  (be 
point  of  space  ^ 

Suppooe  DOW  a  plane  to  pass  through  the  line  in  ^wca  Mt. 
and  either  ef  the  perpendiculars  pp',  and  aa' :  and  it  i*  eaey 
to  perceive  that  it  will  pass  through  the  odier  peipendiDiillf, 
end  meet  the  bwimotal  plane  in  the  atraigbt  r'ft'  .wiiieb^iw 
the  pdnla  r'  and  «'.    It  is  also  evideiu  that  aH  tke  fitymdi. 
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eolan  lei  &U  on  the  horizontal  plane  from  the  several  poi'iitff 
of  the  line  in  pa  will  meet  the  horizontal  plane  in  die  straight 
line  pV;  the  straight  line  pV  is  therefore  called  the  hori- 
xontal  projection  of  the  straight  line  pq.  From  this  construc- 
tion it  is  plain  that  the  projection  of  a  straight  line  on  a  plane 
is  a  straight  line  on  the  plane  passing  through  the  projectiorie 
on  the  same  plane  of  any  two  points  of  the  propoeed  straight 
line  ;  or  which  amounts  to  the  same  thing,  the  projection  of  & 
straight  line  on  a  plane  is  the  common  intersection  of  this  plane 
and  another  plane  at  right  angles  to  the  former,  and  passing 
through  the  straight  line. 

From  this  definition  it  is  manifest  that  p^a"  is  the  projection 
of  PQ  on  the  vertical  plane  ;  so  that  pV  and  p^a"  are  the  ho« 
rizontal  and  vertical  projections  of  the  straight  line  pcu 

Conceive  now  that  after  the  projections  of  pq  are  thus 
nadoi  the  vertical  plane  isfqu  revolves  about  the  common 
section  xf  fix>m  a  vertical  position  till  it  coincide  with  the  ho- 
rizontal plane,  the  higher  part  of  the  vertical  plane  being 
supposed  to  fsil  behind  the  common  section  sc ;  the  straight 
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lines  which  are  at  right  angles  to  ef  will  fall  in  continuation 
of  p'k  and  q'L  :  so  that  the  projections  of  pq  will  now  obtain 
the  positions  p  a',  r^'q,"  on  the  same  plane ;  the  ordinate  p'k,  kt" 
making  one  straight  line,  anda'L,  kq!  also  making  one  straight 
line. 

The  various  positions  of  the  projections  p  a',  p^q"  will  be 
folly  exemplified  in  the  subsequent  problems  ;  it  is  sufficient 
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to  observe  here  that  a  straight  line  pq  ia  said  to  be  given  ia 
splice  when  its  projections  p'a'  and  r* «'  ore  given  ;  and  a 
straight  line  pq  is  said  to  be  found  when  its  projections  ra', 
p'a"  are  fouod.  To  which  wo  may  add  that  the  two  planes 
pawing  through  fq  and  each  of  the  projections  p'a'  and  r"iC 
are  called  the  projecting  planes  of  vn  ;  of  course  a  straight 
line  will  also  be  given  in  position,  when  ^e  have  the  inter- 
section of  its  projecting  planes. 

When  a  plane  exists  in  apace  it  is  referred  to  (he  planes  of 
projection  by  means  of  its  two  intersections  with  those  two 
planes.  Let  abcd  and  kfob  be  the  horizontal  and  vertical 
planes ;  and  iet  xq'Bii''  be  any  other  plane :  this  plane  will  in 
general  cut  both  the  planes  of  projection ;  the  borisont^ 
plane  in  the  straight  line  Ka'  and  the  vertical  plane  in  the 
straight  line  Kft".  These  intersections  S(t',  kq'  are  called 
the  traces  of  the  plane  Kq'  r4~  ;  the  former  Kd'  being  the 
horizontal  trace  of  the  plane,  and  k<i",  its  vertical  trace- 
When  the  vertical  plane  efob  rendres  about  the  groood 
line  from  a  vertical  to  a  horizontal  position,  the  vertical 
trace  K«"  will  be  in  the  horizontal  plane,  and  the  (wo 
traces  will  then  be  in  the  same  horizontal  plane,  naeeting  each 
other  in  the  point  k  in  which  the  plane  iq!»<i'  cuts  the 
ground  line  sf.  A  plane  is  said  to  be  given  in  podtioa  v^ea 
its  horizontal  and  vertical  traces  are  given. 
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'  Hie  various  positions  of  the  traces  of  a  plane  aeoording  to 
die  situation  of  the  plane  will  be  exhibited  ia  mbbo  of  the  pnb- 
terns  in  the  (ttllowing  chaptw. 
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|r  ^  WnoigU  line  ^  g&)en  hy  Us  prqfecHcnSy  it  is  required  » 
JM  ks  itfighi  ab&i^  the  horizatOd  pUtM  of  any^pokd  rf  i^ 

Kid  ADCD  be  the  horl*  j) 
ZQAtal  plan)B,  and  efcd 
the  vertical  plane^  which 
hy  reTolution  about  their 
eoauBaQ  interaection  or^ 
troan4  line  ef,  is  brought 
mto  a  horizontal  position.   x« 

Letp'aWidFVbethe 
two  pfojiectioQff  of  the 
given  line,  the  former  p  a 
On  the  horizontal  plane, 
the  latter  p^q"  on  the  ver- 
tical plane  ;  it  is  required  ^ 
to  find  the  altitude  of  the  given  tide  above  any  point  p'  of  the 
horizontal  projectioii  p'q'. 

Draw  p'k  at  right  angles  to  the  ground  line  ef,  and  produce 
p'k  if  necessary  to  fneet  p^q'  the  vertical  projection  in  p''  i 
atid  kP^'  will  be  the  height  of  the  given  straight  line  above  the 
point  p^ 

Because  p'a'  is  the  horizontal  projection  of  a  straight  line^ 
tlierefore  the  point  p^  is  the  horizontal  projection  of  some 
point  p  of  that  line  ;  hut  the  two  projections  of  a  point  are 
always  in  the  same  straight  line  at  right  angles  to  the  grotind 
line,  therefore  the  vertical  projection  of  p  is  in  p^kp  ;  and 
because  p"q!^  is  the  vertical  projection  of  the  given  line,  the 
Vertical  projection  of  p  must  be  in  pV,  therefore  the  verti- 
cal projection  of  p  is  in  the  point  p",  which  is  the  intersection 
of  p'kp'  and  p^a".  I'herefore  p'x^  p'k  are  the  horizontal  and 
Vertical  ordinates  of  the  point  p,  and  kp"  is  equal  to  the  height 
of  the  given  Une  ahove  the  point  p'. 

.  ^  a:  be .  aay  other  point  in  tfaie  horizontal  prelection  t^^' ; 
dij^w  as  b^finre  q'ta''  at  right  angles  to  xf,  and  W  will  be  the 
height  required.   In  this  second  case  (be  point  a"  iiidls  beibre 
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the  grouad  line ;  aod  thererora,  agreeably  to  the  ilhutntUou 
of  the  projectioDa  of  a  point  given  in  the  fiM  chaptet,  the  £•• 
lance  lq*  i«  a  deprestion  bebw  the  horizontal  plane  :  that  i^ 
the  point  «,  of  which  a'  and  a"  are  the  horiKmtal  and  Twtical 
projections,  ia  direclty  below  the  pmnt  a'  of  the  horizontal 
plane,  its  distance  below  a'  being  equal  to  lq".  Thua  it  ap. 
peaiB  that  the  point  of  the  given  hne,  of  which  r  and  f*  are 
the  projectionB,  i>  above  the  horizontal  plane  and  before  the 
vertical  plane,  hut  that  the  point  of  this  line  of  which  a'  and 
a'  are  the  projectora,  is  below  the  horisontal  and  behind  Am 
vertical  plane. 

Again,  let  r'  q',  and  r" 
<t''  be  the  horizontal  and 
vertical  projectioDa  of  a 
straight  line,  and  ^b  the 
ground  line.  In  this  figure 
the  point  of  the  given 
line  ft,of  wbicha'anda" 
'  are  the  projections,  is  a- 
bove  the  point  a' of  the 
horizontal  plane,  at  a 
height  equal  to  the  otdi- 
nate  L  tt"  ;  and  the  point 
of  the  line  r,  of  which  r'  and  r*  i 
the  point  r'  of  the  horizontal  plane,  t&e  ctepression  of  die 
[lohrt  bett^  equal  to  the  ordinate  xp''  i  whence  it  appeai*  that 
the  poiM  of  the  given  line  projected  into  q'  and  «"  ia  above 
the  horizontal  and  behind  the  vertical  plane  ;  and  that  the 
MHnt  projected  into  r'  tuid  p"  is  below  the  horizontal  and  be- 
tbra  tne  vertical  plane. 

If  the  projeciiotie,  p'<i'and  t^'d"  iat^ieecthi^i  the  ordinate 
RM  ia  Gonimoa  to  both  Ae  horizofAal  and  veftical  projecUtnu. 

It  is  evident  that  if  tte  point  f"  of  Ote .  veitieBl  prcjoWien 
were  given,  we  proceed  as  before  to  find  the  point  f,  COff 
eeiiseqiientiy  the  distance  sf'  of  the  ptnnt  from  ifae  thMimI 
pitae. 


IfthtprvfMmg  pUmatf  agioeattrmglulmebamppoudta 
mcrfM  idtota  the  pnjectioiu  of  the  EtrngiA  Ime,  ttO  they  eo. 
imiiemAAepCautef  pngation,  U  i*  nqidrei  to  find  ^ 
-'-'■'      tfihe  tIraighlU'         -.•■--         ■    • 
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•  Let  AB  be  the  ground  line, 
aad  t'  a'y  p"  ^''  the  horizon- 
tal and  vertical  projections 
of  the  lines,  which  are 
therefore  given.  From  any 
two  points  p'y  Ql  of  the  ho- 
Tixontal  projection  p'  q 
draw  p'KF''y  and  <l'L(l^  at 
right  angles  to  the  ground 
line  AB,  meeting  the  verti- 
cal projection  p"  ii  in  p" 
and  ^"  ;  also  draw  p'r,  q's 
at  right  angles  to  pV  9  and 
p't»  q"v  at  right  angles  to 
y'd"  ;  and  make  f'r,  q'  s 
equal  to  kp",  lq",  and  p"  t,  R 

^'^  V  equal  to  kp',  La  :  join  rs,  tv,  which  will  be  the  posi* 
tioBs  required. 

For  the  altitudes  at  p'  and  d'  are,  by  prob*  1,  equal  to  kt' 
find  La^  and  at  right  angles  to  p'a  :  these  altitudes  therefore 
must  by  their  revolution  about  p'a  coincide  with  the  straight 
lines  p'r,  and  a's,  and  consequently  the  straight  line  itself 
must  coincide  with  rs.  Exactly  in  me  same  way  it  is  shown 
that  the  straight  line  will  coincide  with  the  line  tv. 

Hence  we  have  a  simple  method  of  determining  the  posi« 
tion  of  a  straight  line  in  space  when  we  have  its  projections  : 
we  have  only  to  find  the  position  of  the  line  on  the  horizontal 
plane  by  this  problem,  as  sr  :  and  then,  supposing  the  trape- 
zoid p'RSd'  to  revolve  about  its  side  p'a'  from  a  horizontal  to 
a  vertical  position,  the  line  rs  will  coincide  with  the  straight 
line  of  which  the  projections  are  p  q'  and  p^  a". 
.  In  like  manner,  if  we  suppose  the  trapezoid  p^  tv^''  to  re- 
volve about  the  side  T*'i^'  from  a  horizontal  to  a  vertical  po- 
ntion,  it  will  then  be  at  right  angles  to  the  vertical  plane, 
which  in  the  construction  coincides  with  the  horizontal  plane  : 
and  if  now  the  vertical  plane  resume  its  vertical  position,  vt 
will  coincide  with  the  given  line.  Thus  rs,  tv,  will  coincide, 
and  pVsr,  kp'q^l  will  he  the  projecting  planes  of  the  given 
line. 

In  this  construction  the  ordinates  KP^  lq''  are  both  altitudes 
above  the  horizontal  plane,  and  therefore  the  perpendiculars 
p^r,  h's  are  drawn  on  the  same  side  of  p'a  :  and  because  the 
points  p',  q'  are  both  before  the  ground  line,  the  perpendi- 
culars  p^'t,  q^v,  are  both  on  the  same  side  of  p"  oT  :  and  in 
this  case  the  part  of  the  given  line  with  which  Bs  coincides  is 
directly  above  the  projection  p'q'. 
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If  (he  poiiita  p'  and  4'  of  the 
horizoatu  projactioa  are  both 
behind  the  grouad  line  ab,  and 
1^',  a"  the  points  of  vertical 
projection,  both  before  ab  ;  the 
construction  of  the  poaitiona 
ss,  rv  are  made  as  before  :  ^_ 
but  in  this  case  the  trapezoid 
I'aar"  must  descend  by  re- 
volving about  p'n',  in  order 
that  RA  may  coincide  with  the 
giveo  line,  which  lies  direct, 
iy  below  p'ft'. 

When  the  two  points  p' 
and  q'  of  the  horizontal 
projection  are  both  ou  one 
side  of  the  ground  line,  and 
the  corresponding  points 
p"  and  ft"  of  the  TerticalAr: 
projections  are  on  differ- 
ent sides  of  ACS.  In  thia 
case  we  place  the  perpen- 
diculars r'R  and  h'b  on  dif-'^ 
ferent  sides  of  f*  d' ;  and 
Bs  being  drawn  will  be  the 
horizontal  position  of  the 
given  line. 

If  we  suppose  the  plane  p'rsq'  to  revolve  about  f'V  fiom 
a  horizontal  to  a  vertical  position  by  the  aMent  of  the  pMOt 
jC,  and  consequently  by  the  descent  of  s,  the  straight  line  ss 
vill  then  coincide  with  the  given  line. 

It  is  evident  therefore,  that  the  segment  of  the  ^iven  straight 
line  with  which  rm  coincides,  has  one  part  of  it  above  the 
horizontal  plane  and  another  part  below  it. 

Rram  these  varieties  already  considered,  it  appears  that 
when  the  vertical  projections  p",  <t"  are  both  on  the  same 
side .  of  the  ground  line  ab,  the  perpendiculars  p'l,  «'b  ronit 
be  placed  on  the  same  side  of  rq.' ;  and  when  r",  «"  are 
on  different  sides  of  ab,  the  perpendiculars  p"*,  q's  most  be 
placed  on  diSerent  sides  of  p  %'. 

ntoBLBX  m. 
Tojind  thepoiaia  in  which  a  given  straight  line  meeU  the  planet 

ofpngeetion. 

'  Let  AB  be  the  ground  line,  and  ?*%',  p"  a"  the  horizontal  ud 

vertical  projections  of  the  given  line,  which  projeetimu  are 


6^ 
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therefore  given.  Construct  by  piob.  2^  the  positions  nth  Tr, 
of  the  given  line  on  the  primitive  phoes  by  sevolving  ahdut 
the  projections  p'd',  p"  <i"  :  produce  sm  ty  if  neceteary  to 
meet  the  projections  f'  q,\  f"  q,"  in  x  and  y  ;  and  x  and  v  vill 
be  the  points  in  which  the  given  line  meeta  the  horu^oiitid 
and  vertical  planes. 

If  Rsx,  TVT  revolve  about  p'  o!  and  p"  a",  thjey  will  (the  Ter- 
tical  plane  bein^  supposed  at  right  angles  to  the  horizonytal) 
each  coincide  with  the  given  line,  and  therefore  the  pointa  x 
and  Y  are  in  the  given  line.  The  point  x  belongs  to  the  ho- 
rizontal plane,  but  the  point  y,  though  determined  by  a  con* 
•trucUon  on  the  horizontal  piano,  is  not  a  point  of  this  plane 
through  which  the  given  straight  line  passes  ;  it  is  a  pomt  of 
the  vertical  plane,  and  by  the  revolution  of  the  vertical  plane 
ifrom  a  horizontal  to  a  vertical  position,  it  falls  below  the 
ground  line  ab. 

In  determining  the  points 
X  and  Y  by  this  method,  par- 
ticular attention  must  be  paid 
to  the  positions  of  the  points 
''>  ^'i  p">  <l"i  with  respect  to  ^ 
the  ground  line  ab.  In  the 
annexed  figure  the  points  p'' 
and  a"  fall  on  different  sides 
of  AB,  and  therefcure  the  per* 
pendiculars  p'r  and  q's  equal 
to  KP'^  and  Lfi"  must  be  set  on  different  sides  of  p'  q,\  and  the 
point  X  in  which  the  given  line  meets  the  horizontal  plane, 
18  between  the  points  r'  and  q';  but  because  the  points  f^  sad 
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«'  are  both  od  the  Bame  ride  of  ab,  the  perpendioulan  v't  stul 
q"v  equal  to  kp'  and  Ld',  must  be  placed  on  the  aame  dde  of 
the  projection  p'  ft'. 

Another  Cautruction. 

Let  AB  he  the  ground 
line,  and  lf'.kq"!  the  ho- 
rizontal and  vertical  pro- 
jectiona  of  the  given  line, 
which  meet  the  ground 
line  AB  in  X  and  l.  From 
K  and  L  draw  kt^,  lq"  at 
right  angles  to  ab,  meet- 
ing thflprojectioBSLp'  and 
KQ,"  in  r',  Q,' :  the  points 
p'and  a' are  those  in  which 
the  given  straight  Une 
meets  the  horizontal  end 
vertical  planes. 

Hie  truth  of  this  con- 
struction appears  from 
piob.  1 .  For  the  point  t'  of 

the  horizontal  projection  has  p'k  for  its  distance  from  the  verti- 
cal plane,  which  is  also  the  distance  of  the  point  r,  of  which 
p'  is  the  horizontal  projeclidn  from  the  same  plane  ;  but  cor- 
reqtonding  to  this  horizontal  distance  kp',  there  is  no  vertical 
distance  or  ordinate  of  p,  and  therefore  the  point  p  muM  be 
in  the  horizontal  plane,  and  consequently  coincident  with  r'. 
In  like  manner  it  appears  that  the  vertical  ordinate  %"!.  has  no 
coiresponding  horizontal  ordinate,  and  therefore  the  point  %, 
of  which  <t"  IS  the  vertical  projection,  must  be  in  the  vertical 
plane,  and  must  therefore  coincide  with  the  point  4". 

If  one  of  the  projections, 


-^ 


•a  the  horizontal  projectioi; 

r'o.',   be    parallel   to    the 

ground  lineAB,  let  the  other 

projection,  viz.  the  vertical 

projection    ft"K    meet    the 

ground  line  ab  in  K  ;  irom 

K  draw  kp'  at  right  angles 

to  AB  meeting  f%    in  p'  ;  and  p'  will  be  the  point  in  wfaieh 

the  given  line  meets  the  horizontal  plane. 

Because  y'q.'  is  parallel  to  ab,  it  is  evident  that  a  plane  paas- . 
ing  through  r'a'  and  perpendicular  to  the  horiztmtal  plana, 
and  which  is  therefore  a  projecting  plane  of  the  given  line, 
must  be  parallel  to  the  vertical  plane  :  thus  it  appeart  that 
when  the  horizontal  projection  p  4'  is  ptnllel  to  tos  sTOUad 
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line  All,  tbe  given  line  is  in  a  plane  parallel  to  the  Tertiealy  and 
that  consequently  all  its  horiEontal  ordinates  are  equal. 

The  given  line  meets  the  horizontal  plane  in  p^  and  at  any 
point  <i'  of  the  horizontal  projection  has  an  altitude  equal  to 
the  ordinate  lq!'. 

If  both  the  projections  p'q' 


and  p"  q!'  are  parallel  to  the 
ground  line  ab,  the  given  line 
is  in  a  vertical  plane  passing    y. 
through  p'q',  and  in  a  horizon, 
talplane  passing  through  p''^" 


Q" 


or 


and  eonsequently  the  given        P'  ^ 

line  is  a  parallel  to  the  ground 

line  AB.    This  also  is  readily  deduced  from  findinc  the  poai. 

lions  of  the  given  line  on  the  horizontal  or  vertical  plane  by 

rotation  about  the  projections  by  prob*  2. 


PROBLEM  IV. 


Thfind  ike  angles  which  a  given  strmghiUne  makes 

planes  of  prqfecUona. 


ike 


Let  AB  be  the  ground  line,  and  p'd',  p"  q''  the  horisontaf 
and  vertical  projections  of  the  given  line.  Find  by  prob.  % 
the  positions  of  the  given  line  rS|  tv  on  the  horisontal  and 
vertical  plane  which  produced  if  necessary  meet  the  projec- 
tions p'd',  v**ql  in  X  and  y  ;  and  rxp',  ttp'  are  the  angles 
which  the  given  line  makes  with  the  horizontal  and  vertical 
planes. 

If  the  tiiangle  rxp'  revolve  from  a  horixental  into  a  verti* 
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cat  positioD,  it  will  by  prob.  3,  coincide  with.tbe  given  line, 
and  (he  «n^Ie  rzf'  will  therefore  coincide  with  the  angle 
which  the  given  line  makes  with  the  horizontal  plane  ;  in  Uie 
Bame  manner  it  is  shown  that  tvi^'  is  equal  to  the  angle 
which  the  given  line  tnukea  with  the  verlicd  plane. 

If  the  vertical  projection  p"  q"  be  parallel  to  the  ground  tine 
AB,  it  la  evident  that  xs  will  be  parallel  to  r'ft' :  of  course  the 
angle  x  will  vanish,  ajid  (he  given  straight  line  is  parallel  ts 
the  horizontal  plane.  In  like  manner,  if  p'  q'  he  parallel  to 
IB,  TV  will  he  parallel  to  p"  n',  the  angle  x  wit]  vanish,  and  the 
given  straight  line  is  parallel  to  the  vertical  plane. 

Another  Conttrai^ioH. 

'  Let  AS  be  the  ground  line,  and  p'l,  <i"k  the  horizontal  and 
vertical  projections  of  the  given  straight  line  which  meet  ab 
in  L  and  k.  Draw  xp',  l%"  at  right  angles  to  ab,  and  meeting 
the  projections  in  p'  and  a".  Make  lk  equal  to  lp',  and  ut 
equal  to  k%",  and  the  angles  Lxd",  khp"  are  equal  to  the  an- 
gles which  the  given  line  makes  with  the  honEontal  and  ver* 
tical  planes. 


For  p'  is  the  point  in  which  the  ^ivea  line  meets  the  faori. 
contal  plane,  by  prob.  3,  and  L<t''  is  the  altitude  of  the  gives 
line  at  L  ;  it  is  evident  therefore,  that  the  angle  which  th« 
civen  line  makes  with  the  horizontal  plane,  is  equal  to  the  an- 
gle at  the  baee  of  a  right  angled  triangle  of  which  the  t»ue  is 
w',  or  LM,  and  perpendicaUr  lq',  and  is  consequently  equal 
to  the  angle  ci"iu- 
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Let  AB  he  the  ground  line, 
^,  Q,',  the  horizontal  projec- 
tions of  the  two  given  points, 
and  p",  q",  their  vertical  pro- 
jection :  join  p'  p",  and  q.' 
q",  and  the  straight  lines  p  p^  j^ 
a'  (i\  will  cut  the  ground  line 
at  right  angles  in  k  and  l. 
Draw  p'  q',  and  find  by  prob. 
2,  the  horizontal  position  us 
of  the  line  by  means  of  the 
ordinates  kp",  l^",  and  rs  will 
be  the  required  distance. 


The  truth  of  this  construction  is  easily  perceived  ;  for  if 
the  trapezoid  p'<i'sr  assume  a  vertical  position  on  the  base 
pV,  the  straight  line  rs  will  evidently  coincide  with  the  ^re- 
quired line. 

A  similar  construction  may  be  made  on  the  vertical  plane 
by  joining  the  points  p''  and  d". 

From  this  construction  we 
deduce  the  following  theorem. 
The  square  of  the  distance 
between  two  points,  is  equal 
to  the  sum  of  the  squares  of 
the  interval  between  their  or-  ^ 
dinates  ;  of  the  difference  of 
the  horizontal  ordinates,  and 
of  the  difference  between  theib 
vertical  ordinates.  for  if  q^'y, 
Q,'x  be  parallel  to  ab,  and  sv 
be  parallel  to  a'  p',  the  square 
of  Rs  is  equal  the  squares  of 
sv  and  vr  ;  but  the  square  of  sv  is  equal  to  the  square  of  a'p , 
which  is  equal  to  the  squaresof  ox,  xp',  or  of  lk,  xp',  and  the 
square  of  vr  is  equal  to  the  square  of  tp"  ;  therefore  the 
square  of  rs  is  equal  to  the  squares  of  kl,  xp'  and  yp". 

AnofJier  Construction  of  prob.  5. 

Let  AB  be  the  ground  line,  and  p',  a',  p",  (i,  the  horizontal 
and  vertical  projections  of  the  given  points  as  before,  and  con- 
sequently p'p",  q!q!\  at  right  angles  to  ab  meeting  it  in  k  andx. 
Through  a"  draw  yq"z  parallel  to  ab,  in  which  take  yz  equal 
to  p'q  ;  join  p"z  which  will  be  the  distance  required. 


'  To  demoiutnte  thii 
dnw  <i'z  pandlel  to  ab  : 
and  because  Tz  IB  equal  to 
p'(t',therefbre  the  square 
of  YZ  is  equal  to  the 
squares  of  p's,  q'x;  and 
therefore  the  square  of 
v'z  isequal  to  the  squares 
of  Kt,  xp',  and  »p"  i  and 
therefore,  byihe  preced- 
ing theorem,  p'z  is  equal 
to  the  distance  between 
the  given  points.  - 

A  similar  construetitm  may  be  made  by  drawing  the^^arallel 
through  d'  instead  of  a",  and  anng  the  distance  p"«'  instead 
of  r'n'. 


TkrottghagivenpomtlodraiBattraightlineparaltdloagiMa 
alraight  line. 

Let  AB  be  the  ground  line, 
r'tt'  and  p"^"  the  horizontal 
and  vertical  projections  of 
the  given  line,  and  r',  a."  the 
horizontal  and  vertical  pro* 

iections  of  the  given  point.    . 

Through  r'  and  b"  draw  rV  A. 
.  and  r'b°  parallel  to  p%'  and 
r'n";  and  r's',  r's",  will  be  the 
horizontal  and  vertical  pro- 
jections of  the  required  line. 
For  let  two  parallel  planes 
pass  through  p  «',  h'b',  at  right 
angles  to  the  horizontal 
plane ;  and  let  two  other  parallelplanes  pass  through  p'd",  r's" 
at  right  angles  to  the  vertical  plane  which  is  supposed  coinci. 
dent  with  the  horizontal  plane.  Conceive  the  vertical  plane 
to  revolve  about  ab  from  its  horizontal  to  its  vertical  pOBitioD, 
while  the  parallel  planes  through  p"(t",  r"s"  continue  at  right 
angles  to  it ;  then  the  straight  line  of  which  p'q'  and  r'l"  are 
the  projectioQB,  will  be  the  common  section  of  the  planes 
passing  through  p'lt',  andp"<i.';  and  the  line  of  which  rB*  and 
r's"  are  the  projections,  will  be  in  the  parallel  planes  passing 
through  these  lines ;  hut  when  two  parallel  planes  are  cut  bjr 
two  other  parallel  planes,  the  common  sections  an  paiall^  \ 
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therefore,  the  stndffht  line  of  which  rV  andE's'  ire  the  pro- 
jections, is  parallel  to  the  given  straight  line  of  which  the 
projections  are  v'q!  and  r'^,". 

And  because  the  projections  r's'  and  r'V  pass  through  the 
projections  a'  and  r'',  therefore,  the  straight  line  of  which  rV 
and  rV  are  the  projections,  passes  through  the  given  point 

Carol.  If  the  projections  of  two  straight  lines  on  the  hori- 
zontal plane  be  partdlel,  and  also  their  projections  on  the  ver- 
tical  plane,  the  straight  lines  themselves  are  parallel.  To 
which  may  be  added,  that  if  two  straight  Unes  be  parallel, 
their  projections  on  the  horizontal  plane  are  parallel,  and  also 
their  projections  on  the  vertical  plane. 

PROBLEM  VII. 

To  fold  the  angle  contained  by  ttoo  given  straight  lines  meeftn^ 

each  other. 

Let  AB  be  the  ground  line,  v'q,'  and  p'V  the  horizontal  and 
vertical  projections  of  one  of  the  given  lines,  and  p'r',  p'r"  the 
horizontal  and  vertical  projections  of  the  other;  the  horizon- 
tal projections  intersecting  in  f',  and  the  vertical  in  p",  which 
are  evidently  the  projections  of  the  point,  in  which  the  given 
straight  lines  cut  each  other,  and  therefore  p'kp'  is  a  straight 
line  meeting  the  ground  line  ab  at  right  angles  in  x. 


Find  by  prob.  3,  the  points  m  and  n  in  which  the  given 
straight  lines  meet  the  horizontal  plane ;  and  by  prob.  5,  find 
the  distances  from  the  point  of  the  intersection  of  the  given 
hnes  to  each  of  the  points  m  and  n  ;  with  the  centres  m  and  ir 
9mA  distances  just  found,  describe  two  arcs  sx,  sy  intersecting 
in  8 ;  join  ms,  vs,  and  the  angle  msn  will  be  the  angle  re- 
42uir^d. 


sMCtimrs  sioKBTsr.  SW 

To  demoiHtrate  this  draw  us,  and  we  hara  two  trian^eaoa 
Ibe  nine  base  Mir,  one  of  which  haa  its  rertez  in  a,  and  th« 
other  i(B  vertez  in  the  poiat  in  which  the  given  lines  intereeot 
each  other ;  aoti  because  the  two  sides  of  one  of  those  trian- 
gles  is  hy  construction  equal  to  the  two  sides  of  the  other, 
and  the  base  mn  common,  therefore  the  angles  at  their  verti< 
cea  mual  be  equal ;  therefore  hs»  is  equal  to  the  angle  con- 
tained by  the  given  straight  lines. 

Coral.  Since  the  triangle  xp'y  ia  the  horizontal  projection 
of  the  triangle  uas,  when  a  coincides  wJlh  the  point  of  in- 
tersection.of  the  given  lines  ;  it  follows  that  the  perpendicn- 
lars  p't  and  bt  must  he  in  the  same  straight  line  ;  and  there- 
fore, the  required  angle  may  be  found  as  follows :  having  n, 
and  n  as  before,  join  mm,  and  throu|h  p'  draw  tp's  at  right  an- 
gles to  MH,  with  the  centre  ic  and  distance  xa  equal  to  the  dis- 
tance from  H  to  the  point  of  intersection  of  the  given  lines, 
describe  an  arc  sz  cutting  tp's  in  s  ;  join  sn,  and  xtn  will  be 
the  angle  contained  by  the  given  lines.  From  this  construc- 
tion it  is  evident  that  if  the  point  n  go  off  to  infiitity,  the 
straight  line  wjx  will  become  parallel  to  f'k,  and  conaequently 
tp's,  which  is  always  at  right  angles  to  kh,  will  then  be  at 
right  anglea  to  p'r'. 


Hence  the  following  construction  of  tbe  case  when  one  of 
the  projeciiona  r°K"  is  parallel  to  the  ground  line  as. 

Let  AB  be  the  ground  lino,  p'ft',  and  p'q'  the  horizontal  and 
vertical  projections  of  one  of  the  given  lines,  and  p'r',  p"b' 
those  of  the  other,  tbe  vertical  projection  of  F"a"  being  parallel 
to  AB.  Draw  p'b  at  right  angles  to  p'r'  ;  find  x  the  point  in 
which  the  sliaight  line  of  which  p'a'  and  p''a''  are  the  projec- 
tiom  meets  tbe  norizontal  plane ;  ^ao  find  the  distance  from 
X  to  the  point  in  which  the  given  lines  meet  each  other ;  with  ' 
thia  dlistance  ai  raditw  and  centre  >  describe  on  are  sz  met- 
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inc  1^8  in • ;  join*  m ;  lastly,  draw  av  pavalMlo  9^m\  andxar 
WW  be  equal  to  the  angle  contained  by.  the  guren  alraight 
lines. 


When  the  giren  lines  meet  each  other  in  a  point  of  the 
horiiontal  or  rertical  plane,  the  problem  may  be  constmcted 
in  the  following  manner : 


Let  AB  be  the  eround  line ;  pV,  and  p' Vy  the  projections  of 
one  of  the  given  lines,  and  p'r',  p'V  of  the  other ;  the  p^^i 
*'~     meeting  in  the  point  r^  of  the  horizontal  plane*    Draw 


mi 

sBj  tiKo  pMpendiculara  to  the  ground  line  q'q'  and  b'b';  >nd 
n',  n'  will  be  th«  projeciions  of  B  point  in  one  of  the  gtreq 
linea,  and  v.',  n''  tbuM  of  a  point  in  iha  other.  Find  by  prob, 
ft,  the, two  distancea  front  p'  to  eacb  of  the  two  pointa  of  which 
ft',  q',  r',  r*  are  the  projeciiona,  and  alao  the  distance  between 
thece  twe  pointi :  construct  a  triangle  of  which  the  three 
aide*  are  equal  to  theie  three  diitanceti,  and  its  angle  contain- 
fld  by  the  first  two  diatances  will  be  equal  to  the  angle  sought. 


ntOBLXK  Till. 


Jfa  pttate  be  gioea  by  iU  trace*  or  rmerteciiotu  vni.\  the  hori, 
tolual  and  vertical  pianu,  it  ia  required  to  delermine  itt  alA, 
tade  aioot  atty  given  point  <^  tke  horiumial  plape. 

Let  AB  be  the  ground 
line,  bf'  the  bonzonul 
trace  of  the  given  plane, 
and  xo'  ita  vertical  trace ; 
and  let  p'  be  any  point  in 
the  horiaontal  plane ;  it  is 
required  to  find  the  alti. 
tudeoftbe  plane  above 
the  point  p'. 

Praw  p't  parallel  tar'w 
oieeting  the  ground  line  in 
I.  i  opd  Lx'  at  right  angles 
to  AB  meeting  the  vertical 
trace  xo'  in  k'  ;  from  x'  draw  x"p"  parallel  to  ab,  meeting 
f'k  produced  if  necessary  in  p"  ;  and  p'k  wilt  he  the  height 
of  the  plane  above  the  horizontal  plane  at  the  point  r'. 

Conceive  a  vertical  plane  to  pass  through  p'l  ;  this  plane 
will  meet  the  given  plane  in  a  straight  line  parallel  to  bp', 
because  lp'  ano  kf'  are  parallel ;  and  therefore,  the  commoq 
iotersection  of  this  vertical  plane  and  the  given  plane  is  pa- 
rallel to  p'l,  and  consequently  the  altitude  of  the  given  plane 
lUMve  the  point  p'  is  equal  to  its  attitude  above  the  point  l  ; 
bat  aince  the  trace  ai^s"  represents  a  straight  Una  drawn  on 
the  vertical  plane,  therefore  lx"  is  the  height  of  the  point  m' 
of  the  given  plane,  that  is,  lm"  is  the  altitude  of  the  given 
plane  above  the  point  l  ;  therefore,  i.k",  and  consequently 
its  equal  Kp",ia  the  altitude  of  the  given  plane  above  thegiveq 
point  r'.     ' 

Cor.  It  Bppeara  frnm  the  demgnst  ration,  that  the  altitude  of 
the  given  plane  above  every  point  of  p'b  ia  equal  to  kp"  or 
liW;  and  tberefure  f'l  and  i^  m"  are  the  horizontal  gnd  nt- 
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tical  projectioiia  of  the  straigfat  line  in  whieh  Um 
passing  through  f'l  intersects  the  given  plane. 

When  the  point  p'  is  be- 
yond the  ground  line  ab» 
the  straight  line  f'l  must 
he  drawn  in  a  direction 
opposite  to  that  in  the  pre- 
ceding figure  in  order  to 
meet  the  ground  line. 

For  the  point  p'  in  these 
two  figures,  we  have  found 
an  altitude  of  the  given 
plane,  or  the  plane  passes 
over  the  given  point  of  the 
horizontal  plane. 

But  in  the  annexed  figure 
the  perpendicular  from  l  meets 
bg"  produced  below  the  ground 
line  AB,  and  therefore,  the  given 
plane  is  below  the  horizontal 
planp  at  the  point  p',  the  depth  Si 
below  p  being  equal  to  kp"  ; 
however,  the  position  of  p" 
shows  universally  whether  the 
distance  from  p'  at  right  angles 
to  the  horizontal  plane  be  an  elevation  or  depression  ;  for 
when  p''  is  behind  the  ground  line,  it  denotes  an  elevatioD  : 
and  when  beforo  the  ground  line,  it  denotes  a  depression. 

When  tlie  traces  of  the 
plane  are  parallel  to  the 
ground  line,  the  construe 
tlon  is  as  follows  : 

Let  AB  be  the  ground 
line;  p'q',  pV  the  hori- 
zontal and  vertical  traces 
given  which  are  parallel  to 
AB ;  and  R'any  given  point 
in  the  horizontal  plane. 
Through  »'  draw  r'x  kt" 
meeting  r'  <i',  ab,  v^'q!' 
at  right  angles  in  x,  k, 

and  T^  ;  make  kv  equal  to  kt^,  join  vx,  and  thsough  jl'  draw 
r's  parallel  ab,  meeting  vx  produced  if  necessary  in  s ;  and 
R's'  will  be  the  altitude  or  depression  required. 
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If  the  tiMBgIs  TXK  ravoire  about  the  sido  kt  from  «  hori- 
zoatd  poailion  to  k  rsrtical,  it  ia  svideal  that  the  poiat  v  will 
coincido  with  tba  poJot  t"  of  the  giveji  plane,  and  tk  will  be 
the  altitude  at  k  :  therefne  a's,  which  also  hecnmes  perpen- 
dicular to  the  horizontal  plane,  ia  the  altitude  or  depreaaioa 
of  the  given  plane  at  the  point  x'. 

In  a  similar  manner,  when  a  point  is  given  in  the  vertical 
piaae,  we  may  detenniM  the  horizontal  dietuce  of  the  point 
from  the  given  jlaae. 


'TKnugkMgneHpcntUtitratBa  ptoMparaOa  to  aginenplaite. 


L«t  AB  be  the  ground . 
line ;  ki',  se"  the  bori- 
wmtal  nnd  vertical  traeea 
of  the  given  plane;andy, 
r"  the  projections  of  the 
given  point  Through 
the  point  p'  draw  tie  _ 
MMigbl  line  p'c  parallel  ■^~ 
to  the  horizontal  trace 
f'k,  Bieeliog  the  ground 
line  AB  in  c  :  draw  from 
c  the  BtrmiKht  line  en"  at 
ligbt  angles  to  ab,  and 
dnough  f"  the  atrnigfat 
line  p  'h"  parallel  to  ab  : 
through  m"  draw  m'd  pa- 
rallel ta  g"e,  and  mJ  parallel  to  et'  ;  and  dl',  dm'  mil  be  the 
horizontal  and  vertical  tncea  of  the  plane  required. 

For,  since  the  plane  af  which  the  traces  are  dl',  dx"i  haa 
ck"  for  its  altitode  at  c ;  therefore,  by  cor.  to  prob.  8,  the  al- 
titude at  p*  is  also  equal  to  cu'  or  its  oqual  kp'  ;  and  there- 
fore, the  point  of  which  the  projections  are  p'  and  p"  is  in  the 
plane  l'dh'.  Suppose  now  the  vertical  plane  with  its  paral- 
lel lines  viC'  and  eb'  to  rerolve  about  ab  from  a  horixoalal  te 
m.  vertical  position  j  and  because,  in  this  situation  the  two 
straight  lines  l'd,  di^  are  respectiyely  parallel  to  p'b,  ko", 
therefore  the  plane  passing  through  l'd,  dm"  ia  parallel  to  the 
plane  passing  through  f'k,  kg"  ;  and  consequently,  i'd,  dm" 
wte  die  traces  of  the  ftlane  required. 
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FROBUnt  X. 

^Jmd  the  iirmgki  lh»  uAfth  U  the  kUmm^tf  n^ gm^ 

Let  DF^,  do"  be  the  ho* 
HaoQlal  and  vertical  traces 
t^fone  of  the  given  planes, 
-and  Bff^y  eg"  those  of  the 
"Other.   Let  the  horizontal 
traces  of  the  given  planes  A 
meet  in  f',  and  their  verti- 
cal traces  in  o".     From  f' 
llnd  o"  draw  f'k  and  q^'l  at 
Tig^  angles  to  the  ground 
line  AB ;  join  f'l,  kg",  and 
v^ty  Ko"  will  be  the  hori- 
tental  and  vertical  traces 
t>f  the  intersection  required. 

For  since  each  of  the  given  planes  passes  throilgk  the  (NHilt 
^,  therefore  f'  is  a  point  in  the  horizontal  plane  Ihnni^ 
which  the  required  line  must  pass :  in  like  mamier  it  is  sbowp 
that  the  required  lino  must  pass  through  the  point  o''  of  the 
Vertical  plane,  therefore  the  intersection  of  the  given  planes 
must  pass  thitough  the  points  f'  and  e" ;  biU^  p'l  and  ko'^  aie 
-evidently  the  horizontal  and  vertical  projections  of  a  stra^ht 
line  passing  through  f'  and  o",  and  therefore  w\  and  ko'  at« 
the  horiitontal  and  vertical  projections  of  the  straight  line  re* 
tjuiredk 

PROBLEM  XI. 

^find  the  m^  which  a  gnen  ptam  moIpm  with  tke/wmdw- 

mental  planee. 

Let  AB  be  the  ground 
litie,  and  ef',  bo"  the  ho* 
tiaontal  and  vertical  tra- 
tei  of  tho  given  plane.  In 
the  horizontal  trace  bf 
take  any  point  f',  from 
l^hichdraw  f  k  at  right  an- 
:gles  to  it,  meeting  the  ^ 
^^Und  line  ab  in  k  ;  draw 
KB^^at  right  angles  to  ab,  ^ 
liMdeting  bo"  in  o' ;  make 
iLt  equal  to  kf;  join  o'l, 
%«i  the  angle  o"lk  will  he 


nqtUl  to  the  angls  which  the  given  jitam  swkef  with  lb*  bwi* 
zonlil  plane.  Or  draw  km  at  right  uiglei  to  ki^  asd  equal  to 
Ka"  ;  join  kV,  and  m/x  will  be  equal  to  the  angie  wUcb  th* 
giren  plane  niakea  with  the  horizontal  plena. 

For,  ifthe  right-anpled  triangle  f'kk  ravoliv  about  ita  bsM 
^K  ftom  a' horizontal  io  a  vertical  positi(«i,  the  etraighl  line 
I'm  Will  coincide  wiiii  the  given  plane ;  beeause  u  ia  aoWat 
right  angtea  to  the  horiEootal  plane,  and  equal  to  ks"  which  ia 
the  altitude  of  the  given  plane  above  Ihe  point  x.  Aad  ba* 
eauae  tbeatrai^tlinexr'isBtright  angleatexr',thacoinB<n 
tnteraection  of  the  horizontal  plane,  and  of  kf'm  in  iia  rarti* 
cal  position,  therefore  nt^  is  at  right  angle*  to  xv',  aa  well  aa 
to  xr',  and  conaequently  xt'm  is  the  iacUnation  of  the  ^van 
plane  to  the  horizontal  plane,  or  ki^m  ia  the  angle  required.    * 

Again,  nnce  q"k,  xl  are  equal  to  mx,  xi>',  and  the  i^l^aa 
o"ki^  xxr'  are  equal,  being  right  anglea  ( therefore,  the  angle 
o"lk  ia  equal  tn  Hf'x,  and  ia  tlierefore  equal  to  the  angle  earn- 
tained  by  the  given  plane  and  the  horizontal  plaoe. 

Id  tike  manner  we  may 
yroeeed  to  find  the  angle 
aontainodby  the  given  plane  ^'^'^v^" 

and  iIm  vertical  |riane. 

iJetAB  be  the  groundline, 
»*  and  xo*  the  horiiontal  A^  2  ~ 

aod  vertical  traeaa  of  Ihe 
given  plane.  From  any 
poiat  o'  of  IS*  draw  ox"  at 
right  anglea  to  so",  asd  xi' 
U  right  anglea  to  abj  make 
XL  equal  to  ko",  join  r'L  and 
r'uK  will  be  the  angle  coo- 
tained  by  Ihe  given  plane  and 
the  vertical  plane. 


i/*  a  ^ttm  ploae  reeoItM  eioia  04  MlarMeAJOK  mlA  file  kruM- 
lai  ptane  till  thew  Iko  planet  coineide,  it  it  requind  lofiid 
onlAe  horiMMUU  pUmet  the  potUion  if  any  given  point  9f  the 
given  plane. 

Let  AB  be  (he  ground  line ;  ir'  and  eq"  the  horizontal  and 
vertical  traces  of  the  given  plane ;  and  ^  the  horizontal  pn>- 
jeclioo  of  the  given  point  in  the  plane.  Draw  through  the  givex 
point  r'the  Mraighl  line  pV  at  right  anglea  to  xr',  and  xp'l  at 
right  angles  to  p'f  ;  from  the  point  x  oftbe  ground  line  draw 
xe"  at  right  angtea  lo  ab  ;  make  f'k  equal  to  xo" ;  jaix.  Vv 
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md  take  in  f'p'  produced 
if  necessary  the  dititances 
F^M « and  F'ir»  each  equal 
to  ^L,  and  H  and  H  will 
be  the  point  required  on 
the  horizontal  plane. 

For,  if  the  triangle  pVl     _ 
revolve  from  a  horizontal  A- 
toa  vertical  position  about 
^e  base  pV,  till  it  become 
vertical,  the  straight  line  ^- 
v'l  will  coinotdo  with  the  -^ 

SVen-'plane,  and  l  with 
e  given  point :  because 
Ka%  to  which  p'l  is  equal, 
is  the  altitude  of  the  plane 
above  the  point  p'  of  the 
horizontal  plane.  And 
because,  when  the  triangle  lfV  is  vertical,  (he  sfraigbt  line 
Lp'  is  at  right  angles  to  rf,  the  intersection  of  the  horizontal 
plane  and  the  given  plane  ;  therefore,  if  the  given  plane  re- 
volve  about  £f',  the  given  point  with  which  l  has  become 
coincident,  mast  fall  on  the  straight  line  pV  which  is  at  right 
angles  to  ef'  :  and  since  lf'  is  equal  to  f'm,  or  f^n,  therefore 
the  given  point  must  fall  on  one  of  the  points  m  and  k. 


Another  Conslruciion* 
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Let  AB  be  the  ground  line ;  bf'  and  bo"  the  horizontml  tnd 
vertical  traces  of  the'  given  plane ;  and  p'  the  horizontal  pro* 
jeetion  of  the  given  point.  Having  drawn  as  before  m^p'n 
at  right  angles  to  ef',  make  f'l  equal  to  the  altitude  ko"  of  the 
plane  above  p'  ;  join  p'l,  and  make  f'm,  fn  each  equal  to  p'L| 
and  X  or  N  will  be  the  point  required* 

For,  because  the  square  of  p'l  is  equal  to  the  squares  of 
Vf^  and  v^Lj  that  is,  to  the  squares  of  pV,  and  the  altitude  of  the 
given  point  above  p'  ;  therefore,  p'l  ia  the  distance  in  the  given 
plane  from  f'  to  the  given  point.  And  since,  the  givea  point 
IS  in  a  vertical  plane  passing  through  mn,  therefore  by  the  re- 
volution of  the  given  plane  about  bf',  the  point  given  will  des- 
cribe the  circumference  of  a  circle  on  the  vertical  plane 
passing  through  mn  ;  and  this  circumference  must  meet  tb® 
horizontal  plane  in  the  points  m  and  n  ;  because  vu  and  i^if 
are  each  equal  to  p'l  the  distance  of  the  given  point  from  f', 
consequently  X  and  B  are  the  points  required^ 
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Tofi$^  the  angle  contained  by  the  traces  of  a  given  piane. 


Let  AB  be  the  ground  line  ; 
Bi^,  bo" the  horizontal  and  ver- 
tical traces  of  the  given  plane. 
Take  K  any  given  point  in  ab, 
draw  kg''  at  right  angles  to  ab, 
meeting  the  vertical  trace  eo" 
in  o'\  and  o"  will  be  a  given  A 
point  in  the  eiven  plane,  and  x 
its  horizontal  projection  :  find 
by  prob.  12,  the  position  l  of 
the  point  o"  by  revolution  of 
the  given  plane  till  it  coincide 
with  the  horizontal  plane  ;  join 
BL,  and  PEL  will  be  the  angle 
sought 

For,  since  the  point  o''  falls  on  the  point  l  of  the  horizontal 
plane,  therefore  the  straight  line  or  trace  bo"  will  coincide 
with  BL ;  but  f'e  is  the  horizontal  trace,  therefore  f'el  is 
the  aogle  contained  between  the  traces  of  the  given  plane. 


When  one  of  the  uifflet 
Ase"  M  aeote,  and  the  other 
AMD*  obtaoe,  take  as  before 
any  point  x  in  the  ground 
Ihie  AB,  make  ko"  perpen- 
dicular to  ABy  meeting  the 
vertical  trace  so"  in  o" ;  and 
eonaequently,  o*  is  a  point 
of  the  vertical  plane,  of  r* 
which  K  is  the  horizontal  ^ 
projeetion:  find  l  the  posi- 
lion  of  a''  on  the  horizontal 
plape :  join  ml  ;  and  leb' 
will  he  the  angle  contained 
helween  the  traces  of  the 
given  plane. 

If  the  ^ven  horizontal 
trace  bd',  instead  of  being 

given  before  the  ground  line  aB}  is  given  behind  it  as  mw^,  the 
construction  is  exactly  the  same  as  before ;  and  lbi^  is  the 
angle  contained  between  the  horizontal  trace  zi^  and  the  ver* 
tical  trace  zo". 


pboblbm  ziv. 


7b  describe  a  plane  through  three  gwen  jninUn 

Let  AB  be  the  ground 
line ;  p^  a',  b'  the  hori- 
zontal  projections  of  the 
three  given  points ;  and 
p",  a",  b",  their  corres- 
ponding vertical  projec* 
tions.  Through  p',  a'* 
and  p",  q",  draw  a'pV,  _ 
and  p'Vo",  the  horizon-  A. 
tal  and  vertical  projec- 
tions of  a  straight  line 
passinff  through  two  of 
the  given  points;  and 
through  a',  r'  ;  a"R"draw 
a'z'H'  and  a"a"  the  hori- 
zontal  and  vertical  pro- 
jections of  a  straight 
line  passing  through  oth- 
er  two  of  the  given  points.  Find  by  prob.  8,  the  points  t' 
and  a'  in  which  these  two  straight  lines  meet  the  hcNrizoptnl 


plane,  and  o^  the  point  io  which  one  of  them  meets  the  ver. 
tical  plane. 

Draw  nVi  meeting  the  ground  line  ab  in  k  ;  join  bs'  ;  and 
XH*,  Ko"  will'  be  the  hoiizootal  and  vertical  traces  of  the  re. 
quired  plane. 

The  straight'Une  of  which  t'q,'  and  f''^"  are  the  horizonta) 
and  verticaf  projections,  passes  through  two  of  the  given 
points  i  therefore,  that  straight  line  must  lie  in  the  required 
plane  ;  but  that  line  passes  through  the  point  f*  of  (he  hori- 
zontal plane  ;  therefore,  the  required  plane  passes  through  v  i 
for  the  same  reason  the  required  plane  must  pass  through  h'  ; 
and  consequently,  bf'b'  is  the  horizontal  trace  of  the  requir. 
ed  plane  :  aud  because  the  vertical  trace  must  pass  through 
the  points  i  and  g"  of  the  veriical  plane,  therefore  bh"  is  the 
vertical  trace  ;  and  consequently,  ef'  and  eo"  nrethe  horizon* 
tal  and  vertical  traces  of  the  required  plane. 

Instead  of  finding  two  points  in  the  horizontal  and  one  in 
the  vertical  plane,  we  may  find  two  in  the  vertical  and  one 
in  the  horizontal  plane  :  or  we  may  find  two  points  in  the 
horizontal  plane,  and  two  in  the  veitical  ;  and  the  two 
■traight  tines  drawn,  these  points  on  the  horizontal  and  verti. 
cal  ^anes  will  be  the  traces  of  the  required  plane.  Some, 
times  the  point  s  in  which  the  traces  meet  the  ground  line  ia 
too  remote  to  be  conveniently  found  in  practice :  this  hap- 
pens when  one  or  both  of  the  traces  are  nearly  parallel  to 
the  ground  line  :  in  this  case,  it  u  proper  to  find  two  points 
through  which  the  horizontal  trace  must  pass,  and  in  a  simi- 
lar manner,  two  points  through  which  the  vertical  trace  must 
pass  in  the  vertical  plane. 


"nroagh  a  given  pomt  to  draw  a  ttraight  lim  perpendicuiar 
to  a  given  plane. 

Let  AB  be  the  ground  Jine  ;  bf',  eu"  the  horizontal  and 
vertical  traces  of  the  given  plane  ;  and  t',?"  the  horizontal  and 
vertical  projections  of  the  given  point.  Through  the  projec- 
tions p*  and  p",  draw  the  straight  lineap'r',  p"e"  at  right  an. 
sles  to  the  given  traces  ef'  and  £u"  and  pV,  r'a"  will  be  the 
horizontal  and  vertical  projections  of  the  line  required. 

Conceive  a  vertical  plane  to  meet  the  horizontal  plane  in 
fV  ;  and  because  ep'  is  drann  in  one  of  these  planes  at  ri^t 
angles  to  their  common  section,  therefore  ef'Ib  perpendicular 
to  the  vertical  plane  passing  through  pV  ;  and  coniequently, 
the  given  plane  n^iicn  passes  through  ef*,  is  at  right  angles  to 
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the  vertical  plane  passing  through  p^f'  :  but  the  giren  point  ii 
in  this  vertical  plane,  therefore  a  straight  line  drawn  fironi  the 
given  point  at  right  angles  to  the  given  plane,  must  Ue  in  this 
vertical  plane,  and  therefore,  pV  is  the  horizontal  projection 
of  the  required  straight  line.  In  a  similar  manner,  it  may  be 
shown  that  p"g''  is  the  vertical  projection  of  the  requmd  line. 


Carol.  From  the  demonstration  of  this  constmction,  it  ap- 
pears that  when  a  straight  line  and  a  plane  are  at  right  an- 
gles to  each  other,  the  projections  of  the  straight  line  are  at 
right  angles  to  the  corresponding  traces  of  the  plane. 


PROBLBH  XVI. 


Through  a  given  painl,  to  draw  a  plane  at  right  anglee  to  a 

given  straight  line. 

Let  AB  be  the  ground  line  ;  mf',  no''  the  projections  of  the 
given  straight  line  ;  and  p',  p''  tl^  projections  of  the  given 
point. 

Through  the  point  p'  draw  hp'l  at  right  angles  to  mf^  meet- 
ing  the  ground  line  in  l  ;  draw  from  l  the  straight  line  W 
at  right  angles  to  ab,  meeting  the  straight  line  p  d"  parallel 
to  AB  in  d".  Through  d''  draw  ed^'o"  at  right  an^ee  to  the 
vertical  projection  90",  meeting  ab  in  e  :  from  x  draw  ef'  at 
right  angles  to  the  horizontal  projection  xy,  and  sv^,  kg"  are 
the  traces  of  the  plane  required. 

Because  the  traces  ef',  eg"  are  at  right  angles  to  the  given 
projections  mf^,  vq"  of  the  straight  line  ;  tberef<tte  by  the  pre- 
ceding corollary,  the  plane  of  which  ev^,  eg"  are  the  trams, 


U  Bt  right  anglra  to  the  given  straight  line.  Aguo,  because 
sp"  is  equal  to  ld",  which  is  the  height  of  the  plane  abore  the 
^ritontal  pJaos  at  l,  ahd  coDsequently  to  the  height  at  f*  or 
ahy  twiat  iti  lyb ;  therefore,  the  plane  of  which  bf*,  w^  are 
the  traces,  passes  dihHij;h  the  ff.ven  point,  and  is  consequently 
the  plane  required. 

PBOBI.BV  XTIl. 

h  U  nqvind  to  find  Ae  fomt  in  which  a  given  tiraight  line  in- 

Let  AB  be  the  ground  line ;  r'a'  the  horizontal,  and  p"l  the 
veiticB]  projection  of  the  given  line ;  and  bf',  bo"  the  ho^- 
zontal  and  rertica)  traces  of  the  given  plane. 

XjOt  f'<i'  meet  the  ground  line  ab  in  h,  draw  no"  at  right  an- 
gles to  AB,  and  having  drawn  xk  at  right  angles  to  p'«',  make 
It  equal  to  ho"  ;  let  ro,'  meet  ep'  in  f,  join  f'b.  AgaiOf  find 
hy  proh.  2,  the  position  a'r  of  the  given  line  on  the  horizon- 
tal plane  by  revolution  about  the  horizontal  bBce  mf*,  and 
let  n't  intersect  7*2  in  s ;  draw  sp*  at  right  angles  to  4V,  and 
p'kp"  at  right  angles  to  ab,  then  p',  p"  will  be  the  horizontal 
and  vertical  projections  of  the  point  in  vfhich  the  gives  plane 
is  intersected  by  the  given  straight  line. 

Because  mb  is  equ^  to  mo",  it  is  evident,  that  f'r  la  the  ho. 
riaoatal  poeittoD  of  the  straight  line  in  which  the  given  plane 
is  cut  by  a  vertical  plane,  passing  through  mf',  and  q't  is  the 
horizontal  position  of  the  given  line  j  therefore,  if  the  trian. 
1^  «'sr'  revolve  about  a'F  from  a  horizontal  to  a  vertical  po- 
situnt,  the  point  a  will  be  at  once  in  the  aiven  straight  line  and 
giTw  piaoe  i  and  wiU  tberefor^e  in  the  pwnt  required. 
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And  since  sp'  is  perpendicular  to  p'q^  the  straight  line  p'tf 
will  become  perpendicular  to  the  horizontal  plane ;  and  there* 
fore,  v'  is  the  horizontal  projection  of  the  required  point. 

Lastly,  because  p"  is  the  vertical  projection  of  a  point  ill 
the  given  line  of  which  p'  is  the  horizontal  projection ;  there* 
fore,  p'  and  p"  are  the  projections  of  the  required  point  on  the 
horizontal  and  vertical  planes. 


Another  Construction. 

Let  Afi  bo  the  ground 
hue, ;  p'a',  p^a''  the  horizon, 
tal  and  vertical  projections 
of  the  given  line ;  and  ef', 
ko"the  horizontal  and  ver- 
tical  traces  of  the  given 
plane.  ^ 

Letp'a'meetABinMyand  -A.  q' ^ 
isf'  in  f'  ;  and  fVom  m  and 
f'  draw  mn,  fl  at  right  an- 
gles to  the  ground  line  ab, 
meeting  eg",  and  ab  in  n 
and  L ;  join  li«''  meeting  a" 
o"  produced  if  necessary  in  p".  Draw  p^'kp'  at  right  angles  to 
AB  meeting  a'p'  in  p',  and  p',  p"  will  be  the  horizontal  and  ver* 
tical  projections  of  the  point  required. 

For  Mi^'  is  the  altitude  of  the  given  plane  above  the  point  m, 
and  If"  is  the  vertical  projection  of  the  point  of  the  plane  in 
which  it  is  intersected,  by  t^e  perpendicular  to  the  horizon-^ 
tal  plane  at  m  :  also  l  is  the  vertical  projection  of  the  point 
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1^,  Bad  there fora,  ln"  is  the  vertical  projection  of  the  itraight 
line  which  is  the  eommon  aectioa  of  the  giTen  plane,  ana  a 
vertical  plane  paaaing  through  ur' :  but  Ae  gives  line  Ji  la 
thia  vertical  plane  ;  and  therefore  meets  the  given  plana  in 
■ome  point  of  the  line,  in  which  the  given  plane  is  intersected 
by  the  vertical  plane  passiog  through  ws' ;  therefore,  the  ver- 
ticd  prtyection  of  the  required  point  m\M  be  in  hs",  and  it 
nuBt  also  be  in  a'V  ;  therefore  it  is  in  p",  the  intersection  of 
ur*,  (H'o"  i  but  p*  is  the  corTesponding  borizoutal  projection 
•fthat  point  in  the  given  tine  of  which  9."  is  the  venial  pro- 
jection, and  coBsequently  f",  p"  are  the  horizontal  and  verti- 
cal pnyoclkns  of  the  point  required. 


FR0BI.E11  xvm. 

Ta  draw  threvgk  a  given  point  a  tlraight  line  jMrpendJcuIor  to 
a  gioen  ttraigit  line. 

Let  AS  be  the  ground 
line  ;  dp'  ch"  the  pro- 
jections of  the  given 
straight  line, and  p'.p* 
the  projections  of  (he 
given  point.  Find  bf 
'  profa.  16,  Bp'and  bh' 
the  horizontal  and  vei- 
tioiJ  tnoes  of  a  plane  A.' 
at  right  aisles  to  the 
given  straight  line,  and 
passing  through  the 

S'ven  point  of  which 
e  projections  are  p" 
andp";  again  byprob. 
17,  find  4'  and  a",  tbo  projections  of  point  in  which  the  given 
line  meets  the  plane  of  which  kv'  and  eh"  are  the  traces; 
lastly,  through  p',  a',  v",  o",  draw  p'a',  p"<i"i  which  will  be  the 
horizontal  and  vertical  projections  of  the  line  required. 

For,  because  the  plane  of  which  bf*,  sb"  are  the  traces  is 
at  right  angles  to  the  given  line,  and  passes  through  the  given 
(Kiint  of  which  p',  p"  are  the  projections ;  therefore,  the  per- 
pendicular on  the  given  line  from  the  given  point  must  be  in 
the  plane  p'eb",  and  roust  pass  through  the  point  in  which  the 
given  line  passes  through  this  plane,  that  is,  through  the  point 
of  which  n'  and  a"  are  the  horizontal  and  vertical  projections : 
the  line  required  roust  also  pass  through  the  given  point  of 
which  p',  a",  are  the  projections ;  consequently,  p*  4,  p"  %" 
•re  the  horizontal  and  vertical  traces  of  the  line  ret^uim^ 


PHOBUSa  XIX. 

Ib^^wl  de  tagte  eoMoiaed  ietweai  a  gveen  pUne  and  a  gtetm 
alrMghtline. 

llm  contraction  msy  be  giren  in  general  teniu  ufoUow* : 
Tskfl  any  point  in  ibe  givea  straight  line,  from  which  by  prob. 
15,  di»w  a  straight  line  perpendicular  to  the  giren  plane. 
Fhtd  by  prob.  7,  the  angle  contained  by  these  two  stoaight 
liaaSiVhich  will  be  the  complement  of  the  angle  required. 

For,  if  wo  draw  a  straight  line  in  the  given  plane,  from  the 
point  in  which  the  given  line  meets  it  to  the  point  in  which  the 
forementioned  perpendicular  meets  it,  we  shall  have  a  right- 
angled  triaQgle  in  which  one  of  the  acute  angles  is  the  angle 
contained  by  the  given  plane,  and  given  straight  line ;  and  the 
other  acute  angle,  is  the  angle  contained  by  the  given  straicfat 
line  and  the  perpendicular  on  the  plane  ;  and  therefore,  thia 
latter  angle  is  evidently  the  complement  of  the  angle  required. 

I  shall  now  illuslrato  thi^  general  ccnstniction  by  a  parti- 
cular example  in  which  all  the  operations  are  exhibited. 

Let  AS  be  the  ground  line,  ef*,  eg"  the  Horizontal  and  vei- 
tical  traces  of  the  given  plane  :  and  t'q!,  p"(t"  the  horizoo- 
tal  and  vertical  projections  of  the  given  Mraight  line.  FAm 
of  the  point  in  which  the  vertical  projection  p"q,"  tneeta  the 
gromid  line  as  ;  draw  q."q.'  at  right  angles  to  ab,  and  a'  is  the 
point  in  which  the  given  line  meets  the  borixontal  plane. 
from  ft',  a'drawaV,  Wat  right  angles  to  EF'iKe",  and  oV, 
d'o"  wilt,  by  prob.  15,  be  the  projections  of  a  straight  Use 
drawn  from  the  point  of  which  <i',  «t"  are  the  pfojeciwiu  at 
right  angles  to  the  given  plane. 
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Now,  make  ^c  equal  to  lf'  which  is  the  height  of  the  per- 
pendicular to  the  plane  at  p',  and  n'c  is  the  diataoce  of  the 
poiat  d'  frora  the  point  of  which  the  projections  are  i^  and  s'' ; 
again,  make  p'n  equal  to  kp",  which  is  the  height  of  the  given 
line  at  p',  and  consequently  (I'tt  is  the  distaDce  at  the  point  q' 
from  the  point  of  the  given  line  of  which  p'  and  p'  are  the 
projections.  Through  r'  draw  sp'h  parallel  to  ab,  make  sh 
equal  to  p'v",  and  f'h  will  be  the  distance  between  the  two 
points  of  which  the  horizontal  projections  are  p',  p',  and  their 
vertical  projections  p"  and  f".  Lastly,  with  the  centres  f'  and 
B,  and  di^ances  f'h,  and  an  equal  to  <),'c,  and  q'k,  describe 
two  arcs  intersecting  in  m,  and  f'mh  is  the  angle  contained  by 
the  given  straight  line,  and  the  perpendicular  to  the  plane 
having  aV  and  n'o"  for  its  horizontal  and  vertical  projectiooi, 
and  is  therefore  the  complemetU  of  the  angle  required. 

,  FBOBum  XX. 

Tofrid  the  angle  coalaitied  by  too  given  ^anea. 
General  Conttrvtiion. 

FiaA  by  prob.  10,  the  straight  line  which  is  the  common 
section  of  the  given  planes,  through  any  p(»nt  of  which  draw 
by  proh.  16,  a  plane  at  right  angles  to  it :  by  proh.  10,  find 
the  common  sections  of  this  plane  with  each  of  the  given 
pUnefl  ;  and  lastly,  by  prob.  7,  find  the  angle  containml  by 
these  two  intersections,  which  will  be  the  angle  required. 

Because  a  plane  cuts  the  common  section  of  the  given 
planes  at  right  angles,  it  is  evident,  that  the  intersections  of 
this  plane  with  the  given  planes  are  at  right  angles  to  the 
common  section  of  the  given  planes  ;  and  consequently,  the 
.  angle  contained  by  these  intersections  is  equal  to  the  required 
angle  contained  by  the  given  planes. 

In  the  figure  annexed,  all  the  lines  are  drawn  that  are 
wanted  in  the  construction  ;  let  ab  be  the  ground  l^ne  ;  s^, 
vo'  the  horizontal  and  vertical  traces  of  one  of  the  given 
planes  ;  and  ef',  eq"  those  of  the  other. 

Draw  F*!!,  o"a  at  right  angles  to  ab,  and  p'e,  mo"  are  the  ho- 
rizontal and  vertical  projections  of  the  common  section  of  the 
given  planes  :  draw  f'l,  lb"  at  right  angles  to  g^,  o"ic,  and 
f^LLH*  are  the  traces  of  a  plane  at  right  angles  to  the  common 
section  of  the  given  planes.  Draw  h'b  at  right  angles  to  ab, 
and  v'h,  xh'  are  the  projections  of  (he  inteisectioa  of  die 
plane  f'lh"  with  the  given  plane  f'dh"  :  and  hc  being  mads 
equal  to  bf")  ?"c  is  the  distance  in  this  intersection  from  f'  to 
h"  ;  in  like  manner,  by  making  sh  equ^l  to  u',  we  have  K"ir 


«qiul  to  the  distance  from  f*  to  s"  in  the  intersection  of  the 
plane  f'lh"  ;  and  the  given  plane  r'so",  and  h"k"  is  the  dia- 
tance  between  the  points  b"  and  k"  which  are  both  in  the 
vertical  planfl  ;  now  with  the  centres  h^,  s"  and  distances 
b"o,  k"n  describe  two  arcs  interaecting  in  x,  and  k"zh"  will 
be  the  angle  required. 

rxnoi^H  XXI. 

Through  a  givCH  itraight  line  to  draw  a  plane  panUd  to  an- 
other given  straight  line. 

Through  any  point  of  the  line  through  which  the  plane 
must  pass,  draw  by  pfoh.  6.  a  straight  Tine  parallel  to  the 
other  given  line.  Find  by  prob.  3,  the  points  of  the  horizon- 
tal plane  in  which  this  parallel  and  the  first- mentioned  line 
pass  through  it  j  through  these  two  points  draw  a  straight 
line,  which  wilt  be  the  horizontal  trace  of  the  plane  required. 
In  like  manner,  by  finding  the  two  points  in  which  the  paral- 
lei  and  first-mentioned  line  meet  the  vertical  plane,  and  draw- 
ing a  straight  line  through  them,  we  have  the  vertical  trace 
of  the  plane  required. 

Because  the  plane  thus  constructed  passes  through  the 

Soints  in  which  the  first -mentioned  line  and  parallel  meet  the 
imdamental  planes  ;  therefore,  these  lines  are  in  the  plane  ; 
but  when  two  straight  hnes  are  parallel,  any  plane  pasnng 
through  one  of  them  is  parallel  to  the  other. 

Con^ructiim  in  wluch  are  Snam  all  the  necenary  lines- 
Let  AB  be  the  ground  line  ;  pV,  P^e"  the  horizontal  and 
▼erticol  projections  of  the  straight  line  through  which  the 


thU.  Tha  Ilea  su^  at  right  si|(1m  to  ii  b  wuitiii|  In  iha  Sgore. 


DKaCUrTITB  SBOHBTSr. 


plane  must  pan,  and  ke',  ll"  the  horizontal  and  Tertical  ira. 
cea  of  the  su^gbt  line  to  which  the  plane  must  be  parallel- 


Draw  an7  atraight  line  p*  f"  at  right  angles  to  ab,  meeting 
-  the  horizoatal  ana  vertical  projections  ^  r"  and  e"a"  m~P 
andr";  and  f',  F"willbe  the  projectiooeof  a  pointinthefirat- 
tnentioned  line.  Through  p'  and  f"  draw  mp'm",  hp"h"  paral- 
lel to  the  projections  kk  ,  ll"  of  the  second  given  line,  and 
ny,  xa",  are  the  projections  of  the  straight  Uae  passing 
through  the  point  p',  p"  and  parallel  to  the  straight  lijie  kk  , 
ll".  Find  r  and  n'  the  points  in  which  the  line  p'  r',  p"  a", 
and  Ihe  line  mn',  hh'  meet  the  horizontal  plane,  and  a",  tt 
the  points  in  wluch  the  same  lines  meet  the  vertical  plane  j 
and  Mt'i^,  o'mt  being  drawn,  will  be  the  horizontal  and  ver- 
tical tncea  td'tfae  pkme  required. 


[•IS] 


CHAPTER  in. 


ContTRvonoN  op  thb  Cabem  n  Sphxhics. 


Right-angled  Spheriad  triangUa. 

0A8S  X. 

Gioen  the  two  legs  of  a  rigJu-an^kd  ephericti  iriangleiofind 

the  angUt andhifpciUiMime. 

Let  AB  be  the  ground  line, 
Asp'y  AKo''  two  angles  of  which 
the  measures  are  the  given 
sides.  Find  by  prob.  11,  the 
angles  which  the  plane  havins 
bf'  and  so"  for  its  horissontd 
and  vertical  traces  makes  with 
the    horizontal    and    vertical 

E lanes,  and  these  angles  wfll 
e  the  angles  required. 
Thus  KLo"  is  the  angle  of 
die  spherical  triangle  which  is 
opposite  to  the  side  that  mea* 
sures  the  angle  aeg".  Again, 
find  by  prob.  12,  the  position 
M  on  the  horizontal  plane  of 
the  point  g"  in  the  vertical 
trace  bo",  and  f'bx  will  be  the 
angle  of  which  the  hypothe- 
nuse  is  the  measure. 

For,  conceiving  keo  to  be  at  right  angles  to  the  horizontal 
plane  abf'  in  the  common  section  ab,  and  that  a  plane  passes 
through  EF  and  eg",  we  shall  evidently  have  a  solid  angle  at 
B,  of  which  the  three  plane  sides  are  kef',  kbg'',  and  the  an. 
ffle  of  which  the  sides  are  ef  ,  eg",  and  which  by  construction 
IS  equal  to  the  angle  f'em.  This  solid  angle  at  b  bBs  its  sides 
and  the  inclinations  of  these  sides  equal  to  the  sides  and 
angles  of  a  right-angled  spherical  triangle :  the  right  angle 
contained  by  5ie  horizontal  and  vertical  planes,  being  the 
right  angle  of  the  spherical  triangle,  and  the  inclination  of  the 
plane  passing  through  ef'  and  eg",  to  the  horizontal  and  ver- 
tical  planes  being  the  oblique  angles  of  the  triangle. 


Gtwn  OM  bg,  «wl  the  hfpoliantte  of  a  riglU-mgled  tpherieat 
triiatgU  to  find  the  three  remaimMg  parU. 

Let  AB  b«  the  gronnd 
line ;  ABF',r'ni  th«givea 
leg  and  hypotbenuse. 
Dnw  from  any  point  k  of 
ibe  ground  line  ab  the 
■tnight  line  zr'x  ai  light 
anglflii  to  xr ;  make  kq 
equal  to  kf*  ;  draw  ma  \ 
at  right  anglei  to  AB,  and 
make  lq  equal  to  v'm  ; 
then  shall  xf',  ia"be  the 
horizontal  and  vertical 
traces  of  the  plane  of  the 
hypothenuae,  ABo'the  leg 

required,  and  a"LK  the  /-kr 

anglea^Kcenttotbegiv.  ' 

•a  «de  or  leg  abt". 

Thia  conatructioa  ia  merely  die  convene  of  that  in  case  1. 


a"  u  by  construction  equal  to  f'x,  therefore  m  is  the 
horizontal  posUioa  of  (he  point  a"  by  the  rotation  of  the  plane 
of  the  hypothenuse  about  if'  ;  and  therefore,  the  angle  con- 
tained by  ^m  and  bo",  when  cooiidered  in  the  vertic^  plane, 
is  equal  to  the  given  hypothenuse  f'bh.  Also,  by  prob.  11, 
o"ls  is  the  inchnation  of  the  plane  of  the  hypoUienuse  to  the 
horizontal  plane.  By  the  same  prob.  we  may  determine  the 
indioation  of  this  plane  of  the  hypothenaae  to  the  vertical 
plane,  which  will  be  the  angle  of  tlie  spherical  triangle  adja- 
cent to  the  aide  abo". 


€lweii  one  leg  and  the  adjacent  tmgleof  arightHtngledtrumgla 
to  determine  the  remaining  parte. 

IiOt  AB  he  the  gimud  line  ;  and  abf'  the  givon  leg  on  the 
horizontal  plane.  From  any  point  x  in  the  ground  line  ab 
draw  Kr*  at  right  angles  to  bf*  ;  make  el  equal  to  kf'  ;  at  l 
make  the  angle  alo  '  equal  to  the  given  angle,  and  let  lq" 
meet  the  straight  line  ko"  at  right  angles  to  ab  in  a"  ,-  join 
bo",  and  bf*,  bo"  will  be  the  honzootafand  vertical  traces  of 
the  plane  of  the  hypothenuse  ;  also,  if  v'm  be  made  equal  to 
lq"  the  angle  fbm  will  be  the  hypothenuse. 

For,since  kq"  is  at  ri^ht angles  to  AB,KF'toBr',aDdKL  equal 
to  kf"  ;  therefore  the  given  angle  klg"  is  by  prob.  11,  the  in- 
clination to  the  horizontal  plane  of  the  plane  of  which  eF* 
and  BO*  •!«  the  horizontal  and  vertical  tr&cea,  ntwcJa.tt'Caib 
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spherical  angle  contained  by  the  hypothenuse  and  base. 
Therefore  keg"  is  the  remaining  leg :  and,  since  mis  the  hori- 
zontal position  of  the  point  g"  by  rotation  about  ev^,  therefore 
r'sM  is  the  hypothenuse. 

CASE  IV. 

Given  one  leg  and  the  opposite  angle  to  find  the  remaming  parte 

of  the  triangle. 
Let  AB  be  the 
ground  line ;  and 
aeg"  the  angle  of 
which  the  given  leg 
of  which  the  given 
leg  is  the  measure* 
From  K,  any  point  in 
AB  draw  kg"  at  right 
angles  to  ab,  and 
make  ko"l  equal  to 
the  complement  of  -A. 
the  given  angle :  With 
the  centre  k,  and  dis* 
tance  kl  describe  a 
circular  arc  lf'u  and 
draw  ef'  to  touch  the 
arc  lf'h  in  f',  then 
bf',  eg"  are  the  hori- 
lontal  and  vertical 
traces  of  the  plane  of 
the  hypothenuse,  and 

of  course  the  angle  kx^  has  for  its  measure  the  remaining 
i^nr  of  the  triangle. 


For,  if  we  join  xp',  the  angle  n/x  is  a  ri^ht  ansle,  and  ibere  • 
fore  KLo"  ii  the  angle  made  with  the  honzontu  [jue  by  the 
plane  of  which  the  horizoatal  and  vertical  traces  ue  ■v',  to"> 

The  hypothenuse  may  be  deterauoed  as  before. 


.  Gmn  Ae  hypotiemue  and  one  angle  of  a  ipheriad  trianf^  ■ 
to  determine  tht  remaining  parti. 

Let  f'km  be  the  giv- 
en hypothenuse,  and 
from  any  point  p'in  the 
■ido  XT'  draw  f'm  at 
right  angles  to  p'e  :  at 
F*  make  ur'ti  equal  to 
the  given  angle,  and 
dr«w  kh  at  right  ao- 
gtes  to  p'h. 

In  ■f'  produced  lak« 
F**  equal  to  p'e  ;  join 
XK,  and  draw  ko"  at 
right  angles  to  ek 
make  XL  equal  to  xr', 
and  Lo'' equal  to  f'm 
join  xo",  and  xef*, 
KEo"  will  bo  the  an- 
gles of  which  the  re- 
quired  legs  are  the 


For,  if  *B  be  the  ground  line  ;  and  xf*,  is'  the  horizontal 
and  vertical  traces  of  a  plane,  it  is  plain  that  the  inclioatioD 
of  this  plane  to  the  horizontal  plane  is  klo',  which  by  the 
construction  is  equal  to  xs'h  i  and  the  hypothenuse  or  angle 
contained  by  bv'  horizontal  and  eg"  in  the  vertical  plane  ie 
equal  to  the  given  angle  f'xm. 


Given  the  angies  of  a  right-ahgUd  ipAsrical  triangU  lo  deUr- 
mine  the  legs  ami  the  hypothemue. 

Let  AB  be  the  ground  line  :  vrith  one  of  the  given  angles 
KLo'  as  an  angle  and  the  complement  xio"  of  the  other  gi- 
ven angle  as  an  opposite  aide,  construct  a  spherical  triangle 
by  case  4;  and  the  complements  of  its  remaining  side  amw', 
4^  its  hypothenuse  v'nf,  and  of  its  remaining  anglei  will  b4 
the  hypothenuse  and  two  legs  of  the  tma^  ien(»x«&. 


Let  ABC  be  an  equilateral, 
equiangulari  rectangular  spheri- 
cal  triangle,  all  the  sides  being 
quadrants  and  all  the  angles  right 
angles  ;  and  let  any  two  great 
circles  bfd,  ate  pass  through  b 
and  A,  and  bd,  ab  will  be  quad- 
rants, and  the  angles  at  d  and  b 
right  angles ;  and  therefore  adt,  a  ( 
BBF  are  right-angled  triangles, 
having  the  angles  at  f  equal ;  and 
the  remaining  parts  of  each  are 
eomplenientsof  those  of  the  othen 
thus,  BT  is  the  complement  of  df  ;  bx  is  the  complement  of 
CB  or  of  the  angle  daf,  and  the  angle  xbf  <Nr  its  measure  dc 
is  the  complement  of  the  side  ad. 

Suppose  now  that  the  angles  daf,  dfa,  are  given  to  find 
the  remaining  parts  of  the  triangle  adf.  From  what  has  juat 
been  shown,  we  have  in  the  triangle  bbf,  the  angle  bfb  and 
the  opposite  side  bx  which  is  the  complement  of  the  given 
angle  daf.  It  is  evident,  therefore,  that  when  two  angles  are 
given  in  the  triangle  adf,  we  have  only  to  construct  the  tri* 
angle  bbf  of  which  the  angle  bfb  and  the  opposite  side  bb 
are  given  ;  which  is  effected  as  in  case  4.  And  afterwards 
we  obtain  af,  ad,  df,  by  taking  the  complements  of  f«»  tha 
«ngle  bbf,  and  the  hypothenuse  bv« 


CABBB  OF  OBUQUE  ANGLED  SPHERICAL 

TRIANGLES. 


CA8II. 


Given  the  three  tides  ofaepheriedl  triangle  to  detennme  ihe 

angles. 

With  the  centre  i  and  any  radius  ab,  describe  on  the  hori- 
zontal plane  a  circle  abcd,  in  the  circumference  of  which 
take  AB,  Bc,  CD  equal  to  the  three  given  sides :  from  a  and  d 
draw  AFR  and  dkl  at  right  angles  to  sb  and  bc,  intersecting 
each  other  in  e.  On  the  choi^  ah  as  a  diameter  dcuscribe  the 
aemicircle  amr  ;  draw  ax  at  right  angles  to  ab  ;  join  fm,  and 
mwti  will  be  Uie  angle  contained  by  the  sides  equal  to  Asand  inc. 


Bapposing  s  to  be  the  centre,  and  as  the  radius  of  the 
a|riiere,  to  which  the  spherical  triangle  belongs ;  let  the  se- 
skirda  axb  reyolve  fiom  its  horizontal  to  a  vertical  position^ 
and  tnppose  the  angle  bxa  to  revolve  about  the  side  bb  ;  it  is 
planit  tluit  the  point  a  will  describe  the  circumference  aiuk. 
la  the  same  manner^  the  point  d  will  describe  the  circumfer- 
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eiice  of  a  vertical  circle  on  the  diameter  dl.  It  is  evident 
thereforoi  that  xo  will  thus  become  the  common  section  of 
these  two  vertical  semicircles,  and  k  the  point  with  which  a 
and  D  coincide,  when  ba  and  ed  are  coincident.  And  because 
when  the  triangle  gmp  is  vertical,  kf  will  be  at  right  angles  to 
■B,  the  angle  gfm  will  be  the  inclination  of  the  plane  of  the 
angle  bba  to  the  horizontal  plane  when  the  points  a  and  x 
coincide. 

By  a  similar  construction,  we  may  determine  the  remain- 
ing angles. 

Another  CkmstrucUon* 

Let  AB  be  the  ffroond  line^  in  which  take  any  point  c,  and 
draw  on"  at  right  angles  to  ab.  At  any  point  d"  in  this 
perpendicular  mdce  the  angles  cd"s»  on''F,  and  fo^g"  equal  to 


the  angles  of  which  the  given  sides  of  the  spherical  triangle 
are  the  measures :  make  d^o"  equal  to  n^s :  join  fg"  \  and 
with  the  centres  c  and  f,  and  distances  cb,  fo"  describe  two 
arcs  intersecting  in  h'  ;  join  or  ,  and  fob'  will  be  the  angle 
opposite  to  the  side  which  measures  the  angle  vd'o". 

Conceive  the  vertical  plane  to  stand  at  right  angles  to  the 
horizontal,  and  in  this  situation  suppose  dh"  to  be  jomed  ;  also 
draw  FH.  Now  cd"f  being  at  right  angles  to  the  plane  cfh', 
it  is  evident  that  cfh'd''  is  a  triangular  p3rraroid  of  which  the 
base  is  cfh*,  and  vertex  d"  :  and  since  ch'  is  equal  to  cs,  and 
the  angles  d^ch',  doe  equal  being  right  angles,  therefore  the 
angle  cd'h'  is  equal  to  cd^b,  and  t>"w  to  d^b.  Also,  because 
d'V  is  equal  to  d"b,  that  is,  to  n^o",  and  fb' to  fo'',  and  n^FCom- 
mon  to  the  two  triangles  fd^h',  fdV  ;  therefore  the  angle 
fd'b  is  equal  to  the  given  angle  fd^'g"  ;  and  thns  it  is  maiuiest» 


DEICBIPTIVK  GBDICCTHT. 


ou 


that  the  three  uigles  at  the  summit  d'  of  the  pyramid,  viz. 
od'h')  (^"p,  fd"k  are  equal  to  (he  (bree  given  aDglee  cdV, 
cd'f,  rD"o'  ;  consequently,  if  with  the  centre  d"  and  radius 
d'k  we  describe  a  spherical  surface,  its  interseclions  with  the 
planes  of  the  angles  cd"ii'  ;  cd"f,  fd''h,  will  be  the  spherical 
triangle,  clk  having  the  given  sides.  And  because  i>"c  is  at 
right  angles  to  cf  and  CBf,  therefore  cf  and  ch*  are  the  tan- 
genla  of  the-arcs  gl  and  ck,  and  therefore  the  plane  angle 
FCB*  u  equal  to  the  spherical  angle  lck. 


Gtsen  twotiJesimd  tke  eoutained  angle  to  dettrmauihertmain- 
ing  parU  of  the  trian^e. 

With  the  centre  e  and  any  distance  ea,  describe  on  the 
horizontal  plane,  ihe  circle  abcd  ;  in  the  circumference  of 
which  take  ab,  bc  equal  to  the  two  given  sides.  Make  bh 
equal  to  ab  ;  join  ab,  and  on  it  os  a  diameter  describe  the  se- 


mieirclo  akh  :  at  the  centre  f  make  the  angle  htH  equal  to 
the  given  contained  angle  :  draw  ho  at  rieht  angles  to  aB| 
and  flxs  at  right  angles  to  CE,  and  cd  shall  lie  the  side  of  the 
nherioal  triangle  that  is  opposite  to  the  given  angle. 
Yta.lL  80 
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The  truth  of  this  construetion  is  erident  firott  die  demon* 
■tration  of  the  first  coBstructioii  given  to  the  pieceding  easew 

Amihtr  Ck/tutnuiiiim  of  Coie  %• 

Let  AB  be  the  ground  line  ;  in  which  take  any  point  Ct  and 
draw  cd"  of  any  length  at  ri^t  angles  to  ab.  Make  the  an. 
gles  cd"k,  cd'^f  equal  to  the  two  given  sides,  and  sob'  eqoal 
to  the  given  angle  :  with  the  centre  o  and  distance  cb  de- 
scribe  the  arc  eh%  and  join  ra' ;  lastly,  make  d'^o'',  fo^'  equal 
to  DB  and  fh'  respectively,  and  the  measure  of  the  angle 
fd^g"  will  be  the  side  required. 


This  construction  is  evident  from  the  demonstrmtioD  of  the 
second  construction  given  to  the  preceding  case. 

CASB  III. 

Gioen  (too  Met  and  an  angle  opposite  ioonecf  ikem  toJmiAe 

renunmngside. 

With  the  centre  b'  and  any  radius  c'b'  describe  on  the  ho« 
rizontal  plane  a  circle  abd',  in  the  circumference  of  which 
take  c'b,  bd'  equal  to  the  given  sides,  and  c'a  equal  to  bc/. 
Join  AB,  on  which  as  a  diameter,  describe  the  semicircle 
ao"b  :  at  F  the  centre  of  ac'b  make  the  angle  afg"  equal  to 
the  given  angle  ;  from  o"  draw  o"h  at  right  angles  to  ab,  and 
make  ok  equal  to  the  chord  bd'  ;  with  me  centre  h  and  ra- 
dius KH  describe  the  circle  klx,  cuttinj^  acb  in  iJ  and  k^,  nod 
cV,  or  c'm'  will  be  the  required  side  of  the  triangle. 

Conceive  ab  to  be  the  ground  line  ;  and  ao'^b  to  be  on  the 
vertical  plane,  making  right  angles  with  the  hcHricontal  plane ; 
also,  suppose  a  sphere  to  be  described  with  the  oentre  it  end 


6» 

t  ^t/ ;  than  it  ii  evident  that  the  ■flmieircumfflience 
AS^Biiain  the  lurfRceof  th»  iphere,  th&t  o'  is  dm  of  ita  polea ; 
ud,  eoBMquentiy,  that  the  diManca  from  &  to  e"  in  the  arc 
«f  a  gnat  circle  tMfthe  qiheie,  i>  equal  to  the  an;  c/a. 


Inagiae  a  plane  to  paaa  thmugh  t/a',  and  make  inth  aw  sa 
angle  equal  to  the  given  angle  ;  thta  plane  will  evidently  paaa 
tfarough  the  point  s"  of  the  vertical  plane,  because  the  angle 
o'fh  waa  made  equal  to  the  given  angle,  and  the  are  of  the 
^reat  circle  between  &  and  e"  lying  in  the  fore  mentioned 
plane,  will  make  with  o'a  bb  angle  equal  to  the  given  angle. 

Again,  c*h  being  at  right  angles  to  the  honzontal  plane, 
every  point  of  the  circumference  ki'm*  is  equally  distant  from 
if ;  consequently  the  arc  of  the  great  circle  passing  from  a' 
to  l'  or  k'  haa  its  chord  equal  to  a"a,  or  the  chord  bd',  and 
therefore  the  arc  between  a"  and  l',  or  between  a"  and  u,  is 
«qual  to  the  given  aide  bd'. 

Thus  it  is  plain  that  c',0"  and  l' or  h' ore  the  angular  points 
ofaapberical  triangle  having  two  of  its  mdea  equal  to  c^b  and 
bo',  and  ita  angle  oppositetbe  side  c'l' arc'H' equal  to  the  giv. 
ta  angle  ;  and  therefore,  c'l'  or  c'm'  is  the  third  aide  required. 

The  three  remaining  cases  of  oblique-angled  spherical  tri- 
angles  are  constructed  exactly  as  the  three  preceding  caaea, 
by  means  of  the  polar  triangle  described,  page  30,  this  veL 
Bee  tbe  author's  figure  to  tlie*rein  iv  of  Sphenca. 
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CA8B  lY. 

I 

If  the  three  angles  of  the  spherical  triangle  dxp  be  gireii 
to  find  the  sides ;  we  take  the  supplements  of  the  given  angles, 
we  have  the  three  sides  of  the  supplemental  or  polar  triangle 
ABC  ;  and,  the  angles  of  the  triangle  being  found  by  case  1, 
their  supplements  will  be  the  sides  required  in  the  triangle 

DBF. 

CASB  V. 

If  the  side  de  and  the  adjacent  angles  at  d  aod  e,  be  given 
to  find  the  remaining  parts  of  the  triangle  dbj*;  by  taking  the 
supplements  of  the  given  parts  we  have  the  two  sides  ab,  ac 
and  tho  contained  angle  bac,  to  find  the  remaining  parts  of  the 
triangle  abc  by  case  2« 

CASE  TI. 

If  the  side  df  and  the  two  angles  at  n  and  e  be  given  in  the 
tri^gle  DEF  to  find  the  remaining  parts :  we  have  in  the  tri- 
angle ABC  the  two  sides  ab,  ac,  and  the  angle  abc  opposite 
to  one  of  them,  to  find  the  remaining  side  by  case  3. 


[ew] 


CHAPTER  IV. 


oomnnonoiT  of  tux  coitio  ■zcriun> 


7\> 


taurface. 


1,  Dnw  the  ground  line  j,b,  in  the  horizontal  plane ;  tik* 
any  point  r'  for  the  centre  of  the  circular  base  of  tbo  conn, 
and  with  the  radiua  of  the  base  describe  about  p'  as  a  centre, 
the  circle  c4'b'  for  the  baae  ofihe  coae.  Frooa  r'  let  fall  oB. 
AB,  the  perpendicular  p'k,  tn  which  produced  take  mr'  equal 
to  the  axia  of  the  cone ;  that  is  to  the  distance  between  1I19 
vertex  of  the  cone,  and  the  centre  p' of  the  baae;  andp"ii^ 
be  Ibe  Teitical  projection  of  the  vertex  of  the  conn. 


Became  the  axis  of  the  cone  is  at  right  angleitothe  have, 
it  ia  evident  that  the  horizontal  projection  of  the  axis  is  sink 
ply  the  point  r' ;  andxp"  at  right  angles  to  the  ground  line  as 
U  its  vertical  projection  :  and  therefore,  p*  and  r'  are  the  bo* 
lizontal  and  rerUcal  projections  of  the  vertex  of  the  cone. 
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2.  To  project  the  slant  side  of  the  cone,  take  any  point  q' 
in  the  circumference  of  the  base,  through  which  and  the  cen- 
tre p'  draw  q'p'b'  a  diameter  of  the  base ;  also,  from  W  draw 
q'l  at  right  angles  to  the  ground  line  ab  ;  and  join  p"l  ;  then 
will  p'a'  and  f'  l  be  the  horizontal  projections  of  the  slant  side 
of  the  cone  which  passes  through  the  point  a'. 

This  construction  of  the  slant  side  is  evident,  because  l 
being  the  vertical  projection  of  the  horizontal  point  a' ;  there* 
fore  p'  and  a'  are  the  horizontal  projections  of  two  points  of 
the  slant  side,  and  p''l,  the  corresponding  vertical  projections ; 
and  consequently,  p'a',  p^'l  are  the  required  projections  of  the 
slant  side  passing  through  a^ 

If  we  make  a  similar  construction  for  the  slant  side  passing 
through  r'  we  have  the  construction  of  the  two  slant  sides  of 
the  cone,  in  which  the  curve  surface  of  the  cone  is  inter- 
sected by  a  vertical  plane  passing  through  the  axis  of  the  cone. 
Thus  p"l  andp^M  are  the  vertical  projections  on  the  opposite 
riant  sides  passing  through  the  extremities  of  the  diameter 
q'r'  of  the  base,  and  the  opposite  radii  p'a',  pV  are  the  cor- 
responding horizontal  projections. 

3.  To  find  the  vertical  projection  of  any  point  of  the  sur- 
face corresponding  to  any  given  horizontal  projection.  Let 
8*  be  any  given  horizontal  projection  of  a  point  of  the  curve 
surface  of  the  cone ;  draw  the  radius  pVq',  and  having  con. 
structed  the  slant  side  by  its  projections  pV,  p''l,  draw  sixs^'  at 
right  angles  to  the  ground  line  ab,  meeting  the  vertical  pro- 
jection p"l  in  s",  ands"  will  be  the  vertical  projection  of  that 
point  of  the  conic  surface  which  has  s'  for  its  horizontal  pro- 
jection. 

In  the  preceding  construction  we  have  considered  only  that 
part  of  the  whole  conic  surface  which  is  between  the  vertex 
and  base ;  but  as  the  conic  surface  may  be  extended  indefi- 
nitely downwards  below  the  base,  and  upwards  above  the  ver- 
tex, it  is  plain  that  the  horizontal  projection  r'p'q'  of  the  op- 
posite slant  sides  as  woH  as  the  vertical  projections  p"k,  p'^m, 
should  be  produced  indefinitely  both  ways ;  that  is,  r'q'  to- 
wards f'  and  j' ;  and  p"k,  p"m  towards  e",  r"  ;  h",  d". 

Now,  the  vertical  projections  r"e",  d"!!"  being  both  in  a  ver- 
tical plane  passing  through  f'j',  if  we  produce  sV  to  meet 
d^h"  in  t",  we  shall  have  t"  for  the  vertical  projection  of  the 
point  in  which  a  perpendicular  to  the  horizontal  plane 
at  s'  meets  the  slant  side  which  passes  through  the  point  r 
of  the  base ;  this  perpendicular  therefore  meets  the  conic 
surface  in  two  points,  of  which  s"  and  t''  are  the  vertical  pro- 
jections, the  horizontal  projections  being  coincident  in  the 
points  s'.    Aliso,  the  vertical  ordinates  of  these  two  points  being 
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n^  and  nr",  it  is  evident  that  the  pan  of  the  perpendicular 
ai  ■*  which  is  projected  into  ^''t',  folia  without  the  conic  sur- 
Ace  ;  the  remaining  parts  of  it  falling  within  the  upper  and 
lower  diriaiona  of  the  cooic  surface. 


If  we  produce  q'k  to  meet  »"b'  in  ft',  the  point  q'  will  he 
the  vertical  projection  of  the  point  in  which  the  perpendicu- 
lar  from  a.'  to  the  horizontal  plane,  meets  the  upper  division 
of  the  conic  surface.    In  like  iaaaa6T,\(  ilift.N)«  ^t«A>uwitt.^A 
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B^i  we  have  the  vertical  projection  of  the  point  in  whidi  die 
ptrpapdicolar  at  b'  meets  the  slant  side  of  the  eime  pa0eiB|( 
thnHu;h  o!  :  and,  because  mb^'  and  kq"  ai»  equal,  as  is  en* 
dent  mm  the  construction,  it  follows  that  b"  and  a''  are  the 
vertical  projections  of  two  points  diametrically  opposite  in  a 
circular  section  of  the  upper  conic  surface  parallel  to  the  base. 
If  we  take  any  point  i^  in  bV  produced,  and  draw  d' V, 
ob''  at  right  angles  to  the  ground  line  ab,  it  is  plain  that  d'' 
and  b''  are  the  Tertical  projections  of  the  points  in  the  upper 
and  lower  divisions  of  the  conic  sur&ce  through  which  a 
straight  line  passes,  that  is,  perpendicular  to  the  horizontal 
plane  at  f^,  so  that  oi^,  on"  are  the  horisontal  and  vertical  or- 
dinates  of  the  points  of  intersection  in  the  upper  divisioD, 
and  Di^,  ob''  in  the  lower.  Also  that  part  of  the  perpendicn* 
lar  at  v',  that  is  represented  by  d'^b'^,  falls  without  the  conic 
surface  :  and  the  remaining  parts  above  d"  and  below  b''  fidl 
within  the  upper  and  lower  divisions  of  the  conic  sur&ce. 

PBOBLBK  n. 


njMihepoitUinwhickagivemplaneiiciUhyi^ 

sideof  a  cone. 


DESCKIPTIVB  OSOMKTXT. 


Let  KK  be  Ihe  fpround  line  ;  p*  the  centra  of  the  base  j'b.'q' 
OB  the  hoTiBontal  plane  j  p*  the  vertical  projection  of  the  ver- 
tex of  the  cone,  q'  any  given  point  in  the  circumference  of  the 
base,  and  h'^^,  p''l  the  Horizontal  and  vertical  projeetioDB  of 
the  dant  aide  passing  through  a' ;  also,  let  ko',  eb"  be  the  ho* 
luantal  and  vertical  traces  of  the  given  plane. 

Since  the  slant  side  is  given  by  its  horisontal  and  vertical 
pnnectiona  v'o.',  f"i.,  and  the  plane  by  its  traces,  ve  have  only 
to  find  the  projections  of  the  required  point  by  prob.  17,  chap. 
2.  The  operation  ia  as  follows  ;  Produce  q'r'  to  a'  and  8  ; 
draw  q'v  and  bf*  at  right  angles  to  eh  ;  join  vf*  cutting  p"l 
in  a",  aod  draw  s's'  at  right  angles  to  bb  cutting  eh  and  p'4' 
in  It  and  a*,  and  mf,  its"  will  be  the  horisontal  and  vertical  pro. 
jectioQs  of  the  point  required. 

In  a  similar  manner  we  find  the  horizontal  and  vertical  pro- 
jections n*  and  d"  of  the  point  in  which  the  given  plane  is  cut 
by  the  slant  aide  which  passes  through  b  the  other  eitremi^ 
of  the  diameter  dV. 

If  the  point  e  be  at  an  infinite  distance,  the  traces  eo'  and 
■r"  become  parallel  to  the  ground  line  ;  and  this  circumat&nee 
produces  a  variation  in  the  method  of  construction  for  aoma 
points  that  may  require  farther  illustration. 
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Let  AB  be  the  ground  line ;  k^^'c/r'  the  base  of  the  cone  on 
the  horizontal  plane,  p'  its  centre,  kp^  the  vertical  projectioD 
of  the  axis  of  the  cone ;  and  bf',  g^'h''  the  traces  of  the  given 
plane,  which  are  parallel  to  ab* 

Suppose  the  horiz6ntal  projection  q'n'of  two  opposite  slanl 
sides  to  be  the  diameter  of  the  base  parallel  to  ab  ;  aikl  there- 
fore r"L,  p"m  the  vertical  projections  of  those  sides.  To  de- 
termine the  points  in  which  the  plane  meets  those  slant  sides 
we  may  proceed  as  follows : 

Make  kd  equal  to  ko,  join  c'o  cutting  a  r  in  %'  \  make  ky' 
equal  to  p'z',  and  through  y'  draw  e'V  parallel  to  ab;  then 
s^s  and  t  V  being  drawn  perpendicular  to  ab,  will  give  the 
horiatontal  projections  of  the  required  points  ;  and  s",  t"  the 
corresponding  vertical  projections. 

Again,  to  determine  the  intersection  of  the  plane  and  slant 
side  passing  through  k  :  make  pV  equal  to  kp''  which  is  the 
altitude  of  the  cone  ;  draw  &v'  intersecting  c^d  in  w%  make 
W\'  parallel  to  ab,  and  x'  will  be  the  horizontal  projection  of 
the  required  point,  and  xV  will  be  equal  to  the  vertical  ordi- 
nate, the  horizontal  ordinate  being  kx'* 

problem  m. 

To  construct  the  horizontal  projection  of  the  curve  made  hy  tie 
intersection  of  a  given  plane  with  a  given  conic  evrfaoe. 

Let  AB,  be  the  ground  line ;  kqV  the  circumference  of  the 
base  on  the  horizontal  plane,  touching  the  ground  line  in  k  ; 
let  f'  be  the  centre  of  the  base,  and  at  the  same  time  the  ho- 
rizontal projection  of  the  axis,  and  vertex  ;  and  kp'  the  ver- 
tical  projection  of  the  axis. 

Suppose  the  given  intersecting  plane  to  be  parallel  to  the 
ground  line,  or  which  is  the  same  in  effect,  let  the  horizontal 
and  vertical  traces  aV,  t'V  of  the  given  plane  be  parallel 
to  ab,  and  suppose  the  horizontal  trace  aV  touch  the  base  of 
the  cone  in  c^ 

To  find  the  axis  of  the  projection,  make  ka  equal  to  kk', 
and  join  c'a  in  p'rV  parallel  to  ab  :  take  pV  equal  to  kp^; 
join  Ko'  intersecting  ac'  in  v*,  and  from  u'  draw  v'd*  parallel 
to  AB,  and  c'd'  wilV  be  the  axis  of  the  projection. 

Again,  to  find  the  points  in  which  the  curve  to  be  projected 
cuts  the  diameter  q'k'  parallel  to  ab  ;  from  a'  and  r'  draw  q% 
R'M  perpendicular  to  ab,  and  p^'l,  p"m  will  be  the  projections 
of  the  slant  side  passing  through  q'  and  r'  :  let  o'a  meet  p'o'in 
R',  und  having  made  ky'' equal  p'r',  draw  h'^y'V  parallel  to  ab, 
and  y'j'j  h''h'  parallel  to  p''p'  aad  j^h'  will  be  the  points  re- 
quired  in  qV. 
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To  find  the  point  in  which  tiie  cnrre  meets  any  other  ndi- 
tu  r's',  draw  ■'v  at  right  ■nglea  to  ah  ;  join  r"s  which  ie  the 
vwtical  projection  of  the  slant  aide  paaein);  through  a' :  pro- 
duce f'g'tQ  meet  aV  aod  ab  id  v*  and  t  ;  draw  v'b,  n''  pa- 
rallel to  r'p",  and  join  v^'  cutting  p"h  in  b"  ;  draw  e'b'  paral- 
lel to  f'p',  and  t!  will  be  the  peini  in  which  fV  is  intersected 
by  the  curve. 


In  a  mniliir  manner  we  may  And  any  nnmber  of  points  ia 
the  rw]uired  section  tfE'cV. 

Wh«i  the  points  r  and  t  become  too  remote  to  be  conae- 
ijnenlly  need  in  the  conatmction,  we  may  find  the  required 
points  of  the  cnire  by  the  method  used  in  determining  the  in- 
tersection ofthe  plane  by  the  slant  aide  passing  through  x. 

In  this  example,  in  which  the  cone  is  divided  by  thu  plane 
into  upper  and  under  parts  of  the  conic  a     ' 


I  the  curve  oVdV  is  therefore  thepfcjeetknutiftti 
eUiftoe^  and  consequently,  cftcfDV  is  also  an  eUqiee* 

FnOBUBMtV. 

lb  eoiutrud  the  ellipH  of  which  the  eune  c^x^dV  in  Ae  prt- 
ceding  problem  is  the  horizontoL 

This  problem  is  readily  solved  by  finding  by  prob.  12, 
chap.  n.  the  positions  of  Uie  points  of  the  curve  on  the  hori* 
Kontal  plane  by  the  revolution  of  the  intersecting  plane  to  a 
coincidence  with  the  horizontal  plane. 


Ori  we  may  proceed  as  follows,  which  is  nearly  equivalent. 
Because  ko'  is  the  position  on  the  horizontal  plane  of  the 
alant  side  passing  through  h,  and  kc'a  the  angle  of  elevation 
of  the  given  plane  ;  it  is  plain,  that  cu'  ia  the  transverse  axis 


of  dte  eUipw  eectioa  required.  Make  c'S  equal  to  tfv't  and. 
i  will  be  ue  position  on  the  horizontd  plane  of  the  Teitex 
detemuned  by  n'. 

In  like  manner,  take  cV  equal  to  en'  and  make  the  perpen* 
dicular  ni  equal  to  p'p',  and  ij  will  be  a  point  in  the  reqaired 
section.  In  a  aimilar  manner,  we  may  find  any  number  of 
poiatB  in  the  circumference  of  the  required  ellipse  dxo'f . 

It  is  evident,  from  this  construction,  that  the  ellipse  dzc'ip 
is  derived  from  dED'r'  by  elongating  each  abscissa  from  o' 
as  cf'  in  the  constant  ratio  of  c'd'  to  cV  ;  so  that  cp'  is  to 
c'r  as  c'd'  to  c'^,  while  iho  semiordinate  nj  remains  the  same 
as  pV. 

And  as  the  curve  JEc'9  ia  by  the  definitions  of  conic  sec- 
tions an  ellipse,  it  is  mnnifest  from  the  constant  ratio  of  the 
abscissas  cp'  and  c'*  having  a  common  semiordinate  t'b'  or 
nj,  that  the  projection  c't'PF'ft  also  an  ellipse. 


IharngtrnctthewetionofaconebyapUmepara^dtotieaKiM 
nf  the  cone. 

Let  AB  be  the  g;round  line  ;  p'  the  centre  of  the  circular 
base  x4'r'  of  tho  cone  touching  the  ground  line  «b  in  x  :  pro- 
duce the  radius  p'k  top',  and  take  kp"  equal  to  the  axis  of  the 
cone  which  is  supposed  to  be  at  right  angles  to  the  plane  of 
its  base,  and  consequently  to  the  horizontal  plane  ;  then  p"s 
is  the  vertical  projection  of  the  axis,  and  p"  of  the  vertex. 

Suppose  the  cutting  plane  to  be  parallel  to  the  vertical  plane, 
and  (o  intersect  the  horizontal  plane  in  the  straight  line  a'Tft', 
which  is  therefore  parallel  to  ab,  and  consequently  perpendi- 
cular to  the  diameter  ck. 

Draw  any  radius  p'b't  of  the  base,  meeting  n'<t'  in  s'',  and 
the  circumference  of  the  base  in  t.  Find  by  prob.  1,  chap. 
IV,  the  vertical  projection  p"v  cf  the  slant  side  passing 
through  T,  the  corresponding  horizontal  projection  of  this 
slant  side  being  f't  :  through  s*  draw  e'ss"  at  right  angles  to 
AB,  and  meeting  vp"  in  s",  and  ns"  is  the  altitude  of  the  conic 
surface  at  s*,  because  us',  ma"  are  evidently  co-ordinatea  of  a 
point  of  the  slant  slide  passing  through  t. 

Aiid,  since  the  cutting  plane  which  passes  through  bV  is 
perpendicular  to  the  horizontal  plane,  it  is  evident  that  its', 
Hs"  are  the  co-ordinates  of  the  point  in  which  the  slant  ude 


tmninatiDg  in  t  penetrates  the  cutting  plane ;  if  therefore  « 
DMkfl  a'L  equal  to  ks",  it  is  plaio  that  i.  vill  be  the  pontion  o 
the  horizontal  plaue  of  the  point  denoted  by  i*,  ^,  by  the  n 
Tolotion  of  the  cutting  plane  about  the  intersection  b'  a'. 


By  a  similar  construction,  we  may  determine  any  number 
«f  points  in  the  cune  q'lxr',  which  vill  be  the  section  re- 
i]Dired. 

The  cuTvo  required  tnay  bo  obtained  still  more-eimply  by 
merely  finding  the  pcrpciidicnhirs  ii8"h,  and  describing  the 
curve  through  l,  b'',  n,  &c.  without  dotermining  the  corres* 
ponding  points  in  q'lxi:'. 

It  is  evident  thai  thtj  plane  meeting  ihe  baei;  nt  right  angles 
in  r'vd'  must  also  meet  the  upper  djiiaion  of  llie  conic  sur- 
face, and  produce  another  section  equal  and  similar  to  q'jlb'. 
The  curve  determined  by  this  construction  is  an  hypeiiwia. 


DUCRimVE  flBOKBTBT. 


raoBLEU  ri. 


7^  eoiutruet  the  intersection  of  a  conic  tvjface  hy  a  plane  fa- 
TtHid  to  one  of  the  slant  sides  of  the  cone. 

Let  AB  be  the  ground  line ;  f'  the  centre  of  the  cone's  baM, 
which  is  suppoaed  to  be  coiacident  with  the  horizoDt&I  plane  ; 
snd  let  the  base  epk  touch  the  ground  hne  in  k  :  in  pk  pro- 
duced, take  kf'  equal  to  the  altitude  or  axis  of  the  cone,  and 
r'  is  the  vertical  projection  of  the  summit  of  the  cone.  Let 
the  cutting  plane  be  parallel  to  the  ground  line,  and  meet  the 


baae  in  the  horizontal  trace  ef,  which  will  consequently  be 
psrsUel  to  Afi  :  in  kp' produced  if  necessary,  tak.«v.V%.Wue^ 
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proportional  to  the  three  straight  lines  kp',  kx,  kp%  and  the 
straight  line  g"y"h"  parallel  to  ab,  will  be  the  vertical  trace  of 
the  cutting  plane. 

The  angle  which  the  slant  side  passing  through  s  makes 
with  the  horizontal  plane  is  evidently  the  acute  angle  at  the 
base  of  a  right-angled  plane  triangle  of  which  the  base  is  zp', 
and  perpendicular  equal  to  kp"  ;  and  the  angle  which  the  cut- 
ting plane  makes  with  the  horizontal  plane  is  al»o  the  acute 
angle  at  the  base  of  a  right-angled  tii^iUgle  of  which  the  base 
is  XK  and  perpendicular  ky"  ;  and  since  these  two  triangles 
afe  in  the  same  plane  and  have  the  bases  and  altitudes  pro- 
portionals, it  is  plain  that  the  acute  angles  at  their  bases  are 
equal,  and  that  the  slant  side  passing  through  z  is  parallel  to 
the  plane  of  which  the  traces  are  kf,  g"}!". 

To  construct  the  curve  of  intersection  draw  any  radius  p'a ; 
from  Q  draw  oai  at  right  angles  to  ab,  and  join  f^m,  then  p'q, 
and  p"x  are  the  horizontal  and  vertical  traces  of  the  slant  side 
passing  through  a.  Find  by  prob.  2.  chap.  iv.  the  horizontal 
and  vertical  projections  s'  and  s"  oftiie  point  in  which  this 
slant  side  meets  the  cutting  plane  ;  and  by  prob.  12.  chap.  ii. 
find  I  the  position  on  the  horizontal  plane  of  the  point  of  which 
B  and  s'  are  the  projections  by  the  rotation  of  the  cutting  plane 
about  the  intersection  ef,  and  i  is  a  point  in  the  required 
curve. 

In  a  similar  manner  we  may  proceed  in  determining  any 
number  of  points  in  the  required  curve  five. 

The  ordinates  no,  uw  are  obtained  by  the  construction  giv- 
en in  prob.  2,  chap.  iv.  for  the  slant  sides  passing  through  the 
extremities  of  the  diameter  dr  parallel  to  ihc  ground  line  ab. 

The  vertex  v  is  found  by  taking  ka  equal  to  kv",  and  p'd 
equal  to  kp^  ;  then  drawing  ax  and  kd,  wc  have  the  pos  j:on 
d  of  the  vertex  of  the  curve  on  the  horizontal  plane  ;  and 
therefore  making  xv  equal  to  xc,  the  point  v  will  be  the  ver- 
tex of  the  curve. 

It  is  obvious  that  the  curve  five  is  a  parabola. 


THE  END. 
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